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The aim of the present paper is to clarify the réle of extreme order statistics in
general statistical models. This is done within the general setup of statistical
experiments in LeCam's sense. Under the assumption of monotone likelihood
ratios, we prove that a sequence of experiments is asymptotically Gaussian if,
and only if, a fixed number of extremes asymptotically does not contain any
information. In other words: A fixed number of extremes asymptotically contains
information ifl the Poisson part of the limit experiment is non-trivial. Suggested by
this result, we propose a new extreme value model given by local alternatives. The
local structure is described by introducing the space of extreme value tangents. It
turns out that under local alternatives a new class of extreme value distributions
appears as limit distributions. Moreover, explicit representations of the Poisson
limit experiments via Poisson point processes are found. As a concrete example
nonparametric tests for Fréchet type distributions against stochastically larger
alternatives are treated. We find asymptotically optimal tests within certain
threshold models.  © 1994 Academic Press, Inc.

1. INTRODUCTION AND NOTATION

The present paper aims to clarify the rdle of extreme observations within

i.i.d. models of real valued random variables in the asymptotic setting. The
starting points of our investigation are the recent monographs of Reiss
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[19] and Resnick [21] about extreme value theory where the high mathe-
matical standard of extreme value theory is documented. On the other
hand, the asymptotic statistical theory was recently deeply influenced
by the description of models given by tangent cones; see Pfanzagl
and Wefelmeyer [18], which goes back to earlier work of Koshevnik and
Levit [11].

The investigation of the structure of extremes and their statistical
experiments has two aspects, which may be described as follows:

I. What is the asymptotic contribution of a finite number of extremes
for a given arbitrary model?

II. Which kind of asymptotic models can be used for extreme value
problems?

The present questions can naturally be embedded in the universal
applicable theory of statistical experiments of LeCam [12]. Recall that the
asymptotic statistical properties of a given sequence of rowwise i.i.d. obser-
vations are completely described by the class of infinitely divisible limit
experiments F=G® P which can uniquely be decomposed into the
product of a Gaussian experiment G and a Poisson experiment P; see
LeCam [12, Chapt.9] and Milbrodt and Strasser [17]. Within this
concept, the relevance of a given portion of extreme order statistics is
discussed in terms of their limit experiments.

The most popular models (such as those given by tangent cones) are
asymptotically Gaussian models. In that case, a finite number of extremes
can asymptotically be neglected without any loss of information. In these
circumstances, the extremes are often suspected to be outliers and they may
be thrown out for the sake of robustness. In Section 2, the main result,
Theorem 2.2, shows that this is the only case where extremes may be
cancelled. The Gaussian limit experiments are completely characterized by
extremes: Under monotone likelihood ratios the limit experiment is
Gaussian if, and only if, the extreme observations yield no information.
The consequences of that result are twofold: Note first that extreme value
problems cannot be described by asymptotically Gaussian experiments
(including tangent cones) but Poisson experiments appear naturally.
Second, the result gives a further foundation of extreme value theory which
is always relevant except for the purely Gaussian limit case. The charac-
terization of Gaussian limit experiments may be compared with the
behaviour of central order statistics; see Example 2.3. They are, of course,
non-negligible and are frequently used as rough estimators of the under-
lying parameter. Finally, we remark that there is a formal accordance
between the present results for statistical experiments and sums of inde-
pendent random variables considered earlier by Gnedenko and Kolmogorov
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(3] and Loeve [15]. They showed that the underlying sums are asymptoti-
cally normal if, and only if, the lower and upper extremes converge to zero
in probability.

In Section 3, we show that certain Poisson limit experiments can
completely be described by extremes. Note that from abstract results it is
known that they can be realized by Poisson point processes; compare with
the general program of LeCam [127] and Milbrodt [16]. Here, we find an
explicit representation via extreme value processes of that result. The
results of Section 2 suggest extreme value models given by a set of inten-
sities of Poisson point processes, which stand for a collection of local
extreme value alternatives. The local structure of alternatives is described
by the space of extreme value tangents, which is introduced (Definition 3.1).
In Section 4, a first statistical application of the concept of extreme value
tangents is given by an example. We study tests for Fréchet type distributions
against stochastically larger alternatives. They have a natural interpretation
within the concept of intensity measures and hazard rates. As an application,
their asymptotic optimality is discussed. In order not to disturb the main
ideas of the present paper, all proofs are postponed to Section 5.

For the remainder of this section, the notation is introduced and some
facts concerning statistical experiments are recalled. The reader is referred
to LeCam [12], LeCam and Yang [13], Milbrodt and Strasser [17],
Strasser [23], and Torgersen [25].

Let E=(Q, o, {P,:teT}) be a statistical experiment (sometimes
briefly denoted by {P,:teT}) Then E" denotes the nth product experi-
ment of E consisting of the product measures P;. The restriction of E to
some subset & c T is denoted by E|4. Let

dP, 4P, < dP, >_11 ( dP, >+ool ( dP, >
dP, d(P,+ P)\d(P,+P,) © <)\ g(P,+ P,) O \d(p,+ P,

denote the likelihood ratio of P, w.r.t. P,.

Two statistical experiments E=(Q,, o, {P,:1eT}) and F=(Q,, o,
{Q,:teT}) are called equivalent (E~F) if the distributions of ali
likelihood processes of E and F coincide:

(@)...17)=< ().

The weak convergence of classes of experiments (w.r.t. ~) is defined by
the weak convergence of all finite dimensional marginal distributions of the
log-likelihood process. The weak convergence of E, to E is denoted by
E,—-E

Qs>, seT.
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By definition,

d(P, Q)= (% J ((d(—;f—Q)y/z - (B(Td_%Q—))lu)z AP+ Q)>'/z

is the Hellinger distance and ||P— Q| is the norm of total variation
between two probability measures P and Q. Recall that

I—d*(P", Q") =(1-d*(P, Q)" (L.1)

and that weak convergence of experiments implies convergence of the
corresponding Hellinger distances.

Let E,=(Q,, &, {P,, 0,}), neN, be a sequence of binary experiments.
A sequence (Q,), is called contiguous to the sequence (P,), if P,(A4,)—0
implies Q,(A4,) — 0 for 4, € o/,. Suppose that (E,), is weakly convergent to
some binary limit experiment E = (£, &/, { P, 0}). By LeCam’s first lemma,
the sequence (Q,), is then contiguous to the sequence (P,), iff Q is
absolutely continuous w.r.t. P.

An experiment of mutually absolutely continuous distributions is called
Gaussian if at least one log-likelihood process is.a Gaussian process. For
example, the experiment (R*, #*, {N(tI, I'):teR*}), where N(a, I')
denotes the normal distribution with mean @ and covariance matrix I” on
R*, defines a Gaussian experiment which is usually called Gaussian shift on
R* An experiment E, is said to be totally uninformative if all distributions
coincide for teT. Recall that convergence of a sequence of experiments
({P, .:teT}), to the totally uninformative experiment is equivalént to
IP, ,— P, Il =0 forall 1,1,eT. In this case, no information about the
unknown parameter ¢ is available within the asymptotic setting.

A positive function L defined on some neighborhood [x,, o) of infinitely
is regularly varying (at infinity) of index peR if

L(tx)/L(t) - x*, t— 0.

For p=0 the function L is usually called slowly varying. For the back-
ground concerning regular varying functions, we refer to the monograph
by Bingham, Goldie, and Teugels [1]. The concept of regularly varying
functions has proved to be a powerful tool in extreme value theory
and for details we refer to Section 8.13 of [1] and to the monograph by
de Haan [4].

Let S be locally compact with countable base and let # denote the
corresponding Borel o-field. Designate by M(S, #) the set of all locally
finite point measures defined on S. Recall that ue M(S, %) if there exists
a denumerable set of points x;€ S, i€ 1, such that y = 2ierEs and p(K) < oo
for every compact set K. The set M(S, &) is endowed with the o-field
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M(S, #), which is by definition the smallest o-fied such that the projec-
tions u — u(B), Be B, are measurable. The space M(S, #) is Polish in the
vague topology. Moreover, the o-field .#(S, #) coincides with the Borel
(= Baire) o-field w.r.t. the vague topology; see Kallenberg [9]). Some-
times, we simply write M(S) and .#(S) instead of M(S, 4) and #(S, %),
respectively. A point process on (S, 4) is a measurable mapping N on some
measurable space (2, &) into M(S, #). An excellent introduction to the
theory of point processes is the recent monograph by Reiss [20].

2. EXTREMES OF ASYMPTOTICALLY GAUSSIAN MODELS

In this section, let P, ;, always denote continuous distributions of R, and
let X,.,<X,.,< - <X,., denote the order statistics of the canonical
projections X;: R” - R on the ith coordinate. The consideration below
deals with the k-dimensional lower and upper extremes given by

Wn.k=(Xl:n""’ Xk:n) and Zn.k=(Xn+]—k:na--'a Xn:n)' (21)
The associated statistical experiments are abbreviated by

Ej:n.jsk= (Rk7 93/\" {g(Wn.k | P:.S) : 969!1})

and E,, | _;.. ;< respectively, with W, , replaced by Z, ,, where &,c R
denotes a suitable parameter set with 1, — 15 for some parameter set ©.
Throughout, we assume that 0 € @. The following two theorems show that
under standard regularity assumptions asymptotic Gaussian models are
not appropriate for extreme value problems. On the other hand,
Theorem 2.2 is essential for extreme value theory. Note that whenever the
limit experiment is not Gaussian then the extremes yield a non-negligible
asymptotic contribution.

Asymptotic normality is often derived under the standard assumption of
Lé-differentiability (at 0) of a given family (P,), for some 1 <¢q <2, which
is satisfied if there exists some ge LY(P,), called the g-derivative of the

likelihood ratio, with
dP\"*
o((G) -1)fe-e

in LY(P,) as § -0 and

dPg _ _ .
P“<{d(Po+Ps>‘l})“’”‘9' )

as §—-0. By LY P,) we denote the space of L?integrable functions w.r.t.
P,.
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Recall that a family (P,), is called stochastically increasing if
Py ((x, 0)) = Py ((x, 0)) for all xeR and each pair §, > 3,. Before we
state our results, note that the totally uninformative experiment E,
contains no information about the unknown parameter §.

2.1. THEOREM. Assume that the sequence of experiments (R", #",
{Pr ,:9€8,}) is weakly convergent to some Gaussian limit experiment G.
Either let

(a) P, y=P, 1y arise from an Lé-differentiable family (Pg), (at
zero) for 1 <q<2, or let
(b) (P, 4)4 be stochastically increasing for each n.

Then for each k > 1 the extreme value experiments E;., ., and E, . | _, .,

are weakly convergent to the totally uninformative experiment E,.
Under slightly stronger conditions also the converse of Theorem 2.1 can
be obtained. In that case, Gaussian limit experiments are completely

characterized by the extremes. Recall that a family (P,;), on R has
monotone likelihood ratio in x, if for each pair 3, < 3,

dpP,,

@, (x)=hy, g(x) (2.2)

holds P, + P, -almost everywhere for some nondecreasing function
hg, 3, R—[0,00]. It is well known that (2.2) implies that (P,), is
stochastically increasing; cf. Witting [26, p. 214]. The boundedness
assumption of (2.3) below is standard in asymptotic theory; cf. [17, p. 40].

2.2. THEOREM. Assume that (P, )4, ¢, admits monotone likelihood ratios
in x for each n € N. Let the n-fold product experiment E" = (R", #",
{P, ,:3€0,}) be bounded, that is,

limsupnd*(P, ,, P, )<o0  forall,,9%,. (2.3)

n—x

Let E" be weakly convergent to some limit experiment E. For fixed k € N the
Sollowing assertions (a)—(c) are equivalent:

(a) E is Gaussian.
(b) For each $¢

dpP
(log A(Xi:n) -0

dPn.O >ie{l,.4..k,n+l—k.....n)
in P, - and P, s-probability.

() Ejnjex—Eoand E, \_;., i<ci— Ey weakly as n — oo.
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In the case of central order statistics the situation is completely different.
The experiments of central order statistics are in general not negligible and
often again asymptotically Gaussian, as can be seen from the next example.

2.3. ExaMpPLE. Let Fdenote a distribution function on R with absolutely
continuous Lebesgue density f and finite Fisher information 7,= | (f"(x))¥/
f{x) dx < co. Consider the stochastically increasing location family P, with
distribution functions F(-— 9).

Whenever f(F~'(q))>0, 0<g<1, the experiment of central order
statistics

(R, B, {L(Xpyyn | P'o1sy) i SER))

[ng):n
converges weakly to the one-dimensional Gaussian shift (R, 4,
{N(90?, 67) : 9 R}) with the variance

o= 2(F "g))g(1—g))~".

The proof follows from Theorem 4.14 of Reiss [19], where the
convergence of

n'f(F N @NX 3.0 — F~'(@))

to N(3f(F~'(q)), (1 —¢g)) under P)_,

, is proved w.r.t. the variational
distance.

Finally, we discuss the median X, ,,., (¢=3) for O-symmetric densities
/- Its Fisher efficiency is given by 12 p :=¢°/I,=4f(0)/I,. The inequality
4f*(0)< 1, is well known and can be proved directly by the Cauchy-
Schwarz inequality. The discussion of the equality sign proves that the
median is asymptotically efficient (w.r.t. the Fisher efficiency), that is, p =1,
if and only if f(x)=exp(—|x|)/2 is the density of the double exponential
distribution.

3. EXTREME VALUE ALTERNATIVES AND POISSON POINT PROCESSES

As a conclusion of Section 2, we now study the precise influence of
the (upper) extremes when the limit experiment is not Gaussian or only a
portion of upper extremes is observable. It turns out that in various cases
we find an explicit representation of the corresponding limit experiment by
Poisson point processes. Let us first summarize some frequently applied
approaches in extreme value theory.

Practical problems are often concerned with the upper tails of the under-
lying distributions. Here, we may think about the insurance mathematics,
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where extremely large claim sizes are most important. Another example,
where naturally extremes appear, is the flood of the ocean or of rivers.
These examples have the common feature that the interesting statistical
information is located in the tails of the distributions and the shape of the
rest of the distribution may be suppressed. There are two traditional
methods in extreme value theory which take care of this effect.

1. For a given sample size n often only the k, largest order statistics
are taken into account (or even the k, largest data points are only
observable), where X, ., , ., .., X, is a relatively small portion of order
statistics.

2. Often only the exceedances Y= X;1., .. (X;) of X, over a non-
random threshold d are considered. In this case, the statistician has the idea
that the effects of interest lie behind the level of size d.

In the sequel, we motivate a new local consideration in extreme value
theory. Assume that a nonparametric model depends on a family 2 of
extreme value distributions or related ones on [0, oo). We are interested in
the performance of given procedures at a distribution Pye 2. In practice,
ad hoc methods relying on preliminary estimates P, bring us into a
neighborhood of P,, where the accuracy of the approximation depends on
the sample size n. At this stage, we again refer to the classical Gaussian
situation; see Pfanzagl and Wefelmeyer [18]. The investigation of local
parameters, expressed in terms of the tangent cone, leads for n - o to
Gaussian shifts and provides there an adequate tool for treating asymptotic
problems. By the results of Section 2, this approach fails in extreme value
theory. Motivated by the points | and 2 above, we introduce now the
following local model. The direction of deviation from P, is described by
the set of all “smooth” functions 4 > 0 such that

ﬁ(x)=h(.9x)+r(x,S!), 3e@c[0,0),0e0
dP,
leads to a curve of distributions P, which belong to 2 locally at zero.
Among other conditions, we require A(x) — 1 as x | 0, and that the remain-
der term r(x, 3) be sufficiently small as 3] 0. Also, one may think about
related models where A(9x) is replaced by A(9¢(x)) given by a scale
transformation ¢ and #(¢ | P,) satisfies the regularity conditions of our
extreme value model. The present model has the following meaning. For 9
near zero the difference between P, and P, is more and more located in the
tails. Following the motivation above, the tail effects of the curve are
described by the function A, which can be considered as an extreme value
version of a tangent function or an influence function. The local structure
of the family # at P, is specified below in Definition 3.1.
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In the following we restrict ourselves to absolutely continuous distribu-
tions P, on R, with distribution function F, and density f, w.r.t. the
Lebesgue measure 4 such that the von Mises condition

lim Xfolx) _

= 0 3
X ox I—FO(_Y) . x> ( 1)

holds and f; is bounded on each intervall [ y, o), y > 0. Condition (3.1)
implies that P, belongs to the max-domain of attraction of the Fréchet
distribution with shape parameter «

Gy L (x)=exp(—x7%) Lo o)(X), a>0, (3.2)

that means, there exist constants &, >0, 7y, € R, such that
L0 Xnn—7a)| Py)— G, , weakly. Moreover, one can choose 4, :=
1/Fy'(1—1/n) and b, =0, where F; ' denotes the generalized inverse of F,,
see, e.g., De Haan [4]. Note that in our notation we do not distinguish
between a distribution and its distribution function.

3.1. DeriniTION (Extreme value tangent space). Let P fulfill the von
Mises condition (3.1) and let # be a family of probability measures with
Pyc 2. Denote by ¥ the set of measurable functions h: [0, oo) - [0, c0)
with

lim A(x)=1 (3.3)

xl0
and

[ Aoy min{1,x 0+ 9+ dv< oo (3.4)
0

for some 0 <e<a.
The extreme value tangent space Ty (Pg, 2) is the set of functions he ¥
such that a curve

Py )= h(8x)+r(x, 9), 9eOc[0,®),0e0 (3.5)
dP,

and some n >0 exist with P,e 2 for 0 <9 <, where the remainder term r
in (3.5) fulfills the regularity conditions

(i) r(é,;'x,6,9)—0 for 2 almost all x>0 and

(i) [T, 1r(z, 6,9) folz) dz=o0(n""), for each x>0
and for each 3>0 as n — o0, where 8, :=1/F; '(1—1/n).

Note that the function x — h(9x) also belongs to the tangent space for
920 if he Ty(Py, ). The relevance of the normalizing sequence (4,,), is
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discussed in (3.11) below. The next example has a natural application for
testing problems; see Section 4.

3.2. ExaMpLE. Consider the Fréchet distribution Py of index a>0
with distribution function G, ,; see (3.2). Let # denote the set of all
distributions which are stochastically larger than P,. The tangent space
Ty (Py, ?) consists of all functions h e ¥ satisfying

oz_[th(:):‘““’a'z;.\"’ forall x>0. (3.6)

Y

Let P,e 2 be a curve of the form (3.5). Then Theorem 3.5 below implies
(3.6). Conversely, for all se ¥ satisfying (3.6), a curve P, exists which
fulfills (i) and (ii) of Defintion 3.1. Straightforward calcuiations show that
one can choose the curve P, represented by

P,,((—oo,.v]):exp(—ozjac h(Sz):‘““’d:), x>0. (3.7)

Ry

The model (3.7) has a very interesting interpretation in terms of intensity
rates and hazard rates if in the latter case the transformation x — ¢(x) :=
I/x, x>0, is applied. Let f, denote the Lebesgue density of P,. Then the
intensity rate is defined by

So(x)

— = J(§x)ax T, x>0
Pol(— o, x]) 8)

and the intensity ratio is just

S(x) < Sol(x)
Py(—o0, x]) \ Po((— 0, x])

—~1
) = h(3x). (3.8)

The family (P,), :=(ZL(¢| P,)), yields lifetime distributions of Weibull
type with

i%((—oo,x]): 1 —exp(—a'[xh(S/z)za—n dz),
(V]

where now the hazard rate 1, of P, satisfies

]s(x)
1—Py((— o0, x])

To(x) = =h(¥x)oax*""'; x>0
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The model (3.8) is thus equivalent to the lifetime model with the ratio of
hazard rates

1,(x)/Zo(x) = h(8/x). (39)

Further examples can be obtained from the following lemma, which is
concerned with distributions of exponential family type.

3.3. LEMMA. For a given direction he ¥ define

ﬂ (x)

aP, =c(h(8-)) h(8x)=h(9x) + r(x, §) (3.10)

with 1/c(h(3-)) = | h(9x) dPy(x). Then, the conditions (i) and (ii) of
Definition 3.1 are satisfied.

3.4. ExampLEs. (a) If we take h(x)=exp(—.x), the family (P,), (3.10)
gives an exponential family. Since extreme value distributions often have
heavy tails, P, usually does not lie in the domain of attraction of N(0, 1)
and Gaussian limit experiments cannot be expected.

(b) Assume that (P,), denotes a family given by (3.10) and some
function h. For d>0 define a new family of distributions (P,),, by
Po = PO aI‘ld

dP
EP_S (x) =&)L o, )(Fx) + h(Ix) 114 2 )(8x))
o

= 1o, a)(3%) + A(Ix) 1y )(8x) +r(x, 3).

For sufficiently large n this model can be used to obtain a threshold model
at size d/J,, where the interesting effects occur in the tails.

The local considerations now require a rescaling procedure with &, ]0,
such that the experiment

(R*, B, {L(Z, | PL,):8€8)), (3.11)

given by the relevant part of the order statistics (2.1), is convergent to some
non-trivial limit experiment, where now § denotes a local parameter. The
rescaling procedure is necessary in order to compensate the influence of an
increasing sample size n. It turns out that the asymptotic behaviour of this
experiment is completely determined by the function # which justifies the
investigation of extreme value tangents. For these reasons we introduce the
following nonparametric structure model (3.12).
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For a given set ¥,c ¥ with h=1€e ¥, define

dP
F]]'(x)=c(h)h(.\-), he ¥, (3.12)
with normalizing factor c(h)= (j hdP,)~!, where, for obvious reasons, we

prefer the notation P, instead of P,. Our nonparametric structure model is
then {P,:he ¥,}. If ¥o={h(3-): €@} we obtain the model (3.10).

In the following, we point out that typically Poisson experiments occur
as limit experiments of the structure model (3.12), which can be identified
by Poisson point processes. Let

w(z)=(log G ,(2)) =az"" "1 g ,,(2)

and define for k> 1 the probability measure Q, , by

d * k
(%k/:-h (X4, r X ) =EXD < —J w(z) h(z) d:) 1—[ w(x;) h(x} 10 (xg, oy X))

o i=1

with

A= {(.Vk’ ---,)’|)€Rk 0y - g}ﬁ};

cf. Lemma 5.3. Note that for k=1 and h=1 we obtain the Fréchet density.
Under the regularity assumptions (i) and (ii) of Definition 3.1, we now
derive the limit distribution of a fixed number k, =k of upper extremes
Z, r (2.1) under local alternatives (3.5). Increasing portions k, of upper
extremes are discussed later. For 3 =0 the following result is known from
uniform convergence results of extremes (Falk [2], Sweeting [24]; see also
De Haan and Resnick [5]).

3.5. THEOREM. Suppose that Py fulfills the von Mises condition (3.1).
Consider a curve (3.5) with he ¥, where the remainder term satisfies (i) and
(i1) of Definition 3.1. Then

“g(énzn.k I P:;,,.’}) - Qk. /1(-9~)|| -0

for n— o0 and 3> 0.

From Lemma 3.3 we know that (P, ,.,), satisfies the regularity assump-
tions (i) and (ii) of Definition 3.1 and thus Theorem 3.5 implies the following
result.
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3.6. COROLLARY. Let {P,:he¥,} be the structure model (3.12). Then,
the experiments induced by the k largest extremes

Eu+ l—jinj<k = En+ I —j:u.jﬁk( l]’0)
=(R" B {L(Z, 4 | Pys,)) the¥o})  (3.13)

converge weakly to

Ei=E(¥,)=(R* B* {O ), :he ¥,}). (3.14)

Next, we study the limit experiment of the sequence (Evs1_jinj<k)n in
more detail. For e ¥ define

vi([x, 0))= ‘[x h(z) w(z) d=

and let ¥, denote the inverse of v, given by
Yu(w)y=sup{r:v,([t,0))2u}, u>0.

Note that ,(u)=u""" Let (n,),., be a sequence of iid. standard
exponential random variables and

Se= 2 1 (3.15)

By Lemma 5.3, we see that
Qun=2L(Wu(S));<i)- (3.16)
The limit experiment (3.14) can now be rewritten in terms of point

processes. By ¢, we denote the Dirac measure in x, that is, ¢ (B) = 14(x).
Then

k
Nk. "= z 6ll!/;(S/)

Jj=1

denotes the point process corresponding to Q, , and let

Ny=Y Eunis)

izl

be the full point process. It is easy to see that N, is a Poisson point process
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with intensity measure v, (see, e.g., Resnick [21, Proposition 3.7]). We call
N, , the k-limited point process of N,. Obviously

(M((0, ), A((0, &), { L (N ) 1 he ¥,})

is equivalent to E,; see Lemma 5.3.

In the next step we briefly discuss the asymptotic behaviour of the
experiments given by Z, , where the sequence &, tends to infinity slowly
enough. It is natural to consider first the limit of £, , as n — oo and then
the limit £ — oo. The subsequent lemma gives the limit experiment E_, of
(E)r<n- In conclusion, we see that there exist sequences k,, — co (increasing
slowly enough) such that £, is a weak accumulation pointof E, , | _;.,, ;<x,
given by (3.13). For concrete examples we will see which kind of sequences
k, yield convergence to the limit experiment £, ; see Example 3.8 below.

3.7. LeMMA. The weak limit experiment of (E,), .« iS given by
Ex =E1(W0)= (M((07 m))y /[((03 (7:))), {‘g)(Nh) : he (IIO})

Remarks. (a) The parameter / is just the density of v, w.r.t. v,. Thus
the tangent space has a quite natural interpretation in terms of the intensity
measures (v,), .y, Of the limit experiment; see also (3.8) and (3.9). For
practical purposes extreme value models can now be established by the
investigation of structure models (3.12) given by a relevant subfamily ¥,
of tangent functions of intensity measures. Note that in the case of
Example 3.2 the corresponding intensities of stochastically larger alter-
natives are just those v, with v, ([x, «)})=v,([x, 0)) for each x>0.
Statistical inference of Poisson point processes can be found in the books
by Karr [10] and Reiss [20].

(b) Recall from Karr [ 10, Proposition 6.14], that #(N,,) is absolutely
continuous w.r.t. £(N,) iff

Jﬂr (1 =h"3(x))2x "9 dv < o,
0

Otherwise the distributions are mutually singular. Note that each tangent
he¥ with h(x)=1 for 0<x<d satisfies that condition. On the other
hand, there exists e ¥ such that #(N,) and #(N,) become singular.
However, the distributions Q, , and Q, , are always non-singular for each
keN.

The present concept includes various parametric experiments which were
earlier considered in the literature. A collection of them is given in our
next example. Special attention is given to the experiments (3.13) with
increasing portion of extremes &k, — oo. In Example 3.8(b) and (¢) (under
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the restriction a <2) it is already known that the limit experiment of
E, . i_jnj<k 8 Ey for each sequence k, — o (even for k, =n) under mild
regularity conditions concerning ¥,; see [6,7]. In that case, a finite
number of upper extremes is approximately sufficient.

3.8. Exampres. (a) Our first example deals with a threshold model
with d> 0. Introduce the transformation

C(h)(x) = 1o, gy(x) + A(x) 114 o0 )(X)

on ¥ and consider the structure model (P;,), . If we take first 6,10
and then k — oo we arrive at the limit experiment

(M((0, 00)), A ((0, 0)), { L(New) 1 he ¥}), (3.17)

which is a subexperiment of £ (¥). We now identify (3.17) with an experi-
ment of truncated point processes. Throughout let N(- n [¢, o0)) denote the
restriction of a point process N(-) on [, o). For 0 <t < d the truncated
version of (3.17) relative to [¢, oo) has the likelihood ratio

AN, (- [1, ©0))
dN (-n[t, o))

(1) =exp (j; log h(x) du(x) + j: (1= h(x)) w(x) dx>
(3.18)

(see Karr [10, Theorem 2.31] and Reiss [20, Theorem 3.1.1], for the
density formula). Note that the likelihood (3.18) is independent of ¢ and its
distribution coincides with the likelihood distribution of

(M((0, ©0)), A((0, ©)), {L(N\(-n[d, ©0))):he ¥}).  (3.19)

If we now let ¢ tend to zero the next theorem implies that the experiments
(3.17) and (3.19) are equivalent. Thus also the asymptotic threshold limit
experiments are embedded in our approach.

(b) In Janssen [6] the extremes of exponential families were
investigated. The models include as a practical application the family of
inverse Gaussian distribution which is used to make a statistical inference
about the Wiener processes with unknown drift under inverse sampling. By
Corollary 3.6, the limit experiment of the k largest extremes of Example
3.4(a) is now

Fk= (M((O9 CD)), .//{((0, w))’ {’g’(Nk.exp(—&)) : ‘920})
with

Fy— F:=(M((0, ©)), #((0, ©)), { (N exp(—s.)) : $20}).

683/48/1-2
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For a<2 and k=k,— 00 as n— oo the occurring limit experiment of
E, . 1_j.nj<x, 15 €quivalent to some exponential family F'={Q,:9>0}
with

9y (x) = c(8) exp(—8x),

dQo

where Q, is a one-sided stable distribution with index a. We see that F and
F’ are equivalent. It can be shown for 0 <a <1 that the relation between
F and F’ is given by the sufficient statistic

M((O, oo))au—»jom x du(x). (3.20)

In the case 1 <a <2 the mapping (3.20) must be centered.

The consideration of exponential families has further aspects. If we make
use of the arguments of Theorem 3.9 below, we see that the truncated
version of Fw.r.t. [t, o0), t>0,

NO=% Eunisy e o) (Wa(S)))

izl
is again an exponential family whenever A(x)=exp(—x)1, .,(x) and
p— |7 xdy is a sufficient statistic.

(c) Lifetime location models of Weibull type with density

Slxy=(1+a) x* exp(—x' ) 151 (x) (3.21)

and shape parameter ae(—1, 1) yield a limit experiment G given by the
family of point processes

Z £Sll/11+al+lg, -920

jz1

(see Janssen and Reiss [8]). From G, ,(x) with a=1+a we arrive at
(3.21) by using the transformations x — 1/x. This model is also contained
in our approach. Straightforward calculations show that for a#0 G is
equivalent to the sub-experiment

(M((0, 0)), #((0, 0)), {L(N,,: $20})

hy

given by
ho(x)=h(9x),  h(x):=(1-x)"1, )(x)
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and the corresponding intensity measures
dv
d—; (x)=hg(xl1+a) x 2V g o \(x).

Note that the corresponding ¥ ,-functions have the form
l//s(x) — (X”“ +d) + 9)— l.

Statistical applications for lifetime tests making use of the limit
experiment G are contained in Janssen and Mason [7]. For instance, this
method proves that related score tests for survival times have certain
optimality properties. It should be remarked that G is a stable Poisson
experiment in the sense of Strasser [22].

The experiment E_(¥) appears as the limit experiment of the truncated
experiments { Z(N,(-n [, ©))):he ¥}, as the following theorem shows.

3.9. THEOREM. The experiment
(M((0, ©0)), #((0, 0)), {L(N4(-n[1,0))):he ¥})

converges weakly to E_(¥') whenever t | 0.

Our last result concerns the limit experiment of the threshold model
given in Example 3.8(a). Under additional assumptions on the function 4
the number of extremes k, may tend to infinity at any rate.

3.10. THEOREM. Consider the structure model (3.12) with parameter
space

¥, :={he¥ h(x)=1,xe[0,d),for somed>0}.
Then, for each sequence k,1 co, k, <n, we have
Eovijimical¥)) = EL(¥)) (3.22)

weakly.

4. TeSTING EXTREME VALUE HYPOTHESIS

The results of the preceding section are applied for testing the Fréchet
distribution G, , against stochastically larger alternatives; see Example 3.2.
As a consequence of the convergence of extreme value experiments the
performance of statistical procedures can then be compared along curves
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of alternatives (3.5). Recall from LeCam [12] and Strasser [23] that,
whenever a (non-degenerate) limit experiment exists, the statistician has
(only) to solve the underlying decision problem for the limit experiment
and the lower bounds (for power functions, risk functions, etc.) of the limit
experiment yield lower bounds for the sequence of experiments. So far, the
extreme value models are embedded in the general asymptotic decision
theory.

However, in contrast to the case of local asymptotic normality it cannot
be expected that the risk bounds of the limit experiments can be attained
by the underlying procedures in general. Recently, LeCam [14] discussed
lower bounds for Poisson experiments. Here we study a concrete example
showing which type of asymptotic results can be expected.

As in Example 3.2 denote by £ the class of distributions which are
stochastically larger than G, ,. We consider the testing problem

Ho={G, ,} against H,=2\H,

at sample size n, where we assume that the tail index a>0 is known.
In addition, we assume that the relevant differences between H, and H,
lie behind a given threshold d/6,, d > 0, where &, = (log(n/(n — 1)))"~
Throughout, the following two models are compared.

l. Only X, . _k:n»- X,., are available for fixed ke N.

2. An increasing sequence of order statistics (X, ;. _;.,),<x,» ka1
(including k, = n), is available.

Our model is a structure model (3.12) with P, = G, , and parameter space
Y,={heW: hly =1 and k fulfills (3.6)}.

Within this setup, now let 1 <hye ¥,, ho#1, be a fixed “tangent.” Then
the structure of the likelihood ratio suggests the test statistic

Tn=]" w(z2)(1 — ho(2)) dz

max{d. SnXns1—kpin}

kn
+ Z (IOg hO((San+I-j:n)) l[d. ao)(éan-#l—j:n)-

j=1

Then two asymptotic tests are proposed (for the situations 1 and 2 above):

1 P
(pl.n={0 Tk.n < 4
1 >
(PZ.n= {O Tk,..n < CZ' (41)
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Introduce the limit distributions under G, ,,
o k
w2 (7 W= ds+ 3 log hu(S; )
max{d, S "} =1

and

ia=2 ([ w1 = o) e+ T log (s

j=1

Then (¢, ,). and (¢, ,), are test sequences of asymptotic level « (not to be
confused with the notation of the tail index a), whenever u;([¢;, ©))<a
for i=1, 2. These tests are asymptotic Neyman—Pearson tests for

L(Z, .| P against L(Z,,| Py .\ relk, k,}

if ¢; are continuity points of the distribution functions of x; and y;{[c;, ©))=a
holds. According to Example 3.2, this is an asymptotically optimal test for
alternatives given by the ratio of intensities 44(d,-) (3.8).

A proper choice of A, leads to further relevant tests. We obtain shape
alternatives if we choose

hg(x)y =110 a)(X) + (B/a) x* P14 o0)(X), O<f<a

Then the tail P, ([x, ©))=G, 4([x, ©)) is for x>d just the tail of the
Fréchet distribution with shape parameter f. Since

log hy(x) = (log(B/a) + (o — B} log x) 1y o)(x)

it is convenient to introduce test statistics

kn
Tk,,.n= Z (log(éan+l—j:n)) l[zl.oc)(éan+l—j:n)’

i=1

which are independent of §! Note that the limit distribution of T, under
H, is

g( Z lOg(Sj_]/a) l[d,ac)(Sj—l/a))

j=1

whenever k,— o0 as n-» co. If the critical value is taken as the (1 —a)-
quantile of that distribution we arrive at tests which are asymptotically
equivalent to ¢, ,. These tests are asymptotically optimal tests for

l’y(Zn, kn ' G’l,' :z) againSt y(zn. kn l Zﬂ((s;r ))

for arbitrary 0 < f < a.

We obtain scale alternatives if we choose A,(x) =10 4)(x) + 014 (%),
o> 1. In this case the asymptotic optimal test statistic depends only on the
number of exceedances.
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Remarks. (a) The assertion above remains valid if G, , is substituted
by P,, where P, fulfills the von Mises condition (3.1).

(b) Check that 4® belongs to ¥, whenever he ¥ and 0 <9 <1 (use
Holder’s inequality). Thus {N,s:8¢€ [0, 1]} defines an exponential family
which is a subfamily of the limit experiment. For this reason the asymptotic
optimality of the test ¢, , and ¢, , in (4.1) carries over to alternatives
specified by 435(d,-), 0<3< 1.

5. PrROOFs

The proofs require some technical preparations. First we derive the
likelihood ratio of the extremes (2.1).

5.1. LEMMA. Consider distributions P; with continuous distribution
Sfunctions F; for i=0, 1. Then for 1 <k<n

LALANEAY i 4, € F,m))"—k 1)

dz(w, Py )= gp e (T

Jor x, < --- <x, and zero otherwise.

Proof. 1t is known that (W, | P"), i=0, 1, has the P* density

AL Wi PD (!
_—de 1y «oon X _(n—k)'

(1= Fi(x))" ™" (5.2)

if x, < --- <x, and the density is equal to zero otherwise; see, e.g., Reiss
[19, Theorem 1.52]. If P, is P, absolutely continuous (5.1} is an easy
consequence of (5.2). In general, the density is first calculated for
P,:=(Py+ P,)/2. Then the expression (dP,/dP,)/(dP,/dP,) gives the
desired formula (5.1). |

A similar formula holds for upper extremes; replace (x,,..,x,) by
(x4, .. x;)and 1 — F, by F,.

Proof of Theorem 2.1. Using contiguity it is sufficient to consider the
likelihood process with basis 0. In the sequel, the proof is carried out for
the lower extremes. According to (5.1), we must show that

1~ F (X )\ %
1 n.9 X l n9 k:n 0 )
lgl o8 dPnO( ‘")+ og(l—Fn.O(Xk:n) ” (53)

in P}, ,-probability, where F, ; denotes the distribution function of P, ,.
By means of Hellinger distances (see (1.1)), the expression nd*(P, g, P, ;)
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is convergent and (2.3) holds. Thus Theorem (6.3) of Milbrodt and Strasser
[17] can be applied to Y, :=log(dP, 4/dP, ()(X;). Hence, for e20

nP::_0{|Y,,||>£}—'O (54)
(recall that X, is by definition the canonical projection) and thus

Yo1..—0 and Y

. nn

-0 (5.5)

in P; ,-probability for the order statistics of Y,,. Since

dP
),n‘l:n\<~logﬁg'i)(’Yi:n)S Yn,n:n (56)
n 0

the first term in (5.3) vanishes as # — c0. A Taylor expansion now shows
that the proof of (5.3) is complete whenever

(n_k)(Fn,S(Xk:n)_Fn,O(Xk:n))_)0 (57)

in P, ,-probability. The verification of (5.7) will be done separately for the
cases (a) and (b) of Theorem 2.1.

Case (a). For x, ye [0, 1] the mean value theorem yields for ¢ > 1
Ix =yl <gqlx'—ypt). (5.8)
Let u,= Py+ P,-14y. Holder’s inequality together with (5.8) implies
In(F, o(Xi:n) = Fo o Xi.n)l

<dP,.-.,w)”q <dPo>””
Zattws) (220} |4
(— o, Xg:nl d#n d#n

4P _llm) /g (dPo) 1/4)/ Y q )l/q
< —— - n ¢ d#n
<f(—w‘ Xi:nl 7 (< dlun dﬂn

x(nu,,(—oo, Xk:n])l_l/q' (59)

anj

n

Next, we remark that
n#n((_w’ Xk:n])=n(Pn,0((_w’ Xk:n])+ P"_‘g((—’w, Xk:n]))

is stochastically bounded under P;, . The boundedness of nP, o(( -0, X}.,1)
is immediate, since the expression coincides in distribution with the order
statistic U,., of n independent random variables which are uniformly
distributed in the unit interval. By the same arguments nP, ((—o0, X;.,])
is stochastically bounded under P}, ;. Contiguity gives the result also under
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P7 . It remains to show that the first factor on the right-hand side of (5.9)
converges in Pj-probability to zero. Note that L differentiability yields

( I q((dPMs)”"_(&)”") /,,_w qdun)w
(— 0, Xi:nl d/l,, d#n

g
S(f lgl"dPo) +0p(1). (5.10)
(— 2, Xk:in)

Since X,., converges to the lower endpoint of the support of Py, the
dominated convergence theorem implies that (5.10) converges in
P, ,-probability to zero.

Case (b). For stochastically increasing families the convergence of (5.7)
can be derived by the following arguments: Let 3> 0. By the weak sequen-
tial compactness of statistical experiments (for finite parameter sets) it is
sufficient to show that each weak accumulation point F={P, Q} of
E; , ;<kl(o s 1s totally uninformative. Assume that convergence holds
along a subsequence (n,);. Taking into account the arguments (5.4)—(5.6)

7
above, we obtain

1— Fn,, .Q(Xk:nl)

of <(nj_k) log 1- Fnj, O(Xk:nl)

n d
Po')‘*"o :=$(log£ P) (5.11)

in distribution. Since F, ;< F, , we have vy([0, 0])=1. On the other
hand, the definition of v, implies {exp(x)dvo(x)<1. Thus vo=¢, and
F=E, follows.

In the case & <0 the réle of 0 and & can be interchanged. In connection
with upper extremes the random variables —JX; can be regarded. An
obvious modification of the present proof yields the result for stochastically
decreasing families. ||

The following auxiliary result is crucial for the proof of Theorem 2.2; its
proof is elementary.

52. LemMA. Let Y,,Z,: (Q,, &, P,)— R denote random variables with
Z,2Y,. Assume that Z,— Z and Y, — Z converge in distribution to some
random variable Z defined on some probability space (Q, s/, P). Then
Z,—Y,—0in P, probability.

Proof of Theorem 2.2. The proof is devided into two steps.

I. Here, we show the equivalence of the assertions (b) and (c) for
stochastically increasing families (P, j);. Note that the implication
(b)=(c) is given in part (b) of the preceding proof. Assume now that the
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assertion (c) holds. Again, it is only necessary to treat the lower extremes
and by induction it remains to prove that

ul dp
] n 9 N N
Y. log 7524 (X,.,) =0

i=1

in P, .- and P, ;-probability. By our assumptions (5.3) converges to zero
in P}, .- and P} ,-probability. The proof now reduces by showing that (5.7)

holds under P;, , and P ;. To this end, we recall from extreme value
theory that under P’

n 3

k
nFn.S(Xk:n)_' Z His
i=1
where n; are i.i.d. exponential random variables with mean 1. Since X, .,
contains asymptotically no information about 3, the assertion (5.7) also
holds under P;, .
Define

Yn=nF", .';(Xk:n) and Zn=nFn‘0(Xk:n)'

Then Z,2 Y, for $>0 and Z,<Y, whenever $<0. Thus Lemma 5.2
yields Z,—Y,—0 in P, -probability. Again, Z, — Y, contains no infor-
mation about 3 and thus the convergence holds also under P; ,. Hence,
the assertion (5.7) is proved.

II. In the second step, we prove the implication (b)=>(a) for families
with monotone likelihood ratios

dP n 3

dP, , (x)=h, o(x).

The arguments are based on the criterion (5.12) below for the convergence
to Gaussian experiments. Here, we need a slight extension of Theorem (6.3)
of Milbrodt and Strasser [17], given in Janssen and Mason [7, Theorem
3.1, Appendix ]. Note that this theorem is applicable, since the boundedness
assumption (2.3) implies the infinitesimality of (E,),; see Lemma 5.7 in
[17]. Along these lines it is sufficent to prove that for each 0 <e <1

n(P, o+ P, ;){llogh, | >e} —0. (5.12)
Note that by assumption (b)

P:O{log hn,S(Xn:n)>8} =P:0{ max lOg hn, .')(Xi)>£}

I<isn

=1—(P, o{logh, y,<e})" >0,
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which yields
nP, o{logh, 4>¢e} =0 (5.13)

for n — co. Assertion (5.12) easily follows, since (5.13) also holds under
P, 5. The proof of Theorem 2.2 is complete. [}

Proof of Lemma 3.3. Put
r(x, 8)=h(9x)[c(A(3-))—1].
We see that condition (i) is satisfied if

lim (c(h($-))) " '=1L (5.14)
310

Taking into account (3.3), Fatou’s lemma implies lim infsw(c(h(s-)))"
> 1. So it remains to show

lim sup (c(A(3-))) "' < 1.

8]0

We split the integration into three domains whenever 0 <c3<é:

f h(9x) fiox) dx

¢ 1 e 1 o
= [ hOx) folx) dx b [ fo(x/9) d 45 [ hx) folx/9) dx
0 s cd
=1,(8) + I(8) + I5(3).
For all ¢>0, we have

19~ [ folx) dr<1

as 3] 0. Since f, is — (1 + a) varying at infinity by Karamata’s theorem (see
Bingham et al. [1, Theorem 1.6.1]), we can find a constant K= K(c) such
that fo(y) < Ky~ ***¢ for y>c and (3.4) holds. Hence, for all § >0

1 =<}
L% <= f h(x) K9!+2—cx—U+a+e gy 0
8 Js
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as 9/0. Next, we choose & such that A(x) <2 for xe [0, 6]. Then for
large ¢

2K ¢
13(-9)<?f x—(U+a+eglea—c g

9

1
<2Kl9cx-c___ (Clg)~—rx+c
a—Ee

2K
Ta—¢

—a+e
c

which becomes arbitrarily small for large ¢. Combining these results, we see
that (5.14) is valid.
To show the validity of condition (ii) it is sufficient to show

fw h(6,92) folz) dz = O(n™"). (5.15)
x/8p
The substitution z by §, 'z yields

=3 n o

n f h(,92) folz) dz = — j h(9z) o0 '2) d.

X/8p 6,, x

Since F, is —a varying and Fo(F, '(x)) = x, we conclude from (3.1) that
nd,; fol8, ' x) = ax 1+, (5.16)

Note that the convergence in (5.16) takes place uniformly on intervals
[a, ©), a>0, which is a well-known property of regularly varying
functions (see Bingham er al. [1, Theorem 1.5.2]). Now, assertion (5.15)
follows from (5.16). |

Proof of Theorem 3.5. Let
fn, ko h, 8,8 = dL(6,Z, | Pg,,s)/dlk~
By Scheffé’s lemma the result is proved if

Sk 6,8 4Qy, ;,(s.)/dlk

as n— oo. By formula (1.4.8) of Reiss [19] we have

k
Sk 8,8 Xs 0 X1) = Fg,:gk(én_lxk) n (n—j+1)d, 146, 'x))

j=1

X [h(9%,)+ (8, "%, 6,91 4 (Xks oor X1)s
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where
Ae={(res 0 1)E(0, 00) tp <y < <y )

In view of (5.16}) it remains to show that

Fi k0, 'x) > exp ( —J‘x w(z) h(9z) d:)

Xk

as n — oo. First, we obtain by the substitution = — 4§, 'z
n—k
Pty = (1= 6, T+ 10, 5.6,90 70, 1)

Again the uniform convergence theorem of regularly varying functions
shows that

nd,! JI h(82) fo(8, '=) d= —»jx w(z) h($z) d-=.

RV

Condition (ii) ensures that
n |6, N6, 15 6,80 A6, 2 d= 0
Xk

as n — o0, The proof is complete. ||
LemMa 53. (a) Let he¥. Then
Qu.n=2L((Yu(S)); <)
(b) The (#*n(0, ), . #((0, ©)))-measurable map T,: (0, 0)—~
M((0, o0)) defined by
Telxy, n X)) =Y g,

is a sufficient statistic for the family {Q, , he ¥}.

Proof. Case (a). First, the joint distribution (S,,.., S;) has the
A¥-density

(Xps s X)) e (g, oy )

with A4, = {(y,, .. ,),‘)ER/" O<y, < -+ <yi)}. For h>0 the function y,
is bijective with ¥, '(x)=v,([x, )—f°O h(z) w(z)dz. An application of
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the transformation theorem for densities yields (3.16) in the case 4 > 0.
For arbitrary he ¥ we can find a sequence h,e ¥ with #,>0 and A, | h
(for example h, = h1,, ., + (1/n) 1, _o,). By the dominated convergence
theorem of Lebesgue we obtain dQ, , /dA—dQ, ,/di and v, ([x, ©)) -
v,([x, o0)), which implies the assertion (3.16) for he .

Case (b). Note that for (x,, .., x;)e 4,

dQ/\', h

ko. 1 (Xk, o ) - ( B ‘[ﬁlTk(.\-k. e X1)) (h(:) -1 ) W(Z) d-

+ j log h(u) dT(Xg, - X, )(u))

if we define ¢(u)=sup{r:u((0,1])=0} for ue M((0, )). The Neyman
criterion for sufficient statistics implies the resuit. ||

Proof of Lemma 3.7. By Lemma 5.3 we have E, ~ { L (N, ,) he ¥,}.
Let n,: R™ — R* denote the projection of the first k coordinates. Then

Fk('{lo) = (RN, QN’ {g((l//h(sj))jsl\;)lnk"(x") the 'PO})N E. (5]7)

In the sequel, we apply the following well-known convergence result for
experiments, which is a consequence of the application of standard mar-
tingale arguments. Let %, denote an increasing sequence of sub-g-fields
which generate a o-field &, . Then

{Pyls,:9€@} > {Py|5, :9€0}
weakly. For the sequence (5.17) we have
Fi(Wo) = F (o) :i=(R™, B, { L((N4(S));en) :he ¥o}). (5.18)
Since F (',) is more informative than £ and F_ is more informative that
E,, we conclude from (5.17) and (5.18) that E, » E, and E_ ~F_(¥;). 1

Proof of Theorem39. Let % denote the o-field generated by u—
u(Bn[1t, )) for BeBn(0,0) and +>0. Then & 1T.#(0, o) for t]0.
Once again, a martingale argument proves the weak convergence of the
experiments. ||

Proof of Theorem 3.10. Consider he ¥, given by h(x)= 1o 4 (x)+
A(x) 1¢y .\ (x). Let S, S,,.. be as in (3.15). Then &(N,) is absolutely
continuous w.r.t. P, and we have equality in distribution under £ (N,):

log — = J.m (1 =h(x)) w(x)dx+ i log h(Sj‘”"). (5.19)

d =1
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Next consider the structure model (3.12). First, we show that

(d_P Z(f’r)) . (@) (5.20)
dP'; he ¥ le he ¥,

weakly as n — oo. For this purpose we show that

zlo "“‘"” nlog c(h(8,))+ Y, logh(3,X,.,) (521

i=1

converges weakly to the distribution (5.19). The convergence of the finite
dimensional marginal distributions of the likelihood process (5.20) w.r.t. P,
follows similarly by the Cramér-Wold device. Note that

h(é,,X"+ 1 ——j:n) _>h(Sj—l/a)

w.r.t. the variational distance for each je N. Since 6, X, ,, _,, ., = 0 for each
sequence j, 1 oo we can find for each ¢ >0 some ke N such that

lim sup P(éan+ | —k:n>d)<8‘

Since log h(x)=0 for 0<x<d and S;¥*| 0 as j1 c0 we have
Y logh(8,X,.,)— Y logh(S; ')
i=1 =1

in distribution under Py.

The convergence of the log c¢(A(d,-))-part of (5.21) can be established as
in the proof of Lemma 3.3. Let F,, , denote the distribution function of
P,s..,- Then

t=[dPys, = c(h(5,) Fi(dld,) + 1~ Fys, (d/5,)
implies
lOg C(h(én' )) = log Fh(é,,-)(d/(sn) - log Fl(d/5n )

As in the proof of Lemma 3.3 we obtain
nlog c(h(d,- —»—f z)dz+j w(z) dz

and (5.20) is established. Note that (5.20) implies convergence of the
experiments (3.22) for the sequence &, = n since #(N,) is absolutely
continuous w.r.t. Z(N,).
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Now let k,<n, k,T o0, denote any sequence of integers and let ¥,, be
any finite subset of ¥,. Since E,., ;. , ;<«(¥,) converges weakly to
E.(¥,,) we can find by Lemma 3.7 a sequence j, <k, with

En+|—j;n.j<j,,(5”n)“’Eoo(tpn)- (5.22)

Thus the limit experiment (5.22) is the same w.r.t. ¥, as for k,=n. Since
{Phs,, he ¥, } is more informative than E,,,_;., <« (%) and the
latter experiment is more informative than that experiment based on the j,
largest extremes we have also convergence of E, ., ., ;< (¥P1) to
E. (7). 1
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