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1. Introduction

Density deconvolution is one of the classical topics in nonparametric statistics and has been extensively studied during
the past decades. The aim is to identify the density of some random variable X, which cannot be observed directly, but is
contaminated by some additional additive error ¢, independent of X.

A large amount of literature is available on the case where the distribution of the errors is perfectly known. To mention
only a few of the various publications on this subject, we refer to [3,20,21,10,7,19,9].

However, perfect knowledge of the error distribution is hardly ever realistic in applications. For this reason, the interest
in deconvolution problems with unknown error distribution has grown. Meister [ 16] has investigated deconvolution with
misspecified error distribution. Diggle and Hall [6] replace the unknown characteristic function of the errors by its empirical
counterpart and then apply standard kernel deconvolution techniques. The effect of estimating the characteristic function
of the errors is then systematically studied by Neumann [17]. Let us also mention [12] for deconvolution problems with
unknown errors.

The last mentioned publications have been working under the standing assumption that an additional sample of the pure
noise is available. This is realistic in some practical examples. For example, if the noise is due to some measurement error,
it is possible to carry out additional measurements in absence of any signal.

However, in many fields of applications it is not realistic to assume that an additional training set is available. It is clear
that, to make the problem identifiable, some additional information on the noise is required. In the present work, we are
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interested in the case where information can be drawn from repeated measurements of X, perturbed by independent errors.
This framework is known as model of repeated measurements or panel data model. The observations are of the type

Yik=Xi+¢&i j=1,...,n k=1,...,N,

where all X; and ¢; ; are independent.

This problem is relatively well-studied under the assumption that the distribution of the errors is symmetric. We
refer to [5,4] and [13]. In the present paper, we consider deconvolution from repeated observations when the symmetry
assumption on the errors is dropped. The study of non-symmetric error terms has some practical relevance in the field of
econometrics. One may think about generalized GARCH models in time series analysis, when the innovation terms follow
(conditionally) a mixed normal distribution. Models of that type have become increasingly popular in the modeling of
exchange rates, see, for example, [1].

The estimation strategies which have been developed for deconvolution from repeated measurements with symmetric
errors are no longer applicable when the symmetry assumption is dropped. In this situation, a completely different approach
is in order. The same problem has been investigated in earlier publications by Li and Vuong [15] and by Neumann [ 18].

The paper by Li and Vuong has two major drawbacks. On one hand, the rates of convergence presented therein are
extremely slow, in comparison to the rate results which are usually found in deconvolution problems. On the other hand,
the mentioned authors impose very restrictive assumptions on the target density and on the distribution of the noise, which
are only met in some exceptional cases.

Neumann overcomes this second drawback and constructs consistent estimators under most general assumptions.
However, rate results are not given in that paper so the question whether the convergence rates found by Li and Vuong
can be improved has so far remained unanswered. Moreover, the estimator proposed by Neumann is only implicitly given
and non-constructive, so it is difficult to investigate its practical performance.

In the present work, we study a fully constructive estimator, which is based on a modification of the original procedure
by Li and Vuong. It is interesting to note that we are able to improve substantially upon the rates of convergence found by Li
and Vuong and, at the same time, dispose of most of their restrictive assumptions. Surprisingly, it can also be shown that our
estimator outperforms, in some cases, the estimators which have been studied for the structurally simpler case of repeated
observations with symmetric errors.

It is worth pointing out that many of our considerations extend to the structurally more involved problem of estimating
the jump size density in a mixed compound Poisson process. This model is studied in [8].

This paper is organized as follows: In Section 2, we introduce the statistical model and define estimators for the target
density, as well as for the residuals. In Section 3, we provide upper risk bounds and derive rates of convergence. In Section 4,
we present some data examples. All proofs are postponed to Section 5.

2. Statistical model an estimation procedure
Let &1 and &, be independent copies of a random variable ¢ and let X be independent of ¢ and ¢;. By Y, we denote the
random vector Y = (Y1, Y2) = (X + &1, X + &3). We observe n independent copies
Y}:(Yj,lvyj,z)5 j:],...,n
of Y. The following assumptions are imposed on X and ¢:

(A1) X and ¢ have square integrable Lebesgue densities fx and f,.
(A2) The characteristic functions ¢, (-) = E[¢"*] and ¢x(-) = E[¢"¥] vanish nowhere.
(A3) E[e] = 0.

Our objective is to estimate fy and f,. This statistical framework allows a straightforward generalization to the case where
more than two observations of the noisy random variable X are feasible. However, for sake of simplicity and clarity, we
content ourselves with considering the two dimensional case.

In the sequel, we denote by v the characteristic function of the two dimensional random vector Y,

¥ (ug, up) = E[elM1H12Y2)),

By independence of X, &1 an &;, the following holds for v :

Y (uy, up) = E[e X eM1#16M252] = g (U1 + up) e (1)@ (). (2.1)

From formula (2.1) one derives the following lemma, which has been formulated and proved in [15]. Lemma 2.1 is then the
key to the construction of the estimator.

Lemma 2.1. Assume that E[|Y1]] < oo and E[¢] = 0. Then ¢y is determined by yr via the following formula:

W u (0, up) ;
u) =ex — dUy.
o Pl v P
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Li and Vuong propose the following estimator of ¢y :

(0, uy)
Y (1) == exp 7') 1 dus,,

0 w(O, u3)
with

1//(u1,u2)— Zei(u1)'11+u2’02) and w(ul,uz)— Zly oI, 1+H112Y) 2)
J 1 J 1

denoting the empirical version of ¥ and its first partial derivative.
Given a kernel K and bandwidth h, the corresponding estimator of fy is

f x) = o f e P (u) F Ky (u) du,

with K () = 1/hK(-/h) and with F K,(u) = f e™ K, (x) dx denoting the Fourier transformation. We propose a modified
version off};’. First of all, it is well known that small values of the denominator lead to unfavorable effects in the estimation
procedure, so it is preferable to consider some regularized version of @ One possible approach is to replace @ in the

denominator by ¢ 4+ p with some Ridge-parameter to be appropriately chosen. See, for example, [5]. However, following
ideas in [17], we prefer to define

¥ (0, 1)
min{n/2|y (0, up)|, 1}

and use 1/1}(0, uy) as an estimator of 1/ (0, uy).
This leads to defining the following modified estimator of gy:

8Ll1 1/f(0 uZ)
—~—duy
0 W(Ov u2)
“mod

Next, we have to pay attention to the fact that, by definition, neither ¢ <p v nor ©y° need to be characteristic functions and
they may take values larger than one. Indeed, much of the complexity in the proofs presented in [15] and many of the
restrictive assumptions imposed therein are a consequence of the fact that there appears an unbounded exponential term
in the definition of ¢ ALV which has to be controlled, leading to some Bernstein-type arguments and hence to the assumption
that the supports are bounded.

However, the quantity to be estimated is, in any case, a characteristic function, so the quality of the estimator can
be improved by bounding the absolute value of <pm°d These considerations lead to defining our final estimator of the
characteristic function of X,

A’"Od(u)
max{1, [ W)}

Sometimes, one may not only be interested in the estimation of the target density itself, but also in the distribution of
the residuals. The following holds true for the characteristic function of e:

¥ (0,uy) =

Amod (u) — exp

Px(u) = (2.2)

¥ (0, u)
Pe (ll) =
wx (1)
This quantity can hence be recovered, using a plug-in estimator. We set
e (w) = ox (1)
T min{n21gx )], 1)
and then
_ (0, u)
@e(u) == — . (2.3)
ox (1)

Given a kernel K and bandwidth h > 0, the kernel estimators of fy and f, corresponding to formula (2.2) and (2.3) are

~ 1
Fn () = 5 / —WxGy (u) F Kp(u) du
and

—~ 1
fen ) = Y / e WG, (u) F Ky (u) du.
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3. Risk bounds and rates of convergence

3.1. Non-asymptotic risk bounds

We start by analyzing the performance of f;( It is important to stress that we can dispose of most of the assumptions
which have been imposed in earlier publications on the subject. Indeed the conditions on X and & which are imposed
in [15], namely boundedness of the support of fx and f; and nowhere vanishing characteristic functions, are violated for any
distribution which is commonly studied in probability theory. In [2] an estimator is constructed under weaker assumptions
on the distributions. But still, it is required in that paper that X have moments of all orders, which is certainly quite restrictive.
Moreover, the rates which are found by those authors turn out to be even slower than the rate results presented in [15]. It
is interesting to note that we can substantially improve upon these results, even though our assumptions are much weaker.

In[18], an implicit estimator of f is proposed. The strength of this approach lies in the fact that it is fully general. However,
the price one has to pay is the lack of constructivity. The estimator is found as the solution to an abstract minimization
problem, so the practical computation is not clear. Moreover, consistency of the estimator is shown, but rate results are not
given, so nothing can be said about the quality of the procedure.

Finally, Delaigle et al. [5] and Comte et al. [4] have studied estimators in a repeated measurement model, but it is assumed
in both papers that the distribution of the noise is symmetric. It is the main concern of the present publication to be able to
dispose of the symmetry.

In the sequel, we impose the following mild regularity assumption on the characteristic function of X:

(A4) For some positive constant Cy,
Vu,v € Ry (v < u) = (Jox()] < Cxlex (V))).

The following bound can be given on the mean integrated squared error:

Theorem 3.1. Let K be supported on [—1, 1]. Assume that (A1)-(A4) are satisfied and that for some positive integer p,
E[]Y1|%"] < oo. Assume, moreover, that @y, is integrable. Then for some positive constant C depending only on p,

B[ — Il ] = 20 — Kns el

+CCXG(X,8,1,1/h) Vh/'“'
n —1/h

1/h Ju] 1 P
dzdu+ CG(X, e,p, 1 h)/ ( / 7dz> du,
l@e (2) 2 / 1/h o levy@P?

oy (2) = E[€72] = ¥(0,2) = ¢x(2)9: (2)

with

and

9 2\’
2 logy (0, x)‘ dx)
8u1

Jul
GX. e, p.u) == (logeell + Bl lox@e 1 + llokeell?)P + (/
0

n E[1Y1[P11(p2yuP n

1 2p
= E (1Y, 7]

In analogy with (A4), we impose the following assumption on the characteristic function of the errors:
(A5) For some positive constant C,,

Vu,v € Ry (v < u) = (Jo(W)] < Celpe (V)]).
The following bound can then be given on the mean integrated squared error ofﬁ:

Theorem 3.2. Assume that K is supported on [—1, 1] and the assumptions (A1)-(A5) are met. Assume, moreover, that for some
positive integer q > 2, E[|Y;]|*] is finite. Then for some positive constant C depending only on q,

=2 3 ) G(X, &, 1, 1/h)/‘/h/”
B ~Fal] = 0% 1<h*f5||Lz+CC[ ol ior®

1/h Juf Jul q-1
G(quql,l/h)/' 2(/ 2d></ 1 zdz> du
n 1k lex W] o lex (@)l o lev(@)]
G(X,&e,2,1/h)1/? /‘/h 1 (/” 1 )
_ dz | d
* n? i lex@ P \Jo ey @)]? )

G X, , 2 , 1/h 1/2 1/h 1 Jul 1 q 1 1/h 1
+ X, e, 29, 1/h) f 4</ 2dz) du+—2 4du].
nd —yn lox@I* \Jo ey (2)] % J i lox (W)
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Discussion It is easily seen that the assumptions (A4) and (A5) are not very restrictive. They are met, for example, for normal
or mixed normal distributions, Gamma distributions, bilateral Gamma distributions and many others. By a location shift, one
can always ensure that E[e] = 0.

The integrability condition on ¢y ¢, is also very mild. Under the above assumptions, it is automatically met if ¢, is inte-
grable but can also be checked in most other cases.

The upper bound in Theorem 3.1 differs from the bounds which are commonly found in deconvolution problems in two
ways: For one thing, there appears an additional inner integral in the variance term. This could be a consequence of the two-
dimensional nature of the underlying problem. On the other hand, it is completely unexpected to find, in the second variance
term, the characteristic function of the target density appearing in the denominator. On an intuitive level, this phenomenon
could be understood as follows: To draw inference on X some information on the noise is required. However, in comparison
to standard deconvolution problems, ¢ is itself an unobservable quantity and is contaminated by X. Consequently, X does
not only play the role of a random variable of interest but also, with respect to the error term, the role of a contamination.
This might explain the occurrence of ¢y in the denominator.

3.2. Rates of convergence

In what follows, we derive rates of convergence under regularity assumptions on the target density fyx and on the density
fe of the noise. For sake of simplicity, we assume in this section that K is the sinc-kernel, # K = 1;_1,1}.

Let us introduce some notation: For p, C; > 0, 8,c > 0, C; > 1, we denote by F“(Cy, C,, ¢, B, p) the class of square
integrable densities f such that the characteristic function ¢(-) = f e f (x) dx satisfies

Vu,v e RT 1 (u=v) = (low)| < Gle)|) (3.1)
and
VueR: o) < (14 Clu)~ ze—cl’,

If c = 0, the functions collected in F“(Cy, C3, ¢, B, p) are called ordinary smooth. For ¢ > 0, they are called supersmooth. By
FHCy, G, ¢, B, p), we denote the class of square integrable densities for which (3.1) holds and, in addition,

B
VueR: [p)| = (1+Cluf?) ze M’

For C3 > 0, we denote by (Cs, p) the class of pairs (fx, f.) of square integrable densities for which the following conditions
are met: For the characteristic function ¢x of fx and ¢, of f,,

(lgx@e + Ble*lpx@ellin + llgkee I172)P + BIX + £]*] < G
holds and moreover, (log ¢x.) is square integrable, with

I(log px+e) I < Cs.
Finally, we use the short notation

FX, e,p) = [J'?u(cl,x, Cax. & Bxs px) X F(Cre, Care, Co B Ps)] N 4(Cs, p)
and

FLUX, e, p) = I:?Z(Cl.x, Cox, ¢x, B px) X FU(Cre, Coe, Co, Bes ;Og)] N 4(Gs, p).

Estimation of the target density

We start by providing rates of convergence for the estimation of fx. Let p > 2. We may limit the considerations to
bandwidths h > n='/2, so the term n;‘fl appearing in the definition of G(X, ¢, p, u) is readily negligible. We consider three
different cases:
Case I Ordinary smooth density with ordinary smooth errors,cx = c. =0, x > 1/2, B, > 1/2.

Then the choice of the kernel, Theorem 3.1 and the definition of F¢(X, ¢, p) give

- 1 1
sup B[ I —Fal | = 00wn) = 0((1/m" + = (/072 + —(1/h)7)
(i fe)eF (X e.p) n n

with
vi=—2Bx+1, Y2 =2B: +2, 3 =pQR2B +2Be+ 1)+ 1.

Minimizing r,, , with respect to h yields for the optimal bandwidth h*,

1
1/h* = n2Be+20+1/p)Bx +1
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Plugging h* in gives
~ _ 2Bx—1)
sup [l — el | = O TR,
(Fx fe)eFHE (X 6.,p)

Case Il Ordinary smooth density with supersmooth errors, 8x > 1/2,cx = 0, ¢, > 0. Then

sup B[ Ik —Fal% | = 00w
(i fe)eF L (X, .p)

= 0B 4+ (/W exp(e, (1) + — (1/h) exp(2pe.(1/0))),
with

1= —28x + 1, Y2 = [2B: +1— p£)+ +1- p6]+7 Y3 = [p2B: +2Bx +1— /05)+ +1- ps]+'

Selecting h* as the minimizer of r, , gives

1 1 1/ps
1/h* = <—(log n) — — log(logn)” + O(l)) .
2¢, 2¢,
with

y:max{[):z+2ﬂx—1,1/p(?—|—2/3X—1>}.

& &

From this we derive that

sup [l ~Fwliz] =0 ((logn)*”?%> .

(Fxfe)eFUt (X, e.p)

Case Il Supersmooth density with ordinary smooth errors, cx > 0, c. = 0, 8, > 1/2.In this case,

sup B[ I — Fn I | = 0un)
(fx fe)eF Ut (X e.p)

1 1
= 0<(1/h)y1 exp(—2cx (1/W™) + H(l/h)y2 + E(l/h)”3 eXP(Zpr(l/h)”X)>,

with

vi=—2Bx+1—px, V2 =28 +2, y3 =[p2Px + 2B +1—px)+ +1— pxl+.

Minimizing r, j yields

p 1 1/px
1/h* = <7(log n) — — log(logn)” + O(l))
2¢cx

2cx(p+ 1)
with
V3i—"1
V="
(p+ D)px
Then it holds that

= 2 __p_ P/t Dy +1/(p+1)y3
sup E[fo _fX,h*”Lz] =0 n ?(logn) 7
(Fxfe)eFUt (X, e.p)

Estimation of the residuals
In analogy with the rates for the estimation of fx, we consider the following different cases:

Case I Both, f, and fx are ordinary smooth, cx = c, =0, fx > 1/2, B, > 1/2.Then by Theorem 3.2 and by the definition of
FEUX, €, p),

sup B[ If, — fallZ] = 00wn)
(fx fe)eF 4 (X e.p)

=0 ((1/h)V1 +Xame + Lamn + Lamn + l(1/!1)?5) ,
n n nP nP
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with

==2B+1 12 =2Bx+2, y3=4Bf +2B:.+2, ya=20+ Dfx + 20— DB +p+ 1,

ys =200+ 2)Bx +2pf: +p+ 1.
Minimizing r, j gives

1

1/h* < nbd,
with

b:=20+2/(p—D)Bx+200+1/p—1D)B+1+1/(p— 1.
Consequently,

-~ 2 _ 2Be—1
sup B[~ fwln] =0 (n ),
(fx.fe)eF LU (X e,p)

with b defined as above.
Case Il Ordinary smooth f, and supersmooth fx, cx > 0, c. = 0, 8. > 1/2.In this case,

sup B[ If ~fall | = 0Gww

(fxfe)eF L1 (X e.p)

<(1/h)”1 + —(1/h)"* exp(2cx (1/h)"¥) T (1/11)V3 exp(4cx (1/h)™)

+ Fﬂ/h)y“ expcx (p + D(1/)) + ﬁ(l/h)“ exp(2cx (p + 2)(1/h)px)>,

with

i=-2B8+1, v2=1[2Bx+1—px)y +1—pxly,

3 =[2Bx +2B: +1—px)+ +28x +1— pxly,

va=[Pp—1DCBx +2B +1—px)+ + 2Bx +1—px)+ +2Bx +1— pxls,

¥s = [P2Bx +2B: +1—px) +4Bx + 1 — pxl+.
Then

NACER) 1 , VX

1/h* = (72(5)((}74— D logn 2 log (logn)” + O(l))

with

V—l/(p+1)(p +2/38—1>

This implies

2Be—1
sup E[Ilfg A h*IILz]—O<(logn) o )

(fx fe)eF“U(X,&,p)

Case III f, is supersmooth and fx is ordinary smooth. Then

—~ 1
sup B[ ~Fonlld ] = 0un) = 0<<1/h)” exp(—26; (1/W)") + —(1/h)”

(fx fe)eF EU(X.e.p)

a /h)V

*(1/’1)”3 exp(2c:(1/h)*) T ——(1/)" exp(2c.(p — D(1/M)™) + ——— exp(2c.q(1/h)"*) )

with
Vi=2B+1—p0¢, V2 =2Bx+2, 3=1[CBx +2B: +1—pe)y +28x +1— p.ly,
va=[@— DB+ 2B +1—p)y +4Bx +2 — pcly,
Vs = [PQBx +2B: +1—p)y +4Bx +1— pely.

We arrive at

-1 1 1/pe
1/h* = ((p ) logn — — log(logn)”> ,
p2 2c

& &
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Table 1
Rates of convergence for estimating the target density.
cx=0,¢c,.=0 cx=0,¢.>0 cx>0,¢c.=0
—~ _ 2px 1 21 b
T n_ 20F1/pfx 2P 1 (logn)~ e (logn)Yn™ pF1
o 2x—1 _2px-1
T n_ xR+ (logn)™ (logn)”n~3

Table 2
Rates of convergence for estimating the noise density.
cx=0,c.=0 cx=0,¢>0 &x>0,¢c.=0
_ 2Be—1 2B:—1
-~ 2+ 20+ g o PFHT _p-t — 2Pl
T I e S (logn)’n~ "7 (logn)
__2Bx—1 _2Be—1
jc;Lv n_ Px16Peta (log n)Vn’% (logn)™ “#x
with
_ 1/p(ys — 1)
Pe
which, in turn, implies
p=1, .1
P y1+pV3

sup B[l ~Foe %] =0 (n"7 dlogn)
(. fe)eF £ (X e.p)

Discussion: We have not considered the case where both, the target density and the error density, are supersmooth. Deriving
rates of convergence in this framework requires the consideration of various different subcases, leading to rather tedious
and cumbersome calculations. We omit the details and refer to [ 14] for a detailed discussion on the subject.

Comparison to earlier results

We have mentioned that the rates of convergence derived above differ substantially from the rate results given in [15].
To illustrate this point, the rates are listed in Tables 1 and 2.

We need to be careful about the fact that the rates of convergence given in [15] are derived under the assumption the
moments of all orders and even all exponential moments are finite, which compares to p = oc. There is no difference in the
rate when an ordinary smooth target with supersmooth noise is being considered. In any other case, the gap in the rate is
striking.

It is interesting to note that the rates of convergence found in the present publication do also differ from the rates which
have been found for estimators in the structurally simpler case of panel data with symmetric errors, see [5] and [4]. In the
table below, fX is understood to be the estimator for the symmetric error case, defined according to Comte et al. [4] and
8 € (0, 1/2) is arbitrary (see Table 3).

Table 3
Rates of convergence for estimating fx, symmetric vs. non-symmetric error case.
cx=0,c.=0 cx=0,¢c.>0 cx>0,c.=0
~ _ 2fx 1 251 »
A n” 2OF A 2B 1 (logn)™ #e (logn)¥n™ p+1
__ 2px—1 28x—1

Zsym n~ 2Bx VBT logn) ™o logn)?n~1+°
X

The convergence rates coincide if an ordinary smooth target density with supersmooth errors is being considered. When
2By —1

both, fx and f; are ordinary smooth and Sy > S, holds, f Fom attains the rate n Zﬂxﬁzﬂg Wthh is known to be optimal in
deconvolution problems. In this situation, fx shows a slightly worse performance than f , which is not surprising in light
of the fact that the model with non-symmetric errors has a more complicated structure. However it 1s certainly surprising
to notice that for 8, > (1 + 1/p)Bx + 1/2, the rates forfx are substantially better than the rates forfxym.

4. Simulation studies
4.1. Some data examples

For the practical choice of the smoothing parameter, we use a leave-p-out cross validation strategy. We consider
the parameter set M = {1, ..., /n} with each parameter m corresponding to the bandwidth 1/m. Given any subset
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Table 4
Comparison of the empirical risk for the adaptive and oracle choice of the bandwidth.
n 7o Tod 7o Tud
X~T(4,2), e ~bl(2,2,3,3) X ~N(©0,1),e ~bI'(2,2,3,3)
100 151 1.98 1.04 1.98
1000 0.34 0.76 0.19 0.44
10,000 0.15 0.40 0.07 0.16
X~ WN(0,1),e ~mN(=2,1,2,2) X~bra,1,2,2),e~
r4,2) -2
100 3.10 4.10 1.35 1.72
1000 1.18 3.52 0.27 0.74
10,000 0.40 0.67 0.13 0.38
N = {ny,...,n,} € {1,...,n} of size p, we build an estimator '(ﬁ)’}’ of ¢x based on the subsample (Yy)en, as well as an
estimator @;N based on (Yy)xgy. For m € M, we may use

U 1 _
Llox, Ox,1/m) = 6 Z ||<,0,[2]J“'~K1/\/ﬁ _(pr}VKI/m ”iz
p

N={n1,...,np}
as an empirical approximation to the loss function
Lex, Ox,1ym) = llox — ax,l/mﬂiz-
Minimizing the empirical loss leads to selecting
m = argmin{m € M :?(wx,@x_l/m)},

and working with the bandwidth i = 1 /m, thus defining the adaptive estimator g% = @y 4.

Simulation experiments indicate that the procedure works reasonably well with p = 10. However, it is evident that even
for small sample sizes, the complexity of the algorithm explodes and the procedure is numerically intractable. To deal with
this problem, we use a modified algorithm. We subdivide {1, ..., n} into n/5 disjoint blocks By, . . ., By/5 of size 5 and build
our leave-10-out estimators, based on the subsets Ny = By UBy41, k=1,...,n/5 — 1.

We work with a Gaussian kernel and try the procedure for the following target densities and errors:

(i) X has a I'(4, 2) distribution and ¢ has a bilateral Gamma distribution with parameters 2, 2, 3, 3, that is, the corre-

sponding density is the convolution of a I"(2, 2)-density, supported on R, and a I" (3, 3)-density, supported on R_. In
the sequel, we abbreviate this type of distributions by bI"(2, 2, 3, 3).

(ii) XhasabI'(1, 1, 2, 2)-distribution and the errors are, up to a location shift, I" (4, 2)-distributed, thatis,e+2 ~ I"(4, 2).
In the sequel, we write ¢ ~ I'(4, 2) — 2. (The location shift is necessary to ensure that E[¢] = 0 holds true.)

(iii) X has a standard normal distribution, X ~ A~ (0, 1) and e ~ bI"(2, 2, 3, 3).

(iv) X has again a standard normal distribution. € is a mixture of two normal distributions with parameters —2, 1 and 2, 2.
We use the notation e ~ mN (-2, 1, 2, 2).

We run the procedure for n = 100, 1000, 10,000 observations. Based on 500 repetitions of the adaptive procedure, we
calculate the empirical risk 7 and compare this quantity to the empirical risk 7" of the “estimator” with oracle choice of
the bandwidth. Here, the oracle bandwidth h* is understood to be the minimizer of the loss itself. More precisely, with

m* = argmin{m € M : £(gx, @x,1/m)},
the oracle choice of the bandwidth is h* = 1/m*.
The values, multiplied by 100, are summarized in Table 4.

4.2. Comparison to the symmetric error case

We have mentioned that so far, the model of repeated observations has mainly been studied under the additional
assumption that the error terms are symmetric. In Section 3, it turned out that our rates of convergence are, in some cases,
better than the rate results presented in [5] or [4]. So far, it is not clear if this gap in the rate is due to a sub-optimal upper
bound in the mentioned papers or to a different performance of the estimators themselves. Simulation studies indicate
that the estimator which has been designed to handle the case of skew errors does indeed outperform, in some cases, the
standard estimator for the symmetric error case. Before having a look at some data examples, let us give a brief outline on
the estimation strategy for the symmetric error case: In the panel data model, suppose that € has a symmetric distribution.
In this case,

d .
Yii—Yi2a=¢1—¢2=¢1+¢2 j=1...,n
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Consequently, gy, _y, = gog. An unbiased estimator of <p§ can then be built from the data set (Y} 1 — Y] 2)j=1,....n. Taking square
roots gives an estimator ¢, of ¢, and a regularized version of this estimator is plugged in the denominator. Again ¢y can
be estimated directly from the data. For the details, we refer to [4]. In the sequel, we denote by Z/?)s(y ™ the estimator for the
symmetric error case.

As indicated by the theory, it turns out that ¢y performs substantially better than '(ﬁf(y ™ if the error density is very smooth,
in comparison to the target density. To illustrate this phenomenon, we have a look at the following examples:

(i) X hasa I'(2, 4)-distribution and ¢ ~ bI"(3, 2, 3, 2).
(ii) X ~br(1,2,1,2)ane ~ bI'(4, 3, 4, 3).

When we consider target densities which are very smooth, in comparison to the error density, the estimator discussed in
the present paper does, on small or medium sample sizes, still perform slightly better than the estimator for the symmetric
error case. However, this difference in the performance is small and vanishes completely as the sample size increases. For
illustration, we consider the following examples:

(iii) X ~ bI'(4,3,4,3)and e ~ bI'(1, 2, 1, 2).
(iv) X ~ ¥ (0, 1) and & ~ bI'(3,5, 3, 5).

In Table 5, based on 500 repetitions of the estimation procedure (with oracle choice of the bandwidth), we compare the
empirical risk 7 of @x to the empirical risk 7™ of gy"". The values are multiplied by 100.

Table 5
Comparison of the performance of ;" and @x.
n ‘Fur ‘I'xym,or ‘Fur ‘I‘sym,or
X ~I'(2,4), ¢ ~bI'(3,5,3,5) X~bIr(1,2,1,2) e ~
br'(4, 3,4, 3)
100 9.72 25.31 437 12.09
1000 5.92 15.75 2.44 8.02
10,000 3.96 10.38 1.49 5.25
X ~bI'(4,3,4,3), ¢ ~bI'(1,2,1,2) X ~ N(0,1), ¢ ~bI(3,5,3,5)
100 0.93 1.45 0.63 0.90
1000 0.32 0.42 0.18 0.25
10,000 0.06 0.06 0.08 0.07

Conclusion: Our simulation studies indicate that our estimator is, in some cases, preferable to the estimation procedures
designed for the symmetric error case. In other cases, the performance of both procedures is practically identical.

However, if the errors are unknown it is clear that in practical applications, one cannot be sure if the symmetry
assumption on the errors is satisfied, so we conclude that it is preferable, in either case, to work with the procedure which
is designed for the non-symmetric case.

5. Proofs
5.1. Proof of Theorem 3.1

We start by providing some auxiliary results to prepare the proof of Theorem 3.1. In the sequel, we use the following
short notation.

1 1
R(u) = — =,
v YW

—~ ~ 0
b(u) == ¥ (O,u) —¥(O0,u) and ¥'(uy) := a—u] log ¥ (0, uy).

. 9 d - o, 0
c(u) == —v(0,u) — — (0, u); Gi(u) =1iYj "2 — — (0, u);
auq duy ' ouy

Moreover,

u(EUO,u) oy (0,ur)
A(u) ::/ ~ - ! dU2.
0 ¥ (0, up) ¥ (0, up)

First, we consider the deviation of 1/ 1; from its target:

Lemma 5.1. It holds that for some positive constant C depending on p,

EH 1 3 1
Y(0,u) (0, u)

2p - Cmi nP 1
] = cmin VO, W ¥, u)|2p]~
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Proof. Consider first the case where | (0, u)| > n~'/2, We start by observing that

B[ B[] < # (B[ 1w ©,w - 70w ] +E[[#0,u) - F0,w*]).

By Rosenthal’s inequality, for some constant C depending on p,
o~ 9 C
B[l 0.0 - 0.0*] = .
Moreover, by definition of 1;
~ ~ ~ 2p
B[17:0,w) = F 0, w” | < B[ (190, w1 +172) " g0uycuvzy | = 4070,

Consequently, ]E[|B(u) |2p] < Cn"P. Now,

‘ I bw " _ 4p( [b(w)|* [b(w)|* )
0.1 YOwl YO wyOuwl T \EO.w® |y, w4y O,u)@/
We have
[b(u)|2° n~P
20 wm) = owm
and, since 1/|v (0, u)| < +/n by definition,
. )
E[ (b ]5c n”4'
(0, u)|% [ (0, u) |2 [ (0, w)|*

On the other hand, for [y (0, u)| < n~'/2, we have the series of inequalities

E 4p<|w<o,1u)|2p +IE[|€Z<o,1u>|2!’]) = 4p(|w(o,1u>|2" +)

= 4p(|w<o,2u)|2p>'

2p

IE[’ 1 3 1
Yv(0,u) ¥ (0, u)

This completes the proof. O

The following result gives control on A:

Lemma 5.2. Assume that E[|Y;]?"] < co. Then for some positive constant C,

1/ 1 P
E[| AW a0 fcc(x,e,u,p)—(/ 7@2)
146 awi-n] w\Jo [ O.uw)P
with
, ‘“' P U1 E[|Y:[?P]
GOX, &4, p) = (e + Eleloxgell + ok + ( / /(1 dx) + A FEV ).
0
Moreover
2 1M 1 P
El|A(u 1 < <CGX,e,u,p)— ——du .
[1AW) P 1 aw)<1y] < CG( p)nl’ (/0 0. 1) 2)

Proof. We can estimate

ufY0,u) Y0, up)
|A(u)| = / L — - dup| <
0 ¥ (0, uy) ¥ (0, uy)

/“ 2P0, 1) — (0, )
duz
0 1»[/(0’ u2)

Y79 ~ d
/ (78 ¥ (0, uz) — — (0, Uz)) R(uy) du,
0 Uy auy

+ +

/ i‘//(0, uz)R(uy) du,
o Ou
= Ay(u) + Ax(w) + As(w).
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Rosenthal’s inequality (see, for example, [11]) gives for some constant C depending only on p:

9 3
u (D90, up) — 2% (0, up) Gi(up)
2p auq duq 2
E[Al(u) ] o E[ /o ( ¥ (0, up) ) duz Z/ ¥ (0, UZ)

2p 2p

_IE

]

1 " Glup) Y1 " Gup) »
<C<"”(E[ V1) M D +nz,,4E[f0 J 0,1 M )

Using Fubini’s theorem, the Cauchy—Schwarz inequality and Lemma A.1, we derive that
! a(uz)

E[ / / Cov(G(x), G(y) dedy
o v(O, Uz) o V(0,0 (0, —y)

E[(iY,)*e* "] )2eitx= WZ] E[iY ™2 ]E[iY e V2]
/ / dy—/ / dxdy

o ¥(0,0)%(0, —y) o Jo  ¥(O0,x)v¥(0, -y
|IE[(IY )2 l(X—y)Y2]| /u ) 2 i u 1
dxd E[(iY 'XWdeid

/ / T oo XY= e e e @

“
< (lo§es + Ele*loxe: / ——dy.
< (loxge + Ele*loxe 1) oY

For p > 2, the Cauchy-Schwarz inequality gives

1 u ’C}(uz) 2p 1 u 1 p u 12 p
nzp_]E[ /(; ¥ (0, up) iz ] = (/0 [V (0, up)[? duz) IE[</o Gl duz) ]

4PE[|Y;|?P ! 1 P
< VEIGITT , / U a).
n2p-1 o ¥ (0, u)]?
We have thus shown

IE[A()ZP]<CG(X )<]/u]d )p
=R e RO wewe )

Next, thanks to Lemma 5.1 and the Holder inequality,

U9 2p u
s asw?] =5[] [ 2y 0. uRa) due ]:EH [ v wrw)
0 0

|u| p |ul p
< (/ |W(x)|2dx> E[(/ ¥ (0, U2)|2|R(uz)|2duz> ]
0 0
|ul , 5 p Jul 1 p—1 Jul 1 » »
</o el dx) (/o TGRS d”2> /o 0y VO ) PE[IRG) | dug
C [u] , ) p Jul 1 p 1 Ju| 1 p
rTP(fo 7l dx) (/0 90, )2 d“2> ECG(X’g’p’”)<E/o 90, 1) d”2>'

Finally, another application of Lemma 5.1 and the Holder inequality gives

125)

2p

]

IA

p

J=2|
W Pt plul [0, o) PE[ B2 R(w) P
< (/ _— dU2> / dU2
0 0

|¢(07 u2)|2 |w(07 u2)|2

( /|u| ! )p—l /m 190, ) PPE3 [ [8(uy) P2 [ B3 IR(ua) 7]
0 0

d
90, w2 90, 1)

< HH( /'“' IR )” S u>(1 /“' R )"
=t o WO upp 2) =TSP 0, mE M)

Aj =AW = {|A@)| > 1} N {argmax,_; 5 3 [A(W)] = j}.

p

E[A3(u)p] = IE[

Y9 ~ 0
/ (78 ¥ (0, uz) — — ¥ (0, Uz)) R(uz) duy
0 uq 8111

/ TRy duiy
0

=

duz

We set
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We may use the fact that on A;, A(u) < 34;(u) as well as A;j(u) > 1/3, to conclude that
E[lA@WI1a@=1] < 3(E[|A1<u>|u1] + E[|42(w) |14, ] +E[|A3(u)|u3])
= 37 (B[l 41 ] + E[| 4[] + E[1 43)P] ).

Combining this inequality with the moment bounds on the A;(u), we have shown that for a constant C depending only
on p,

E[1A@ a1 ] < CGX. &, p 1)~ (W(o] — du2>p.
Next, we define
B ={lAw)| < 1} Nn{max{Ayw)|k=1,2,3} =j}, j=1,2,3.
It holds that
E[|A(u)|2p1(‘A(H)‘§1}] <o (E[Al(u)zplgl] +E[A )P 15,] + IE[IA(u)|”133])
= 9 (BLA1 (07 15, ] + BLA @ 15, ] + E[ A3 @) 15,]).

This implies, using again the moment bounds on the A;,

1 [l 1 P
E[1A@ P Tjawi=n] < CGKX. & p.u f/ e ) -
|[A@[F 1 awi<1y | < CGX, &, p, u) nto WO uwpR

We can now prove the upper bounds forf(,h:

Proof of Theorem 3.1. Parseval’s identity gives
-~ 2 2 1 2 = 2
B[If =Rl ] = 2l = ksf I + — [ 17 Kn@PE[lox ) = Bl ] du.

We use the trivial observation that |gx (1) — @x ()| < |@x(u) — m"d(u)| as well as the fact that for z € C with |z] < 1,
|1 —exp(z)| < 2|z| holds, to derive that

lox (W) — @x W) Tgawi=ny < lox@) — P a1
= lox@ (1 — ¢ W) /ox W) T aw)=1y = lex @) (1 — exp(AW))) 1 aw)<1)
< 2lex W AW 1 aw)<1)-
On the other hand, using the fact that |gx (u) — @x (1)| < 2, as well as the Markov-inequality, we can estimate
lox () — ox WP 1aw)=1) < F1AWTgaw)|=1)-
Lemma 5.1, Lemma 5.2 and (A4) thus give

IE3[|€0x(u) —ax(u)lz] < 2lox W PE[|AW) P Tgawi=ny ] + 4E[1 AW 1jaw)=1]

L L&.e Ly 1’u)l ( )szlu 1 + CG(X )(1 /M _ g )p
< u u &, p, U\ — u
no WO, w2 nJy WOl

ccxc(x e, 1,u) /“ (1 /" 1 )P
< du, + CG(X, e, p, u)| — ——duy | .
e )2 POy w0 u

Hence, by assumption on the support of K,

CCxG(X, e, 1, 1/h) (1" /'“'
n “1/h |<pg(z)|2

cc(x &, p, 1/h) /Vh </'“' )P
——n du, ) du.
1m\Jo ¥ (0, up)l

1/h
[ kPl - gt eu <
—1/h

This completes the proof. O
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5.2. Proof of Theorem 3.2

Lemma 5.3. Let q > p. Assume that E[|Y;]*9] < oo. Then for some positive constant C depending only on p and g,
2p u p
G(X,¢e,p,u) (1 1
] J=SRern (] ;o)
loxW)[? \n Jo [¥(0, ur)]

N G(X,e,q,u) (/“ 1 i >q+ 1 ]
loxna=> \ Jo 190, uw)? nP|gx (u)| % 1

1 _ 1
ex(W)  ox(w)

Proof. We have

gl

Using the definition of@""d, as well as the fact that | exp(z)| > 1/e holds forz € C, |z| < 1, we derive that

1 1 |

oxW)  Px(u)

] _ IE[Isox(u) - '@x(u)lz”]
loxWgx )P 1

107 W) 1 a@i<1) = lox W] exp(AW) | 1jaai<1y = 1/elox W) Tgaw)<1)-

Consequently, by definition of @x and @y,

~ - ~mod
lox W awi<1y = lex W 1jaw)<n <|<P>'}w (W11 jpmod <1y + l{w)ﬂ(md(u)‘zl})1{|A(u)|§l}

\

> %|<ﬂx(u)|1[m(u>\51}-
Next,
0x ) = Fx @7 = 4 (lox ) = x @I + Bx (W) = Fxw[*)
and it holds that
B [9x () — Bx @[* | = B[ [Bx ) = Bx @1 001201 |
< B[(@x @+ 172715, yypim | < 4077
We use Lemma 5.2 to conclude that

E[I(Px(ﬂ) - ax(u)lzpl{m(unfl}]

1/e2P|px (u) |4
2lex WIPE[ AW PP 1ja@ <yl +n7P
1/e2P|x (u) |4

G(X,e,p,u) 1/“ 1 )" 1
c(—————=-| ———d — ).
- ( lox (w2 (n o ¥ (0, u)]? = +np|¢>x(u)|4p>

Next, using the fact that by definition of @x, | 1/@x(u)| < +/n holds, as well as the fact that

IE[ lox (u) — &de(“)|217

— Tqa 1]5
lox Wy (y2e 1AW=

1 <3 1 1 _> 1 lox (W) — @x (W)
x| T ex(w) oxw)  ox(u) ox(w) lox (W) @x (W]
we conclude that
lox (1) — Py ()| ) A E[Wx(u) - ax(u)|2p1[m(u>\>1}] pE[Wx(U) - 5x(u)|4p1{|A(u)|>1}]
— = 5 u)|> =
[ [ox (W) ()22 -] < lpx ()| o lpx ()| )

IA

E[|A(u)|1{m(u)\>u] +n7? E[|A(u)|1{m(u)\>1)] +n %
| |
lox (w4 lox (u)]4

Ml/; a1
= Tl b<n0|mamwdw>+nJ'

This completes the proof of the lemma. O
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Proof of Theorem 3.2. By Parseval’s inequality and by assumption on the support of K,
. 1 1/h
B - Fal] <208 —kofitl + ~ [ £fi0.0 - 9.0
—1/h

It holds that

yO,w YO uf
wx (1) @x (u)

o~ O, _AO, 2
pe (1) — @ () |? 3(W( u) — ¥ (0, u)|

lox )]
2

+ 1Y u

1 2

x (U) ox (u)

+ 1Y (0, u) — P(0, u))?

)-

<px(u) P
Since v (0, u) is a characteristic function and 1’//\(0, u) its empirical counterpart,

E(Y©.w -y O.wP] _ ;1
lox (u)[? T e
Lemma 5.3 and assumption (A5) yield
1

2
ox(u)  Px(u) }

GX,e,1,u)1 [ 1 G(X,e,q,u) u 1 q n!
< Cl¥ (0, u)|? f/ dz + (/ d) +
= v .uf| ox@ 2 nJy |w<o,z>|2 e\ Jy w002 ” |</)x(u)|4]

,[G(X, &, 1, u)/ GX, e, q,u) /” 1 )q 1
= Clo-w| |1/f(0 o |<Px(u)|2”q_1< ) wo.or®) ”|<ﬂx(u)|2]

A U)IZJE[

<cC [G(X &1, u)/ dz + G(X,e,1,u) (/u 1 dz)(/u 1 dz)q_l N 1 ]
|<PX(Z)|2 lox W) [>n1=1\ Jo lex(@)[? o |¥(0,2)2 nlox )21

Finally, using the Cauchy-Schwarz inequality and again Lemma 5.3, we derive that

1 1

o) Px(w)

2
IE|:|1//(0,u) v, u)? ] EZ[Iw(O u) — @(O,u)r‘]]E%[

wx(u) Pk ]

<C[G(X,£,2,u)% /u ! du +G(X,s,2q, (U))% (/u 1 du )q-i-l ]
=l jgPn Jo ouwP T ekt \Jy [, uwm) ) T nlextd

Putting the above together, we have shown that for some positive constant C,

1/h . 2 G(X g1, -l/h) /l/h /lul
E| . (1) — @, du < CC;,
/—1/ [go W= (u)‘ ] "= [ 1/h |<,0x(7-)|2

G(X G(X,&,q,1/h) /”h </|u| 1 )(/u )q_1
dz dz du
G yn lex@P\Jo  lex(@)]? 0 |1ﬂ(0,2)|2
c(x €2, 1/h)1/2/ 1 (/” 1 )
dz ) du
n n lox@?\Jo  [¥(0,2)[2

G(X,e,2q, 1/)V2 i 1 lul 1 a1 U
+ 3 Toae¥) T2 T4 d”]’
nd —yn lex@1* \Jo ¥ (0, 2)] n* J_im lox ()]

which gives the statement of the theorem. O

Appendix
Lemma A.1. The following holds for the partial derivatives of vr:

Sk
0.1 = B[ e ] =3 (m> ELGie)* e (n2) gy (12).

m=0

du k

45
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Proof. By definition of iy and by independence of X, &; and &,

o G ,
— (0, up) = E[_elu1Y1+lquz _ ] — E[ iy’ kezquz]
8ul1‘ W( 2) 3”’{ |U1 0 ( 1)

: k s\ s —m jiu ity & : k . —m sy M iU iuye
= ,,;(m)E[(lX) (is,)<meltaX git2 2] = ;<m>m[(zs)k JE[(X) e |E[e"2¢]
£ k . \k—m (m)
= Z( )E[(ze) lps (U2)py™ (1), O
m=0 m
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