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1. Introduction

The study of Bartlett adjustability and higher-order power for several asymptotic x 2 tests based on not only the likelihood
under model specification but also Owen’s empirical likelihood approach (we refer to his book [51]) and its generalization
to the empirical discrepancy approach has received considerable attention — see e.g. Barndorff-Nielsen and Cox [2], Bickel
and Ghosh [7], Chandra and Mukerjee [11], Cordeiro and Ferrari [ 16], DiCiccio et al. [ 18], Taniguchi [61], Mukerjee [48-50],
Rao and Mukerjee [55,56], Ghosh and Mukerjee [27], Bravo [8,9], Chen and Cui [14] and the references therein (there is a
vast literature on these topics for various statistical settings).

The present paper investigates, as a continuation of Kakizawa and Iwashita [37], the problem of testing a general
linear hypothesis in multivariate linear regression model (Part I) and GMANOVA model (Part II) with nonparametric error
distribution, where “nonparametric” means that the error distribution is not specified by a finite dimensional parameter.
Although our setting is different from Dufour and Khalaf [19], an important feature in the statistical inference on the mean
structure of the multivariate model is the fact that several test statistics derived under normality (including the likelihood
ratio (LR) criterion, Lawley-Hotelling’s trace and Bartlett-Nanda-Pillai’s trace) are all functions of the eigenvalues of a
characteristic determinantal equation which involves the restricted and unrestricted residual sum of squares matrices,
hence they are easily shown to have the same limiting noncentral chi-square distribution under a local alternative. It may,
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therefore, be of interest to study higher-order asymptotic comparison of the classical multivariate tests (actually, little is
known about their local power properties under nonnormality).

1.1. Multivariate linear regression model

We suppose that an N x p matrix Y consists of N independent observations yy, ..., yy on p variables, where Y =
[v1, - .., Yy]- The multivariate linear regression model is

Y=XO +U,

where X is an N x g non-random design matrix of rank g (< N), @ is a g x p unknown regression matrix,and Uisan N x p
unobservable random matrix with U’ = [uy, ..., uy].Itis assumed that each p x 1 vector u; is independently and identically
distributed with mean vector 0 and positive definite covariance matrix X. For testing a linear hypothesisH : BO® = O,
(r x p zero matrix), where B is an r x g known matrix of rank r (< q), let Hy and Ey be the variation matrices due to the
hypothesis and the error

Hy = YXX'X)"'B'{B(X'X)"'B} " 'B(XX'X)"'X'Y,
=Y{Iy — XX'X)"'X}Y,

respectively. Then, the following three criteria have been used under normality:

(i) Likelihood ratio (or Wilks’ A) T;g = —(N — q) log(|Ey|/|Ey + Hy]),

(ii) Lawley-Hotelling’s trace (Tg) Tty = (N — q)tr(HyEgl), and

(iii) Bartlett-Nanda-Pillai’s trace Tznp = (N — q)tr[Hy (Ey + Hy) 1]

We notice that the problem of testing the hypothesis B; @B, = By, where By is ar x g known matrix of rank r (< q), B,
isapxs known matrlx of rank s (< p) andBgisanr x s known matrix, reduces to that ofthe null hypothesis B1@ = O, ;
in the model Y = X© + U by letting Y = YB, — XB] By, U= UB, (N x s matrix) and o= OB, (q x s matrix), where
B is a generalized inverse matrix of By (e.g. [30, Chapter 9]). Berndt and Savin [3] showed that Lawley-Hotelling’s trace
and Bartlett—-Nanda-Pillai’s trace are viewed as the Wald test and the Lagrange multiplier (LM) test, respectively, under
normality. Further, the three criteria Tjz, Ty and Tgyp are special cases of the generalized test statistic

)4
Ty=N=q) ) V()

j=1

(see [23]) by letting ¥ (x) = log(1 + x),x, 1 — 1/(1 + x), respectively, where Ay 1, ..., Ay, > 0 are eigenvalues onyEgl.
These three functions are usually generalized as ¥ (x; y) = {(1 +x)” — 1}/y forany y € R.

Asymptotic expansions under normality have been extensively studied (see e.g. [47, Chapter 10], [1, Chapter 8] and
references theirin). Under nonnormality, Wakaki et al. [62] gave an asymptotic expansion for the null distribution of
T = Tyg, Tiy, Tanp, following Kano [39] and Fujikoshi [24-26]. The purpose of this paper is, as an extended study of Kakizawa
and Iwashita [37], to obtain an asymptotic expansion for the nonnull distribution of T, up to order N~! and then compare
their local powers after either Bartlett’s type adjustment or Cornish-Fisher’s type size adjustment under nonnormality.
Unlike Fujikoshi [26] and Wakaki et al. [62], our derivation of asymptotic expansion is based on the differential operator
method developed by Kakizawa and Iwashita [36,37] and Kakizawa [33-35].

In what follows, for any positive definite matrix T of n x n, T~"/? denotes the symmetric square root of T_l. That is,
given a spectral decomposition Or A0} of T, where Or is an orthogonal matrix of n x n and Ay = diag(A1, ..., A,) with

M, ..., An > 0 being eigenvalues of T, we always set T_l/2 0 A_l/ZO/T, which is the inverse matrix of T"/? = 0 A0,

where A /2 = di ag(A]/2 , 1/2) and A; -2 diag()»1 1/2) The Kronecker delta is denoted by 8,q,, that is,
Sayay, = 1 iffa; = ay,and 0 otherw1se

2. Preliminary results

Throughout this paper we set down the following assumptions:

(C1) The u;’s are independently distributed according to a common p-variate distribution of u = (uy, ..., up)’ with mean
vector 0, positive definite covariance matrix ¥ = (oj) and vth order cumulant Cum(u,, . .., u;,) = &j,,..j, (v = 3).
Here and subsequently we use j, k, without or with suffixes, to denote indices, each such index running from 1 to p
unless explicitly stated otherwise.

(C3) (i) The bounded design matrix X of N x g satisfies N"'X'X = Q+N~'Q, +o(N~"), where Q s a positive definite matrix
of g x g and Q, is a symmetric matrix of ¢ x q (hence, there exists an integer Ny > g, such that the smallest eigenvalue
of N~'X'X is strictly positive for all N > Np).

(ii) In addition to (i), writing

XX) 72X =[xV, .., 6™ = (xP) (g x N matrix),
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Xayoag = NIV, xf,? XY (s € N;ay,....a € {1,...,q}) has asymptotic representation NV2%q, = wq, +
O(NY2), N*2 X g,0505 = Wayayas + O(N™"/?) and N2Xg,aya0, = Wayagasas + 0(1) (We have NXg,q, = 1, %4) X6 =
84,0, €xactly and observe that max;_; _y N'/?| %P is uniformly bounded in N > No).

,,,,,

(C3) The class of distributions of u = (uy, ..., u,)’ is restricted to the distributions such that u = (v, {vech(uu’ — X)}')’
satisfies Cramér’s condition
limsup |E[exp(iETW)]| < 1 (writei = +/—1; & € RPTPPHD/2y (1)
1€ ll—o00

with a finite 8th absolute moment E(J|u||®) < oco.
(C4) The third order derivative vy’ (x) of a nonnegative function v (x) is continuous in a neighborhood .~ of x = 0 (we
assume v (0) = 0 and v’ (0) = 1). Write y" = ¢ (0).

Given anr x g matrix B of rank r, the solution space Vg of a homogeneous linear system B® = O, , is a subspace of the
linear space R7*P of all ¢ x p matrices. We know dim(Vg) = p(q —r) (see [30, p143]). In what follows, fix @y € Vz. We are
now interested in deriving an asymptotic expansion of the nonnull distribution of T, when the regression matrix is given by

0 =0, + XX)"?0, with (X'X)"?0, ¢ Vs 2)
(we always assume that @, is a ¢ x p matrix, independent of N). In that case, we have

Hy = (UXXX) "2 + @ IMUXXX) "> + @} =Hy (say),
where

M = (X'X)""?B{B(X'X)"'B'} 'B(X'X) "/ (3)

(g x q idempotent matrix of rank r). Note that Ey /(N — q) = Ey (say) is the unbiased estimator of the covariance matrix
¥, where

=~ E
Ey: Y

1 ~
= —(UU-UXXX)"XUl=2,
N—gq N-—g¢q

may be positive definite with probability one if N — g > p (see [20]), provided that under the distribution of u; € R?, every
flat of dimension p — 1 has probability zero (such a non-asymptotic result can be replaced by a higher-order one [6, Theorem

17.11]). Using these expressions, Lawley-Hotelling’s trace Ty = tr(Hy 2;1) is written as

Ty = [Vec(UX(X'X) "2 + 0.1 M ® T, yvec(UXX'X)""2 + 0.},
since tr(A'BCD’) = {vec(A)}' (D ® B)vec(C) (e.g.[30, p342]).

2.1. Asymptotic distribution

With

M= (Mo,) = lim M =Q"*B'(BQ'B) 'BQ "

102
(g x q idempotent matrix of rank r), it is easy to see that the limiting nonnull distribution of Ty, is the same as that of
[vec{UX(X'X)""? + @} (M ® X~ Hvec(UXX'X)""? + 0.},

which is asymptotically distributed as the noncentral chi-square distribution with f = pr degrees of freedom and
noncentrality parameter @? = {vec(@)Y(M ® E‘l)vec(@g). This is the large sample argument via Slutsky’s theorem

and the central limit theorem vec{U'X(X'X)~1/?} LN Npg(0,1; ® X).

Remark 1. Define the p x g matrix A = (Agp) = E”@;M. Using the fact that M is idempotent, we have w? =
tr(Z7'O.MO,) = tr(£2), where 2 = AA’Y (p x p matrix).

2.2. Asymptotic expansion

Our result in this paper is an asymptotic expansion for the nonnull distribution of T,,. We require additional notation.
Writing
(™, ..., ™M ®, ..., x™]
= X(X'X)"'B(BX'X) "B} ' BXX) "X = ¥ = (F)ii=1.n (saY),
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we first define

N q
Ap=N Z ‘1’1-1-2 —r(r+2)— Z Waaya3a3Mayay Maza, — r(r +2) = Ao,
i=1 ajazazag=1

N q
. . 5 _
Ai=N E 1111112 - E wa1a2a3wa4a5a5Ma1a4MazasMa3a5 = Ay,

iqip=1 ajaxazasasag=1
N q
A2 =N § lI/i]i] 'Ililiz lpiziz E Wayaya3 wa4a5a5Ma1a2Ma3a4Ma5a6 = A27
i1ip=1 a1apa3a4as5a6=1
N q
Al = 1 i, — Wa, Wa,Mg,q, = Al
3 iz ap Faptayay — 113
N 4
irip=1 ajap=1
N q
A4 - lIIi]iz lpiziz wawa1a2a3Maa3Ma102 - A4
iqip=1 aajazaz=1

asN — oo.

It was shown in Wakaki et al. [62] that the two-term asymptotic expansion for the null distribution of T = Tig, Tiy, Tenp
depends on three summarized cumulants

p

— E Y 1 I 171
Ky = Kj1.j2.j3.ja0 7O (4)
J1j2jzia=1
— c e s 14 52)5 U306
K331 = E Kijy j2.j3Kia.js.jg O OO, (5)

_ e . 12 304 S5l
K32 = E Kj1.j2.43Kjs.js.jg 0" "0 O (6)

(o' is the (j, k)th element of X~'), together with five quantities Ao, A;, A, Al and Al. Unfortunately, we find that the

coefficients of as (= A§/8) in [62, (2.1)] are incorrect. Anyway, under our conditions (C;)-(Cy4), the null distribution in
[62, (2.1)] should read as

1 3 c
Pr{1 = 2c1/(N = )Ty <x|H] = G; () + ;n;?g Gri2e(x) + ﬁlf{Gf(X) — Gr2(®)}

"

- mf(p + 74 D{Gr2(X) — Grya()} +0o(N71)

(wesetc; = (p—r+1)/4, (p + 1)/2, —r/2 according to Ty, = Tig, Tiy, Tpnp), where

T T T
[0] f Ao Ar A A, A, A}
Tyo=—=-pP—-1r+1 —K —— +—=r]K —— — = —1 | K332,
2.0 4(p +1)+ 3 4+< 12—|— 2 33,1+ 3 3 + 2 33,2
Ii T T T
(0] f Ao A A A, 34, A5 A,
Ty =—=1r——K ———r——|K — + —=r@r+4) — —@3r+2)  Ks3 2,
2.1 5 7 Ka (4 2 5 33,1+ 3 + 3 3r+4) 4( +2) K332

+
[0] f Ao A A} ;
= = r+1 —K. —— ——=(r+2 Ayt K
T 4(p+ + 1)+ 3 4+{ 2 4( +2)+A, 1 Kz
34, Al Al
+ {—— - —(r +2)(3r + 2) + *(31’ +4) K33,2,
8 8 4
A Al Al A, Al Al
[0] 1 3 4 2 3 2 4
= SBr+2-2k 230422 -2+ K
73,3 {]2+4(+) 2}33,1+!8+8(+) 4(+) 33,2

and we denote by G, (x) the distribution function of the central chi-square distribution with v degrees of freedom.
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We next prepare the following seven homogeneous polynomials of degrees 1, 2, 3 and 4 in ®, € R9*P through A (see
Remark 1):

laz] _ ¥;
K; Z Kj1 a3 0% Ajsas»

J1j2j3=1
[ 1 .
a1a2a3] _ AL . )
K3 = § K jos Ay Ajpay Ajzas»
Jj1j2j3=1
Ky = K 12 A A
J142.J3 a0 J303 “=J404 >
J1j2i3ja=1
[ 1 5
a1a2a30a4] _ 2 AL ) ) )
K4 - Kj1.j2.J3.Ja Allal Ajzﬂz AJ303 AJ4G4 ’
J1j2jzja=1
lazag] __ § : Jj1ja s
K33 1 = KJ] J2:3K4.35.j6 O o Aj3a3 AJGHG ’
J1j2iziajsie=
lasas] _ e J1h2 5J3ia
K337 E "11,12,13"14,15 Je 0 207 Ajsas Ajsag s
J1j2Jsjalsie=
[ ] :
apasasdag _ L L
K35 E Kn J2:03Kija.s.6 9 Ajzaz Ajsa3 Ajsas Ajgas
J1i2isjaisie=
. . .
foray, ..., a6 € {1, ..., q} (we can see that these quantities are obtained from (4)-(6) when at least one o' is replaced by

AjaAj a )
Finally, the formula of limy_, o, N(M M) is glven as follows. Since (C,)(i) implies (N"'X'X)~' = Q! —N’l(lfl(:l]([1 +
o(N~1), there exists a symmetric g x q matrix Q;, such that

(N’1X’X)’”2 — Q’”Z + Nqal + o(Nf]).

Actually, Q, must satisfy Q" /2Q, + Q,Q /2 = —Q'Q,Q ! (this matrix equation has a unique solution, which can be
written in terms of the spectral decomposition of Q). It then follows that

M= M (MQQ,Q M + Q@M+ M) 4ot

=M+ % M; +o(N"Y) (say). (7)

The following asymptotic expansion provides the foundation for comparing the local powers of tests for the linear
hypothesis H : BO = O, , under general distributions.

Theorem 1. For any c1,¢;,c3 € R, let B.(x) = x{1 — (2/N) Zf:l cjxj‘l}. Suppose that ( C;)-( C4) hold. Under the local
alternative (2), B.(Ty,) admits an asymptotic expansion

(1)

Pr[B.(Ty) < x] = G(x; »*) + {Gr2(x; %) — Gr(x; @?)}

1
+ 121: N2 ZX; e Grae (%3 @) + m ; ¢ G20 (%; )
k= = =

1< _
5y 27 Grear(: @) £ o(N ),
=0

where G, (x; w?) denotes the distribution function of the noncentral chi-square distribution with v degrees of freedom and
noncentrality parameter w* = tr(£2),

m=—fp+r+1, m=fE+r+1)—-20p+r+ Hr(2),
3 = 2(p + 1+ Dtr(R) — tr(2?), 74 = tr(2?),

& = fei, 7l = —fe1 +f(f +2)ca + c10?,

75 =—fF+ 2+ +2)( + D+ {—a +2(f +2)le’,
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75 =—f +2(F + 4+ {—2(f + 22 4 3¢ + D + D3}’ + o',
1 = =30 +2) + D30’ + {—c2 + 3(f + Des}e’,
s = =3(f + 40t + 30, g = —c30°,
2, =3"'0.M;0. (p x pmatrix)
(the pattern of m; (£ = 0, ..., 6) is identical to the coefficients which appeared in [36,37,34]). Here, the coefficients . ,’s,

independent of , are the sums of homogeneous polynomials of degrees 0, 1, 2, 3, 4 and 6 in @;; thatis, 71, = 711[12 [3] (L=

3 0 2 4 6 2 4 4 6
0,1,2), 7113 = JTH,JTH = 712[2—1—712[@]—1—712[24—712[2 € =0,1,2,3), 134 = ﬂ2[1+n2[i+ﬂ2[‘]1,7125 = 7'[2[5]4—72'2[;,
a6 = 712 6 ( the explicit expressions, except for 712 e' where the details can be obtained from author on request, are not reported
here, to preserve space, since they are complicated and long formulae depending on K3[a31, e K§§2a3a5a5], but it is remarkable
that they are sometimes simplified drastically as in Section 3.2).

Letting #(¥") = (91, 9(¥"), ¥3), where 91 = —7}/f,

NN Ea. BN e VA, VR (Ra.
f(f+2> af+2 fE+2(F+4

(see [16]), we have Pr[Byyn (Ty) < X|H] = Gf(x) + o(N~1), which improves the large sample approximation Pr[T, <
x|H] = G (x) + o(1).

Corollary 2 (Bartlett’s Type Adjustment). Under the local alternative (2),

3k

Pr[By(yr)(Ty) < x] Z N"/2 ; Pre Grrae(x; @) + o(N7),
where Po0 =1, P1y = m“} [3] (£ =0,1,2), P15 = ”1[3;

P P )

Por = [nﬂ + 91tr(®) + trml)] + 730 Ty

Pao = [T+ (=01 + 20 + 2020 er(@) | + 744 + L,
Py = [AF+ (20 + 29,0 + 3¢ + (¢ + 49s)r(2) |

[nzlf‘g - % tr(22) + ﬂz(w”xtr(sz)}z] + 13,

+

Pra = [nz[z}l 3¢ +2)( + 4)193tr(.§2)]
+ [nz[f‘i + 1/’7 (2% + (- (") + 3¢ + 4)193}{tr<52)}2] + 1,
Pos = [mh = 3¢ + sl (@) | + [73 + dser)?),

Pas = [lh = dsler())’).

It is well known that for the chi-square type asymptotic expansion, making use of the Cornish-Fisher type expansion
CF,}(,/,//)(sz’a), where CF, (x) = x{14+(2/N) 21‘3:1 ¥~ '}, yields the improvement Pr[T,, < CFﬂ(w//)(Xﬁa)|H] =1—a+o(N°D
over the large sample approximation Pr[T, < sz,a|H] = 1 — a + o(1), where sz,a is the upper « percentile of the
central chi-square distribution with f degrees of freedom. Using the relations xgr (x; @?) = fgr12(x; @?) + w?gr14(x; @?) and
Gr(%; w?) — Gria(x; @?) = 2gr2(x; w?), where g, (x; w?) is the probability density function of the noncentral chi-square
distribution with v degrees of freedom and noncentrality parameter w?, we have

Corollary 3 (Cornish-Fisher’s Type Adjustment). Under the local alternative (2),

2 1 3k

PrITy < CRan ()] = D sz D Pt Groae (o @) + 0N,
k=0 =0
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3. Implication of asymptotic expansion

3.1. Third-order local power comparison

Recall that #(y") lmearly depends on summarized cumulants Ky, K3, 1, I<33 2 glven by (4)-(6). We take appropriate

location invariant estimators K4, K33 1, I<33 » andreplace #(y»") by 0(1//”) = (191, 192(1/f”) 193) For example, we can construct
an estimator

- TS amin
Ke= Z@zy )2 —p(p +2),

K331 =Nz Z(/E uz’)3

ii’=1

Eaa,z— Z(vz Ul)(\lz “z’)(\lz )

ii’=1

based on the residual matrix [U;,...,uy] = Y{Iy — X(X'X)"'X'}. Some asymptotic properties of estimators for
K4, K33.1, K33 2 are found in Mardia [45] and McCullagh [46, p107-109]. Yanagihara [65] proposed a family of estimators
for Mardia’s multivariate kurtosis Kj.

Corollary 4. Suppose that ( C;)-( Cg) hold.
(i) If location invariant estimators Ky, K331, K332 satisfy

(Ks, K331, K332) = (K4, K331, K332) + Op(N7T) (8)
forsome T € (0, 1/2], we then have under the local alternative (2)
Pr[Bj g (Ty) < X] = Pr[By(y)(Ty) < x]+o(N~). (9)
(ii) If location invariant estimators 754, /K\33,1 , @3,2 satisfy

Pr{|Ks — Kal + |K33.1 — K33.1] + |K33.2 — K332] > py] = o(N~") (10)

for some sequence py — 0, we then have under the local alternative (2)
Pr(Ty < CF3(ym (XF o)1 = Pr[Ty < CFypr (X )]+ 0o(N7H). (11)

Proof. As in Kakizawa and Iwashita [37], (8) or (10) supports Chibisov’s lemma [15] (see also [44]) to conclude (9) or (11).
g

Our higher-order result shows that the local power function of tests for the linear hypothesis H : B@ = O, , depends on
the factor

p+r+1 P-DP+2) =
Dy (2) = tr(£2%) — 7{t () = P{ — X,
pr+2
where » = Y% Ai/pand oy = (D0 (A — A)?/p}/%, with Ay > --- > A, > 0 being eigenvalues of 2 (forp > r,
A1 = -+ = Ap = 0). Following Kakizawa and Iwashita [37] with r = q — 1, who considered the equality of ¢ mean

vectors in the one-way MANOVA model, we have two equivalent procedures: One is the test procedure that if Bartlett’s
type adjusted criterion B, (Ty) exceeds xﬁa, then we reject the null hypothesis H (we call By, test). The other is the test

based on Cornish-Fisher’s type expansion that if T, exceeds the size corrected critical value CFy ( Xﬁa), then we reject
the null hypothesis H (we call CFy, test). In this way, given two yr-functions v; and vr,, the difference of the powers for v,
and v, tests (more precisely, By, or CFy, tests (j = 1, 2)) under the local alternative (2) is given by

lim {N (Pr[Bg(wé,)(T‘,,z) > sz,a] - Pr[Bﬁ(,/,g)(Tm) > Xﬁa])}

N—o0

— le {N (Pr[T,,,z > By (6P )] — PilTy, > CFg(%,)(Xﬁa)])]

Vi Vi,
2

The conclusion stated in Anderson ([1], p336; he cited an unpublished working paper [57] and then made a power
comparison among T;z, T;y and Tgyp ) for the normal case (see also [21,23]) can be extended even for the general distributions

pr(ﬂ)gf+8(Xfav )
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as follows: For the case min(p, r) > 1 (otherwise, D, ,(£2) = 0), as long as ¥ — v{ is positive, ¥, test is superior (inferior)

to V1 test if 0 /A is greater (less) than or equal to [(p — 1)(p + 2)/(pr + 2)1"/? (when v}

— y{ is negative, the ordering

of power is reversed). We emphasize that our analysis, including the one-way MANOVA model (see [37]), is done without
assumption of normality in the multivariate linear regression model and even in the GMANOVA model (see Section 5 below).

3.2. Special case

In some cases, the design matrix X and the constraint r x g matrix B (of rank r < ¢q) in a given linear hypothesis

H : BO = 0, , may satisfy B(X'X) X1y = 0, equivalently

N
XX) X1y =) % € {h e R : Mh =0},
i=1

where 1y = (1,...,1) € R". It is worthwhile to conclude that using (C,)(ii) and M—> M, (12) implies Myggwy = 0
fora = 1,...,q, hence, A; = AZ = 0 (at the same time, Lemma 5 indicates that there are many other quantities in the

coefficients my ¢’s of Theorem 1, which also have the same property as (AL, AZ)). Then,
1 .y 1

1
mo= ok = KT = mig b all ma= =K oK = i
1 1 1
[1] [B1 _ [1] [3] 31 — 3]
1,2 = EK; - EK;( = -|- 12, 1,3 = gK; = 7'[1,3
and the resulting coefficients n["]'s are drastically simplified as follows:
[0] f Ao Aq Ay
%= —Zp—r+ 1)+ 2Ky — —Ks3.1 — —Ks32,
2.0 4(P ) g Ko — Ksa — o Kssz
2 _ T Vo 1 1 a2
Ty 0= K7 — =K, K —(K R
20 = 4% 2 + + 8( 3 )
1 1 1
[4] [4] [4] [1] 5,31 [6] [31y2
0= gkt — gkt = SITIGPL = 2(1<;‘ )2,
Ao A 3A,
772[0} = —gr - ZK4 + *1K33 1+ f1<33 2,

3 1
wi = 5tr(sz) — 7(3r + K+ P - K - S agth,

1 1 5 1
4 _ 1 (4] (4] {1 #(3] (6] _ +(3]y2
o = gk = K+ 71< + 56N = -,

4
o f A, A 3A;
“(PAr+ 1)+ 2K — —Ksz1 — K332,
T2 = 4(p—|— +1+ g Ka = K = 7 Ka3
1 3 3 00 3 el 3,
Ty = =5+ 20+ D) + 2+ 2K — 2K+ S+ Z(1<3“])2,
1 5
= tr(SZz) <[‘” Lt 2 e 2 gt My = 2 (e,
’ 4 4 6 24
Al
Nz[(g = EK33 1+ *K33 25

1 1 1
Yy = E(p +r D) - S+ DK+ ZK*[Z] KBl — 5(1<;‘“])2,

1 1 Toonta) | O unta) | O it S
7y = =t (@) + KGN — K 4 G SIGTIGEL = -2 g,

1 1
= KP4 7(1<3*“1)2,

4
1 5 5 5
[4] 2 [4] [4] (4] [1] (3] [6] [31y2
Tyy = tr(SZ ) — < + 241<;‘ - §K3*3* - 121<3* KXY myy = 24(1<3* )%,
mys = gk + 1<*[”1< UL ms =P = s,
where

q
1 3 } :
*[ ] Z Wayayas a1a2K[a3] K3*[ ] — wa1a2a3K3Ea]a2a3]s

ajaxaz=1 ajazaz=1
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q q
! Al
I<L£2] — 2 :Kiaa], KF] — 2 : K[Eaaa a ],
a=1

aa’'=1
*[2] ! [aza4] *[4] ! layazazas]
K™ = Z Wayapa3a43Maya, Ky ’ K, = Z Wayaya3a4Ky )
ajapazag=1 ajazazag=1
q
K3*3*[2] = Z Wayaza3 Wayasag (M0104M0205K3[§?;16] + Mﬂ1ﬂ2M0304K3[L31?§6])’

aaazasasag=1
q
wk[4] _ 2 : laza3asag]
K33 - Wayayas wﬂ4ﬂsaeMﬂlﬂ4K33

ajaxazasasag=1

ek

(we remark that the notation with the superscript **’ or

Wayaya3z Wayasag ).

is a sum of a single or double w-function; wg,g,a; OF Wa,aya3a, OF

Example 1. Given an integer ¢ > 2, consider a multivariate one-way classification model yl@ =n@ + u,@ (a=1,...,q;

i=1,...,Ng). This model can be written as the form Y = X® + Uwith @ = [u®, ..., u?](p x g matrix), in which the
design matrix is given by

1y,

1y q

X = : <writeN - ZNG).
. a=1
1y,

As in Kakizawa and Iwashita [37], we assume that (N;/N)"/? = p, (@ = 1, ..., q) have the form p2 = p? + N~'z,, with
(p1,-..,pg) and (tq, ..., 7y)’ being, respectively, a vector of positive real numbers and a vector of integers, independent
of N, satisfying pf +-+ pj =1land 7 + -+ 7y = 0 (of course, N, = Npg + 7, € N). It is easy to see that (C,) holds,
since we have N™'X'X = diag(p?, ..., pg) and for any s € N, N¥*Xy, o = paPifay=---=a,=aef{l,...,q}and

0 otherwise. Then, (12) holds whenever the r x g matrix B of rank r < g satisfies B1; = 0 (use XX)" X1y = 1, for the
one-way classification model). Such a typical example is given by B = [I;_1, —14_1] ((¢ — 1) x g matrix), which corresponds

to the problem of testing gV = - .. = p(@.

Example 2. In the usual multiple regression model, the first column of the design N x q matrix X of rank q is assumed to
be 1y, that is, X = [1y, X(_1)]. In this case, since (X'X)~'X'1y = (1,0, ...,0)" € RY, (12) holds whenever the r x g matrix
B of rank r has the form B = [0, B_y)] for somer € {1,...,q— 1}.

4. Derivation of asymptotic expansion of Theorem 1

4.1. Differential operator approach for characteristic function

The differential operator approach under normality was first used by Welch [63] and James [31], who made an important
contribution to the derivation of asymptotic expansions in multivariate statistical analysis under normality, in such a
way that the independence of the standardized sample mean vectors (independent normal distributions) and the sample
covariance matrices (independent Wishart distributions) enables us to use the conditional approach and then evaluate the
expectation of a function of the Wishart distribution via Welch-James’s technique (see e.g. [58]). In the normal GMANOVA
model descrived later, Fujikoshi [22] used the canonical reduction method due to Gleser and Olkin [28] and then apply
Welch-James'’s technique on the basis of the conditional set-up, which is slightly different from Gleser and Olkin [28].

As pointed out in Fujikoshi [26] for multivariate test statistics, it is crucial to find a convenient device (especially under
nonnormality) for giving an asymptotic expansion of the characteristic function according to situations under consideration.
Unlike Kano [39], Fujikoshi [24-26], Wakaki et al. [62] and Yanagihara [64], this subsection is devoted to extension of the
differential operator approach developed by Kakizawa and Iwashita [36,37] to the multivariate linear regression model.

Now, recall that (3) is idempotent of rank r, having spectral decomposition

M = Vdiag(1, ..., 1,0, ..., 00V = v "y, (13)
——
T times
where V'™ = v, ..., ¥"], with V = [¥", ..., ¥©] being orthogonal matrix of g x q (for any matrix A, A("” is a matrix

which consists of the first r columns of A; we shall sometimes use the notation a’” = [aV, ..., a®] for simplicity).
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A technical observation perhaps worth emphasizing here is that the following lemma is concerned with the expectation
of a certain analytic function of
2 =120 ZP) = uxxX) Y and 3y,
which is applicable even in the GMANOVA model (Part II) of this paper.
Lemma 5. Let y® = (yj(b)) (b=1,...,1)bep x 1vectors of variables and I' = (yjx) be a p x p symmetric matrix of variables.

Let h(y"", I') be an arbitrary multivariate polynomial of finite degree with coefficients in R, which may depend on N but are of
order O(1). Define vectors of differential operators by

ad
" =" = (a (b)> (b=1,...,1)
)/.

]

and a matrix of differential operators by
0= (Oy) = (1 1+ 5jk)i>
2 Yjk
applied to the function exp{ih(y(*", I')}, where i = ~/—1. In addition to ( C1) and ( ), if E(|lu||*) < oo, then
Eexplih(zy™, Zu)} = & explih(™, M), an o, =5 +0(N""),
where

=2
g =E& |: +W+ {tr(2323)+u2+}:|

is the differential operator with

( Z a(b)’za(b))
a 1) aby) 1 ¢ (b1babs) 5 (b1) £ (b2) o (b3)
1 1 1bab3 1 2 3
Z Kijy a3 Z w aj] 31213 6 Z w 81'1 ajz 81'3 ’

bi=1 bibyb3=1

p r
1 1
Z Z (b) 4(b) w(B1b2b3ba) (b1) 4(b2) 5(b3) (bg)
Kh,jz.js,]}xi ( i1z ]3]4 + 0; 3 8]3]4 + E E : 17 8 8]2 813 8]4 )
J1j23ja=1 b1byb3bg=1

[I]
Il II

&

o

and

w®1-bs) — Z Way .0V (b1) ‘gfs)

ap...as=1
for s = 1, 3, 4 (we denote by v’ the ath element of v, given in Lemma A.1).
Especially, if the design matrix X satisfies (12), then w® = 0for b= 1, ..., r, hence 5, simplifies

r

(b1bab3) q(b1) 4(b2) A (b3)
Z Kir.jzis Z w ah afz aj3 ’
111213 1 bibyb3=1

as illustrated in the top of Section 3.2 (see also [37, Remark 4]).

o

Proof. Let i)éb) be the (a, b)th element of V (q x q orthogonal matrix), which satisfies

q
Z i)c(lbl)i}t(le) = Sbiby - (14)

We know from Lemma A.1
o® = o® 4y oN). (15)

withul™® = [u”, ..., ul?] = UXX'X)"/2 (p x g matrix), we have

1< 1/2 (i
ul? = NE Zui(N 20y
i=1
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and
~ N 1N 1 q ,
Su—-X=—1-) u -2t - ——)) uu? - ).
N—qiN; o N—qa; x X
Also, z(b) q 1 v(b)u(”) (b=1,...,r).Inline with Kakizawa and Iwashita [36], we obtain
Eexp(ihz,™, Zy)} = E explih(z,;”, Zyr)} + o(N ),
where

i=1,...,N)

1

of = [u Il < N2
"7 1o, Jlull > N2

are truncated random vectors. Since
exp{ih(z,;”, Ty1)} = exp [Z 2280 4 tr{(Zyr — z)a}} explih("™", D)}, a0y, =5

we obtain

E exp{ih(zf}{r), 3y} = 2@, 9) exp(ih(p", D)}, an—o,,.r-x

(due to the truncation, the removal of the evaluation at y'") = 0, and I = X to the outside of the expectation regarding
the vectors 3®’s and the matrix d as constants is guaranteed), where

21, 3) = Eexp [Z zg'g/aw) +t{ Tyt — z)a}]

b=1
E Xq:u““)/alal . XN:t {(uTuT, } Xq: {(uf(“)u“‘”/ %) 9 }
= Eexp — ri(uu — -3 —
= X N — 171 q/N = X X N _ q
with 8™ = (8j[a]) = 2P9® (g =1, ..., q).Now, let us consider
M@ T) = E iu“”),t“’]—# ! XN:t {(uTuT/ %) ! }
‘4 T) = Eexp — ri(wu —¥)——
a=1 i N i=1 s 1- Q/N
> ! 172 (@) yglal 1 o t! T
= HEexp N1/2 Z(N Xt N —try(uju — Z)m s
i=1
where 14 = [t .. tl9]. Then, we have
(1:r) ! 02 T [1:q]
- T — _ _ q gl a[1:
2", 9) = exp ;tr { (at[alat["]’ 27) N_q } M@, T) g —pita 1—=p» (16)

where we take the expectation regarding the vectors 9!’s and the matrix 9 as constants ti¢ = (tj[a])'s and T = (Ty) =
((1/2)(1 + ép)tjr), with tj, = ty;, and interchange the order of differentiation and integration (this is also allowable due to
the truncation).

In order to obtain the expansion of (16), we define

t T
_ T Tyt!
G(t,T) = logE exp |:u W—I—tr{(uu E)N}:|.

Now, for each t and T, NG(t, T) can be arranged according to powers of N~/ by using the joint cumulants of u’’'t and
tr{(utut’ — )T} (see [36]). Letting

t(i) t(l)) Z(Nl/zx(l))t[a]

we have N~' YN t<') t(') Zq a1 N2 g, . C,st[a1J tj[saﬂ (s € N). Recalling (C,)(ii) and using Lemmas 4 and 5 of
Kakizawa and Iwashita [36] itis stralghtforward to see that
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N
: T
logM@t™ ., T) = ) G(tV, ———
EM ) ; 1—gq/N
0l geglal 13 ! [a1] 1 ¢ [a11 l0>] 03]
= Zt 26+ i Z Kjr.a.g3 Zwalt Tjpjs + Z Wayapasljy L, " G

2 J1j23=1 a;=1 a1a2a3 1
) lal 1y [a1],[a2] [a3]  [ag]
a a a a as ag
Z Kjr .z 3 sy Tjijo Tais + Z G, b, This + PP Z Wayapasagty, G, " 6,7 L,
f1i2J3i4=1 ajazazag=1

q
+ tr(ZTET) + Zt[a],ETEt[“]:| +o(N7h.
a=1

The differential operator Z follows from (16), together with (14) and (15). O

4.2. Outline of proof of Theorem 1

We notice that with z(1 D [z(l) ey zg”] = UX(X'X)~1/2V,

N
N'2vec(x7 22"y = 3 " vec{ (N2 56OV}
i=1
N . -
=Y (VN'?x") @ ="}y

and

N

+ N )1 / @@’
1 LRI B o

i=1

If the smallest eigenvalue of the averaged covariance matrix Covy, = N -1 Zf’z 1 Cov(ﬁf) of the sum of the independent
random vectors

{V(N]/Zx(l)) QX 1/2}u o
UI ( VeCh(uiu —E) (i= 1""7N)

is bounded away from zero, we can apply Bhattacharya and Rao’s [6, Theorem 20.6] theory (their conditions can be verified
in line with [54,62]), provided that (C;)-(C3) hold. Then, by following the usual BG transformation argument (e.g. [5,10,
4)), several smooth functions of N~ vaz 1 ﬁ’i‘ admit valid Edgeworth expansions up to order N~! by means of appropriate

transformations of a valid Edgeworth expansion of the distribution of N~1/2 Zf’zl ﬁ;‘. To complete the proof of Theorem 1,

we need to (i) derive the stochastic expansion of B.(Ty,) ~ tr(sf/,1 Z)gsf; ?s) where

1: 1 I/f 1r) (1) (1 1:r) (1) \y\j— 1:
Si,/ Z)s — f:;r)+—(s( r) ( r) ér) |:ch{tr(s( r) ( T))}] 1:| sé r)

with

1~ 3~
(1 r) [s(l) B (r)] <lp _ 5 Ay + = Afj) 1/2(2(1 ) n 8(1 r))

(1:q) (1) (@)

Ay=3""3y -5 "2 and §, 7 =14, 85 1=0.V,

(ii) check Chibisov’s lemma (see [15]) and (iii) evaluate the asymptotic expansion for the characteristic function of

tr(sibl Z)gsf; ?8) via the differential operator given in Lemma 5 (the details are omitted, since these steps can be carried
out similarly as in [37] for the one-way MANOVA model with r = g — 1).

Now, it is easy to see that Cramér’s condition (1) in (C3) implies the covariance matrix of U = (v, {vech(uu’ — X)}')’;

~ ) b))
Coviw) = (221 zii)
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is positive definite. So, with L1 ; = V(N2 ®) @ ¥~1/2 we have

1N (L2l LisE
Cov¥ = — 11, 11,i 11,i412
NN Z( oLy X

_ Z Vx(l)x(l)/v/ ® Ip N*l/z",x(f) ® 2*1/2212
= L 1/2x(i)""’ ® 221271/2 N71Z‘22
LRI symmetric
N~127, X(X’X) 1/2\/®2 z12 5 ’

whose Schur complement of ¥, (see [30, p100]) is equal to
T — NTXXX) X1y En 2 ' 20,
=35 — ZnZ '+ NIy = XXX) XN En Z7 Ep,.

Hence, the smallest eigenvalue of Covy, is bounded away from zero.

5. Extension to GMANOVA model
5.1. Introduction

We suppose that an N x p matrix Y consists of N independent observations y,, ..., yy on p variables, where Y =
[y1s .-, Yn]- The GMANOVA model (there are other names such as Generalized Multivariate Analysis of Variance model,
Generalized MANOVA model, generalized linear model, Growth Curve Model (GCM) and Potthoff and Roy model [53]) is
defined by

Y=XEZA+U,

where X is an N x g non-random between-individuals design matrix of rank g (< N), Ais an m x p non-random within-
individuals design matrix of rank m (< p), E is a ¢ x m unknown parameter matrix, and Uis an N x p unobservable random
matrix with U = [uy, ..., uy]. It is assumed that each p x 1 vector u; is independently and identically distributed with
mean vector 0 and unknown positive definite covariance matrix X.

Gleser and Olkin [28] used the canonical reduction method (there are many other derivations; we also refer to [60], [43,
subsection 4.1.2]) to obtain the maximum likelihood (ML) estimator of £ and X in the normal GMANOVA model (that is,
uq, ..., uy are independent p-variate normals), given by

Eywm = (XX)"'X'YE, 'A'(AE, 'A) 7,
o~ ] e 7 /‘_\' ]
Zym = N (Y — XEy mA)' (Y — XEy mA) = N (Ey +Eqy)
with
Eiy = {I, — E;'A'(AE;'A) 'A)Y'X(X'X) " 'X'Y{I, — E, 'A’(AE, 'A") "'A}.

For testing a general linear hypothesis H : BEC = D, where B is an r x g known matrix of rank r (< q), Cis anm x s known
matrix of rank s (< m) and D is an r x s known matrix, let Hy, E; and Hy be s x s matrices defined by

H; = (BEy w.C — D) (BRyB') ' (BEy w.C — D),
E; = C'(AE;'A))7'C,
H} = (BEy wiC — D) (BX'X)"'B'} ' (BEy wi.C — D),
respectively, where
Ry = (X'X)"' + X'X)"'X'Y{E,' — E,'A'(AE, 'A") 'AE, }YX(X'X)"".
Then, the following four criteria have been used under normality (e.g. [41,28,42]):
(i) Likelihood ratio (LR) Tz = —(N — q) log |Ey|/|E} + Hy |,
(ii) Lawley-Hotelling’s trace (T2) T = (N — @)tr[H} (E} ) 1,

(iii) Bartlett-Nanda-Pillai’s trace Tg, = (N — q)tr[H} (Ej 4+ H})~ 11, and
(iv) Kleinbaum’'s Wald statistic T, = (N — qtr[Hy(E})~ 11 (it is worth noting that using the identity

C’{A(N Yy.m) 'A’}71C = Ej, his statistic Ty, is proportional to the (original) Wald statistic W = tr[ H;{C’(AZY MLA/ )y~ic) 1]

in the normal GMANOVA model, based on the unrestricted maximum likelihood estimator Ey y; and Ey ML, that is,
Ty, = (1 —q/N)W).
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Given anr x g matrix B of rank r and an m x s matrix C of rank s, the solution space Vg ¢ of a linear system BEC = O, ;
is a subspace of the linear space R9*™ of all ¢ x m matrices. In what follows, let £ = B"DC™ be any particular solution
to a system BEC = D in & (e.g. [30, p157]). We are now interested in studying the nonnull distribution of the above test
statistics when the parameter matrix is given by

E=5o+ XX)""2E, with XX)""2E, & Vs (17)
(we always assume that =, is a ¢ x m matrix, independent of N). In that case, it is easy to see that E} /(N — q) =
C(AZ,'A)IC,
RY = XX)™" +d(X'X)"'X'Y{E;! — E;'A'(AE; 'A")"'AE; JYX(X'X)"!
d -~ o~ ~ _
= XX)'+ N q XX) XU, - 3, AR, A) AT, JUXXX)
()
=R, (say)
for a nonnegative constant d, and
BEy i€ — D = BX'X)” 2{(X'X)""’X'U + E.A}Z, A (AZ,'A)'C.
Then, Lawley-Hotelling’s trace and Kleinbaum’s Wald statistic are written as

T, =t _H B )7
= tr
tH "\N—¢

= [ve_c{U’X(X’X)’”Z + (@) My ® Q) vec{U'X(X'X)"1/2 4 @'},

. (B N\
Ty = tr|Hy N_g

— [Vec[UXX'X)" /2 + (€)'} (M ® Q%V)vec(UX(X'X)~ /2 + (@)},
where we define

©° = E,A(q x pmatrix), My = (XX)~/2B'(BR, 'B)'B(X'X) /2,

Q¥ = x> 'A@ax'A) Icfcdax'aA) ¢ 'cax~'A) Az
It is easy to see that the limiting nonnull distribution of generalized test statistic

Tp=(N-q Y Yy, or Ty =N-q» ¥y,
j=1 j=1

(Ay.1s -+ -+ Ay > Oare eigenvalues of Hy (Ey) "' and A} ;, ..., A} ; > O are eigenvalues of Hy (E}) ') is the same as that of
[vec(UX(X'X) ™2 + (©)'}] (M ® Q*)vec{UX(X'X)""/* + (€)'},

which is asymptotically distributed as the noncentral chi-square distribution with f, = rs degrees of freedom and noncen-
trality parameter ? = [vec{(©2)'}]'(M ® Q*)vec{(©2)'}, by noting that Q* satisfies Q* XQ* = Q> and tr(Q* %) =s.

Remark 2. Define the p x q matrix A° = (AY,) = Q* (©2)'M. Then, using the fact that M is idempotent and noting
Q* XQ* = Q*, we have @? = tr{Q* (©°)'MO?} = tr(£2,), where 2, = A°(A°)' ¥ (p x p matrix).

It is of interest to compare these tests by means of higher-order expansion. To avoid two separate analyses according to
T =Tj orT = Tj, we will introduce a class of tests

Tyay=N-—q ) YO,
=

where Ag,‘f)], cee, )\gff)s > 0 are eigenvalues of H§,d) (Ey) ™!, with
d = Dpn—1ps
H” = (BZy y.C — D)’ BRY'B) ™ (BEy y.C — D)
for a nonnegative constant d (obviously, we have Ty, 1) = Td‘j and Ty o) = Td‘/ ).
5.2. Asymptotic expansion in a nonnormal GMANOVA model

An asymptotic expansion for the nonnull distribution of T° = Ty, Ty, Tgye Was first studied by Fujikoshi [22] under
normality (we refer to [38] for the null distribution of Ty, ). Under nonnormality, Yanagihara [64,66] gave an asymptotic
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expansion for the null distribution of T® = Tj}, Tf};, Tayp, by following Wakaki et al. [62]. Writing
P* =33 'AAZ'A) Az

(we note P* = 0, , whenever A is nonsingular), his null result was described in terms of

p
QQ
Ky~ = Z Kj]stvj3vj4Qf§2Qj§47

J1j2izia=1
KEE =K3,Q%.Q7.Q%) (=1,2),
KEY =KsyQ%, Q5. PF) (1=1,2), K5 =Ks;20Q", P, Q%) (18)

K = Ky32(P7, Q7. P%),  K¥T =Ky (Q7,P*,P”) (=1,2),

where we introduce the notation

)4
D p2 pB)y — . (1 p2) p3)
K331 (P77, P2, P = Z K“*D*BK“JS161)1114131215131316
J1j2i3jaisie=
)4
M p@ pB)y — (1 p@) p3)
Ks2(PO, PP POy = 3" Kh.jz,ngu,jsJe"mzpjm”js]s
J1j2i3jaisie=

for any p x p symmetric matrix P = (P](]'J)Z) (i = 1,2, 3). Our contribution is to obtain an asymptotic expansion for

the nonnull distribution of Ty 4) up to order N~ !'and then study the local power properties of tests after Bartlett’s type
adjustment or Cornish-Fisher’s type size adjustment.

Recall that s x s matrices Hg,d) and Ej are functions of U/X(X/X)*V 2 and EU As in Section 4.2, our routine is to (i) derive
the stochastic expansion B.(T¢y,q) ~ tr{(EE:,;’r‘)i)’c,so) Q E]]//r(),) c.go) as a functional of z(1 ™ and EU, (ii) check Chibisov’s
lemma and (iii) evaluate the asymptotic expansion for the characteristic function of (i) as an application of the differential

operator of Lemma 5 (for the GMANOVA case, Lemmas A.2 and A.3 in Appendix A.2 provide basic tools for several patterned
derivatives), where

_ ~ ([~ 1~x ~ (~x 1xz\]° 1 ~ x=
SE:ﬁr;)c8°=|:lﬁ_AU<P +2Q)+{AU<P +2Q>} ""g(AUQ )2

(2_1/2 <1r>)(z—1/2 () B> + v (2_1/2 () ) 5172, (”))Q

U &° U &°
1: 1: 1:
——Zc[tr{(z VYR (T AN 1-} Tz,
j=1
with P~ = 312pf 512, @° = $12Q% ¥'/2 and 28;) =27 +3 " (we now set 8, o _ [32(1),. °<q)] = (©°)'Vas

compared with the notation in Section 4.2).
We are now in a position to state one of the main results of Part II: Suppose that (C;)-(C4) hold. Then, the distribution
function of B (T(y 4)) under the local alternative (17) admits an asymptotic expansion

( 01)

Pr(Bc(Ty.a) <Xl = Gy, (x; 0?) + {Gr42(%; @2) = Gp, (x; 2))

1
i Z NK2 ano’l Groar (% ) + ﬁ Z’Téo Gr120(%; @2)
k=1 (=0 —~

d S 1L _
o DT G (65 @) 1 Y T Gy (5 @2) + o (N, (19)
=0 £=0

where
7y = —fo(s+r+1), Ty, =fo(s+1r+1) —2(s+ 1+ Dtr(R2,),
7y =2(s+r+ Dtr(R,) — tr(R2), 75 = tr(2?),
7 =fp—m), A7 =—fp—-m+P-mtr(L,), 7T, =—(p—mir(L,),
¢ =fc,  w = —foci +folfs +2)02 + 100,
¢ = —f,(f + 2 + fo(fo + 2)(fo + 43 + {—c1 + 2(f, + 2)2}w?,
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75¢ = ~fo(fo + (o + D3 + {2 + 2)c2 + 3¢ + 2)(f, + D3} + oy,
w5 = =3(fo + D (fo + Desw; + {—c2 + 3(fe + s,
7 = =3(f, + Aol + 0l 7 = —c30°,
2,1 =Q*(0)’M,0° (p x p matrix).
Here, as in the case of Theorem 1, the coefficients 7 ,’s, independent of v/, d, are the sums of homogeneous polynomials

of degrees 0, 1, 2, 3,4 and 6 in E, (the explicit expressions are omitted to preserve space, but the details can be obtained
from the author on request), depending on (18) and

K3 = k21Q>), k™ =k!Pp*),

p
[ajazasz]
K37 = Z K1 a3 A0, Afyar 45,

J1a1 7202 7 J303°
J1j2iz=1

KQJH3H4] <[0304](Q ), KP[0304] <[ﬂsﬂ4](P2)

KCET“Z“WU: Z Kj1'j2*j3~j4AJc')101AlzazAJO303 1204’

Jij23ia=1
RSP = K37 @.Q%), K = KT e pY),
K55 = K55 @.Q%), K5 = kS e pY),
KQ[azasasas] <[02030506](Q2) KP[020305061 K[02a305a6](P2)’

QPlazag] __ ;-lazag] >
Ko331 <0331 (Q P,

KEs® = K581, PY),  KIas® =K% P¥, Q%)

foray,...,as € {1, ..., q} (these quantities except K, Pla3a4] Jre obtained from (18) when at least one P]])‘T or QUE is replaced
by AL AJ" a,) where we introduce the notation

p

las] p(1)y — o p) po

Kog Py = Z KthBPJuzAjsas
J1j2jz=1

b
[ ] 1 1 o o
KOZW (PY) = Z Kjr .z 3 J4P( WY

J1j2 7 J3a3 T jaas?

J1j2izia=1
[a3a5] 2 M) p@
306] p(1) p2)y — E S ke °
Ko33,1 PP = ’(11JZJ3KJ4JS 16Pm4 J2is Afsas Ajsﬂs’
J1j2i3jasie=
lasag] 4 (2
45061 (1) p2)y _ C e s ° ©
K35 (P, P = § : KJlJst"M,Js JGPJ]]2PJ3J4 Ajsas Ajgas
J1j2d3jasie=
[ 1 < Q)]
a2030506] p(1)y _ § e ° ° o °
K033 (P ) K]l J2:03Kijg.js ]6P]1]4 Ajzaz AJ303 Ajsas A]G”G
J1j2jziaisie=

for any p x p symmetric matrix P® = (P](l';z) (i = 1, 2). Interestingly, we find that the local power of Bartlett’s type or

Cornish-Fisher’s type adjusted Ty 4,) test (shortly B(y 4,) or CF(y 4, test) up to order N~! is the same as that of By 4,) or
CF(y 4, test; that is, letting

++

D (R2,) = tr(R2) — ————{tr(R,) %,

we have

lim {N (Pr[Bgo%gdz)(Twz,dz)) > szo,a] - Pr[BﬁoW;’.d])(T(%,do) > Xfi,ot])}

N—oo
: 2 2
= lim [N (Pr[T(‘/fZadZ) > CF§O(¢£/’d2)(XfO’a)] — Pr[T(ledl) > CFTO(W{’,d])(XfO,OZ)]>}

N—oo
% o 2 . 2
2 Dg  (£2:)81,+8(Xy, o5 @5)



Y. Kakizawa / Journal of Multivariate Analysis 100 (2009) 473-496 489

Qhese results e/s\sentiall\y followA along the line of Corollaries 2-4, on the basis of the asymptotic expansion (19)), where
P, d) = @7(d), 95 ("), ¥5) is a location invariant estimator of #°(y”, d) = (97(d), 95 (¥"), 9¥5), with 97(d) =
—m50 /o — d(p —m) /2,

o[O] o[0] / o[0] o[0] o[0]
PO = — Mo T 75 +(5+T+1)¢/ 90— _ My tTyq T 75,
2 folfs +2) 4, +2) ? folfs + 20, +4)

(as pointed out in Section 2.2, the coefficients of a5 (= A;/S) in [62, (2.1)], hence [66, (2.5)] for the null distribution of

{1=(p—m)/(N=)}Tj with Tj = Tg. Tj,. Tgyp, are incorrect). We observe that n;’[g],nf[g]—i-nc’[o] and Y2, n;[f] =
are given by
nzc’,[g] -k {s —r4+1+4(p-—m)}+ KQQ
A A} e Az Al AT QQ
+ _E"’ 2! K7 + 3 8’ + 2 r) Ky

AT
[(2r+ 1) —A}]K%Qf i( +1) - }@f?
A; AT QQP A3 QPP QPP PQPy
tl57— K35 — ?(3K33 1+ 2K535 5 + K35,

f

(s+r+1)——1<QQ+ A oo A—gr(r+2)—A—‘T‘(r+1) K55
6 2 331 4 2 33,2

1
+{ A*(r+2)+A}<<%Q§’ 2<§‘3"§+71<%Q§>
o[0 o[0
Zn [or _ 2[3]

A Al A
= {—1—( +2)+ }K%Q?+{—8 20+2°+ (r+2)}1<3%‘1;l

12

6. Simulation study

In this section, we present some results of simulation studies examining finite sample performance of original or Bartlett’s
type adjusted or Cornish-Fisher’s type adjusted LR, LH, BNP tests for H : BO = O, , with B = [0, _,, I;] for some
r e {1,...,q— 1}, assuming the multivariate linear regression model Y = X@ + U with X = [1y, X_p].

For the case of (p, q, 1) = (4, 3, 2), the polynomial regressor x; = w(i/N) (i = 1, ..., N)withw(t) = (1, ¢, ..., t9"1Y
(we now set X' = [Xy,...,Xy])and N = 30, 60, 90, 120, we generated Y = X® + U with U = [uy, ..., uy], where

uq, ..., uy were assumed to be independent and identically distributed according to

(CN) the contaminated normal 0.8N, (0, I,) + 0.2N,(0, 4I,),

(LN) the log-normal wiy = (U1, - - -, Uinp) With upy; = (e — e'/2)/{e'/?(e — 1)}V/%, wherez = (z1,...,2,)' ~
Ny (0,1,).

The parameter @ were chosen as follows: Under the null hypothesis H : BO = O, ,, we took @ = 0Oy, due to the location
invariance of the proposed tests. Under the alternative hypothesis, we considered the following two different types of the
parameter c®, such that the p x p matrix 2 = X~ 1(c®)'B {B(X'X) !B’} 'B(c®), with X being the population covariance
matrix for (CN) or (LN), has eigenvalues c?Aq, . .., c2A,:

A M=1ArA==%=0(D,,(2) > 0ifmin(p,r) > 1)
(B) Ay *= Aminp.r) = L Amingp.ry+1 = -+ = Ap = 0(Dp () < 0if min(p, r) > 1),

where ¢ > 0 was determined so that the noncentrality parameter tr(£2) = c? Zle Aiisequalto 5, 10, 15, 20, respectively.
The number of repetitions was set to be 1000,000.
With f = pr, the original large sample LR, LH, BNP tests have the rejection region T;z > Xﬁa, Ty > sz,oz and Tgyp > sz_u,

respectively. Furthermore, using asymptotic expansions with Ag = Afl = 0, as in Example 2, Bartlett’s type adjusted LR, LH,
BNP tests (for shortly, B-adjusted (B-ad.)) and Cornish-Fisher’s type adjusted LR, LH, BNP tests (for shortly, CF-adjusted
(CF-ad.)) have the rejection region Bj 1)(TLR) > X B30y Tn) > Xfar By (Tone) > Xfe Tk > CF51y(XF o)
Tiy > CFz?(O)(Xf o) and Tpyp > CFy(_y, (X »)» respectively. Following Kakizawa [32] and Cribari-Neto and Ferrari [17],
Bartlett’s type monotone adjusted LR, LH BNP tests (for shortly, B-monotone adjusted (B-mon.ad.)) or Cornish-Fisher’s type
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Fig. 1. Averaged estimated Cornish-Fisher’s type transformations for T = Tig, Tun, Tene; CF5(_q) (%), CF5g) (%), CF5_5) (%) [solid] and CFg"z"j‘])(x), CFﬁ"}‘(’)')‘ ),
CF%"("_“Z)(x) [dashed] (LN, N = 30, repetitions = 10,000).
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Fig. 2. Averaged estimated Bartlett’s type transformations for T = Tig, T, Tane; Bg(—1) (%), Bj() (%), Bj(_,) (%) [solid] and B%f‘;’f 1)(x), B%’("Or; (x), Brﬁf‘("fﬁ (x)
[dashed] (LN, N = 30, repetitions = 10,000).

monotone adjusted LR, LH, BNP tests (for shortly, CF-monotone adjusted (CF-mon.ad.)) are also examined, whose rejection
region are given by BX*"_ (Tz) > sz,a, %P(C’OI;(TLH) > sz,a. BN (Tgnp) > sz,a. Tig > CEZO" (sz,a)- Ty > CFmO"(sz,a) and

B(-1) B(-2) B(—1) #(0)
Tenp > CF%“(O_“Z)(XI?,O[), respectively, where

2 ¢ 1 S GG
BI"(x) = x (] S chx’_l +— Z IV =2 )

N j=1 N =191 ti2—1

2 1 S Jih26,G,
CFM™™(x) =x(14+ — e T4 — IV -2
c () ( N;J sz;1j1+j2_l

One may suspect that such an additional N=2 term is negligible compared with the error o(N~!) term in Theorem 1, but
we feel that it corrects some bad performance of the right tail in the cubic polynomial B.(x) = x{1 — (2/N) Zj; Y1}
(in our case, the cubic polynomial CF.(x) = x{1 + (2/N) 21-3:1 cjxf‘1} evaluated at x = sz,a (see Fig. 1) seems to have
good performance, unlike [17]). To illustrate it, Fig. 2 shows the averaged (repetitions 10,000) estimated polynomials

By (_1)(®), B3 (g) (%), By _5) (%), together with B%‘(Of " ), Bg(oo‘; ), Bg("fz) (x), where the error distribution is (LN) with N = 30.
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Table 1a
Empirical sizes (x 100) of tests (CN)
N Original B-ad. B-mon.ad. CF-ad. CF-mon.ad.
LR LH BNP LR LH BNP LR LH BNP LR LH BNP LR LH BNP
120 5.31 6.63 4.12 5.01 494 493 5.01 498 494 5.01 5.10 5.00 5.01 5.08 4.98
90 5.40 7.20 3.83 4.99 4.88 4.85 4.99 494 4.87 5.00 5.16 4.96 4.99 5.13 4.94
60 5.66 8.60 3.26 5.00 471 4.70 5.01 4.85 4.74 5.02 5.40 4.96 5.02 5.31 4.90

30 6.66 13.96 1.76 5.13 2.65 3.93 5.15 4.06 4.05 5.22 6.75 4.88 5.20 6.41 4.63

Significance level (x 100) was 100« = 5.

Table 1b
Empirical sizes (x 100) of tests (LN)
N Original B-ad. B-mon.ad. CF-ad. CF-mon.ad.
LR LH BNP LR LH BNP LR LH BNP LR LH BNP LR LH BNP
120 5.14 6.40 4.01 5.12 5.04 5.05 5.13 5.07 5.08 5.12 5.20 5.13 5.12 5.18 5.10
90 5.22 6.95 3.73 5.11 4.96 498 5.11 5.01 5.02 5.11 5.25 5.12 5.10 522 5.08
60 5.51 8.34 3.24 5.18 4.77 4.90 5.19 493 4.96 5.19 5.52 5.19 5.19 5.44 5.10

30 6.63 13.51 1.85 5.37 0.82 4.18 5.40 3.94 4.32 5.47 6.90 5.18 5.45 6.59 4.89

Significance level (x 100) was 100« = 5.

Table 2a
Empirical sizes and powers (x 100) of tests (CN)
tr(2) B-ad. B-mon.ad. CF-ad. CF-mon.ad.
LR LH BNP LR LH BNP LR LH BNP LR LH BNP

0 4.99 4.88 4.85 4.99 4.94 4.87 5.00 5.16 4.96 4.99 5.13 4.94
Type A

5 28.74 28.59 28.07 28.75 28.76 28.13 28.76 29.46 28.45 28.76 29.35 28.37
10 56.54 56.58 55.53 56.55 56.78 55.60 56.57 57.56 55.96 56.56 57.43 55.87
15 77.28 77.41 76.35 77.28 77.56 76.40 77.29 78.15 76.67 77.29 78.05 76.61
20 89.32 89.45 88.67 89.33 89.54 88.71 89.33 89.89 88.89 89.33 89.83 88.85
Type B

5 29.19 28.66 28.91 29.19 28.83 28.97 29.21 29.53 29.28 29.20 29.41 29.21
10 57.74 57.00 57.58 57.74 57.19 57.65 57.76 57.97 58.00 57.76 57.84 57.91
15 78.58 77.95 78.53 78.58 78.10 78.58 78.59 78.67 78.83 78.59 78.58 78.77
20 90.42 90.00 90.43 90.42 90.10 90.46 90.43 90.43 90.59 90.43 90.38 90.56

Significance level (x 100) was 100« = 5 and sample size was N = 90.

The inequalities T;y > Tig > Tgnp (e.g.[1, p337]) indicate that whenever Tgyp > Xs 0.05s = 15.507 (we notice that the values
of Ty, are likely to be large as the alternatives are far away from the null), a B- adjusted LH test B0y (Tww) is likely to be not
rejected at 5% level (actually, B o, (Tin) can be negative for the large value Ty ). Clearly, such an unsuccessful output can be
got rid of by means of a monotone Bartlett’s type adjusted test Bmon (Tin).

9(0)
We first study the empirical sizes of three tests (original or B-adjusted or CF-adjusted LR, LH, BNP tests) at significance
level @ = 0.05. Table 1 show that (i) the empirical sizes improve with increasing the sample size N and that (ii) the

empirical sizes (x 100) of B(or CF)-adjusted tests are closer to 100« than those of original tests, which obviously supports
the higher-order improvements Pr[B,» (Ty) > x7,IH] = & 4+ o(N~") and Pr[Ty, > CF5(,n (x7)IH] = @ + 0o(N"") to
Pr[T, > sz,a( |[H] = ¢ +0(N~"). However, CF-(monotone) adjusted LH tests tend to have a slight size distortion as compared
with CF-(monotone) adjusted LR and BNP tests. On the other hand, for a small sample size as N = 30, B-adjusted LH and
BNP tests, especially, B-adjusted LH test for the case (LN), have substantial size distortion, while the monotone adjustment

B%’; (Tiy) works reasonably to improve its sizes. In what follows, we set N = 90.

We next study the empirical power of three tests (B-adjusted or CF-adjusted LR, LH, BNP tests), in which their empirical
sizes (x 100), rounded to the nearest integer, are identical. Strictly speaking, since their empirical sizes are slightly different,
we cannot, of course, make a definitive conclusion on the power comparison among three tests. But, we can see from Table 2
that under the alternative hypothesis of type A (B), the power of CF-(monotone) adjusted LR tests is greater (less) than that
of BNP tests (a fair power comparison between LH and LR(or BNP) is impossible, since the size (x100); 5.1 or 5.2 of LH is
slightly greater than the size (x 100); 5.0 or 5.1 of LR(or BNP)). We observe that a B-adjusted LH test (also a B-adjusted LR
test) suffers a substantial loss of power (especially when the noncentrality parameter tr(42) is large and when the population
distribution (LN) is considered), as compared with a B-adjusted BNP test, which is caused by a more frequent occurrence of
low values (or negative values) of the transformed statistics B3 50)(Ttw) and B3 ) (Tir) than those of B3 ~2) (Tgnp)- Such a bad
performance, especially for (LN) case, is effectively resolved by considering monotone adjustments B P 1)(TLR) BX© 3 " (Tiy)

and Bg‘("nz) (Tgnp), as shown in Fig. 2 (the same comment is made for Table 3b). Under the alternative hypothesis of type A, the
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Table 2b
Empirical sizes and powers ( x 100) of tests (LN)
tr(2) B-ad. B-mon.ad. CF-ad. CF-mon.ad.
LR LH BNP LR LH BNP LR LH BNP LR LH BNP

0 5.11 4.96 498 5.11 5.01 5.02 5.11 5.25 5.12 5.10 5.22 5.08
Type A

5 39.73 39.13 39.00 39.78 39.66 39.14 39.76 40.44 39.46 39.74 40.34 39.31
10 67.08 63.27 66.80 67.59 67.60 66.93 67.57 68.22 67.19 67.55 68.15 67.06
15 79.50 68.38 81.21 81.87 81.91 81.39 81.85 82.34 81.57 81.84 82.28 81.47
20 82.88 63.22 88.37 89.10 89.13 88.77 89.09 89.40 88.89 89.08 89.37 88.82
Type B

5 40.60 39.63 40.37 40.64 40.05 40.50 40.63 40.85 40.85 40.60 40.75 40.68
10 71.19 68.02 71.36 71.54 70.99 71.49 71.52 71.65 71.76 71.50 71.57 71.62
15 85.03 75.65 86.75 86.98 86.62 86.96 86.96 87.01 87.12 86.95 86.97 87.03
20 87.85 69.40 93.21 93.88 93.69 93.88 93.88 93.89 93.97 93.87 93.87 93.92

Significance level (x 100) was 100« = 5 and sample size was N = 90.

Table 3a
Empirical powers ( x 100) of tests using their empirical 5% critical values (CN)
tr(£2) Original B-ad. B-mon.ad.
LR LH BNP LR LH BNP LR LH BNP

Type A

5 28.78 28.94 28.57 28.77 28.95 28.56 28.77 28.95 28.56
10 56.57 56.98 56.08 56.58 56.99 56.08 56.58 56.98 56.08
15 77.30 77.71 76.77 77.31 77.72 76.77 77.31 77.72 76.77
20 89.33 89.62 88.94 89.34 89.63 88.95 89.34 89.63 88.95
Type B

5 29.22 29.03 29.40 29.22 29.03 29.40 29.22 29.03 29.40
10 57.77 57.39 58.11 57.78 57.41 58.12 57.78 57.41 58.11
15 78.60 78.25 78.92 78.61 78.26 78.92 78.61 78.26 78.92
20 90.43 90.18 90.64 90.44 90.19 90.64 90.44 90.19 90.64

Sample size was N = 90.

Table 3b
Empirical powers (x 100) of tests using their empirical 5% critical values (LN)
tr($2) Original B-ad. B-mon.ad.
LR LH BNP LR LH BNP LR LH BNP

Type A

5 39.35 39.63 39.02 39.37 39.27 39.05 39.39 39.64 39.06
10 67.18 67.51 66.76 66.78 63.39 66.84 67.27 67.58 66.86
15 81.56 81.82 81.23 79.30 68.48 81.24 81.66 81.89 81.34
20 88.87 89.05 88.63 82.73 63.30 88.39 88.97 89.12 88.74
Type B

5 40.20 40.00 40.39 40.24 39.78 40.42 40.25 40.02 40.43
10 71.12 70.89 71.31 70.90 68.15 71.40 71.23 70.97 7143
15 86.67 86.52 86.80 84.85 75.75 86.78 86.79 86.61 86.93
20 93.69 93.60 93.76 87.73 69.48 93.23 93.79 93.68 93.86

Sample size was N = 90.

ordering of the power among B-monotone adjusted LR, LH, BNP tests is LH > LR > BNP when the noncentrality parameter
tr(42) is large, while, under the alternative hypothesis of type B, a B-monotone adjusted BNP test is more powerful than a B-
monotone adjusted LH test. Another interesting feature is that unlike Table 2b (LN; asymmetric case), Bartlett’s type adjusted
LR, LH, BNP tests in Table 2a (CN; symmetric case) show good performance, as pointed out in Kakizawa and Iwashita [37].

We finally study the empirical power of three tests (original or B-adjusted LR, LH, BNP tests) that exceed their empirical
upper 5% critical values (note that the size corrected original LR, LH, BNP tests correspond to CF-(monotone) adjusted LR,
LH, BNP tests). This enables us to make a fair power comparison of different tests, although such critical values cannot be
evaluated exactly, in applications where the information on the error disturbances is absent. As expected in the higher-order
power analysis of Section 3.1, Table 3 shows that (iii) the power of a B-monotone adjusted test is almost identical to that of
the original test and that (iv) the ordering of the power depends on the sign of the factor D,, . (£2), that is, since D, ,(£2) > 0
for the type A, the power of a B-monotone adjusted LH test is greater than that of a B-monotone adjusted LR test, which in
turn is greater than that of a B-monotone adjusted BNP test (this ordering is reversed for the type B in which D, () < 0
holds).
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Our simulation experiments show that both correction methods (B-monotone adjusted and CF-(monotone) adjusted
tests) work well in finite sample sizes. Remarkably, making use of a monotone Bartlett’s type adjustment [32] in place of
a Bartlett’s type adjustment [16] is important to resolve not only the size distortion for the small sample size N but also
the loss of power at alternatives far from the null. Actually, the power problem turns out to be serious for the asymmetric
and leptokurtic distribution, which will be due to the difficulty of estimating summarized cumulants (4)-(6), as well as the
nature of the cubic transformation (because of the inequalities T;; > T;g > Tgnp, Bartlett’s type adjusted LH test under
the alternatives far from the null is likely to be smallest value among three tests or have frequently negative value, which
necessarily leads to the loss of the power).

7. Conclusion and future works

In this paper, we established that for normal-based multivariate tests, the local power properties stated in Anderson [1,
p. 336] remain valid even for the nonnormal GMANOVA model, after either Bartlett’s type adjustment or Cornish-Fisher’s
type size adjustment under nonnormality. The essential point behind this paper is that the statistical inference on the
mean structure of the multivariate model is often asymptotically robust. More precisely, since several test statistics derived
under normality (including the likelihood ratio (LR) criterion, Lawley-Hotelling’s trace and Bartlett-Nanda-Pillai’s trace)
are all functions of the eigenvalues of a characteristic determinantal equation which involves the restricted and unrestricted
residual sum of squares matrices, the (non)null distributions of these multivariate tests admit the (non)central chi-square
type asymptotic expansion. It has also an implication of the correctness up to order o(N~!) of the coverage probability of
the bootstrap confidence region Ry, = {D : Tj; (D) < z;,(«)} of D = BEC based on the Wald test statistic Ty}, (D) = Ty,
where z}j, () is the residual-based nonparametric bootstrap critical value for T}3, (details are omitted to preserve space). See
Hall [29] for asymptotically normal statistics.

One of the most important problems for regression analysis, where the underlying distribution of the error is unknown, is
how to construct a reasonable test or confidence region. Since its introduction as a nonparametric likelihood alternative to
traditional likelihood-based methods for inference, Owen’s empirical likelihood has gained increasing popularity among
statisticians and econometricians. For the one-way MANOVA setting, Owen [52, subsection 4.4] mentioned a EL-based
solution, in which the observations do not need to be normal distributed, or to have a common covariance matrix, and the
sample size need not be equal (for the univariate case, the Euclidian likelihood ratio test described in [52, subsection 4.10]
was essentially James’s test [31]). Thus, it would be of some interest to investigate a higher-order power comparison between
the EL approach and the classical normal-based approach discussed in Kakizawa and Iwashita [36,37] and Kakizawa [34]. For
the one-sample case, Chen [13] investigated the EL-based test as a counterpart of Hotelling’s T? test, which can be viewed
as the Euclidian likelihood ratio test in the EL framework (e.g. [52, p65]), and then showed that the second-order power of
the EL-based test is not always more powerful than that of the bootstrap T2 test. Similar noncomparable conclusions on the
second-order powers for a class of tests from the empirical discrepancy approach (the ED-based Cressie-Read tests) is found
in Bravo [8], unless one considers the averaged power criterion (e.g. [48]). It would also be of interest to extend the results
for the univariate linear regression model (e.g. [51,52,12]) to the GMANOVA model. As in the univariate case [52, Section 4],
the multivariate linear regression model Y = X@ + U will be expected to have the empirical likelihood approach through
estimating equation associated with the ordinary least squares (LS) estimator @y ;s = (X'X)~'X'Y (which is the maximum
likelihood estimator under normality), whereas, for the GMANOVA model Y = XEA+U, attention must be paid to the choice
of the arbitrary estimating function. As pointed out in Kariya [40, p26], there is a problem of choice between the OLSE and
the GLSE, if m < p (generally, the MLE Ey i = (X’X)‘1X/YE;1A’(AE;]A/)“ under normality, which can be viewed as the

generalized (or weighted) least squares estimator, that is, the minimizer of the criterion (1/2)tr[2;1 (Y—XEA)(Y—XEA)],
is not equal to the LSE Ey 15 = (X'X)"!X'YA'(AA") !, so the least squares approach may be inefficient).

Appendix

A.1. Technical lemma

Recall (3) and (13). We need an asymptotic representation of vV by means of the so-called perturbation method (e.g. [59,
Section 4.6]).
Lemma A.1. For a given spectral decomposition of the q x q idempotent matrix M;
M = Vdiag(1,...,1,0,...,0)V = vIDytny,
N ——’
r times

with V'™ = [v(V .. v("] being the first r columns of V (q x q orthogonal matrix), there exist q x q orthogonal matrix V and
q x q matrix Vy such that V=V + NV, + o(N~1) and (13).
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Proof. With A = diag(1,...,1,0,...,0), we have from (7)
— ——
r times
VMV = A + N"'VM;V+o(N" 1)
and
0 [V/Q Q]2
VM,V = Ly 1 2 Al
‘ ([V/Q”ZQNJ@ 0 g1 .

where [A](,»,) denotes the (by, by)th block of any matrix A. Since the eigenvalues of V'MV are one (with multiplicity r)
and zero (with multiplicity g — r), there exists a ¢ x q orthogonal matrix W, such that W = 1, + N~'W; 4+ o(N~") and
VMV = WAW'. That is, by considering the N~! terms of the equations WW = I; and VMV = WAW/, suchag x ¢q

matrix W; must satisfy the relation W; = —W/, (W is skew-symmetric, hence all diagonal elements of Wy are zero) and
V'M;V = W; A + AW, It follows from (A.1) that
< o, [V/61Q1/2V](12)> _ ( O; r _[Wl](12)>
[vQ'’? Q]V](zn 0 _gq-r (Wilen  Og—rg—r

(we set [Wi]11) = O, and [W1]2) = 04 —r here, since the off-diagonal elements of [W1](11y and [W1](22) can be chosen
arbitrarily). Thus, we can take V; = VW;. 0O

A.2. Additional lemmas for GMANOVA

LemmaA.2. Let 5" =[5, ..., 8] = @)V, Let
f@T) = 2@ Y™ explife @y )}

and
Fm) = PL@®yI) P @ YT explife @y ),

where 2.(y') € Ry ] and £ (y"), P, (") € C[y""]. Here, R[y""] (C[y*"]) is the set of polynomials of finite
degree with coefficients in R (C). Then,

=~ F : 1: 5 1: — : 1:
Eof " + 88w —o,, = Ez[P1 (26" Bof "7 + 85" an <o,

where Ez, [5 o (zé”) )] denotes the expectation of J L(zol ) ) with respect to independent p-variate normal distributions z( )~

N,(0,P¥) (b=1,...,7).
Proof. As in Kakizawa and Iwashita [36],

Eof " + 88w o,, = Ez[PLEOFZID) P QT 2) exp{ife (T2 ))],

where Ezo[ ] is the expectation with respect to independent p-variate normal distributions z°® ~ Ny (Sz(b), ) (b
1, ..., ). The assertion follows from the fact that

vec(P¥z°) = (I, ® P¥)vec(z®"™ — §3") ~ N,.(0, 1, ® P¥)
is independent of vec(Q*z°'") = (I, ® Q*)vec(z°'""), since Q* XP* = 0, ,, P* P> = P* and 82(”)/PZ =0,,. O
We now define #oz (y1™) = tr[(y 1) Q¥ yN] = Y], (@) Q¥ y®.

Lemma A.3. Forany 80" = [6°D, ..., 86°P] € RP*" and t € R, one has
ex 1 Xr: a(b)/za(b) ex {lt}? ( (1:r) + 60(1:r))}| .
p 2 Z P AV 4 y(IN=0,,

= (1—=2it) ™ ?exp [1 tr{Q Z (i) (ge(tny }i|

and

1< ’ b b L~ . o(1:
exp (2 bz v EB””) 3;1 Vo 8j('J”) explit #Hq= "+ 8 (1'r))}|,,(1;r>:0p,r
-

~ it
— (1 _ th) rs/2 exp [ tl‘{Q 50(1 r)(so(l r)) }j| F;]..J:bv (50(1 ). . o t)
v i
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forveN; by, ...,b, € {1,...,r}, where the general formula for aj??.'_']ff”{sc’(”); it/(1 — 2it)} is given by

! .. . .
by v—h v: 2 T i2n—tizh Folbans1)  Fo(by)
le Jv () = Z((/) -D <2hh!(v — 2h)! >2h|1v2h Q biby """ [Q b2h—1b2h8j2h+1 o .aju

for v = 2v(#% 0) or 2v + 1 (v € Ny; the nonnegative integers {0,1,2,...,}) with ¢ = (1 — 2it)~" and Q¥ 5®
&P BPY (b =1,....r). Here, [Q"12 = [Q%1,j,8,p, is the (i1, ]z)th elementofthe (by, by)th block of I, ® QF, and

{n)yh v—2n before terms with indices is a sum of n similar terms obtained by the permutation of {(h1 ) e (?f ) }

Proof. This lemma is an extension of Kakizawa and Iwashita [37, Lemma A1], who considered the case of Q¥ = X~ (with
A = C = 1,,). A proof of Lemma A.3 follows the arguments in proving Kakizawa and Iwashita [36, Proposition 2]. We omit
the detail (the essential point here is that X/2Q% ¥/2 is idempotent with ranks < p). O
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