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Abstract

We study Hoeffding decomposable exchangeable sequences with values in a
finite set D = {ds, ..., dx}. We provide a new combinatorial characterization
of Hoeffding decomposability and use this result to show that, for every
K > 3, there exists a class of neither Pélya nor i.i.d. D-valued exchangeable
sequences that are Hoeffding decomposable.
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1. Introduction and framework

1.1. Overview

Let X[1,00) = {X,, : n > 1} be a sequence of random variables (r.v.) with
values in some Polish space. We say that X, ) is Hoeffding-decomposable
if every square-integrable symmetric statistic of any n-subvector of X o),
for every n > 2, can be uniquely represented as an orthogonal sum of n U-
statistics with degenerate kernels of increasing order. The classic notion of
‘degeneracy’ that is needed in this context is formally introduced in formula
(1.8) below.

Since their discovery in the landmark paper by Hoeffding [12], Hoeffding
decompositions in the case of i.i.d. sequences have been successfully applied
in a variety of frameworks, e.g.: linear rank statistics (Hajek [11]), jack-
knife estimators (Karlin and Rinott [15]), covariance analysis of symmetric
statistics (Vitale [24]), convergence of U-processes (Arcones and Giné [2]),
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asymptotic problems in geometric probability (Avram and Bertsimas [3]),
Edgeworth expansions (Bentkus, G6tze and van Zwet [4]), and tail estimates
for U-statistics (Major [18]). See also Koroljuk and Borovskich [16] and
references therein.

Outside the i.i.d. framework, Hoeffding decompositions have been notably
applied to study sampling without replacement from finite populations. The
first analysis in this direction can be found in Zhao and Chen [25]. Bloznelis
and Gotze [7, 8] generalized these results in order to characterize the asymp-
totic normality of symmetric statistics based on sampling without replace-
ment (when the size of the population diverges to infinity), as well as to
obtain explicit Edgeworth expansions. In Bloznelis [6], Hoeffding-type de-
compositions are explicitly computed for statistics depending on extractions
without replacement from several distinct populations.

In Peccati [19, 20, 21] the theory of Hoeffding decompositions was ex-
tended to the framework of general exchangeable (infinitely extendible) ran-
dom sequences. In Peccati [20] it was shown that the class of Hoeffding de-
composable exchangeable sequences coincides with the collection of weakly
independent sequences, and that the class of weakly independent (and, there-
fore, Hoeffding decomposable) sequences contains the family of generalized
Pélya urn sequences (see, e.g., Blackwell and MacQueen [5] or Pitman [22]).
The connection with Pélya urns was further exploited in Peccati [21], where
Hoeffding-type decompositions were used in order to establish several new
spectral properties of Ferguson-Dirichlet processes (Ferguson [10]), such as
for instance a chaotic representation property.

In El-Dakkak and Peccati [9] the results established in Peccati [20] were
enriched and completed in two directions. On the one hand, it was proved
that a (non deterministic) infinite exchangeable sequence with values in {0, 1}
is Hoeffding decomposable if and only if it is either a Pélya sequence or i.i.d..
This result connects de facto the seemingly unrelated notions of a Hoeffding
decomposable sequence and of an urn process, a concept thoroughly stud-
ied in Hill, Lane and Sudderth [13]. For the sake of completeness, it is
worth recalling that, following [13], an exchangeable sequence X[ ooy will be
termed deterministic if P[X;, = X1, Vk > 2] = 1. On the other hand, and
using different techniques, a partial characterization of Hoeffding decompos-
able exchangeable sequences with values in a finite set with more than two
elements was obtained. While not being as exhaustive as the one in the
two-color case, this characterization was used to prove that Pdlya urns are
the only Hoeffding decomposable sequences within a large class of exchange-




able sequences. Such a family of exchangeable sequences is defined in terms
of their directing (or de Finetti) measure, which is obtained by normalizing
vectors of infinitely divisible (positive) independent r.v. (see Regazzini, Lijoi
and Priinster [23] and James, Lijoi and Priinster [14]). See Lijoi and Priinster
[17] for an overview of their use in Bayesian Statistics.

Therefore, the analysis carried out in El-Dakkak and Peccati [9] left the
following question unanswered:

Problem A: Are Pélya and i.i.d. sequences the only infinite non
deterministic Hoeffding decomposable sequences with values in a
finite set with > 3 elements?

We shall give a negative answer to Problem A. This is surprising given the
above mentioned positive characterization might somehow lead to conjecture
the opposite and, hence, makes the present result even more remarkable. In
fact, the negative answer is obtained by explicitly building a class of neither
Polya nor i.4.d. yet Hoeffding decomposable exchangeable sequences with
values in a finite set with strictly more than two elements. A precise state-
ment is given in Theorem 2.3. Interestingly, this class turns out to be a
generalization of a counterexample appearing in Hill, Lane and Sudderth
[13, p.1591], showing that, unlike in the two-color case (see Theorem 1.5),
there exist non-deterministic exchangeable 3-color urn processes that are nei-
ther Pélya nor i.i.d. sequences. Our fundamental tool is a new combinatorial
characterization, stated in Theorem 3.4, of the system of predictive probabil-
ities associated with Hoeffding-decomposable exchangeable sequences taking
values in an arbitrary finite set. This characterization, which is of indepen-
dent interest, represents a generalization of a crucial combinatorial statement
proved in El-Dakkak and Peccati [9, Proposition 4].

In what follows, we recall some well-known facts concerning key notions
and concepts to be used in the sequel: exchangeability (Section 1.2), Hoeffd-
ing decomposability (Section 1.3), weak independence (Section 1.4) and urn
processes (Section 1.5). Comprehensive accounts on these can be found in,
e.g., [1,20,9,13].

Remark 1.1. Every exchangeable sequence { X, X5, ...} considered in this
paper is assumed to take values in some finite set D. In particular, every
r.v. of the type F' = p(X, ..., X,,), with n > 1 and p any real-valued function
on D", is automatically bounded.




1.2. FExchangeability

For every n > 2, we denote by &, the group of all permutations of
the set [n] = {1,...,n}. A vector (Xy,...,X,,) of D-valued r.v. is said to be
exchangeable if, for all x,, = (z1,...,x,) € D" and all 7 € &,,,

P(Xl = T, ,Xn = iEn) =P (Xl = xﬂ(l), ,Xn = (L'ﬂ—(n)) .

A D-valued infinite sequence X{; o) is exchangeable if every n-subvector of
X[1,00) 18 exchangeable. Let IIp denote the set of all probability measures
on D. By the de Finetti representation theorem (see, e.g, [1]), an infinite
sequence X[j o) With values in D = {d,, ..., dk } is exchangeable if and only if
there exists a unique probability measure v on I1p (called directing or the de
Finetti measure associated with the sequence X[ o)) such that, for all n > 2
and all (z1,...,x,) € D",

P(Xi=a1,...Xp=u,)= [ []p{z;}v(p), (1.1)

Mp i1
where the elements of I1p are written in the form p := {p{d;} : i =1,..., K}.
In other words, the de Finetti representation theorem states that a sequence
of r.v. is exchangeable if and only if it is a mixture of i.i.d. random sequences
with values in D.
Any probability measure p € 1l can be parameterized in terms of the
simplex

h=1

K-1
Ok_1:= {(91,...,9K_1) 10, >0, h=1,..,K—1and Y 6, < 1} ,

by setting p{di} =01, ..., p{dx_1} = O0x_1 and p{dx} =1 —Zf:_ll 0. Thus,
the representation in (1.1) can be rewritten as

P(Xy =x1,.... X, = ay) —/ (H]K:_llaj'j) (1 — Zf:—lleh)ix v (dby, ...,d0Kk 1),
Or_1

(1.2)
where (with an abuse of notation) we have identified v with its image through
the canonical bijection between IIp and Ox_4, and i; := > ., 1 (z, = d;),
j=1,...,K. Clearly, when K =2, (1.2) becomes

P (X, = 21, Xy, = 2,) :/ G (1— )"~ (d0) (1.3)
[0,1]




withi=)""_ 1(z, =dy).

If there exists a vector a = (o, ...,ax) € (0, +oo)K of strictly positive
numbers such that

1

’Y(d@l, . 7d9}(,1) = m

(1.4)
where B (a) := II!_,T (a;) /T (35,;) , and T' (-) stands for the gamma func-
tion, we say that v is a Dirichlet probability measure and that X[ o is a K-
color Pdlya sequence with parameter a. Specializing (1.4) to the case K = 2,
one sees immediately that the measure v in (1.3) becomes a beta distribution
with parameters a;, ap. It follows that an exchangeable sequence X o is
a two-color Polya sequence if and only if its de Finetti measure is a beta
distribution.

1.3. Hoeffding decomposability

Let us first introduce some notation. For all n > 1 and all 1 < u <
n, we write [n] = {1,...,n} and [u,n] = {u,u+1,...,n}, and set Xp, :=
(X1, X5, .., X)) and Xy = (Xu, Xug1, -, Xp). As in [9] define, for all
n > 2, the sequence of spaces

{SUk (X[n]) k= 0, ,TL} N

generated by symmetric U-statistics of increasing order, as follows: SUj (X[n]) =
R and, forall k =1,....,n, SU (X[n]) is the collection of all r.v. of the type

F(X["]) = Z QO(XJ'N'“?Xjk)> (1-5)

1<ji<-<jp<n

where ¢ is a real-valued symmetric function on D*. Any r.v. F as in

(1.5) is called a U-statistic with symmetric kernel of order k. The collection

{S U (X[n]) } is an increasing sequence of vector spaces such that SU,, (X[n]) =
Ly (XM), where L, (X[n}) is defined as the Hilbert space of all symmetric

statistics T’ (X[n]) w.r.t. the inner product (71, Tz) :=E (T1 (X[n]) T (X[n})) .

Hence, one can meaningfully define the sequence of symmetric Hoeffding

spaces associated with X, denoted by

{SHk (X[n]) k=0, ,n} ,




as follows: SH, (X[n]) = SU, (X[n]) =R, and

SHy, (Xpa) := SUx (Xp) N SUe1 (X)), k=1,.,n,

where all orthogonals (here and in the sequel) are taken in L (X[n]) . The
following representation is therefore at hand

n

Ly (Xpy) = B SHi (X))

k=0

where ‘@” stands for an orthogonal sum. This fact implies that, for all
n > 2, every symmetric statistic T (X[n]) admits an almost-surely unique
representation of the type:

T (Xp) =E(T)+ Y Fi (X)) (1.6)

where the F}’s are uncorrelated U-statistics such that, for all £ = 1,...,n,
there exists a symmetric kernel ¢y, of order k satisfying

F(Xp) = ) o (X Xy (1.7)

1<ig <-<ip<n

We are now in a position to recall the definition of Hoeffding decompos-
ability for exchangeable sequences given in Peccati [20].

Definition 1.2. The exchangeable sequence X|; ) is said to be Hoeffding
decomposable if, for all n > 2 and all & = 1,...,n, the following double
implication holds: F} € SHj, (X[n]) if and only if the kernel ¢, appearing in
its representation (1.6)—(1.7) is completely degenerate, that is

E (ka (X[k]) | X[ka]) = 0, a.s.-P. (18)

1.4. Weak independence
Fix n > 2 and let S (D") be the class of all symmetric real-valued func-
tions on D". Fix ¢ € S(D") and define the functions [¢]"") : D=1 — R

nn—1 °
and [go]fl";fi : D" 1 — R, u=2,..,n as the unique mappings such that
n—1
[l (X)) = B (¢ (Xp) | X)), asP, (1.9)
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and

[@]gfn_f{ (X[1L+1,u+n71]) =F (80 (X[n]) ’ X[qul,qunfl]) 5 a~8~'P7 (110)

respectively. Exchangeability and symmetry imply that D" ! — R : x —
[90]2"7:)1 (x) and D" - R:x— [go];ozhl (x) (the latter being the function
appearing in (1.10) written for u = n)’are symmetric functions whereas, for
w = 2,...,n— 1, the function D"' 35 (21,...,2, 1) — [gp]g‘;fi (@1 ey Tp1)
is separately symmetric in the variables (z1, ..., z,_,) and (l"n_u_i'_l, iy Tp1)
and not necessarily as a function on D" !. Recall that, given a function

f D™ — R, the canonical symmetrization of f, denoted by f, is given by

f(Xn) = % Z f (Xﬂ(n)) , Xp € D™,

: ‘n’EGn

Now define the sequence of vector spaces

En (X[Loo)) = {()0 €S (Dn) : [(p]q(:;_l)l (X[Z,n]) = 0} 5 n 2 27

and the array of spaces

~=(n—u)

én,n—u (X[l,oo)) = {SD €S (Dn) : [@]n,nfl (X[u+17u+’ﬂ*1]) = O} , U= 27 sy, M > 27

(n—u) _
where [], ,_; is the canonical symmetrization of [¢] (n—u)

nn—1"
Definition 1.3. We say that the sequence X[; ) is weakly independent if,
for every n > 2,

En (X[l,oo)) C ﬂ én,n—u (X[l,oo)) .

u=2
In other words, weak independence occurs if, for every n > 2 and ev-
ery ¢ € S(D"), the relation [p]" Y (X[2,n)) = 0 necessarily implies that

n,n—1
~(n—u)
[‘P]n,n—1 (X[u+1,u+n_1]) = 0 for all u = 2, ..., n. For instance, when n = 2 weak

independence yields the following implication for every symmetric ¢ on D?:

E(p(X1,X2) [ X2) =0 = E(p(X1,Xz) [ X5)=0.

Parts I and II of the following statement contain some of the main findings
in Peccati [20] and El-Dakkak and Peccati [9], respectively.
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Theorem 1.4 (Peccati [20]; El-Dakkak and Peccati [9]). Let X o) be
an exchangeable sequence of r.v. with values in the finite set D.

(I) Assume that
SHy (X)) # {0}, Vk=1,..,n, Vn > 2. (1.11)

Then X100 18 Hoeffding decomposable if and only if it is weakly inde-
pendent.

(II) Assume that D = [2| and that X} o) is non deterministic (so that
(1.11) is automatically satisfied). Then, X ) is Hoeffding decom-
posable if and only if X o is either a Polya sequence or an i.i.d.
sequence.

1.5. Urn processes and a result by Hill, Lane and Sudderth

Let Xj1,00) := {X,, : n > 1} be a sequence of {0, 1}-valued r.v.. Roughly
speaking, X1 ) is a two-color urn process if its probabilistic structure can be
represented by successive drawings from an urn with changing composition.
More precisely, consider an urn containing r red balls and b black balls,
r,b € {1,2,...}, and let Yy := r/(r + b) denote the initial proportion of red
balls in the urn. Suppose that a red ball is added with probability f(Yp)
and that a black ball is added with probability 1 — f(Y}), where f denotes a
function from the unit interval into itself, and let Y; be the new proportion
of red balls in the urn. Now, iterate the procedure to generate a sequence
(Yo, Y1,Ys,...). For all n > 1, let X, denote the indicator of the event that
the n-th ball added is red. The process X o) := {X,, : n > 1} constructed
in this manner is called a two-color urn process with initial composition (r,b)
and urn function f. It is immediately seen that, for all n > 1,

P(Xp1=1]X1,...,X,) = f(Ya).

In other words, two-color urn processes are characterized by the fact that
the conditional probability that, at stage n + 1, a red ball is added depends
uniquely on the proportion of red balls at stage n, via the function f.

A two-color urn process is said to be exchangeable if the sequence X )
is exchangeable. In particular, if X[; ) is a two-color urn process with initial
composition (r,b), and the identity map as urn function then (a) X ) is
exchangeable and (b) the de Finetti measure of X|; ) is a beta distribution




with parameters r and b. In this case, X[ ) is termed two-color Pdlya
urn process. Similarly, a two-color urn process, X[j ), with constant urn
function, identically equal to Yj is (a) exchangeable and (b) has de Finetti
measure equal to a point mass at Y. In other words, X o is a sequence
of i.i.d. Bernoulli trials with parameter Yy. Finally, a two-color urn process,
X[1,00); With urn function

f(2) = plyygy () + Ly (), p€(0,1),

is (a) exchangeable and (b) has de Finetti measure v = pdgy + (1 — p)djoy-
In this case, X[ «) is termed deterministic urn process. Note that such
processes are characterized by the fact that the support of their de Finetti
measure is {0} U {1}.

The following statement is the main result of Hill, Lane and Sudderth
[13]: it shows that the three classes described above are the only two-color
exchangeable urn processes.

Theorem 1.5 (Hill, Lane and Sudderth [13]). Let X1 «) be an exchange-
able non deterministic wrn process with values in {0,1}. Then, Xp o) 45
either a two-color Polya urn process or an i.i.d. Bernoulli sequence.

Remark 1.6. In the parlance of the present article, a distinction is made
between Pdlya sequences and Polya urn processes, the latter being a proper
subset of the former: in fact, according to our definitions, a Pdlya urn process
is a Pdlya sequence with de Finetti measure given by a beta distribution
whose parameters are integer-valued.

We now turn to the definition of multicolor urn processes. Consider an urn
containing balls of K colors, K € {3,4,...}, and suppose that it contains
exactly r; balls of color d;, respectively, r;, € {1,2,...}, ¢ = 1,..., K. Let
Yo := (Yo1,..., Yo k) be the vector of initial proportions of balls of each color
in the urn, where Y ; := denotes the proportion of balls of color d;,

T
K
D k=1 Tk

1 = 1,..., K. Suppose that, at stage 1, a ball is added and that it is of
color d; with probability f;(Yy), 7 = 1,..., K, where the f;’s are [0, 1]-valued
functions defined on the simplex

k=1

K
SK:: {y:(ylv"'ayK):Zyk:L yk207 k:L...7K}, (112)




such that, for all y € Sk, 3207, f;(y) = L. Let ¥; == (Y1,,...,Yix) be the
new composition of the urn and iterate the process to generate a sequence
(Yo,Y1,Ys,...). For all n > 1, let X, be the {dy,...,dx}-valued r.v. such
that X,, = d; if and only if the ball added, at stage n, is of color d;. The
process X[ o) := {X, : n > 1} obtained in this manner is called a K-

color urn process with initial composition (r1,...,7x) and urn function f =
(fi,..., fx), and we have, for all n > 1 and all j € {1,..., K},

IP)(XTH»l - d_] | X17 <. '7X’IL) — f](Yn)

A K-color urn process with initial composition (ry,...,rx) and an urn func-
tion given by the identity map is (a) exchangeable and (b) has de Finetti
measure given by a Dirichlet distribution of parameters ry,...,7x. Such
an urn process is called K-color Pdlya urn process with initial composition
(r1,...,7x). Once more, the class of K-color Pélya urn processes is a proper
subset of the class of K-color Pélya sequences. The following example, taken
from Hill, Lane and Sudderth [13, p. 1591}, shows that a neat result such as
Theorem 1.5 cannot hold for exchangeable urn processes with values in sets
with strictly more than two elements.

Example 1.7. An urn contains three balls, 1 red, 1 black and 1 green. At
each stage, a ball is drawn. If the ball is red, it is replaced and another
red ball is added. If the ball is black or green, it is replaced, and a green
or black ball is added, depending whether a fair coin falls head or tails.
Attaching the labels 1, 2, 3, respectively, to the colors red, black and green,
one sees immediately that the sequence {X, : n > 1}, defined as X,, = j
(j = 1,2,3) according to whether the nth ball added to the urn is of color
J, is an exchangeable urn process with urn function given by fi(y) = y1 and
f2(y) = f5(y) = (y2 + y3)/2. In particular, {X, } is not a Pélya urn process.

The main achievement of the present paper is the proof that a generaliza-
tion of the previous example provides examples of Hoeffding decomposable
exchangeable sequences that are neither Pdlya nor i.i.d..

1.6. Outline

Section 2 contains a discussion and the statement of our main result:
Theorem 2.3. Section 3 contains the main combinatorial tools and the novel
combinatorial characterization that are needed throughout the present paper,
whereas the proof of Theorem 2.3 is provided in Section 4.
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2. A remarkable class of exchangeable sequences

To achieve the announced negative result we introduce a remarkable class
of exchangeable sequences. As will be clear from its definition, this class
generalizes the exchangeable sequence introduced by Hill, Lane and Sudderth
[13] recalled in Example 1.7. Let K > 3, and let X[; oy be an exchangeable
sequence with values in D = {d;,...,dg}, whose de Finetti measure v is
such that

’Y(del, R ,derl) =

1
—Oar1—0(dO2) O 1o (AOk_1)OT (1 — 6,)"1dAy, (2.13
Blr. o) et 6)(dbs) we_a(1-01)(d0x—1)07 (1 — 61) 1, (2.13)
where m,v > 0 and ay,...,ag_o > 0 are such that 21122 o < 1.

Remark 2.1. Equation (2.13) defines the de Finetti measure of an exchange-
able sequence that is neither i.i.d. nor Polya. In the sequel, we refer to any
such sequence as a

HLSk(m,v,aq,...,ax_o) exchangeable sequence,

(or, simply, a H LSg-exchangeable sequence, if the parameters need not be
specified in a given context) with the acronym pointing to Hill, Lane and
Sudderth [13]. In particular, as deduced from the discussion below, the case
HLS5(1,2, %) corresponds to the 3-color urn sequence described in Example
1.7.

When 7 and v are integer-valued, for any fixed K, all H LSk (7, v, aq, ..., ax_2)
exchangeable sequences are non Pdlya exchangeable urn processes. To see
this, it suffices to notice that any such sequence can be generated by means
of an urn with initial composition (7,4,...,vk_1), where the integers v;
are such that v = Zf;l v;, and with urn function f = (fy,..., fx) given
by fily) = w, fi(y) = a1 X0 (G = 2,0 K = 1), and f(y) =
(1—a) Zf; Yi, with a = Zfiﬁ ;. An HLSk(m, v, a1, ..., ax_2) exchange-
able urn process (i.e. with integer-valued = and v) has consequently the
following interpretation: suppose an urn contains initially 7 balls of color d;
and v;_1 balls of color d;, i = 2,..., K, with Zfi}l v; = v. The following
random experiment is run at each stage: a ball is drawn, if it is of color dy, it
is replaced along with another of the same color. If the ball drawn is of color

11




d;, 1 =2,..., K, it is replaced along with a ball of color d;, with probability
tj, where t; = a4, if j=2,... . K—-land t; =1-a =1 —2512045, if
ji=K.

Remark 2.2. In the above described explicit realization of a sequence of
the type HLSk(m, v, 04, ..., ax_2), the initial decomposition of the index v
into integers v;, © = 2, ..., K, is immaterial.

Let X1 ) be an HLSk(m,v,aq, ..., ax_o) exchangeable sequence. For any
X, = (21,...,2,) € {dy,...,dg}", containing exactly z; coordinates equal to
di,i=1,..., K — 1, setting 0 := Zfi}l 0; and z := ZzKll z;, one has that

K-1

1 Tl Z Z
) K-1

=
X 5a1(1_91)(d92) s 6aK_2(1_91)(d0K,1)971T71(1 — el)yildel

1— n—z _Kfl Zi 1
_ ( CV) Hz:? az—l / 9f1+7r—1(1 . 91)”721+V71d91
0

B(zi+m,n— 2z +v)
B(m,v)

(2.14)

K2
— [(1 —a)"F H a;
=1

The following result provides a negative answer to Problem A stated in
Section 1.1, and is one of the main achievement of the present paper. In
particular, it shows that a naive generalization of Theorem 1.4-(II) cannot
be achieved for sets containing strictly more than 2 elements.

Theorem 2.3. For any K > 3 and choice of the parameters w,v > 0 and
i, ..., ai_g > 0 with Zl oy < 1, the corresponding HLSk (m, v, oy, ..., g _)
exchangeable sequence is Hoeffding decomposable while being neither i.i.d.
nor Pdlya.

Section 3 contains a combinatorial characterization of Hoeffding decom-
posability in the framework of exchangeable sequences taking values in a
finite set with K > 3 elements. Such a result will be our main tool in the
proof of Theorem 2.3, as detailed in the subsequent Section 4.

12




3. A combinatorial characterization of Hoeffding-decomposability
on finite spaces

3.1. Framework
Let X[1,00) := {X,, : n > 1} be a sequence of exchangeable r.v. with values
in D ={dy,....dg}, K > 3. Let v be the de Finetti measure associated with
X[1,00)- Throughout this section, we will systematically assume that X[;
is such that
P(Xp) = x,) > 0. Vx, € D", Vn>1. (3.15)

In the sequel, we will adopt the following notation: let N (n, K) denote
the set of weak K-compositions of n, that is the collection of all vectors
ix = (i1, ...,ix) € N such that Zjilij = n. For each n > 1 and each
ix € N (n, K), define the set

C(TL,IK) = {XneDnZZ]_(I’h_d]‘):i]‘, ]_1,,K}

h=1

By exchangeability of X[; ) and symmetry of all ¢ € =, (X[Lm))7 for all
n > 2 and all ig € N (n, K), the functions x,, — P (X[n] = Xn) and x,, —
¢ (x,,) are constant on C' (n,ix). The constant values taken by each of these
functions is indicated, respectively, P,, (i1, ..., ix—1) and ¢y, (i1, ..., ix—1) . Note
that the omission of the last coordinate of the vector ix comes from the
fact that its value is completely determined by those of the previous K — 1
coordinates.

Remark 3.1 (On multinomial coefficients). Consider integers m > 1
and by, ..., b > 0 such that > b; < m. In what follows we adopt the notation
(bl " bk) in order to indicate the multinomial coefficient m![b;!---by!(m —

ST b))t We shall also use the following special “star notation”:

(7)) (7))

() = (2)10 a9 o

and (‘Z) is the usual binomial coefficient. Note that (b1 m bk> = (b1 m bk)*7
whenever the binomial coefficients on the RHS of (3.16) are all different from

Zero.
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3.2. Two technical lemmas
Our first technical result concerns the structure of the spaces =, (X[l,oo))
introduced in Section 1.4.

Lemma 3.2. If X ) is an exchangeable random sequence satisfying (3.15).

Then the vector space =, (X[1,oo)) s the [(";I:I) — (”;[ff)]—dimensional

vector space spanned by the symmetric kernels pn >, Mo = (My, ..., Mg o) €
N(a, K —2), such that, for eachmy_o = (my,...,mg_o) € | N(a, K—
a=0 a=0

2), and each ix = (iy,...,ix_1,ix) € N(n, K),

. . i il Pn (O,ml,...,mK_g)

ME=2 (4, ig—y) = (—1)" , , . . ~
o ( ! K 1) ( ) (m1 — 2 M2 — ZK1>* P, (@1, ~-~7@K71)
(3.18)

Proof. The fact that
L n+K-—1 n+K—2
dim(Z,(Xp,00))) = < AN ) A < Ko >

follows from [9, Proposition 6]. In order to prove the rest of the statement,
we will show that the collection

P, = {soﬁ‘“: my 5 € UN(a,K—2)},

a=0
is indeed a basis of the vector space En(X[l,oo))~ To do this, we will first show
that, for each ix € {ix = (i1,...,ix) € N(n,K) : iy > 1}, there exists a

linear mapping fi, : R — R, where A = |J N(a, K — 2), such that, for all
a=0

Pn € En(X[l,oo))7

gOn(’i17 .. .,Z.K,1> = fiK (cpn(07mK2) TIMp o € UN(CL,K — 2)) . (319)

a=0
Once the explicit representation (3.19) will be at hand, the characterization of

®,, as a basis will be deduced from the fact that, for mg 5 in |J N (a, K—2),
a=0

-2

the functions o, “* appearing in the statement verify the relation

PR i, k) = iy (um“}(yK_Q) iz € JN(o K - 2>) (3.20)

a=0
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Let ¢, € Z, (X[l,oo)). It turns out that, for all ix € {ix = (i1,...,ix) €
N (n,K):ip > 1},

SOTL (ilv 'nviK—l) == _]P (Z1 ’LK 1 Z Spn . Zlv "'77:K—1)) ) (321)

Jj1=2
where ¢, - P, (1) := ¢, ()P (+), for 1 <l <p < K —1,
/,Lf (il, -~-;7:K71) = (il, ...,ilfl,il — 1,il+17 ...,Z'pfl,ip + 1,ip+1, ...7’iK,1) y

and, for 1 <[ < K —1,

,ulf( (ilv "‘7iK—l) = (7;17 "'7il—177;l Q 17il+17 "'7iK—1) .

Before proving formula (3.21), let us clarify our notation with some simple
examples and remarks. For 1 <1 < p < K — 1, the action of the operator p
consists in subtracting 1 from the [-th coordinate of the vector (i1, ...,ix_1)
an adding 1 to the p-th coordinate. For example:

1y (2,7,5,9,4) = (2,6,5,10,4).

On the other hand, when 1 <[ < K —1 and p = K, the action of the operator
pi< consists in just subtracting 1 from the [-th coordinate. This is consistent
with our conventions since we are omitting the K-th coordinate of the vectors
(11, ..., ik ); in other words the the 1 subtracted from the [-th coordinate is
actually added to the last coordinate whose value we are omitting since it is
completely determined by the values of the previous ones.

We shall now prove formula (3.21). Fix n > 2 and ¢, € =2, (X[Lm)) . By the
definition of =, (X[LOO)) , we must have

E (o0 (Xm) | Xpm) = 0.
Then, for any arbitrarily fixed x,,_; € D",
P, (X1 =d;, X[Q,n] = Xn—l)
P (X[Z,n] = Xn—l)

Suppose x,_1 € C(n—1,hg), for some hxy € N (n—1,K). Then, by
(3.15), the just-stated formula is equivalent to

= 0.

K
Z Pn (di7x27 cey an_l)
=1

0nPo(hy+1, ko, hie_1) + Z O - Y(hy 4 1, g, o b)) =0,

Jj1=2
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thus proving that (3.21) holds for the vector i}, = (i1, ..., ix) = (h1 + 1, ho, ..., hi).
Clearly, i}, € {ix = (i1,...,ix) € N (n,K) : 4y > 1}. To see that (3.21)
holds for all ix € {ix = (i1,...,ix) € N (n,K) : iy > 1}, observe that for

any such ig, there exists hx € N (n — 1, K) such that ix = (hy + 1, ..., hg).
This proves also that

card ({ix = (i1, ...,ix) EN (0, K) : iy > 1}) = card (N (n — 1,K)) . (3.22)

Now, the recursion in (3.21) yields

o ~1)" : o
©n (21, "'77'K71) = P(Z(l—) Z Z gDn < Jiy ...0 /,le (117 ...,ZK71)> s

SiK—1) =
(3.23)
where the operator 17" o---0 ;i)' denotes the successive iteration of operators
,ujf, ey /ﬂl”. For instance,

p3 oy o pt o (4,7,5,4,9) = pif (13 (07 (ui (4,7,5,4,9)))) = (0,9,6,5,9).

To see this, fix j; € {2,..., K} and apply (3.21) to ¢, (4] (i1, ..., ix—1)) to
obtain

JL (5 ) = — - § n n 1 (i PRREY K — .
o <M1 (Zl’ o ZK_l)) ]Pn (lu’jll (ila ERE) ZK 1 ]2 2 o 1 o (21 " 1))

Do that for all j; € {2,..., K} and plug in (3.21) to obtain

Pn (il, ~~7iK—1)

[P) Zl,.. TR_ 1 ZZ%@ lu’l Oul (ilv-“aiK—l)).

Jj1=172=2

Iterating the process i; times gives (3.23).

Next, observe that the term ¢, -IP,, (,u]l” oo gl (i, ..o iK_1)> is certainly
of the form

gOn]P)n (07i2+b1,i3+b27....,i](71+bK72), (324)
where b, = 11:1 1(jy=v+1),v=1,..., K — 2 is the number of 1’s sub-

tracted from the first coordinate of (iy,...,ix_1) and added to coordinate
v + 1. Note that bx_; (i.e. the number of 1’s subtracted from the first
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coordinate and added to the last) is completely determined by the vector
bx_9 = (b1, ...,bx_2) . Clearly, the operator /ﬂlil o---0 ' is commutative in
the sense that

oo = oo
for any permutation o of (1 (1,...,41) . It follows that, for any fixed (by, ..., bx_2) €

aUO./\f (a, K — 2) the term (3. 24) occurs exactly (b b2.__17b ) times in the sum

described in (3.23). Consequently, (3.23) can be rewritten as follows:

(-1)"

On (Zl, ...7’LK,1) = m
X Z < >Lpn . Pn (0, i2 + b17 ig + b2...., iK—l + bK_Q) N (325)
(+)
where the sum (+) is extended to all vectors brx o = (by,...,bx_2) €

L_lj N(a, K —2). Set my :=0b,+ips1,p=1,..., K — 2, and rewrite (3.25) as
a=0

("

Pl ) = g T )
i
nPnO, sy —92), 3.26
X%):<ml_i2,...7mK_2—iK_1)g0 ( my mg 2) ( )

n

where the sum (1) is extended to all vectors (my,...,mx_2) € J N(a, K —
a=0
2), such that
my € {ig, ..., 01 +ia},
me € {ig,...,(il —m1)+i2+i3}
ms € {i4,...,(i1 —m1)+(i2—m2)+i3+i4}

' K-3
Mmg_92 € {’iKl, RN Z(ZU — mv) + g9 +iK1} .

v=1

It is immediately seen that the multinomial coefficient in (3.26) is always well
defined. It follows that (3.26) can be rewritten, using the convention defined
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in (3.16), as

("

gﬁn(il, ey Z'Kfl) =

]P)n(il, ey iK—l)
1
X . . ©n - Pp(0,mq,...,mg_o), (3.27
(Z_): <m1 — 2., MK-2 _ZK—1>* ( [ 2) ( )
where the sum (=) is extended to all vectors mg o = (my,...,mg o) €

U N(a, K —2). Since equality (3.27) holds for any ¢, € Z,(X[,)) and any

a=0

i € {ix = (i1,...,ix) € N(n,K) : i > 1}, (3.19) is proved. The claim of

the present step of the proof follows, now, immediately from (3.20). ]
Next, an adaptation of the arguments rehearsed in the proof of Lemma 3

in [9] yields the following statement about symmetrizations.

Lemma 3.3. Fixm > 2, v € {1,...m—1}, D = {dy,...,dg} and let the
application

fv,m—v : Dm — m . (xlv ”wxm) — fv,m—v (1'1, --~7xm) )

be separately symmetric in the variables (xy,...,x,) and (Tyi1, ..., Tm) (and
not necessarily as a function on D™). Then, for any x,, € C(m,zk) for
some z = (z1,...,2x) € N (m, K), the canonical symmetrization of f, de-

noted by f, reduces to

B ) m—v
f (Xm) - %): (kla k?a ) kK—1> (Zl - k1722 o kQ’ o FK-1 T kK_l)
fv,m—v ((kh ) kK—l) ) (Zl — kl’ o FK T kK»

Z(*) (lcl ,kz,f}-,kkq) (21 —k1,22 *k;n_i;K—l *kK—l)

.....

. (3.28)

where the sums (x) are extended to all the vectors (ky,...,kx_1), in sequel
referred to as (m,v, z)-coherent vectors, with

ki € {0V]zn—(m—=0)],...,z1 Av},
ke € {0V[za—(m—v)— (21 —Fk1)],..,za A (v—Fk1)},

k-1 € {0V [zro1— (m—0) = S 2 (2 — kp)] s 2g1 A (v — 27 7%k,) }
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where fym—y ((k1,....kx-1), (21 — k1, ..., zx — ki) denotes the common value
of foim—v (Ym) when Y, = (Y1, ..., Ym) is such that the subvector (yi,...,yy)
contains exactly k; coordinates equal to d;, © = 1,..., K, and the subvector
(Yos1s -y Ym) contains exactly (z; — k;) coordinates equal to d;, 1 =1, ..., K.

As a consequence, fv,m_v (xn) = 0 for every x,, € D™ if, and only if, for
all zg = (21, ..., 2x) E N (m, K),

0L AP | SRR
) ki, ko, . kg1 21— ki, 20 — ko, 21 — Ry
X fmm_v ((k’l, ceny kK—l) s (Zl — kl, K — ]{JK)) =0. (329)

3.3. The characterization

We are now ready to prove the announced full characterization of D-
valued Hoeffding decomposable exchangeable sequences satisfying (3.15), where
D = {dy, ...,dk}. To this end, recall that, for every symmetric ¢ : D" — R,
every u=2,....,n and every X, 1 = (71, ...,x,_1) € D"}

(n—u)

{gp]nm—l (anl) =K (SO (X[n]) ’ X[u+1,u+n—1] = anl) .

(n—u

Observe that the function [go]mki : D" ! — R clearly meets the symmetry
properties of Lemma 3.3 withm =n—1and v = n — u. Now, fix zg =
(21, .., 25) € N (n— 1, K) and suppose x,, 1 = (21, ..., T, 1) € C (n — 1,2k)
is such that Y “1(z; = d,) = kp, p=1,..K — 1. Then

u u—q1 u—31"2g; U
[‘P]an_fi (Xp—1) = Z Z v Z <Q1 >

91=0 g2=0 ax—1=1 o K-1
Priut1 (21 + a1,y 251 + qr—1)
Pn1 (21; ey ZKfl)

X pn (k1 +qu, o k-1 + qr—1) (3.30)

—~(n—u)

By applying (3.29) in the case m = n — 1, we deduce that [p], | (x,-1) =0
if and only if

Z ( n—u > ( u—1 )x
) ki ko, kk 1 21— ki, 20 — ko, 21 — kg
< @] (R, v kico1) (21 — kot ooy 20 — ki) = 0, (3.31)
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where the sum (%) runs over all (n — 1, n — u, zx )-coherent vectors (ki, ..., kx_1) ,
ie.

ki € {OV]izi—(u—1)],..,zs A(n—u)},
ke € {OV[za—(u—1)— (21 —k1)], 22 A(n—u—Fky)},

k-1 € {0V [zror — (u—1) = ZF (2, — kp)] s vzt A (n—u— S5 7%k,) },

and the notation [¢]""") ((ky, ..., kx_1), (21 — k1, ..., 2 — ki) indicates the

n,n—1

common value of [(p]f{’;_”i (xp-1), for all x,_1 (21, ...;2p-1) € C(n—1,2k)
such that > “1(z, =dy) =k, p=1,..., K — L

Now recall that, by Theorem 1.4-(I), Hoeffding decomposability and weak
independence are equivalent provided condition (1.11) is verified. The fact
that such condition is verified in our case is a consequence of [9, Proposition
6, Point 2]. Moreover, X[ ) is weakly independent if, and only if, for all
n > 2and all ¢, € =, (X{1,00)) , one has ¢, € Zp 0y (X100) , for all u =
2,...,n. By Lemma 3.2, this implies that for every my 5 € |J N (a, K —2),

a=0

the corresponding basis function ¢n 2 belongs to én’n_u (X[l,oo)) . On the
other hand since any ¢, € =, (X[LOO)) is a linear combination of the basis

functions on 2, we deduce that weak independence occurs if, and only if,
n

for all mg 5 € UN(a, K —2), pn "% € Zpnu (X[1,00)) - In other words,
weak independe(rllze occurs if, and only if, for all n > 2, all u = 2,...,n, all
zg = (21,0, 25) EN(n—1,K),and all mg_» € |J N (a, K —2)

a=0

Z ( n—u > ( u—1 )
ki ko, kkq 21— k1,20 — ko, o 21 — k1

(*)
x o] (K, ki) (21— Ky ey 20— b)) = 0, (3.32)

the sum (%) being, as before, extended to all (n — 1,n — u, zk )-coherent vec-
tors (ki,...,kx—1). Substituting (3.18) and (3.30) in (3.31), one has that

(3.32) is true if, and only if, all my_5 € |J N (a, K —2), for the following
a=0
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quantity equals 0:
P, (0,m1, ..., Mg _2) Z(_l)kl < n—u )
Py (2’17 ~~~7ZK—1) ™ k1, K, s ki1

u—1 U
X —1)% 3.33
<Z1 — ki, 29 — ko, ., 2K —kk1> Z( ) <Q17~-~>QK1> ( )

(%)

< ki +q ) Poiwi (21 +q1, 201+ g 1)
my—ky—qa-- mg_o—kxk1—qx-1), Pu(ki+aqi,....2x-1 +kx-1)
where the sum (%) is over all (n — 1,n — u, zx )-coherent vectors (ky, ..., kx_1)
and the sum (k) is w.r.t. all qx—1 = (q1, ..., qx-1) € J N (a, K — 1). Note
a=0
that
Priu1 (21 + @1y 261 + G —1)
Py (k1 + g1y ey 21 + kre—1)
P (it 2k TR | k1 + a1, oo 21 + k1) (3.34)

( N\ ) ’
z1—k1,22—k2,....2x 1—kK -1

where P, (21 + @1,y 2k-1 + g1 | k1 + @1, .., 2k -1 + kk—1) denotes the
conditional probability that the vector Xy, 1,1 contains exactly z, + ¢, co-
ordinates equal to dy, p =1,..., K — 1, given that the subvector Xy, contains
exactly k, + ¢, coordinates equal to d,, p =1, ..., K — 1. Plugging (3.34) into
(3.33), one deduces immediately the announced characterization of weak in-
dependence.

Theorem 3.4. Let X1 o) be an infinite sequence of exchangeable D-valued
r.v. satisfying (3.15). For the sequence to be Hoeffding-decomposable, it is
necessary and sufficient that, for every n > 2, every u = 2,...,n, €vETy

zg = (21, 25) € N(n—1,K) and every mg_o € |J N (a, K —2), the
a=0

following quantity equals 0:

> (=ph (,{1’,{3_“ )>< (3.35)

7
*) s VK —1
x> (=" ( u ) ( ki + @ )
(o) qiy - 4K -1 mi—ky —qa- - mig—o— k1 — qr—1 «
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X Pr .1 (141 21+ qr—1 | ki +qu, - g1+ kx—1)

where the sums (%) and (xx) Tun over, respectively, all (n —1,n —u,zk)-

coherent vectors (ky, ..., kx 1) and allqx -1 = (q1, .., qx-1) € J N (a, K —1).
a=0

In the next section, we will use the content of Theorem 3.4 specialized to the
case K = 3.
4. Proof of Theorem 2.3

We start by stating a result that is easily deduced from the proof of the
Theorem 1 in [9].

Lemma 4.1. Forallm,v >0, alln > 2, allu=2,...,n,allz=0,...,n—1
and all k € {max{0,z — (v —1)},...,min{z,n — u}}},

i‘:(_l)q u B(7r+z+q,u+n+u—1—z—q)_0
q Br+k+qv+n—k—q) o

q=0

To minimize the notational burden, we shall restrict ourselves to the case K =
3. The proof for general K carries out exactly in the same way. Let X[ o)
be a HLS;3(m, v, a)- exchangeable sequence with values in D = {d;, ds, ds},
where m,v > 0 and 0 < a < 1. By (2.14), the following facts are in order
: (a) X100 satisfies (3.15), (b) X[ o0 is neither ii.d. nor a K-color Pélya
sequence and (c) if x,, € D™ contains exactly z; coordinates equal to d; and
25 coordinates equal to ds, then, in the language of the present paper,

B(z +mn—2z +v)
B(m,v)

P(Xp) = %n) = Pp(21,22) = a™(1 — )" 772 . (4.36)

Recall that, by Theorem 3.4, an exchangeable sequence with values in D =
{di,ds,d3} is Hoeffding-decomposable if and only if, for all n > 2, all u =
2,...,n,allm=0,...,nand all (z1,22) € S(21,22) := {(21,22) €{0,...,n—
1}%: 21 + 2 <n — 1}, one has

0="> >, (M <Zl_k:> <21 - Zl_zi - kz)

ki1€A(z1,u) ko €A, iy (22,u)
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u  uU—qi
u ki 4@ ) Priu—1(21 + @1, 22 + @)
X —1)% )
ZZ( ) < ><m—kz2—q2 . Po(ki+aqi, ko4 q0)
where the notation (7), is defined in (3.17) and

A(z1,u) = {max{0, 2z — (u — 1)},...,min{z;,n — u}}
A, gy (z2,u) = {max{0,20 — (u — 1) — (21 — k1) },...,min{z;,n —u — k1 }}.
It follows that X[ ) is Hoeffding-decomposable if and only if for all n > 2,

all u=2,...,n,all m = 0,...,n and all (21,22) € S(21,22) := {(21,22) €
{0,...,n —1}?: 21 + 29 < n — 1}, one has

0= > > )(_1)k1 (Z:;:) <21 - Zl_; - k‘2>

k1€A(z1,u) ka€A &y (22,u

e U ki +aq
x C —1)¢
;)q;( ) (QI (J2) (m — ke — (J2>*

Br+z+q,v+n+u—1—2—q)
B(m+ki+q.v+n—Fk —aq)

Y

where
C = Cla,u, 21, 22, ky, ko) = @272 (1 — )@ D-(:1=k)=(za—ka)

clearly does not depend on ¢; and ¢s.

We will, in fact, show an even stronger fact. More precisely, we will show that,
foralln > 2, allu = 2,...,;n,all m = 0,...,n, all (z1,2) € S(21,22) :=
{(z1,20) € {0,...,n —1}%: 21 + 2o < n — 1}, all k; € A(z,u) and all
ks € A, ki (22,u), one has

0(”) u,m, zy, kla k2) - 07

where
U u—qi
u ki +q )
o(n,u,m, z1, ki, kg) = —1)%
) = 3 5 ()G )

Bn+z+q,v+n+u—1—2z —q)
B(7T—|—k1—|—q1,u+n—k1—q1) ’
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Towards this aim, we first show that
o(n,u,m, z1, ki, ka) = (4.37)

_i(_l)m(u)B(w—i—zl+q1,u+n+u—1—21—ql)
= Q B(r+ki+q,v+n—k —aq)

u—qi
U —q ki 4+
X
Z( q2 ><m—/€2—Q2>*

q2=0

_ <k1+u> zu:(_l)(h(u)B(w—l—zl—i—ql,u—l-n—i-u—l—zl—ql).

m — ko Q1 B(r+ki+q,v+n—Fk —q)

*q1=0

In other words, we show that

u—qi
- U—q ki 4+ ki +u
Gor o,k o) = 3 ( . ><m_ o q2> _ (m_ kg) o (438)

q2=0

i.e. that &, (m,u, ki, ks) does actually not depend on ¢;. For reading conve-
nience, set u — ¢; =i and m — ky = j and rewrite o, (m, u, ky, k2) as

Gij,us k) = Z (i><k1+u_i>;

g0 \92 J— a2

To see that

k
5:0, k) = ( 1.”) ,

J

start by fixing ¢ € {0,...,u}. If j <0 (i.e. if m < ky), then the equality is

trivial. If 0 < 5 <4, then, by definition of (kjlfq‘il)*, we have

&Z(]v u, kl) - ET](.]?”? kl)v

and the result follows by a direct application of the Vandermonde formula.
If 7 > 4, then a direct application of the classical Pascal’s triangle gives

(kl—i—u) <kz1+u—1> <k+u—1)
. = ) + .
J /. J . J—1 ),
ki +u—2 k+u—2 ki4+u—2
= ) + 2 ) + .
J . j—1 /], j—=2 /],
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= 5i(j7 u, kl)

Now that (4.38) is in order, fix, arbitrarily, n,u, z1, k1. For all ks and m such
that m € {0,..., ks — 1} U{ky +u + 1,...,n}, we have, by definition of
(T’:Lljg)*, that o(n,u,m, z1, k1, k2) = 0 as desired. The fact that this is still

the case for all m € {ko, ...,k + u}, follows from (4.37) and Lemma 4.1.
The proof of Theorem 2.3 is complete.

5. Concluding remarks

A Bayesian reader will immediately recognize several quantities and struc-
tures scattered throughout the paper. To some extent this is not surprising
given we are dealing with exchangeable sequences but still the pivotal role
played by conditional distributions of the exchangeable r.v., interpreted as
predictive distributions by the Bayesian, is quite striking. This hints towards
the worthiness of further investigating the connections between Hoeffding
decomposability and Bayesian inference. Given the impact Hoeffding de-
composability had in the classical framework, one could hope for significant
implications and applications also in the Bayesian context. Of particular in-
terest is the nonparametric case, where Hoeffding decomposability could lead
to significant insights on the infinite-dimensional objects one is required to
deal with. To this end a full characterization of Hoeffding decomposability
for the case of exchangeable sequences taking values in a arbitrary Polish
space is fundamental. In fact, from [20] we already know that the Ferguson-
Dirichlet process is indeed Hoeffding decomposable. Is it the only one? Or
does such a property hold also for some other class of nonparametric pro-
cesses generalizing the Ferguson-Dirichlet process, among the many present
in the literature (see [17])? On the one hand the results of the present paper
seem to hint that Hoeffding decomposability is not unique to the Ferguson-
Dirichlet process. But on the other hand, in passing from the finite to the
infinite case, the consistency conditions for the finite-dimensional distribu-
tions might restrict the class of Hoeffding-decomposable models significantly.
This important open question constitutes the object of future research.
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