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1. Introduction

Semiparametric models have continued to receive increasing attention over the years from both practical and theoretical
point of views due in large part to the fact that semiparametric models arise frequently in many areas, primarily in
biostatistics and econometrics. The well-known semiparametric models include the Cox proportional hazard model in
survival analysis, econometric index models, regression models and errors-in-variables models, among many others. More
examples and theory on semiparametric models can be found in the monographs [1,2] and in the review articles [3,4].

In this paper, we consider the following two-sample semiparametric model: Let X1, ..., X;, be a random sample from a
population with distribution function G and density function g. Independent of the Xi's, let Z1, . .., Z, be another random
sample from a population with distribution function H and density function h. The two unknown density functions g and h
are linked by an “exponential tilt” exp[« + r(x)8]. Thus, we have

ii.d.
Xty Xa < g(%)

Zir o Zn S g (x) expla 4+ T B,

where r(x) = (r1(x), ..., (%)) isa 1 x p vector of functions ofx, 8 = (B, ..., ﬁp)T isap x 1 parameter vector, and «
is a normalizing parameter that makes g(x) exp[a + r(x)B] integrate to 1. Various choices of r(x) for some conventional
distributions are discussed in [5]. In most applications r(x) = x or r(x) = (x, x*). Note also that the test of equality of G

(1.1)
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and H can be regarded as a special case of model (1.1) with @ = B8 = 0. We are interested in the estimation problem of
parameters « and 8 when g is unknown (nuisance parameter).

For r(x) = x, model (1.1) encompasses many common distributions, including two exponential distributions with
different means and two normal distributions with common variance but different means. Furthermore, model (1.1) with
r(x) = xorr(x) = (x, x*) has wide applications in the logistic discriminant analysis [6,7] and in case-control studies [5,8].
Model (1.1) can also be viewed as a biased sampling model with weight function exp[« 41 (x) 8] depending on the unknown
parameters « and B, see [9]. In [10], a goodness-of-fit test is considered for a logistic regression model based on case-control
data by employing the maximum semiparametric likelihood estimator of G to test the validity of model (1.1) with r(x) = x.
In [11], quantiles of G are estimated under model (1.1).

In this paper, we propose MHD estimation for the two-sample semiparametric model (1.1). In fully parametric models,
MHD estimators have been shown to achieve efficiency and have excellent robustness properties such as the resistance to
outliers and robustness with respect to model misspecification, see [12,13]. Efficiency combined with excellent robustness
properties make MHD estimators appealing in practice. For a comparison between MHD estimators with the MLEs and
the balance between robustness and efficiency of estimators, see [14]. Moreover, it has been shown that MLE and MHD
estimators are members of a larger class of efficient estimators with various second-order efficiency properties [14]. MHD
estimation in fully parametric models have been investigated by various authors, including [12,15-22]. MHD estimators for
branching processes and for the mixture complexity in a finite mixture model have been studied in [23-25]. However,
MHD estimators for semiparametric models have been studied less. A MHD estimator for finite mixtures of Poisson
regression models with the distribution of covariates unknown has been investigated in [26]. Recently, a MHD estimator
of the mixture parameter for a nonparametric two-component mixture model has been obtained in [27,28]. Apart from
the preceding three articles, there has been very little work reported in the literature on the application of the MHD
methodology for semiparametric models. In this paper, we extend the implementation of the MHD approach to the two-
sample semiparametric model (1.1). Specifically, we construct minimum Hellinger distance estimators of parameters « and
B in model (1.1). The proposed estimators are chosen to minimize the Hellinger distance between a semiparametric model
and a nonparametric density estimator. Asymptotic properties such as the existence, strong consistency and asymptotic
normality of the proposed MHD estimators of & and g are investigated. Robustness of proposed estimators is also examined
using a Monte Carlo study.

This paper is organized as follows. In Section 2, we investigate MHD estimators of the parameters « and 8 and study their
existence and strong consistency. In Section 3, we derive the asymptotic distribution of the proposed estimators. Section 4
contains a simulation study where efficiency and robustness properties of the proposed MHD estimators are studied using
a Monte Carlo study. A real data example is given in Section 5. A detailed proof of asymptotic normality of the estimators
(Theorem 3.2) is given in Section 6.

2. MHD estimators of regression parameters
Define & = («, B7)T, where « and 8 are as in (1.1). Then the model (1.1) can be written as

-
Xiy ooy Xa < g(x) 2.1)

i.i.d. .
Zi, .. lm ™~ hg(X),

where hy(x) = g(x)exp[(1,r(x)0], r(x) = (ri(x),...,rp(x)) is a 1 x p vector of continuous functions of x on R,
B = B,..., 5p)T isa p x 1 parameter vector and « is a normalizing parameter that makes hy (x) integrate to 1. We
assume here and in what follows that & € © and © is a compact subset of RP*,
We first define following kernel density estimators of g and hy based on the data Xy, ..., X,and Zy, ..., Z,, respectively,
of (2.1):
=3k (5 (22)
X) = — , .
&n nbn -~ 0 bn
1 & X —Z
hn(x) = — Y K 1, 2.3
m(%) mbm21(bm) (2.3)

j=1
where Kp and K; are symmetric density functions, bandwidths b, and b,, are positive constants such that b, — 0asn — oo
and b, — 0as m — oco. We can also employ adaptive kernel density estimators, which use S,b,, instead of b,, with S, being
a robust scale statistic. Here we use non-adaptive kernel density estimators (2.2) and (2.3) for convenience. The results can
be easily extended for adaptive kernel density estimators with some additional conditions on S,,.

Let # be the set of all densities w.r.t. Lebesgue measure on the real line. For ¢ € #¢, we define a MHD functional Ty(¢)
as

To(@) = T({hs)oco. #) = argmin ;" — ¢'/2]. (24)
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If the family {hy }¢<o is identifiable, then the functional T is Fisher consistent, i.e., To(hy) = 6 forany 6 € ©. Since h,,, defined
by (2.3) is an estimator of hy, a MHD estimator of 6 will be Ty (h;;). However, this estimator is not available in application
since g and hence hy in (2.4) are unknown. Naturally, one can use the estimator g, given by (2.2) in the place of g and then
apply the plug-in rule to construct a parametric model, i.e., one replaces hy with

hy (x) = exp[(1, r(x))01gn (x). (2.5)
Note that hy is a parametric density function with the unknown parameter being 6. Let N = n + m be the total sample size
here and in what follows. Then our proposed MHD estimator of 6 is defined as

On = T(hn) = T({ho}oco, hm ) = argmin Ihy> — B2, (2.6)

where h;, and E, are given by (2.3) and (2.5), respectively. That is, 6y is the minimizer of the Hellinger distance between
the parametric density hy and the nonparametric density estimator h,,. This approach is in line with Beran’s [12] original
mechanism of obtaining MHD estimators. Thus, we would expect 6y to have good robustness and asymptotic efficiency
properties. Since T (h,;) may be multiple valued, the notation T (h,,) is meant to indicate any one of the possible values
chosen arbitrarily. Asymptotic properties of Oy are studied whenn — coand m — oo as N — oo.

Note that in (2.6) we are not mmlmlzlng the Hellinger distance over a subset of ® 1nclud1ng those 6’s which make hg

densities, i.e., over {0 € ® : f h9 (x)dx = 1}. The reason being that, even for 6 € ©® such that hg is not a density, it could
make hy a density. The true parameter value & may not make hy a density, but it is not reasonable to exclude 0 as an estimate
Oy of itself defined by (2.6). Nevertheless, the definition of Oy is equivalent to a minimization over a smaller parameter space,
as shown in the next lemma. The proofs of lemmas and theorems stated in this section are given in [28,29].

Lemma 2.1. (i) Suppose that forany 6 = (a, B7)" € @ thereexists®' = (o', B7)T € O such thatfexp[o/—l—r(x)ﬂ]g(x)dx =
lL.Let @®g={0 €O : fexp [(1,r(x))0]g(x)dx < 1}. Then for any ¢ € H,

To(¢) = argmin [lh;"* — ¢ = arg min ;" — ¢!/,

(i) Suppose that for any 6 = (o, BT)T € © there exists & = (o', B7)T € © such that fexp[o/ +r(x)Blg.(x)dx = 1. Let
={0eo: fexp[(l, r(x))01g,(x)dx < 1}. Then for any ¢ € F,

T(h) — N RY2 12y — o TRY2 _ 1172
T(¢) = argmin lhy'™ — @77l = arg min lhg™ — &,
Where’i;g is defined by (2.5).

Remark 2.1. lff exp[(1, r(x))01g(x)dx < oo for any @ € ©@ and the parameter space @ is of the form ® = R x @, with
R and @, denoting the parameter spaces for & and g, then the condition in part (i) of Lemma 2.1 holds. Furthermore, if g,
is defined by (2.2) with kernel K, compactly supported, then the condition in part (ii) of Lemma 2.1 also holds. Moreover,
ifC < SUPgca, f exp[r(x)Blg(x)dx < oo (or C < SUPgca, f exp[r(x)Blg,(x)dx < oo) for some constant C > 0, then the
condition in part (i) (or (ii)) of Lemma 2.1 holds with & = [-M, M] x &, for some finite positive value M.

We now discuss asymptotic properties of the proposed MHD estimator 6. First, some results on the functional T (-, -) (see
(2.4)) related to the existence, consistency and asymptotic uniqueness of the MHD estimator of 6 are stated. The following
condition (D1) and the lemma will be useful to prove above properties.

(D1) There exists an e-neighborhood B(0, ¢) of 6 such that h; —hy is bounded by an integrable function forany t € B(6, ¢).

Lemma 2.2. If (D1) holds for 6 € ©, thend(t) = ||h]/2 — ¢1/2|| is continuous at point t = 0 for any ¢ € F.

Theorem 2.1. Suppose that Ty and T are defined by (2.4) and (2.6), respectlvely, and (D1) holds for all 6 € ©. Then
(i) For every ¢ € J, there exists T(¢) € O satisfying (2.6) with hg and g, defined by (2.5) and (2.2), respectively, and the
kernel Ky in (2.2) compactly supported. For every ¢ € H, there exists To(¢p) € O satisfying (2.4).
(ii) Suppose that n — ooandm — oo as N — oo and 6y = Ty(¢) is unique. Then Oy = T(¢n) — G as N — oo for any
density sequences {¢m}mex and {lig nen oo such that ||¢> — $V/2|| — 0and SUDPpeo ||h1/2 - hl/2|| — 0asN — oo.
(iii) If {ho}eco is identifiable, then Ty (hg,) = 6o uniquely for any 6, € ©.

Remark 2.2. Condition (D1) holds for many families including normal distributions. Suppose that g(x) and h(x) denotes
density functions of the normal distributions N(0, 1) and N(u, 1), respectively. It is easy to see that h(x) = hy(x) =

exp[(1, r(x))0]g(x), wherer(x) =xand 6 = («, B) = (——2, ). Thus condition (D1) holds for this example.

Remark 2.3. If (1, r(x)) are linearly independent, then {hy}yco is identifiable. To see this clearly, note that for hg, = hy,,
we have (1, r(x))(6; — 6;2) = 0, and so 8; = 6, when (1, r(x)) are linearly independent. Therefore, {hg}yce is identifiable
for any continuous density function g.
With further assumptions on the bandwidths and kernels in (2.2) and (2.3), the consistency of the MHD estimator of 6
follows from the continuity of functional T in the Hellinger topology. This result is given next. First, we state a few conditions:
(D2) g and Ky in (2.1) and (2.2), respectively, have compact supports.
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(D3) supgep supy(1, r(x))0 < +oo.
(D4) g in (2.1) has infinite support, Ky in (2.2) is a bounded symmetric density with support [—ag, ag], 0 < a9 < o0, and
there exists a sequence {«,} of positive numbers such that as n — oo, o, — o0 and

sup/l{|x|>an}h9(x)dx — 0, (2.7)
He®
@+ th
bfl sup/l{|x|>an}h9(x) sup wdx — 0, (2.8)
0eo Itl<ao g(x)
x—+tb
n'b! sup/l[‘x‘qn)hg(x) sup de — 0, (2.9)
) - lt<ay  &%(X)

[g(z) Z:(:_) thyn) ]de

where g® denotes the kth derivative of g and I, denotes the indicator function of a set A.

b;‘ Sugfl{|x|<an}h9(x) sup
o

[tI=ag

-0, (2.10)

Lemma 2.3. If (D4) holds, then as n — 00,

sup/exp[(l, r(x)01g*(x) — gl/z(x)]zdx—P> 0.

feO

Theorem 2.2. Let n — ocoandm — ooas N — o0. Suppose that (1, r(x)) are linearly independent, (D1) holds forany 6 € ©,
and the bandwidths b, and b, in (2.2) and (2.3), respectively, satisfy b,, b, — 0and nb,, mb,, — ocoas N — oc. Further,

suppose that either (D2), (D3) or (D4) holds. Then ||h:n/2 1/2 [| A 0 and supyceo ||h1/2 — h]/2 I A 0as N — oo. Furthermore,
On 2 6 as N — oo, where 0y is defined by (2.6) with g,, hp, and h9 given by (2.2), (2.3) and (2.5) respectively.

Remark 2.4. Condition (D3) is satisfied when g and hy are two normal density functions with different standard deviations.
For example, assume that g(x) and h(x) denote density functions of N(0, 1) and N(u, o), respectively, where0 < o < 1.
It is easy to see that h(x) = ho(x) = exp[(1,r(x))0]g(x), where r;(x) = x, n(x) = x> and 6 = (6p,6:,6,) =

—2— —logo, &5 % — —) If the parameter space ® is such that its projection onto the third argument is to the left

of zero, then clearly condition (D3) holds.

Remark 2.5. Condition (D4) holds for many families and one such example is stated in Remark 2.2, i.e., g and h are two
normal density functions with the same standard deviation. Without loss of generality, we suppose the compact parameter
space ©® = [o, a] x [B, B] for some finite numbers &, o, B and B-Then it is easy to show that (2.7)-(2.10) hold for some ey,
a log function of n, and any bandwidth b,, such that b, — 0 and nb, — oo asn — 0.

3. Asymptotic normality

In this section, we obtain the asymptotic distribution of the proposed MHD estimator 6y. We first state following
conditions:
(D5) There exists B(#, €), an e-neighborhood of 6 for some € > 0, such thatfors = 1,2andi,j,k=0,1,...,p,

1
sup  supexp [(1, r(X))t] [ri()r(*)r(x)| < o0,
te®NB(0,e) X S
where ro(x) = 1.

(D6) There exists B(8, €), an €-neighborhood of 6 for some ¢ > 0, such that fors = 1,2,i,j,k = 0,1,...,p, and
ro(x) =1

f 1002 expl(1, r(x))01hg (x)dx < o0, G.1)
/ [ri()ri(x)re@)°  sup  exp[(1, r(x))t] sup g(x + thy)dx = 0(1), asn — oo, (3.2)
te@NB(H,¢) |t|<ag
/ 101 (%)|> exp[2(1, r(x))0] sup g(x + thy)dx = 0(1), asn — oo. (3.3)
[t|<ag

Under condition (D2), (D5) or (D6), we derive an expression for the bias term 6y — 6, which is presented in the next theorem.
We denote I() = f(l, r(x)7 (1, r(x))hy (x)dx and assume that I(6) is finite and nonsingular.
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Theorem 3.1. Suppose that 0 € int(®), Ky in (2.2) has compact support, and assumptions in Theorem 2.2 hold. Further suppose
that either (D2), (D5) or (D6) holds. Then, it follows that

1
Oy — 0 = [I7'(0) + pn] x 2/ {exp [5(1, r(X))G] 22 @hy*(x) — expl(1, r(X))O]gn(X)} (1, r(x))"dx (3.4)
where 0y is defined by (2.6) and uy isa (p + 1) x (p + 1) matrix with elements tending to zero in probability as N — oo.

Remark 3.1. An example in which condition (D5) holds is stated in Remark 2.4. In that example 8 = (6y, 61, 62) with6, < 0.
Therefore, one can easily prove that condition (D5) is satisfied. It is also clear that I (@) is finite in this case. Condition (D6) is
satisfied for the example stated in Remark 2.2, i.e., two normal distributions with the same standard deviation.

In order to state the next theorem, which establishes the asymptotic distribution of the proposed MHD estimator 6y of
6, a few more conditions are required:

Let {an} be a sequence of positive numbers such that y — oo as N — o0, and

(CO) g has infinite support (—oo, 00).

(C1) The second derivatives of g and hy exist.

(C2)n/N —- p € (0,1)asN — oo.

(C3) Ko and K; in (2.2) and (2.3), respectively, are bounded symmetric densities with supports [—ag, ag] and [—ay, a1],
respectively, where 0 < ag, a; < 0.

(CA) 1) = [(1, r(x)T (1, r(x)hg(x)dx and J(0) = [ (1, r(x))" (1, r(x)) exp[(1, r(x))6]hy (x)dx are finite.

(C5) The second derivative of g exists and satisfies fori =0, 1, ..., p,
@x+th
bﬁ / sf,i(x)hg(x) sup wdx =0(1) asN — oo,
|t|<ag g(X)
where ey (x) = (1, 7(X)) Tx=ay) = (Eno(®), en1(X), - . ., enp(x))T and g® denotes the kth derivative of g.

(C5") The second derivative of g exists and satisfies

(2) th
N2 [ (enGolho ) sup BT POl ge 51y ash - oc.
[t|<ag g(x)
(C6)
N - P(|Zy| > ay —a1by) — 0 asN — oo,
N -P(|X1| > ay — agh,) > 0 asN — oo.
(€7)
_ — h(-)(x + tbm)
N72p 1 | 18y (%) |hg(X) sup —————2
" " t<ay  h3(X)
h$? (x + thy)
hg (x)

dx -0 asN — oo,

N'2b3 [ 185 (%) |he (x) sup

[tI<aq

2
j| dx — 0 asN — oo,

th
N2 [ 18y () hg (x) sup EXH ) 4 s 0 asN = oo,

lt<ae  &2(X)
) th
N'2p! / 15 (%) hg (x) sup [w
It|<ag g(x)

wh(ere)SN(X) = (1, 7(X) [x=ay) = Gno(X), Sn1(X), - . ., Snp(x)T.
c8

2
} dx -0 asN — oo,

hP (X + thy)|
NY2p2 [ 185 (%)|hy (%) sup Iy (x+ th)|
m N ’ ltl<a; hg (x)

@ (x 4 th
N'2p2 / 184 (0 1he () sup £ X T 0l g
[tI<ag g(X)

dx —> 0 asN — oo,

x —> 0 asN — 0.

(C9)

h th
sup sup ho (x4 thm) _ 0(1) asN — oo,
X<ay ltl<a;  Ho(X)
tb
sup sup g+ th) _ 0(1) asN — oo.
Wi<ay ltl<ag  &(X)
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(C10) r(x) is differentiable and satisfies fori =0, 1, ..., p,

1

b;\/]{MSaN}hg(X) sup (1" (x + tbm))zdx —~ 0 asN — oo,

[t|<aq
ar;(y) exp[(1, r(»))0] 2
bﬁ/l{‘x‘gw}g(x) ‘slup[ d 3y |y:x+tbn] dx -0 asN — oo.
t|<ap
(C11)

1
N~2p 1 / |8y (%) exp [2(1, r(x))9:| dx—> 0 asN — oo,
1724 1
N'/<b; | |8n(x)| exp 2(1, r(x))0 |dx — 0 asN — oo.

Theorem 3.2. Suppose that 0y defined by (2.6) satisfies (3.4). Further suppose that conditions (C0)-(C10) and (C5’) hold. Then
the asymptotic distribution of N/%(6y — 6) is normal with mean 0 and variance X, where X is defined by

. [1 1 ] .
X=1""0)—-2Zo+—-21|1"7() (3.5)
P 1-p
with
Xy = /(1, r(x)" (1, 7(x)) exp[(1, r(x))01hg (x)dx — /(1,r(X))The(X)de(l,r(X))he(X)dx (3.6)
and
2= /(1, r(x))T(l, r(x))hg (x)dx — /(1, r(x))Thg(x)dx/(], r(x))hg (x)dx. (3.7)

The proof of Theorem 3.2 is given in Section 6 below. In the next few remarks, we discuss the conditions (C0)-(C11) and
examine their validity in some examples.

Remark 3.2. Conditions (C0), (C1) and (C4) are typical assumptions on the distributions, and (C3) is also a typical condition
on kernels. Conditions (C5)-(C11) and (C5’) basically require that there exists a sequence ay that controls the tails of the
underlying densities. For example, one can easily choose the sequence ay such that

Glan) =1+0o(N""),  G(—ay) =o(N7"),
Hy(aw) =1+0(N""),  Hy(—ay) =o(N71),

then condition (C6) holds, where G and Hy are the cumulative distribution functions of densities g and hy, respectively.
Conditions (C0)-(C11) and (C5’) hold for families such as normal distributions.

Condition (CO) requires that g possesses a support (—oo, o). However the results in Theorem 3.2 can be easily applied
to any type of infinite support. For example, the exponential distributions have an infinite support [0, co). Consider two
exponential distributions with densities g(x) = e and h(x) = Ae ™ with A > 1 as an example. Then it is easy to see
that log X; and log Z; are distributed as g(x) = exp{x — e*} and h(x) = X exp{x — Ae*}, respectively. Both g and h have the
support (—oo, 0o), and h can be represented as hy(x) = exp{(1, r(x))0}g(x) withr(x) = e*and 6 = (log X, 1 — 1)T. Now
if we choose b, = O(N~") with 1/8 < r < 1/4 and ay = o(log N), then conditions (C0)-(C11) and (C5’) are satisfied, see
Remark 3.3 below for detailed calculation of a simpler example.

Remark 3.3. Consider the example stated in Remark 2.2 again. It is easy to see that conditions (C0), (C1) and (C4) hold. We
can easily choose bandwidths by, b,;, and kernels Kj, K; satisfying conditions (C2) and (C3). Since fork = 0, 1, 2,

@ (x+ th
/|X|kh9(X) sup wdx =0(1) asN — oo,
It|<a gXx)

conditions (C5) and (C5") hold ibe;,1 = 0(1) asN — oo. Note thatas N — o0,

o0 o0

Nf exp[—x%/2]dx < Nf xexp[—x?/2]dx = N exp[—a}/2].

oy N

Thus, if N exp[—a,%,/Z] — 0as N — oo, then condition (C6) holds. Since fori = 0, 1andj = 1, 2,
B (x + th) |

IxI'hg (x) sup he (0

[tl<ay

dx=0(1) asN -
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and
2@ (x + thy) |

dx=0(1) asN — oo,
g(x)

Ix|'hg (x) sup

[t|<ag

(€8) and the second and fourth expressions in (C7) hold if Nb} — 0as N — oc. If byay — 0and N~2b e} — 0as
N — oo, thenfori=0,1asN — oo,

o hy(x + tb
N’”zb;l/ IX|ihy (x) sup de
—an [t|<ay hg(x)

“pet [N i
N b, |x|' sup exp|—ex+eu — dx
—ay 2

le|<aibm

IA

oN X
2 explarbp|pll-N~"/?b,! f |x|' expla; byx]dx
0

2 .
= —explarbplpl]- N7V2b, ey (explaibpon] — 1)
1
_ O(N—uzb;la[ivﬂ)
— 0,
and therefore the first expression in (C7) holds. Similarly, fori = 0, 1as N — o0,

o X+ th o 2 €2
N~1/2p1 IX|'hg (x) sup de = N""?p1 Ix[fexp | ux — E- | sup exp|—ex— < | dx
n 2 n
—ay ltl<ag  &°(X) —ay 2 | |el<agbn 2

. AN
N=2p 1o, / exp[( + agby)x]dx
0

0
+N‘1/2bn_]a}vf exp[(u — dgby)x]dx

—an

IA

= N™"2b; oy (1 + aobn) ™" (expl (1 + aobn)ay] — 1)
+N72b oy (1 — aoby) ™M (1 — exp[— (1 — aobn)an])
_ { O(N™"b; " ay expllulan]) if o # 0,
O(N"2b, ey ) if w = 0.

Therefore, if N~'/2b, 'ay exp[|u|an] — 0as N — oo, then the third expression in (C7) holds. If byay = 0(1) as N — oo,
then (C9) holds. It is easy to check that (C10) is satisfied. Note thatas N — oo,

o 1 _ Jo(expllplan/2]) if u #0,
/_aN exp [2(1, r(x))G} dx = {O(aN) if =0,

and

o 1 _ JO(ay expllplan/2]) if u #0,
/WN |x| exp [2(1, r(x))91| dx = {O(aﬁ) if =0,

Soif N~'b, a2 exp[|p|an] — 0 and Nb2 a2 expl|p|ay] — 0as N — oo, then (C11) hold. In summary, if we choose
by=0(N""), 1/4<r<1/2

and
ay =0((logN)?), 1/2<q<1,

then conditions (C0)-(C10) and (C5’) are satisfied. Also by Remarks 2.2, 2.5 and 3.2, (3.4) holds. As a result, (3.5) holds by
Theorem 3.2.

Remark 3.4. We discuss the same example studied in Remark 3.3 here again. Simple calculation yields that the asymptotic
variance for our proposed estimator Oy of 6 is

st [uf‘ explu’] = u? expln’] +explp’l =1 —plexplp’] } 1 [uz —u] . (38)
o —u” exp[u’] wexplu”] + exp[u”] 1—p[—m 1

Zhang [11] estimated 6 = (a, B) using the maximum semiparametric likelihood method for model (1.1). He derived the

asymptotic variance, say X, of his estimator of 6. It is somewhat difficult to give an explicit expression for the asymptotic
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variance X in this example. Thus, here we compare asymptotic variances in the simplest case when . = 0. If © = 0 then
the asymptotic variance of our proposed estimator 6y is

0 0
I 1

p(1—p)

which is exactly the same as . More detailed comparison of ¥ with X is given in Section 4 below.

Remark 3.5. A MHD estimator could be defined similarly for multivariate observations X1, . . ., Xp, Z1, . . . , Zm € R% as well.
In the multivariate case, one needs to use the multivariate version of the kernel density estimators defined in (2.2) and (2.3):

d X
g0 = —g 1_[K0<] ”)

i=1 j=1
1 il xj_Zij
() = mb%znzq( - )

For simplicity here we used common bandwidths for each of the d components. To obtain an asymptotic result as in
Theorem 3.2, one needs some higher-order convergence rates involving ay, a sequence of positive numbers in R¢. Conditions
(C5), (C5), (C7), (C8) and (C10) hold for each partial derivatives of the underlying distributions, g or hy. For example,
condition (C5) now becomes, forj, k =1,2,...,d,

00 (x + t1e; 4 tre
bﬁ/sfﬁ(x)h@(x) sup g7 (x +thej + 2 k)ldx: 0(1) asN — oo,
It11,It2] <ag g(x)
where g (x) = 3x 3x ) and ejis ad x 1 vector with 1 for the jth component and O for others. Furthermore, conditions of

(C7) hold with b, and b, ! replaced by b,,? and b, ¢, respectively.

Remark 3.6. For the model (1.1), to test whether the two samples come from the same population is equivalent to testing
hypotheses Hy : 6 = 0vs Hy : |#] > 0, or simply test Hy : 8 = 0vs Hy : || > 0 since « is a function of 8. A test statistic
could be easily constructed using the asymptotic result in Theorem 3.2 with an appropriate estimate of the asymptotic
variance. More §Pec1ﬁcally, one may use N'/20y 172 35 a test statistic which is approx1mately normally distributed for
large N, where X is an estimate of X defined by (3.5) with g, hy, o and 6 replaced by g;, hm, n/N and 6y respectively. A
corresponding confidence interval for & would then be (6y — z*N=12X1/2 9y + z*N~1/2X1/2) with z* being the z-value
corresponding to the confidence level. For the example given in Section 5 below,

5= 107.779 —2.246
T | —2.246  0.047

and 95% individual confidence intervals for 8 and « are (0.05, 0.13) and (—6.67, —2.61), respectively. A more detailed
discussion on hypothesis testing under model (2.1) will be presented in a separate paper that is under preparation.

It is well-known that Wilcoxon’s two-sample test can be used to compare two populations. However, the preceding
test is not capable of detecting differences in the two underlying distributions g and hy completely. For instance, when
g and hy differ only in variation but with same means, Wilcoxon’s test will conclude that the two populations are the
same. On the other hand, the test based on the MHD estimator proposed above can detect any difference in g and hy.
Specifically, a polynomial function can be employed to approximate the logarithm of the ratio hy /g, and then by letting
r(x) be a polynomial function, one can model any difference in g and hy.

Remark 3.7. For numerical calculation of the proposed MHD estimator, one may use Newton-Raphson iteration method.
For aninitial value of 6, one can use (1, r(z))# to fit the points log h,(Z;) /g,(Zj),j = 1, ..., m. The preceding method can also
be used to obtain a rough idea about the domain @ of the parameter 6. Alternatively, maximum semiparametric likelihood
estimator may be implemented as an initial value of 6. If an empirical parameter space © is available, then the minimization
will be much easier and one has to simply employ the traversal method for small parameter space ®. To the best of authors’
knowledge, there are no free codes available to test the MHD method. For simplicity, we used ® = [—10, 10]?*! in our
simulation and C/C + + programming.

4. Simulation studies

In this section, we report the results of a Monte Carlo study. In particular, we plan to demonstrate numerically that the
proposed MHD estimator 6y defined in (2.6) has good robustness and efficiency properties.
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Table 1

The asymptotic variance matrixes ¥ and X of 6y and 9 defined in (2.6) and [11], respectively, when g and h are the densities of N(0, 1) and N(u, 1),
respectively.

P n=0.1 n=20.5 n=1
5 z 5 z 53 z
i [0.01 —0.13] [001 —0.12] [056 —1.56] [033 —0.73] 1151 —17.51 174 —2.33]
/ |-0.13 732 | |-0.12 722 | |—1.56  10.83 | |-073 774 | |-17.51  33.82 |-233 970 |
i [0.02 —0.15] [002 —0.15] [050 —1.23] [041 —0.88] [ 6.65 —9.65] [2.02 —2.54]
/ |-0.15 456 | |-0.15 452 | |-123 632 | |-0.88  5.01 | |—9.65 17.81 |—254 667 |
By [0.02 —0.20] [0.02 —0.20] [059 —1.32] [053 —1.13] [ 5.44 —7.44] [255 —3.05]
/ |-020  4.04 | |-020  4.02 | |-132 521 | |-1.13 450 | |—7.44  12.87 | |—3.05  6.09 |
i [0.03 —0.30] [0.03 —0.30] [ 0.81 —1.74] [0.78 —1.63] [ 558 —7.08] [3.62 —4.13]
/ |—0.30 453 | |-030 452 | |-1.74 541 | |-1.63 5.1 | |-7.08  11.15 | |—4.13  6.67 |
oiE [ 0.06 —0.60] [0.06 —0.60] 155 —3.19] 154 —3.14] [ 8.06 —9.26] [ 6.78 —7.37]
/ |-0.60 7.22 | |-060 722 | |-3.19  7.93 | |—3.14 774 | |—9.26  12.52 | |-7.37 970 |

In this simulation study, we considered the example discussed in Remark 2.2. We assumed that g(x) and h(x) denote
density functions of the normal distributions N(0, 1) and N(u, 1), respectively. Thus h(x) = hg(x) = exp[(1, r(x))0]g(x),

where r(x) = xand 0 = («, ) = (——, w). For different v and p values, Table 1 compares X defined in (3.5) with the

asymptotic variance matrix X of the maximum semiparametric likelihood estimator ] = (a, ,3) of [11]. From Table 1, it is
easily seen that smaller values of y result in smaller variance of the estimator Oy = (&, ). The correlations are all negative

& . For © = 0, the asymptotic variance of 6y is exactly the same as that of & (3.8), and for & = 0.1, the

asymptotic variance of 6y is almost the same as that of 9 for all different values of p. On the other hand, for large values of
1, the asymptotic variance of Oy is larger than that of 9.1n fact, this behavior can be seen from the expression of asymptotic
variance derived in (3.8). However, it will be evident from our simulation of Section 4 below that 6y may possesses smaller
bias and mean squared error (MSE) than those of 6 for finite sample sizes and, at the same time, 6y would be much more
robust than 6.

We now compare the performance of the MHD estimator Oy defined at (2.6) with Zhang’s [11] maximum semiparametric
likelihood estimator & = (&, 8) by examining their biases, MSEs and «-IFs. In our simulation, we let & = 0.5 be fixed and
therefore 6 = («, 8) = (—0.125, 0.5). For each pair (n, m), we generated 500 independent sets of combined random
samples of size N = n + m = 60 from the N(0, 1) and N(u, 1) distributions. Here the pair (n, m) takes varying values
(10, 50), (20, 40), (30, 30), (40, 20) and (50, 10). For each pair considered, we obtained estimates of the bias and MSE as
follows:

since ¢ =

1S
Bias=— > #i—y)
NS i=1
and
MSE = Z(V: )%,

N i=1
where N is the number of replications (N; = 500 in our case), and %; denotes an estimate of y for the ith replication.
Here y = « or B, and ¥ denotes either the proposed MHD estimators @ and $ in (2.6), or the maximum semiparametric
likelihood estimators & and B of [11]. The bandwidths b, and b,,, in (2.2) and (2.3), respectively, were taken to be h, = n=%/°
and h,, = m~2/>. We used Epanechnikov kernel function given by

3
(] —X )I[ 1, ]](X)

for both Ky and K;. As discussed in Remark 3.3, the above choices of kernels and bandwidths satisfy conditions (C0)-(C10)
and (C5’), and therefore Theorem 3.2 holds. Our simulation results are summarized in Table 2. From Table 2, it is clear that
for (n, m) values (40, 20) and (50, 10), &Js better than & when estimated biases and MSEs are compared. For (20, 40), 8
has a smaller estimated bias than that of 5.

In our simulation, we also examined the behavior of the MHD estimator when data-driven bandwidths are employed. We
considered the adaptive kernel density estimators mentioned in Section 2, i.e., b, and b, are replaced with S,b, and S;,b,,
respectively, where S, and S;,, are some robust scale statistics. We used the following robust scale estimators proposed
by [30],

Sn = 1.1926 med;(med;(1X; — X;|))
Sm = 1.1926 med;(med;(|Z; — Z;))).

K(x) = (4.1)
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Table 2

Estimates of the biases and MSEs of 6y = (@, E) and§ = (a, E) defined in (2.6) and [11], respectively, when g and h are the densities of N(0, 1) and
N(0.5, 1), respectively.

(n, m) Bias(@) MSE@) Bias(B) MSE(B) Bias(@  MSE@)  Bias(f)  MSE(B)
(10, 50) 0.086 (0.089) 0.023 (0.024) —0.036 (—0.050) 0.117 (0.112) 0.060 0.022 0.034 0.105
(20, 40) 0.046 (0.048) 0.012 (0.013) —0.036 (—0.044) 0.091(0.090) 0.013 0.011 0.046 0.085
(30, 30) 0.033 (0.035) 0.009 (0.009) —0.050 (—0.056) 0.075 (0.074) 0.006 0.010 0.015 0.066
(40, 20) 0.012 (0.013) 0.016 (0.016) —0.042 (—0.044) 0.094 (0.094) —0.019 0.018 0.033 0.087
(50, 10) —0.009 (—0.007) 0.020 (0.020) —0.065 (—0.068) 0.132(0.129) —0.031 0.024 —0.010 0.126

For the same samples used to produce Table 2, the corresponding estimates of & and B are also presented in Table 2: the
values in the brackets in each cell are MHD estimates when adaptive kernels are employed. It appears that the adaptive
kernel density estimators have not much improved the performance of the MHD estimators, and the conclusion reached
from the Monte Carlo study has not impacted by bandwidth choice.

In order to examine the robustness of the estimators 8y and 6, we examined their behaviors in the presence of a single
outlying observation. For this purpose, the «-IF given in [12] is a suitable measure of change in estimators. Here we have
used the adapted version of the «-IF applied by [26], among many others. Note that the outlier may arise from either g(x)
or h(x). We only considered the case that the outlying value is from h(x), and similar results apply to the other case as well.
After drawing two data sets of the specified sizes n and m, we replaced the last observation obtained from density h(x) by
an integer between —9 and 11. The contamination rate is then 1/60 and the «-IFs are calculated by averaging the function

WXL % 2D = WD, @1,)
1/60 ’

over 500 replications, where W represents any functional (estimator of #) based on the data sets from g(x) and h(x). In the
present situation, W is either 6y or 6. For 500 replications, the a-IFs for different pairs of (n, m) are displayed in Fig. 1. The
preceding figure is a clear evidence of better robustness properties of 6y than 6 in the sense of resistance to a single outlying
observation.

It can be seen from Fig. 1 that as the outlier increases in its absolute value, the a-IFs of Oy (solid and dashed lines) appear
to converge to constants. In fact, the absolute values of the «-IFs of 6y reach their peaks when outlying observation is around
—1 and then slide down to 0 baseline on both directions with a constant outside the interval [—5, 5]. For 9 however, its «-IF
increases dramatically in absolute value when the outlying observation moves to left from —1. When the outlier is bigger
than —1, 6y and 6 are competitive but 9 still has larger «-IF in absolute value than 6y. The behavior of the «-IF of 8 could be

expected from the fact that the semiparametric likelihood is proportional in some sense to the quantity ]_[l 1 %
l

Without an outlying observation, ﬁ should be a value around g = 0.5. When the outlying observation x is a positive large

% is not an extremely small value and therefore ;3 is not much affected. If x is a negative value with |x| large

enough, then % will be extremely small and hence the maximizing process will tend to assign ,3 a negative value
with a large absolute value. Therefore, when x is negative with |x| large enough, then the «-IF will be negative with large

absolute values as shown in Fig. 1.

IF(x) =

value,

5. An example

On the basis of data from 100 participants, [31] studies the relationship between age and coronary disease status. Table 3
lists the values for age (X) and presence of evidence of significant heart disease (Y = 1: “Yes”,Y = 0: “No”). Then the sample
data (X;, Y;),i =1, ..., 100, can be thought of as being drawn independently and identically from the joint distribution of
(X, Y).The proposed MHD estimate can be applied to this data set withn = 57 and m = 43. The bandwidths were chosen as
h, = n=?/5 and h,, = m~%/ and the Epanechnikov kernel function defined in (4.1) is employed for the two kernels Ko and K;
in (2.2) and (2.3), respectively. By fitting the model (1,1), we obtained the estimates for 6 as 6y = (@, ) = (—4.64, 0.09).
When compared with the estimates given in [11], (&, 8) = (—5.03, 0.11), our estimates seem more conservative, i.e., they
are smaller in absolute values than those in [11].

To compare the robustness of the MHD estimator, 6y, and the maximum semiparametric likelihood estimator, 9 we
contaminated the data and observed the change in behavior of 6y and 6. Two observations were replaced: (20, 0) by (10, 1)
and (69, 1) by (99, 0). The resulting MHD estimates remained unchanged, whereas the maximum semiparametric likelihood
estimates were significantly affected and ended up with & = (&, 8) = (—3.16, 0.07). Thus, in this example, the MHD
estimator is clearly more robust. This is another evidence of the fact that the MHD estimator is more resistant against outliers
than the maximum semiparametric likelihood estimator.

6. Proof of asymptotic normality

To prove Theorem 3.2, we first state a series of lemmas that are employed in the proof.
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Fig. 1. The a-influence functions for @ (solid), E (dashed), @ (dotted) and E (dot-dashed) with respect to single outlier, where Oy = (@, B) andd = (a, E)
are defined in (2.6) and [11], respectively.
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Table 3
Age and coronary heart disease status (CHD) of 100 subjects.
AGE CHD AGE CHD AGE CHD AGE CHD AGE CHD AGE CHD AGE CHD
20 0 30 1 37 0 43 0 48 1 55 1 60 0
23 0 32 0 37 1 43 0 48 1 56 1 60 1
24 0 32 0 37 0 43 1 49 0 56 1 61 1
25 0 33 0 38 0 44 0 49 0 56 1 62 1
25 1 33 0 38 0 44 0 49 1 57 0 62 1
26 0 34 0 39 0 44 1 50 0 57 0 63 1
26 0 34 0 39 1 44 1 50 1 57 1 64 0
28 0 34 1 40 0 45 0 51 0 57 1 64 1
28 0 34 0 40 1 45 1 52 0 57 1 65 1
29 0 34 0 41 0 46 0 52 1 57 1 69 1
30 0 35 0 41 0 46 1 53 1 58 0
30 0 35 0 42 0 47 0 53 1 58 1
30 0 36 0 42 0 47 0 54 1 58 1
30 0 36 1 42 0 47 1 55 0 59 1
30 0 36 0 42 1 48 0 55 1 59 1
Lemma 6.1. Suppose that (C3)-(C6) hold. Then as N — oo,
1
NW/gN(x) exp [5(1,r(x))49] 12 () h1/2 (x)dx > 0, (6.1)
1
N'/2 / en(X) exp [2(1, r(x))H] h)? (x)g) 2 (x)dx > 0. (6.2)
Proof. By Cauchy-Schwarz Inequality,
1 2
N-E U eni(X) exp[i(l,r(x))H] ,}/Z(x)h,‘n/z(x)dx]
<N-E [f exi () exp[(1, r(X))O]gn(X)dX] -E [/ I{x|>o¢N}hm(X)dX:|
=N-A;-A;, say.
Note that by a Taylor expansion and using assumptions (C4) and (C5)
2 1 y—X
[44] = eni() expl(1, r(X))G]FI<o o g(y)dydx
n n
ao
= / eri(x) exp[(1, 7(x))0] Ko(t)g (x + tby)dtdx
—ap
_ 2 o 1) 1 ) ev2p2
= [ ey(x) expl(1, r(x))6] Ko(t) | g(x) + g7 (x)tb, + 58 (§)t°by ) dtdx
—ap
1 @ (x + tb d
< / r2(x)hg (x)dx + =b? / e5:(x)hg (x) sup de / t2Ko (t)dt
2 |tI<ag g(X) —ap
= 0(1),
i.e., Aq is bounded. On the other hand,
1 y—x
3l = [ [ Biseanr Ko (—) e ()dydx
b bm
= //1{\x|>aN)K1 (t)hg (x + tby)dtdx
a
= / Ki(t) hy (z)dzdt
—aq |z—tbm|>aN
a
< / K; ([)dt/ hg (Z)dZ
—ay |z|>an—a1bm
= P(|Z1| > an — aibp). (6.3)

By assumption (C6) we have that N - E[ [ eyi(x) exp[3 (1, r(x)01gy? ()hy? (x)dx]2 — 0,i.e, (6.1) holds.
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By Cauchy-Schwarz Inequality and using a similar argument as in (6.3),
1 2
N-E [/ eni (x) exp |:2(1, r(x))@] hy/*(x)g)"? (x)dx]

< N-/r?(X) exp[(1, r(x))0]hy (X)dx - E U I{\x\>aN}gn(X)dx]

X

1 —_
=N-/T,-2(X) EXP[(l,T(X))Q]he(X)dX'/f1{|x|>aN}F1<o (yT )g(v)dydx

<N-: /r?(X) exp[(1, r(x))01hg (x)dx - P(|X1] > an — aoby),
and by assumptions (C4) and (C6) we have that (6.2) holds. O
Lemma 6.2. Suppose that (C0)-(C3) and (C7) hold. Thenas N — oo,

N2 f 168 () (12 (0) — B2 (%)) dx 5> 0,
N2 f 188 0 expl(1, 7(x))01(g1/2 (%) — g2 (%)) dx > 0.

Proof. Note that

N2 f 5y 01 (20 — hY/2(0) e

IA

N”Z/ 18w (015" (0 (hm () — i (x))dlx

IA

2N / 18 0) ;" (O (i () — B ()l

N2 [ 80001 ) (Bn ) — ha0) ]
= 2(Ain + An),  say.
By conditions (C0), (C2), (C3) and (C7)as N — oo,

ElAw| = Nm/IBN(X)Ihgl(X)E(hm(X) —Ehm(X))de

_ 1 y—x
lezf Sy(X)|h 1(x)—/KZ( )h Ydydx
[On (%) |hy mbfn 1 b 0 () dy

IA

ay
= N1/2m’]b;1/|8N(x)|/ KZ(t)hg (x + thy)hy ' (x)dtdx
4

hy (x + tbm) /“1
——dx

2
oo K2(t)dt

IA

N”zm”b;]/w,v(xn sup
[t|<aq

ai

— 0,

i.e, Ay £ 0as N — oo. By a Taylor expansion and using conditions (C1) and (C7),

aq 2
A = N2 / |3N(x)|h;1(x)[ f I<1(t)(h9(x+tbm)—hg(x))dt] dx
o

ai

1 2
N8, [ 1aueo oo sup 0P ix bl [ K] o

[t]<ay —ay

2
1 2 (x + th “ ’
N2 [ Ian ko) sup [‘M} dx ( / t21<1(t)dt>

IA

IA

|t]<aq h@(X) ap
— 0.

Hence (6.4) holds. Proof of (6.5) is similar to that of (6.4). O

Lemma 6.3. Suppose that (C0)-(C7) hold. Then the asymptotic distribution of

N2 f(l, r(x)" exp [;(1, r(x))@] g2 (0 (2 (x) — hy/? (%)) dx

(6.4)

(6.5)
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is the same as that of
N1/2 / Sn )y (0 (2 (x) — hy/? (%)) dx
Proof. From Lemma 6.1,
N2 / en(X) exp B(], r(x))G] V20 (B2 () — b2 (%)) dx 2> 0,
and as a result the asymptotic distribution of (6.6) is the same as that of
N'/2 / Sn (x) exp [; (1, r(x))e] 2 (i) — hy? (%)) dx.

By Cauchy-Schwarz Inequality
2
{ N2 / 5i() exp [ S0, r(x))e] (812 (x) — 22 (0) (h2 (o) — hé“(x))dx}

2 2
< N”Z/ |8ni ()] expl (1, r(x))0](g,"* %) — "% (%)) devzf 185 ()1 (i (%) — hy (%)) dx
which is 0p(1) by Lemma 6.2. Hence the result follows. O

Remark 6.1. In fact, the asymptotic distribution of (6.6) is the same as that of
N2 /(1, () hy? 0 (12 (x) — hy? () dx
The reason being thatas N — oo,
N1/2 f en (OhY? 00 (W12 (0) — h/*(0))dx 2> 0
under conditions (C3), (C4) and (C6). The proof is similar to that of Lemma 6.1 and is therefore omitted.

Remark 6.2. Instead of condition (C7), if hy and g have bounded second derivatives and conditions (C9) and (C11) hold, then
Lemma 6.3 still holds. Since

2
{ N1/ / 5M<x>exp[;(1,r<x))e]( 200 — g2 ()) (hy* (x) — “%x))dx}
<N'? f |8N,-(x)|exp[%(1,r(x>>9}( 120 — g"2(0)) dx

1
x N1/2 / |8ni (%) | exp [2(1, r(x))e] (h}n/z(x) — hg)/z(x))de
similar arguments as in the proof of Lemmas 6.2 and 6.3 give above conclusion.

Lemma 6.4. Suppose that (C4) and (C6) hold. Then as N — oo,

N]/Z/|SN(X)|hg(x)dx—> 0,
NYZ. Z&‘N(Z,)—>0

N/ ZeN<X>exp[<1 r(X))0] >

Proof. By Cauchy-Schwarz Inequality,

1/2 1/2
[N / I{|X>aNlh9(x)dx] [ / riz(x)hg(x)dx]

1/2 1/2
1 -2X o (X)dX
[NP(Z1] > an)]” [/r,()h()d]

— 0.

IA

N2 / e (0o ()
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As aresult,

N2 ZsN@)

< E{ N2 Zw(zn]

= N'? / len (%) |hg (x)dx

— 0,

N2 Zewxl)exp[(l r(X)6]

< E|: N2, Z|8N(x1>|exp[(1 r(XJ)Gl]

= N2 / lex (0l ()l
— 0,

and hence the results follow. O

Lemma 6.5. Suppose that (C0)-(C4) and (C8)-(C10) hold. Then as N — o0,

1 & P
N2 / W00 NS 502 0.
N2 / Sn (x) exp[(1, 1(x))01ga(x)dx — N”Z% 3 6w () expl(1, r(X;)6] > 0.
i=1

Proof. We give only the proof for the second convergence, and the proof for the first convergence is similar. Let Dy; =
N2 [ 8ni(x) exp[(1, 1(x))01ga(x)dx — N21 371 8y;(Xp) exp[(1, 1(X))6],i =0, 1, ..., p. Then by (C8)

[E[Dyi]| = N'?

f 5300 expl(1, F(x))01E[gn () ]dx — / i (Ohs (X)dlx

aop

= N2 /SNi(x)exp[(l,r(x))Q] Ko(t)(g(x + thy) — g(x0)dedx
a0
(2) a
= 828 [ it sup £ LB ay [ o
It|<dg gx) —ag
—

Note that

N 1 X
Var[Dy;] < —E /SN,-(X) eXD[(l,r(X))G]b—Ko<

- X 2
5 > dx — &ni(X1) expl(1, T(Xl))Q]]

=

ap 2
=—F / Ko(r)(smoq+rbn)exp[<1,r(x1+rbn))9]—sm(xl)exp[(l,r(xo)@])dt}

aop

S| =

S| =

ap
E / Ko(Ori(Xs + tby) expL(1, 70X + )01 (T, tn o) — yiza) ) I

ap
ap 2
[ ROl o (1081 + the) expICL, PCXs +t51))0) — X0 explC1, r(xl)w])dr]
.
2N
n

IA

ap 2
[E [/ Ko (t)r;(X1 + tby) exp[(1, r(X; + tbn))e](l{\x1+tbn\5al\]} - 1{|X1saN})df]

agp

ap 2
+E [ | Kat® i (556 + ) expl1, 10X + 0,06 = 60 exl 1, r(xo)e])dt} ]

ao
2N
= T(BNI‘ + Cni), say.

By Cauchy-Schwarz Inequality,

ao
2
Byi < E/ Ko(t)r} (X1 + thy) exp[2(1, 1 (X1 + th))O1(Ijx; +tbal<an) — lr1=an}) " dE

ao
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= f OKo(t) [f_ ' 17 (v + thy) exp[2(1, 1(y + thy))01g (v)dy
0 —

oy —tbn

+/N rﬁ(y+tbn)exp[z(l,r(y+rbn))e]g(y)dy]dt

N—tbn

0 —apn —thy
+/ Ko(f)[/ ! r2(y + thy) exp[2(1, T (y + thy))01g (v)dy

aop N

an—tbn
+/ r7(y + thy) exp[2(1, T (y + tbn))O]g(y)dy}dt. (6.7)

N

Note that r,.2 (x) exp[(1, r(x))@]hy (x) is bounded by (C4) and therefore by (C9)

f "k [ 20+ th) exp[2(1, r(y + th))01g)dy
0

—an—thy

aop —an+tbn
_ / Ko(6) () expl2(1, r()lg(y — thy)dydt
0

gx+thy) [% —ay+thy
< sup sup =———— [ Ko(t) r2(y) expl(1, 1 (y))01hs (y)dydt
Ki<an lti<ag &) 0 —ay
ap
= O(bn/ tKo(t)dt>
0

— 0,

as N — oo, and other three terms on the r.h.s. of (6.7) go to zero using similar arguments. Thus By; — 0as N — oo. For
Cni,» by Cauchy-Schwarz inequality and (C10) we have

Cni

IA

ap 2
B[ [ KotO o (5051 -+ 90) expl(1 081+ 9001 ik xl,rxpen) |

ag

[ 00 [ B (0 85 expl1, e+ 15,0001 = 10 expl(1.r0)61) g

a0
ari(y) expl(1, r(y))0] 2 do

by f [ <180 SUP[ l 3y |y=x+tbn] dx f t*Ko (t)dt
a

[tI=ag

IA

— 0.

Thus Var[Dy;] — 0as N — oo. This yields thatE[D,zw] = Var[Dni] + (E[Dni])? — 0, and therefore Dy; A OasN - 0. O

Proposition 6.1. Suppose that (C0)-(C10) hold. Then the asymptotic distribution of (6.6) is N(O, ﬁzl) with X defined
by (3.7).

Proof. In view of Lemma 6.3, we only need to give the asymptotic distribution of N'/2 [ 8y (x) h;/ (%) (h,ln/ 2(x) — h;/ 2 (x))dx.

Applying the following algebraic expression, with b > 0,a > 0,
bh—a (bl/z _ 01/2)2

= a2z 2al/2 ’

we have thatas N — oo,

b1/2 _ a1/2

(6.8)

N2 / Sn 0y (0 (2 (%) — hy/? (%)) dx

= %NW / v () (hm(x) — ho (x))dx — %N”Z / Sn (0 (2 (%) — h;/z(x))zdx

1
= ENUZ / S () (hm(x) — hg(x))dx + 0p(1)  (by Lemma 6.2)

2

i=

= Iy [1 ) - [ 6N<x>h@<x>dx} NG [ [ v - ZBN@)} +op(1)
m ‘= 2 m ‘=
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= %Nl/z |:r:1 ;(SN(Z,») - / (SN(x)hg(x)dx] 4 o0p(1) (by Lemma 6.5)

1

= 51\11/2 [; 2(1, rz)n’ — /(1, r(x))Thg(x)dxj| +o0p(1) (byLemma 6.4).
i=1

Obviously the asymptotic distribution of m"/2[L > (1, r(Z))" — [(1, r(x))"he(x)dx] is N(0, X1). Hence the result. O
Lemma 6.6. Suppose that (C0)-(C7) and (C5") hold. Then the asymptotic distribution of
N2 f (1, 7()" expl(1, r(x))01g,* (0 (g2 (1) — g (%)) dx (6.9)

is the same as that of

N2 f S (x) expl(1, 1(x)01g "> () (g, (%) — g (%)) dx.

Proof. Note that by Cauchy-Schwarz Inequality, a Taylor expansion, (C5") and Lemma 6.4,

E ‘Nl/Z/gNi(x) exp[(1, r(x))01ga(x)dx

ao

< N2 f leni (%) ] exp[(1, T(X))Q]/ Ko(t)g(x + th,)dtdx
—a
ao

1
Ko(0)(g(x) + g™ (x)thy + Etzbﬁ sup 1g® (x + thy)|)dtdx

lt|<ag

5N”Z/Iam(X)leXP[(l,r(X))G]

—ag

1 @ (x4 th,)| [
<N / leni (%) |hg (x)dx + —N'/2D? f en(lhe () sup E—CEEOL [ 2 e
2 It|<ao g(x) —ap
— 0.

Thus N'/2 [ ey (x) exp[(1, r(x))01gn (x)dx % 0. Combined with the result in Lemma 6.1, we therefore have

Nl/z/SN(X) expl(1, 7(x))01g 2 (%) (g} (0) — "> (%)) dx > 0,

and so the asymptotic distribution of (6.9) is the same as that of

N'72 f S () expl (1, 7(x)01g2(0) (g, (%) — g"/2(0))dx > 0.
The result now follows from Lemma 6.2. O

Proposition 6.2. Suppose that (C0)-(C10) and (C5") hold. Then the asymptotic distribution of (6.9) is N (O, ip)?o) with X
defined by (3.6).

Proof. Similar to that of Proposition 6.1.
Again in view of Lemma 6.6, we only need to give the asymptotic distribution of N'/2 [ 8§y (x) exp[(1, r(x))01g"/*(x) (gn] 2
(x) — g'/%(x))dx. Applying the algebraic expression (6.8) we have thatas N — oo,

N2 / Sn (x) exp[ (1, 7(x))01g"* () (g,* (1) — g (%)) dx

= %NW / Sn(x) exp[(1, r(x)0]1(gn () — g(x))dx + %N“z / Sn (%) expl(1, r(x))0]1(g2 (%) — g"2(%)) dx

= %N”Z / Sn(x) exp[(1, r(x))0](gn(x) — g(x))dx + 0p(1) (by Lemma 6.2)

1

1 n
= 5N”2{5 ;aw(xi) expl(1, 1(X))0] — / aN(x)h9<x)dx}

1 1
+58 / () expL(1, T(x)01gn(dx — ~ 3 8w (X) expl(1, (X0 | + 0 (1)
n i=1
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; 1/2[ Z3N(X)EXP[(1 r(X))o] — /5N(X)h9(X)dX}+0p(1) (by Lemma 6.5)

1

N”Z[fZ(l,r(Xi))T expl(1, r(X))0] — / (1,709)"hy X)dx} + 0p(1)  (by Lemma 6.4)
2 n i=1

Obviously the asymptotic distribution of n'/2[ 1 >~ | (1, r(X;)" exp[(1, r(X))6] — [ (1, r(x)) hy(x)dx] is N(0, o). Hence
theresult. O

Proof of Theorem 3.2. Note that by Lemmas 6.3 and 6.6
N'/2 / {exp [;a, r(x))e] 2 (0hy? (0 — expl(1, r(x))e]gnoo} (1,7(x)"dx
=N'"? f (Lr(x))Texp[l(l,r(x))e] 2200 (> (0 — hy (0)dx
N2 f (1, 1) expl(1, ()01, "> () (g,"* (1) — g"/* (%)) dx

= N2 f 8 (" () (% ) — hg (0))dx — N7 / Oy (x) expl (1, 7(x))01g"(x) (g,/> (0) — g/2(0))dx + 0 (1)

and the first two terms on the r.h.s. of the preceding expression are independent. Then by Propositions 6.1 and 6.2 and
Slutsky’s theorem, the result follows. O
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Appendix
Proof of Theorem 3.1. From Theorem 2.2 we have that 6y A f asN — oo.Sincet = Oy € © minimizes the Hellinger
distance between h; and h,,, fy maximizes f h3/2 (x)h,:{2 (x)dx — f %h[(x)dx. Also since Ky has compact support, we have

0= [ 2[h">@hy* () — The(0)]]czgydx e,

/ exp [;(1,r(X))9N:| V2 G0RY2(x) (1, 1)) dx — / expl(1, F(x)fw1z () (1, () dx = 0. (A1)

We will prove in the following that under condition (D2), (D5) or (D6), (A.1) will reduce to

f {exp B(Lr(x))e] V2R (x) — exp[(Lr(x))e]gn(x)}(Lr(x))de

— |:; / he (x)(1, 7(x))" (1, r(x))dx + CN] 6y —0)=0, (A2)

where cy isa (p + 1) x (p + 1) matrix with elements tending to zero in probability as N — oo, i.e., (3.4) holds.
(i) Suppose that (D2) or (D5) holds. Then for any t € ® N B8, €),

‘ / r; )T () (x) exp[(1, r(x))t]gn (x)dx

< C/gn(X)dx =C

1/2 1/2
C(/ gn(x)dx) (/ hm(x)dx)

=C

IA

’/ ri(X)1()r(x) exp [;(1, r(X))t] g2 (0hy? (0 dx

for some positive constant C. Therefore, by a Taylor expansion of Oy at 8, one obtains with 6, = t6 + (1 — t)6y for some
O0<t<l,

f exp [;a,r(x))eN} 12 (020 (1, 1)) dx
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-/ { [;(1 r(x))e} 1exp[ (Lr(X))B} (1, 109) (@ — 6)
+gex [;m, r(x))et] 6y — ) (1,100 (1, r(x)) (O — 9)} 2201, r(x)) d
/ exp B(Lr(x))@] 22 0hy? () (1, 1(x) T dx
+5 [ [;(1, r(x))e] g 2R (1, ()T (1, ()X (O — ) + an (B — 0),
/EXP[(lvr(X))QN]gn(X)(Lr(x))de= /{eXp[(l,r(X))O]+exp[(1,r(X))O](l,r(X))(HN —0)

1
+ 2 expl(1, r(x)0:](On — )" (1,1(x) (1, 7)) (6 — 9)}gn(x)(1, r(x))"dx

(A3)

= /exp[(l, r(x))01g,(x) (1, r(x))"dx + / exp[(1, r(x))01g, () (1, T(x))" (1, 1 (x))dx(Oy — ) + by(Oy — 0), (A4)

where ay and by are (p + 1) x (p + 1) matrixes with elements tending to zero in probability as N — oo by the fact that

6y — 6.From (A.1), (A.3) and (A.4), we obtain
0 :/:exp [;(1,r(x))9} 1/2(x)h1/2(x) exp[(],r(x))G]gn(X)}(Lr(x))rdx
- {% / exp B(Lr(x))e} 2O 0 (1, 1) (1, 1(x))dx

- /EXP[(L r(x))01g () (1, 1) (1, T(X))dx} (On — 0) + [ay — by](On — 0).

Since either (D2) or (D5) holds,

[ x| 501r0 ]| fai2wmion - gm0} 1.0y 1, e

sc{ f 201 () — hY2(0]dx + / B2 00182 () 1/2(x)|dx}

1/2
_C{U (h},.,/z(x)—h;/z(xnzdx] [/ () — l”(x))zdx} }

with the r.h.s. of the preceding inequality goes to zero in probability using the results in Theorem 2.2. Thus,

/exp B(Lr(x))e] 1200h12(x0)(1, r(x)" (1, r(x))dx—>/h9(x)(1 re)T (1, r(x))dx.
Similarly

<cC / (g2 (x) — g2 () (g *(x) + g"*(x))|dx

'/eXP[U r(x))0](gn (x) — g(X))(l r(x)’ (1, r(x)dx
= o [ @ - e 00ra] | [ @ + g2 00ra]

12
<o / (&0 — 8" 00|

/exp[(l,r(X))G]gn(X)(l,r(x))T(l,r(X))dx—P>/he(x)(l,r(X))T(l,r(X))dx.

As a result, (A.6) reduces to (A.2).

(A5)

(A6)

(A7)
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(ii) Suppose (D6) holds. Then by (3.2),

E /Iri(X)Tj(X)rk(X)l sup  exp[(1, r(x))t]g, (x)dx =/|rf(X)Tj(X)rk(X)| sup  exp[(1, r(x))t]E[gn(x)]dx

te®NB(@,¢€) te®NB(H,€)
ag
= / i) x)r(x)|  sup  exp[(1, r(x))t] Ko(t)g (x + tby)dtdx
te®NB(0,€) —ag

< / NGORG] sup  expl(1, r()t] sup g(x+ thy)dx

te®NB(9,€) [tI=ag
= 0(1). (A.8)
Therefore, f ;GO ()T (X)| SUDteonpa.c) €XPL(T, T(X)0:)]gn (x)dx = Op(1) and thus (A.5) holds. Similarly,
1 2
E[ / @)X sup  exp [2(1, r(x))r] g,l“(x)h},{z(x)dx}

te®NB(®,€)

SE[/|ri(X)rj(X)rk(X)|2 sup eXP[(l,T(X))f]gn(x)dX/hm(X)dx]

te®@NB(0,¢€)

=/Iri(X)rj(X)rk(X)l2 sup  exp[(1, r(x))t]E[g,(x)]dx

te@NB(0,€)

s/Iri(X)rj(X)rk(X)l2 sup  exp[(1, r(x))t] sup g(x + thy)dx

te®NB(H,¢€) |t|<ag
=0(1)

and hence (A.3) holds. As a result (A.5) holds. By (3.1), (3.2) and a similar argument as in (A.8),

/rl-(x)rj(x) exp [;(1, r(x))@] { 1/2(x)h1/2(x) 1/2(x)h;/2(x)}dx

< / |n(x>r;<x)|exp[%(1,r(x))e} 120 Y2 (x) — by (x)|dx

+ / Ir(X)r;(x)| exp [;u, r(x))e] hy? (0)1g 2 (x) — g2 (x)|dx
1/2 1/2
< [/ |r,A(x)rj(x)|2 exp[(1, r(x))@]gn(x)dx:| [/(hrln/Z(x) — h;/Z(x))de]

1/2

1/2
+[ f |r,-(x>rj(x>|2exp[<1,r(x))@]h@(x)dx} [ / (822 (%) — 1/2(><))2clx]

2 412 2 q1/2
o -] ) o[ (-]

and thus (A.6) holds. By (3.1), (3.3) and using a similar argument as in (A.8),
2

‘/ ri(0r;(%) exp[(1, (x))0] (g (x) — g(x))dx
2
[ / @) ()| exp[(1, r(x))0] | (g2 (x) — ”%x))(g,}”(x)+g”2(x>>\dx]
/ I (r;(x) |2 exp[2(1, r(x))01(g2 2 (x) + g'/* (x))*dx / (g% (x) — g"*(x))%dx

<2[/|n(><)rj(><)| exp[2(1, r(X))O]gn(X)+/Irl(X)rj(X)l exp[(1, r(X))Q]he(X)dX} f(g”z(X) g2 (x))%dx

_ O< / €0 — 1/2(x))2dx)

—>O,

i.e. (A.7) holds. As a result, (A.5) reduces to (A.2). O
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