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Estimation of multivariate regression functions from i.i.d. data is considered. We
construct estimates by empirical L,-error minimization over data-dependent spaces
of polynomial spline functions. For univariate regression function estimation these
spaces are spline spaces with data-dependent knot sequences. In the multivariate
case, we use so-called hierarchical spline spaces which are defined as linear span of
tensor product B-splines with nested knot sequences. The knot sequences of the
chosen B-splines depend locally on the data.

We show the strong L,-consistency of the estimators without any condition on
the underlying distribution.

The estimators are similar to histogram regression estimators using data-dependent
partitions and partitioning regression estimators based on local polynomial fits. The
main difference is that the estimators considered here are smooth functions, which
seems to be desirable especially in the case that the regression function to be
estimated is smooth.  © 1999 Academic Press
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1. INTRODUCTION

Let (X, Y), (X4, ¥;), (X;, Y5), ... be independent identically distributed
R? x R-valued random vectors with EY? < co. In the regression analysis
one wants to estimate Y after having observed X; i.e., one wishes to find a
function f with f(X) “close” to Y. If the main goal of the analysis is the
minimization of the mean squared error, then one wants to find a function
m* with

E(m*(X) — Y)? = min E(f(X) Y) (1)
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Let m(x) := E(Y | X =x) be the regression function. It is well known that
we have for each measurable function f,

E(f(X) = Y)*=E(m(X) - Y)*+ fRd Im(x) — f(x)|? u(dx). (2)

Here u stands for the distribution of X. Therefore m is the solution of the
minimization problem (1) and for an arbitrary f the so-called excess error
[ e Im(x) — f(x)|? u(dx) is the difference between E(f(X)—Y)? and the
optimal value E(m(X)— Y)2

For the regression estimation problem the distribution of (X, Y) (and
therefore also m) is unknown. Given only a sample (X,, Y;), .., (X,, ¥,,) of
the distribution of (X, Y) one has to construct an estimator m,(x)=
my(x, (X, Y1), ..., (X,,, Y,,)) of m(x).

A sequence of estimators (m,,), . 1S called weakly (strongly) universally
consistent if

J,, ot (X0 Y1), o (X, ) =m0 (dx) 0 in Ly (as)

for all distributions of (X, Y) with EY? < co.

Stone (1977) first pointed out that there exist weakly universally consis-
tent estimators. Since then various results about weak and strong universal
consistency of special estimators, e.g., kernel estimators, nearest neighbor
estimators, histogram estimators, and series estimators, have been published.
See Devroye et al. (1994) for a list of papers on universal consistency and,
in addition, Gyorfi and Walk (1996, 1997), Gyorfi et al. (1998), Kohler
(1997), and Walk (1997).

In this paper we examine estimators which are defined by the following
three steps: In the first step, one uses the sample to construct a space
F,=F((X,,Y,),...(X,, Y,)) of functions f: R? - R. In the second step,
one chooses a function

=

n('):ﬁ;ln('a (Xl9 Yl)) ey (Xrn Yn))e<% (3)
such that

PR
flen; n z |A(X;) — Yi|27 4)

n i=1

| O
=) m,(X,) =Y, |*=
n;-1

1.e., M1, minimizes the empirical risk over %,. In the third step the estimator
is truncated at 8, and —f,, i.e., m, is defined by

m,(x) = (1i,(x) v (=B,)) v B, (xeRY). (5)
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Here we use the notation a A b :=min{a, b}, a v b:=max{a, b} (a, beR)
with a constant f, e R, U {c0} depending only on n, 5, - o (n— o).

Next we want to motivate the data-dependent choice of Z,. We are
interested in a small L,(u)-error de |m,(x) —m(x)|? u(dx) between the
estimator m, and the true regression function m. The influence of the
pointwise error |m,(x)—m(x)|? in some area of RY on this L,(u)-error
depends on u. Thus to get a small L,(u)-error the estimator should
approximate m in some areas of R much better than in others, where these
areas depend on the distribution x4 of X. The data-dependent choice of Z,
allows us first to use the sample to estimate x4 and then to choose %, such
that m can be approximated especially well in areas where the pointwise
error has a high influence on the L,(u)-error.

We now give two examples for possible choices of Z,.

ExampLE 1 (Histogram Regression Estimators Using Data-Dependent
Partitions). Use the sample to construct a finite or countably infinite
partition #,={A4,, 1, 4, ,, ..} of Borel-measurable subsets of R% e.g., such
that each 4, ; contains the same number of the X, .., X,,. Define %, as the
space of all functions which are constant on each set of this partition. Set
A,(x):=4,, ;if xe A, ; Then it is easy to see that for

Zl<i<n, X;e A4,(x) Yi

m,(x) 1=
21 <i<n, XieAn(x) 1

(2 is 0 by definition) (3) and (4) hold. In the case 8, = o0, m, =1, is the

so-called data-dependent histogram regression estimator, see, e.g., Nobel

(1996) and references therein.

ExaMpLE 2 (Partitioning Regression Estimators Based on Local Polyno-
mial Fits). A natural extension of Example 1 is to fit a polynomial of
fixed degree greater than zero (instead of a constant) to the data in
each set of the partition. In order to do this, one defines %, as the set of
all functions which are equal to a polynomial of fixed degree on each set
of a data-dependent partition.

In both examples the data are used to construct a partition of R? and
then the estimator is defined locally in each set of the partition independ-
ently of the data not contained in this set. As a result the estimators as
functions of x are generally not continuous. This seems to be unpleasant
especially in the case that the regression function to be estimated is smooth.
In order to avoid this we use polynomial spline functions, i.e., piecewise
polynomial functions with global smoothness.

For univariate X we define %, as polynomial spline space with data-
dependent knots. We give general conditions for the data-dependent
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location and number of these knots which imply strong universal
consistency of the resulting estimator.

For multivariate X we need spaces of multivariate spline functions. For
these one often uses tensor products of univariate spline spaces. In the case
d=2 this means that one chooses knots u,<u;<---<ug and
0o <v; < --- <vg and defines tensor product splines as functions which are
equal to a polyrylomial (of fixed degree in x and y) in each rectangle
[, u; 1) % [v;, v;,,) and which satisfy some global smoothness condition
(e.g. one requires that the functions are continuous). The main drawback
of this is that a local refinement of one of these rectangles is not possible:
If one wants to refine the rectangle [u;, u;, ;) x [v;, v;,;) one must insert
a new knot u between u; and u,, ; (or a new knot v between v; and v;, ;)
which leads to a refinement of all rectangles [u;, u;, )X [ Vg, Vky1)
(0<k<K,) (or all rectangles [uy, ug 1) x[v;,v;,1) (0<k<K,)). There-
fore we don’t simply use tensor product spline spaces with fixed knot
sequences.

In the multivariate case, we define the data-dependent spaces %, as linear
span of tensor product B-splines with nested knot-sequences, where the
knot-sequences of the chosen B-splines depend locally on the data. These
so-called hierarchical spline spaces were used for surface approximation in
computational geometry by Forsey and Bartels (1988), and their vector
space dimension and local approximation properties were examined in
Kraft (1994, 1997). By the aid of a local approximation property of such
spline spaces we show strong universal consistency of the resulting
estimators.

1.1. Discussion of Related Work

Empirical L,-error minimization over data-independent spaces of func-
tions was used in Lugosi and Zeger (1995) to construct strongly universally
consistent series and neural network estimators. In Kohler (1997) this prin-
ciple was used to show the strong universal consistency of a modification
of the classical least squares spline estimator.

In this paper we consider estimators which are defined by empirical
L,-error minimization over data-dependent spaces of functions. For such
estimators it is possible first to use the sample to derive properties of the
distribution x of X and the regression function m and then to choose %,
such that m can ben approximated well by functions of %, in L,(u). For
example, if X, ..., X,, are contained in a hyperplane then one can choose %,
such that functions defined on this hyperplane can be approximated
especially well.

Another difference from Lugosi and Zeger (1995) and Kohler (1997) is
that we don’t restrict the values of the functions in %,. In Lugosi and Zeger
(1995) and also in Kohler (1997) all functions in %, are bounded in

n
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absolute value by a constant depending on the size of the sample. The
drawback of this is that for such spaces %, we have no knowledge of any
fast algorithm to compute a function 77, which satisfies (4) for a given
sample. In this paper we set

K
%z{ Y a;fi .| a€ R},
J

=1

with Ke N and functions f; ,,, ..., fx ,: R?— R depending on the sample. In
this case (3) and (4) are equivalent to

m, =

a;fjn (6)

1

I M =

J

for some a =(a;);, € R* depending on the sample which satisfies
ATAa=ATY, (7)
where

A:(fj,n(xi))1<i<n,1<j<1< and Y=(Y,.., Yn)T‘

Thus to compute 71, one simply has to solve the linear equation system (7).

Estimators which are similar to the estimators defined in this paper are
data-dependent histogram regression estimators and partitioning regression
estimators based on data-dependent partitions (see Examples 1 and 2).
General sufficient conditions for strong universal consistency in the case of
bounded Y of these estimators can be found in Nobel (1996) and Lugosi
and Nobel (1996). These results differ in two ways from the results in this
paper: First, Nobel (1996) and Lugosi and Nobel (1996) consider only the
case of bounded Y. Second, Nobel (1996) and Lugosi and Nobel (1996)
use non-smooth function spaces %,. As a consequence, their estimators are
generally not continuous. In this paper we use spaces of smooth functions;
therefore the estimators yield always smooth functions as estimates of
regression functions, which seems to be desirable especially in the case that
the regression function to be estimated is smooth.

1.2. Organization of the Paper

The main results are formulated in Section 2 for univariate splines and
in Section 3 for (multivariate) hierarchical splines. In Section 4 some
preliminary results are presented. We use these results in Sections 5 and 6
to prove the results of Section 2 and 3, resp. In the Appendix we prove a
local approximation property of hierarchical B-splines and we give a list of
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some results of the so-called Vapnik—Chervonenkis theory which are used
in Sections 4, 5, and 6.

2. UNIVARIATE POLYNOMIAL SPLINE FUNCTIONS

In this section we use spaces of univariate polynomial spline functions,
1.e., piecewise polynomials with global smoothness, in the general definition
of the estimator of Section 1.

Let MeNy, KeN, ¢y, .., tg e Rwithtg<t, < --- <tgandletv,, ., vg_, €
{1,..,M+1}. The spline space S, 5 with knots 7o, ..., tz, knot multi-
plicities v;, .., vg_; and degree M is defined as the set of all functions
f=1[ty, tg) > R which satisfy

(I) For each ie{l,.., K} fis equal to a polynomial of degree <M
on [ti—lz ti)’

(I) If ie{l,.,K—1} and M—v,>0 then f is M—v, times
continuously differentiable at ¢,.

ExamMPLE 3 For M =1 and v;= --- =vg_; =1 the functions in S, , 5
are continuous and piecewise linear.

Clearly, S, ,, s is a linear space with finite dimension. In order to handle
such functions on a computer one can represent them as linear combinations
of chosen basis functions. For computational purposes it is convenient to
use basis functions with support as small as possible. These are the
so-called normalized B-splines, which will be introduced next.

Let u_p<u_pry1<--- Sug,p be real values such that K=1+
YK v, ug=t,, uxg="tg and each ¢, is contained exactly v, times among
the u,, ., ug_, (i=1, .., K—1). Then the normalized B-splines B, can
be defined recursively by

B

J> 0,

1 i u<x<u;y,
() {0 otherwise (8)

forj=—M, —M+1,..,K+M—1 and

X—u; u; —X

J J+HI+2
——— B (X)) +—————
Ujr 41— Uy Ujpp42—Ujq

Bj,l+1,u(x):: 'Bj+1,l,u(x) 9)

for j=—M, K+ M—2—11=0,.,M—1.
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It is well known that {B,, ,|j=—M,.,K—1} is a basis for
Su. ar 1= S v, ar (see de Boor (1978), pp. 113, 114, 131). The basic properties
of this B-spine basis are

B aru(Xx) =0 (10)
forall xeR, j=—M, .., K—1,

Supij,M,uz[ujaujJrMJrl] (11)
forj=—M,..,K—1, and

Z B] M, a(x)=1 (12)
j=—-M
for all x € [uy, ug) (see de Boor (1978), pp. 109, 110). Here we have used
the notation supp f for the support of a function f: R — R.

ExaMPLE 3 (continued). For M =1 and u_;<uo< - <ug<ug 1By
is one at u;,,, zero at u_q, .., U;, U; 5, .., Ug,; and piecewise linear
between the knots (hat-function).

Observe that it is possible to define the B-splines B; ,, , on whole R by
(8) and (9). We will do this in the sequel. Then S, ,is a subset of the set
of all functions which are equal to a polynomial on each of the sets
(_ o0, u—M)’ [u—Ma u—M+l)’ i) [uK+M5 OO)

In order to define the space S, ,, one simply has to choose the knot
sequence u and the degree M. In the next theorem we show how to choose
the knots of %, =S, 5, in dependence of the sample in order to define a
strongly universally consistent estimator via (3), (4), and (5).

Let u, be the empirical measure to X,,..JX,, le, u,(A):=
Un i, LX) (A< R).

THEOREM 1. Let MeN,, K,eN, p,eR_, (neN). Depending on the
sample (X1, Y1), ..., (X,,, Y,,) choose KeN and knots u_pz, .., ug, 1y €R
such that K< K, u_p,<u_pr 1< -+ SUgya and u;<u; o, for all
—M<i<K-—1. Assume that

fn— 0 (n— o), (13)
K, -pi-Inn
n

-0 (n—> ) (14)

and

4
nff"_)o (n— o) (15)
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for some 0> 0. If, in addition, for every distribution u of X

ﬂ<{(—OO,MO)U U [uk—l»uk)u[uK’OO)}m[_L’L]>
k=1,..,K,

20,0 as. (16)

for every L,y >0, or

m({(—oo,uo)u U [uk_l,ukw[uK,oo)}m[—L,L])
k=1,..,K,

B N | T (17)
for every L,y>0, then every sequence (m,), .n 0f estimators which satisfy
(3), (4), and (5) with F,,= S, s is strongly universally consistent.

Remark 1. The left-hand sides of (16) and (17) are random variables
because the knots u_,,, ..., ug, », are random variables depending on the
sample (X, Y,), ..., (X,, ¥,).

We now give examples which show that it is easy to choose the knots
such that (16) or (17) hold. In the first example we consider data-independent
knots.

ExampLE 4. Let L,, R, €R (neN) such that

L,— —oo, R,— o0 (n—> o0) (18)
and
R"z?f"*o (n— o). (19)
Set K=K, and
R,— L
uk::Ln“‘k' nK < (k: _Mn () Kn+M) (20)

n

Then (16) holds because for fixed L, y >0

f(=em.ug)u U (o100 U Lt o0) [ [~ L, L] =
k=1, Kuy—w_j_1>v

for n big enough.

In the next example we consider data-dependent knots.
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ExampPLE 5. Let C,eN, 6,>0 (neN) such that

0,—0 (n—> o0) (21)
and

o (o). (22)

n

Set K=K, and choose the knots such that there are less than C, of the
Xy, .., X, in each of the intervals (— o0, u,) and [ug , c0) and such that for
every ke {l,.., K,} with uy—u;_,, >0, there are less than C, of the
Xy X, I [0y _q, uy).

We now show that in this case (17) holds. Let L,y>0. Because of
(21) we can assume w.lo.g. that J,<y. Then wu,—u;_,,_,>y implies
Ml Lttge 15 ug)) < C, /m; thus

m({(—oo,uo)u U [ukl,uk>u[uKn,oo)}m[—L,L]>
k=

Sta((—00,19)) + > Mo Lttge 15 ug)) + (LU, 0))
U= _pm1>7
[up_,uy)n[—L, L1#* S

C 2L \C
<2"+(M+1)<+2>”—>0 (n—0)
n Y n

because of (22), and thus (17) is proved.

ExamPLE 6. Choose each [n/K, 1th order statistic of X, .., X, as a
knot. Then each sequence (m,),.n Of estimators which satisfies (3), (4),
and (5) with #,=S, ,, is strongly consistent for every distribution of
(X, Y) with X non-atomic and EY? < oo, provided that (13)-(15) and

K,— o (n— ) (23)

hold.

This follows immediately from Theorem 1 and Example 5 by setting
C,=n/K,1+1 and 6,,=0.

3. MULTIVARIATE POLYNOMIAL SPLINE
FUNCTIONS—HIERARCHICAL B-SPLINES

In this section we introduce the so-called hierarchical B-splines and use
them for the estimator of Section 1.
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For notational convenience we restrict our considerations to the case
d=2. The general case can be handled in an analogous way.

We define multivariate spline functions, i.e., multivariate piecewise poly-
nomials with global smoothness, by tensor products of univariate spline
functions.

Choose degrees M,, M,eN,, K., K, eN and knot sequences u=
(U_pg s e Uk 401 )y V= (U_My, vy va+My) and set

1

Su,MX,v,My = {f R*> R ‘f(x» y)= Z a;8:(x)h(y)

i=1

Vx, ye R for some /e N,

ap,..aq,;€R, g, ..., g,eS“’M)c and hy, .., heS, My}.

As the basis of Sy v, M, We use tensor products of the B-spline basis of
Su, a, and S, M, : Set’

J={(jez?| —-M,<j<K,and —M,<I<K,}
and define

B(j,l)(x’ y) B(] 1), M,,u, M, v(x J/) BjM u(x)'Bl,My,v(y)

for (j,/)eJ. Then {B;|jeJ} is a basis for Su, u,, v. M,

Next we define hierarchical spline spaces as linear span of tensor product
B-splines with nested knot sequences. Choose M, M, € Ny, u,, v, € R and
hY, h)>0. Set

h® ho

pP-— X D .

h? .= h? o= —F——
" max{2, M, }? 77 max{2, M}’
u? :=uo+1i-h?, vl i=vo+i-h?

for pe Ny, ieZ. The B-spline B of level p is the tensor product B-spline
to the knot sequences {u?}, and {v?}, with support [ul, uf a1 %
[v" UJZ+M+1] Let

R*2D,2D,2---2D,2D,,,'=

be a finite sequence of nested domains such that

D;= ) supp B  for some finite set J,= 7> (24)

jeJ;
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for 1 </< p. Then the hierarchical spline space Sy, is defined as linear span
of all B-splines of level / with support contained in D, (1 </< p), i.e., with

I;:={jeZ?|supp B;=D,}
we define the hierarchical spline space by
Spi=span{Bj|1<I<p and jel,}.
Remark 2. 1If one sets
Jy:={jeZ?|supp Bj= D, and supp B{Z D, }

for 1 <I< p, then {BJ{| 1<I/<p and jeJ,} is a basis for S, (see Kraft
(1997)).

Next we investigate how well smooth functions can be approximated by
functions of Sp. Let C*# be the set of all functions f: R> - R which are
o () times continuously differentiable in x (y). It is well known that the
error of approximating a function fe C*# by linear combinations of
B-splines of level / is of order (h%)*+ (h!)” (see Schumaker (1981),
Theorem 12.7). It follows that for each 1 </< p and each fe C*# there
exists a g, € Sp for which the error of approximating f in

D?:z{xeR2|VjeZ2:B;(x);éO:suppngD,}=Dl\ U supp B

J: supp BjZ D,

is of order (hL)*+ (h;)ﬂ. It is shown in Kraft (1994) that there even exists
a geSp which has this approximation property simultaneously for all
1 </< p. This is the content of the next lemma, where we use the notation
f# for the (a, B) partial derivative of a function f: R* — R.

LemMa 1. Let 1Sa<M,+1, 1<f<M,+1 and fe C™P. Set
po=min{/eN |2\, <1 and h!, <1}.

Then there exist Qf € Sp and constants ¢y, ¢, € R independent of f, h°, hg
such that

1/(x) = (0N ) < er- (1S ™M - () + 1Pl o - (m3)F)  (25)
for all xe ﬂ§=POD?, Po<I<p and

10f oo <z (ILf Lo + 1LF % Pl + 111 Pl oo)- (26)
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This lemma is shown in Kraft (1994) under some additional conditions
on the sequences of domains. We show in the appendix that it is also valid
under the conditions given here.

Remark 3. The conditions po</<p and h{*<1, hfo<1 are used to
show that ¢, in (26) is independent of A9 and /4.

Next we give general conditions on data-dependent sequences of nested
domains which imply the strong universal consistency of the resulting
estimator. Therefore we use data-independent parameters L,, R, € R,
p.eR,, K, C, p,eN (neN) and the abbreviations

[N 1 [
Luti 4 o) 2= Ly w5 4 0) X L0303 40) and

1 I N[yl 1 i 1
Lot vs thiyp) i= Lty —ys o) X L0345 03 4 )

for i= (i, i,)€Z? leN,. According to the next theorem the sequence of
nested domains should satisfy the following conditions:

First, all domains should be contained in a data-independent rectangle
[L,, R,]* (see (28)), where this rectangle converges to R? (n— o) (see
(18)). Second, the vector space dimension of the resulting hierarchical
spline space (see Remark 2) should be not greater than a data-independent
number K, (see (30)), which converges not too fast to infinity (see (14)).
Third, each rectangle [u,uj,,) which satisfies [u} ,,uj,,) =D, and
contains more than a data-independent number C, of the X, .. X,
should be contained in D}, , (see (31)), where C, converges not too fast to
infinity (see (22)). This is required for all levels 0</< p,, where p, is

data-independent and converges to infinity (see (27)).

THEOREM 2. Let M,, M,eN,. For neN let L,,R,eR, ,eR and
K,, C,, p, €N such that (13)—(15), (18), (22) and, in addition,

Pp— 0O (n— ) (27)

hold. Depending on the sample choose p = p((Xy, Y;), ..., (X,,, ¥,,))eN and a
sequence D =(D,),;_, _, of nested domains of the data-dependent hierarchical
spline space such that

[L,,R,]?=:Dy2D,2D,2---2D,2D,,,:=D,,,: =, (28)
D,= | supp B; (29)
jeJ;

for some data-dependent J, = 7* (1<1< p),

P
Y, {ieZ?: supp Bi= D, and supp B;Z D, ,}| <K, (30)

I=1
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and

/ 1
1 LI) [ujfla uj+2]§Dl+l (31)
Jilu,—1,u,421<= Dy,
i i

1 1
Hl Ll 1 )= Cy/m

forall 0<I< p,,.
Then each sequence (m,,), . of estimators which satisfy (3), (4), and (5)
with #,= Sy is strongly universally consistent.

ExaMPLE 7 (28), (29), and (31) are satisfied if one defines D, ; by the
left-hand side of (31) and sets p :=p,,. (30) is then implied by

}](Rn_ Ln)2

<K, 32
i (32)

Py
Y max{2, M }'max{2, M,
1

1=

4. PRELIMINARIES TO THE PROOFS OF THEOREM 1
AND THEOREM 2

In this section we will use the following notations: For L>0 and ze R
set Typz:=Ty(z):=(zv (—L)) AL For f=R?> R define T,f:R>R
by (TL/)(x) :=To(f(x)) (xeR). Let

By Ty =\f € F, | VxR | f(X)| < B}

be the set of functions in %, which are bounded in absolute value by f, and
let

Ty T =Ty f1f € 7,)
be the set of truncated functions from .Z,.

Our first lemma is a modification of Theorem 1 of Lugosi and Zeger
(1995).

LEMMA 2. Assume that

om0 (n—0),  (33)

1
sup |— Y (f(X)—Y) > —E(f(X)—Y)*|-0 a.s. (34)
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for every distribution of (X, Y) with |Y| <L < oo for some LeR and

inf | f(x) —m(x)|? u(dx)— 0 a.s. (35)

feB, 7, ‘R4

for every distribution of (X, Y) with EY? < oo. Then each sequence (m,,), <y
of estimators which satisfy (3), (4), and (5) is strongly consistent.

Remark 4. To ensure measurability of the supremum in (34) it is
necessary to impose regularity conditions on uncountable collections %, of
functions. For the spline spaces in Sections 2 and 3 one can use that every
spline function is a pointwise limit of a sequence contained in the countable
set of all spline functions with rational knots and rational B-spline coef-
ficients (see (12), Schumaker (1981), Theorem 4.26 and Pollard (1984),
p. 38).

Proof of Lemma 2. Let (X, 7Y), (X, Y;),(X,, Y,),.. be iid. random
variables with EY? < c0. Set

D, ={(X1, Y1), e, (X1, Yoo}

Because of
J,, 1mato) =m0 u(dx) = E(m,(X) = Y1 | 2,) ~ E [m(X) ~ Y|

it suffices to show

CE(Im(X) = Y* | 2,0} —{E Im(X) = Y|*}'» >0 as.  (36)
We use the decomposition

0<{E(Im,(X)=Y|*| 2,)} "> —{E [m(X) = Y|*} '/?

=({E(Im,(X)=Y? [ 2,)} 2~ inf {E|f(X)-Y|*}'?)
feRB, 7,
+( inf {E[f(X)=Y?}'2—{E|m(X)—Y[]?}'?). (37)
fe®,F,

It follows from (35) by the aid of the triangle inequality that the second
term of (37) converges to zero a.s. Therefore for (36) it suffices to show

lim sup ({ E(|m(X)—Y|*| 2,)} "~ inf {E[f(X)—Y|*}'*)<0 as.
n— oo feB, 7,
(38)
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In order to show (38) let L>0 be arbitrary. Set Y ,:=7.Y and
Y, :=T.Y, (i=1,..,n). Because of (33) we can assume w.lLo.g. that

i, i

f,> L. Then

{E(|m,,(X>—Y|2|@,,)}“2—f inf {E|/(X)—Y]*}'"”

n n

= sup {E(|m,(X)=Y]*| Z,)} "2 —{E|f(X)—Y]*} '

fes, 7,

< sup {{E(Imn( —YI?| 22— {E(Im,(X) = Y (> | Z,)} "7

feRB,F,

M=

1 12
+ {E(|mn(x) - Y,L|2 | 9n)} V2 {n |m,(X;) — Yi,le}

s n
=

1z 1/2 1 1/2
+{ 5 |mn<x,~>—Y,-,L|2} —{ | ,,<xl->—Y,-,L|2}

ni-h nicy

1z 12 12 12
+{ 5 |n~«,,<xi>—Y,~,L|2} —{ S in(X,) — Y|2}

n;_- n;_-

1~ 12 12
H S &) ¥R {0 T %) - Y

i=1 i=1

1 » 12 | » 12

LS SR FO VS
1z 1/2

S P SR SN R M K

HEAX) = 7.0 P) 2~ (B 11X - 71} 2),

Now we give upper bounds for the terms in each row of the right-hand side
of the last inequality: The second and seventh term are bounded above by

1 12
sup |12 3 1/X) = YouP L~ (B 1A - ¥ 07
rez, 7, UL i3
(observe m, € 7,%, and 4,%, < 7,%,). Because of (4) and fe %,%, < Z,

the fifth term is bounded above by 0. For the thlrd term observe that 1f
x, yeR with [y[<p, and z:=(x Vv (=f,)) A B,, then |z—y|<[x—yl|.
Therefore the third term is also not greater than zero.
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Using these upper bounds and the triangle inequality for the remaining
terms one gets

{E(Im(X) = YI?| 2,)} 2~ inf {E|f(X)—Y*}'

€ByFn

1/2
<2 H{E|Y-Y % 1/2+2{ Z Y, — LLP}

1/2
L2 sup H 3 /(X |} EX)— Y 7.

feZ,#, i=1

Because of (34) and the strong law of large number this implies

lim sup ({E(|m,(X) = Y|* | 2,)} ">~ inf {E[f(X)—Y|*}'?)

n— o feRB, 7,

<4-{E|Y-Y )}"*  as

With L — oo one gets the assertion. ||

Because of Lemma 2 the assertion of Theorem 1 and Theorem 2 follows
from (34) and (35) with %, =S, s and %, = Sp, resp. To show (35) we will
use the following lemma.

Lemma 3. Let #,=7,((Xy, Y1), .., (X,, Y,,)) be a data-dependent set of
Sunctions f:R>R (neN). Let hy : R‘>RU {0} be a data-dependent
Sunction and c¢: CP(RY) >R be a dala independent function such that for
every me CP(R?) there is a function g e 7, with

lg(x)|<c(m)  and  |m(x)—g(x)| <c(m)-hg(X) (xeRY).  (39)
Then (33) and
y({xeRd|hyn(x)>y} N[—=L,L]%) -0 as. (40)

for every L,y >0 imply

inf , | f(x) —m(x)|> u(dx)—»0  as.

feRB, 7, R

for every me Ly(u)

Before we will prove this lemma we give an example for possible
functions hg and c.
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ExaMPLE 8. Let %, be the set of all functions f: R>— R which are
constant on each set of a data-dependent partition #,= {4, , 4, 5, ..} of
R2. Then it is easy to see that (39) holds with

hg

(x) =diam(A4, ;):= sup |a—V]| (xed, )

uve An, i
and

c(m) :=max{/2- [m®O| o, /2 MmOV, [m] .}

In this case one can choose fixed x; €4, ; (ie N) and can define
g()=Y L, (-)m(x,).

Proof of Lemma 3. Because of me Ly(1) and C?(R?) dense in L,(u) we
can assume w.lo.g. that me C(RY).

Choose ge 7, with [g(x)|<c(m) and |m(x)— g(x)| <c(m)-hg(x) for
every xeRY Because of (33) and c(m)<oo we can assume w.lo.g.
g€ BT,

Let L,y >0. Then

inf [ 1/(x) =m(0) ) < | 1200 = m(x)]? u(dx)

feB, F, R

n

<[ |2(%) = m(x)[? ()
RIN[—L, L]

+| |8(x) = m(x)|> u(dx)
{xeR? |z (x)>7} N[ —L, L]?

|g(x) —m(x)|* u(dx)

* J{xemad|h,a;n(x)sy} n[—L, L]

<2-(c(m)*+ |m)2,)
ARRN[ =L, L] +u({xeR? [ hz(x) >} n[—L, L]1)}
+7%-c(m)?

= 2-(c(m)*+ [|m|%) - w(RN[ — L, LT9) +y*- ¢(m)? a.s.

because of (40). With L — oo and y — 0 one gets the assertion. ||
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Next we explain how we will show (34). In Theorem 1 and in Theorem 2
Z,, and therefore also 7,%,, are spaces of piecewise defined functions
which depend on the data. We will construct spaces of piecewise defined
functions which do not depend on the data and which contain 7,%, for
every sample, and we will show (34) for these spaces.

To describe such sets of piecewise defined functions we use the following
notation: Let /7= (=), be a family of finite or countably infinite partitions
n,={A; ., A, ..} of Borel-measurable subsets of R¢ and let ¢ be a fixed

J, 1>
set of functions g: RY » R. Then

fﬁoH:={f= Y il

AjETL'

n={A;} eIl gje{é}

is the set of all functions which are obtained by applying a different
function of ¢ within each cell of a selected partition of 1.

In order to show (34) for such spaces of functions, we will use the following
lemma, whose formulation needs the notions of VC dimension and
partitioning numbers (Definitions 2 and 3 in the appendix).

LemMA 4. Let NeN and let IT be a family of partitions of R? such that
no partition of Il consists of more than N sets. Let 4 be a set of functions
g: RY— R. Assume |Y| <, a.s. and let t >0 be arbitrary. Then the following

L& 2 : 2
=2 fX) =Y, —E[f(X)- Y|

inequality holds:
P < sup > t>
€T, %11 n i=1

128¢p2 128ep2\\ Vet N nt?
<84 (IT)-2V. n n : S
5+ 4.0 < r °g< t >> exp( 2048/f;:>

We will apply the Borel-Cantelli lemma in order to obtain (34) from the
above inequality.

Proof of Lemma 4. Set
H = RIXR = R:h(x, y)=|f(x) = Ty y|* ((x, y) eRI X R)
for some fe7,%-II}.
For he #, one has 0<h(x, y)<4B% ((x, y)e RYxR). Using the notion

of covering numbers (Definition 1 in the appendix) and Lemma 5 one
concludes
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1 n
Pl sup LY 1K) V- ELAX) - VP>
feggem |1y
1 n
=P{ sup |- Y. h(X,, Y;)—Eh(X, Y)’ >t}
hes#, 1M ;-1
<SE( (L 2. (X 7)) ex o (41)
SOELT g e W TN R To0ag 0 )

Next we bound the covering number in (41). Observe first, that if
hi(x, y) = £;(x) = Ty y|* ((x, y) € RYx R) for some functions f; bounded in
absolute value by g, (j=1, 2), then

% Z |hl(Xi9 Yi)_hZ(Xia Yz)'
Z /(X)) =Tp Yo+ fo( X)) = T, Vil - | [1(X)) — fo(X))]

l n
< 4[’)% ;,1 |f1(X,) — f2(X))].

Thus

N <;yf(x Y)1>\m< 7,911, x';>. (42)

t
328,

Using the notions of VC dimension and partitioning numbers (Defini-
tions 2 and 3 in the appendix), Lemma 8 and Lemma 6, one gets

t t N
—— . T G I, X" |<A, (11
”<3zﬁn’“"g : ) o ){zl,._,s,‘ipe <32ﬁn Tn®: Z>}

‘m

<A,(IT) <2 ( j;fﬂl <$§ﬁ>>”>”

<4,(10) zN(lzgfﬁi log <128t€ﬁ2>> 4

where we have used the relation Vg 4+ < Vg+, which follows directly from
the definition of the VC dimension. (41) (43) imply the assertion. ||
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5. PROOF OF THEOREM 1

Because of Lemma 2 it suffices to show (34) and (35).

Proof of (34). Let II, be the family of all partitions of R consisting
of K,,+2M + 2 or less intervals and let 4 be the set of all polynomials of
degree not greater than M. Then %, c%o1l, and therefore it suffices to
show (34) with &, replaced by ¥ Il,. ¥ is a linear space of functions
of dimension M +1, thus Vg+ <M +2 (see Lemma 7). It follows from
Example 1 in Nobel (1996) that

n+K,+2M+1
n

An(Hn)<< ><(n+Kn+2M+l)Kn+2M+1.

Now the assertion follows from this and Lemma 4 by an easy application
of the Borel-Cantelli lemma with the help of conditions (14) and (15).

Proof of (35). Because of Lemma 3 it suffices to show (39) and (40).
For me Cy(R) define Ome Z, by Om := f;le m(u;) - B; sy Then (10)
and (12) imply

" —1
|Om(x)|<  max |m(u)|- Y Bjau(x)<|m|,
j=—M, .. K,—1 e

for xeR. Let xe[u;, u;,,) for some 0<i<K,—1. Using (12), (11), and
(10) one gets

Im(x) — Om(x)] = |

j=i—M

< m%} |m(x)_m(”j)| Z Bj,M,u(x)
J=i—M, ..,1 .

j=i—M
Slupor — vl - 1]
Therefore (39) is satisfied with
h(x):= Ui 41— Ui aal if xelu,u;py) and 0<i<K,—1
T oo if x<uy or x>ug,

and c(m) :=max{|ml|o,, [lm'[l.}.
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Let L, y>0. Then

a({xeR [hy(x)> 7} N[ ~L L)

=H <{(—OO, Z’IO)k) U [ujauj+1)u[uKnaOO)}n[_L’L]>
i=0,.. K,—1,
Upp1 —HUip>7

<un<{(—oo,uo>u U [u,-,u,-H)u[uKn,oo)}n[—L,LD
J=0, . K,—1,

U1~ Ui—m>7
- (X)) — Ef(X)]
fe%y-II, =1

1
n.

1

with %, consisting of two functions which are constant 0 and constant 1

(resp.).
It follows from (34) that

sSup
febyoI,

1 n

2 3 )~ B0
1

= s |1 (=07 =B <0P| =0 s (1=o0)

Thus (40) holds provided that (16) or (17) hold. ||

6. PROOF OF THEOREM 2

Because of Lemma 2 it suffices to show (34) and (35).

Proof of (34). Let 9 be the set of all polynomials of degree less than or
equal to M, (M) in x (y), resp. Each function in Sy, is on each set
[ul,ui,,)=D\D,, equal to such a polynomial (/€ {1, .., p}). From this,
(29) and (30) one obtains that there exists a partition 7 consisting of at
most K, (M, + 1)(M,+ 1) rectangles and one additional set such that each
function in Sy, is on each cell of 7 equal to some function contained in
4. Let II, be the family of all such partitions. Then Sp =£%-1II, and
therefore it suffices to show (34) with %, replaced by ¥ 11,.

It is easy to see that in R? rectangles can partition n points in at most
(n+1)* ways, hence

A (IT) < (n 4 1)¥aMe+ DM+ 1)

From this one obtains the assertion as in the proof of Theorem 1.
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Proof of (35). Because of Lemma 3 it suffices to show (39) and (40). It
follows from Lemma 1 that (39) is satisfied with

hO hO 1 —1
= r if D? D?
by d P2 AT max2 AL} e \m ’
z(x):=
Zn for some p,<I<p,
o0 otherwise

and c¢(m) :=max{cy, ¢;} - ([|m| o + [|m® P o, + [|m® V| ). As in the proof
of Theorem 1 (40) follows from (34) and

un({xe[R{2|hSD(x)>y}n[—L,L]z)—>O a.s. (44)

for every L, y>0.

Let L,y>0 be arbitrary. Choose ¢eN minimal such that
hY /max{2, M} ¢+ h)/max{2, M,}?<7y. Because of (18) and (27) we can
assume w.l.o.g. that

[—L, L1>S[L,+2h% R,—2h%] x [ L, +2h°, R, —2h°]

(thus [u),u), N[ —L,L1*# implies [u]_,,u] ,1<=[L,,R,]*) and

q< Py
If [uf, J+1] N[—L, L1*# ¢ and [u?, u J+1) contains more than C, of
the Xl, s X, then (31) implies [uf, uf, ) DY for 1 <I<q and therefore

{xeR?|hg xX)>y)nluf,uf, ) =D
Using this and (22) one gets
:un({XEIR2|hSD(X)>y} m[_LaL]z)

< z ([u19u3+1))

L, el )AL =L, LT # & w4, uf+l>)<c,/n

C 2L
—=. 0 it
< <max{2, M.} [how +2>

X

-(max{2,My}q-ﬁl%} +2>—>0 (n—>o0). 1
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APPENDIX

A. Proof of Lemma 1
For /e N, and f e C(R?) define
o=y 0if-B
jez?

for some linear functionals Qj: C(R?) — R. It is possible to choose Qf such
that

10if1<cs 1fl (45)
for all fe C(R?), je Z?,

1% = flloo < ear (If oo (B)* + 1S PNl e - (B5)7) (46)
foralla<M,+1, <M, +1, fe C*P, and

0" (0f)=0f (47)

for all /e Ny, /e C(R?). Here ¢, ¢, are constants independent of f, I, i,
hg (see Schumaker (1981), Theorems 12.5-12.7).
Define

Or= Y (0B
and
1—1
0, fi=0m+ ¥, 0" \(f - 0F)

for po<I<p.
It follows directly from the definition of D? that

Qlfm? = Qlf|Dé’
for all /e Ny. Using this and (47) one gets

-1
anfmi:pol’?: onfmx/'woD?—i_ Z Ql+1(f_Qlf)|m§=mD?

i=p,

1—1
=0y ot X (@7 i 0= QO )y D°>

. i=py i
i=p,

=0\ - (48)

i=py i
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Now we prove (25). Let po</< pand xe ﬂﬁ:po D?. Then (48), (45), (12),
and (46) imply

|f(x) = 0% fX) < /(%) — O, f(x)] + Z 0N f—0)(x)

<|f(x) — O (x)| + ¢5- Z If—OFllo
Scy {1/ - (R + 1S OPN o - (B2)P}

p—1 ( hl o
. . , 0) Y R S
T zl €4 {'f leo <max{2, Mx}"_l>

T+ fOP| <4hl;>ﬁ
* \max{2, M}~
<(eat2-c5¢0) - LISVl (B 4+ ISP o - (B)P);
thus (25) is proved.

Next we prove (26). Let x € R? be arbitrary. Then (45), (12), (46), and
the definition of p, imply

(0L NN <es If |t S earlf—OF I,

i=p,
P (1.0) hPo
<cs | flle +e3c O ——
<e 1] _Z{|f A
hoo
I T
I max{2, M} '~

Ses o +esca SN0+ 1Pt 1

B. Some Results of the Vapnik—Chervonenkis Theory

In this section we list the definitions and results of the Vapnik—Cher-
vonenkis theory which we have use in Sections 4, 5, and 6. An excellent
introduction to most of these results can be found in Devroye et al. (1996).

We start with the definition of covering numbers of classes of functions.

DEerINITION 1. Let %, be a class of functions f: RY — R. The covering

number (e, Z,,z") is defined for any ¢>0 and z7=(z,,..2,)eR?"
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as the smallest integer k such that there exist functions g, ..., gx: R > R
with

min *Z |f(z) —gi(z))| <

1<i<kn

for each fe %,

If Zt=(Z,, .. Z,) is a sequence of R%valued random variables, then
N (e, #,, L) is a random variable with expected value EA (e, %,, Z). The
next result due to Pollard is the main tool in the proof of (34).

Lemma 5 (Pollard (1984), Section 115, Th. 24). Let %, be a class of
Sunctions f: RY— [0, B], and let 2} = (Z, ..., Z,) be R%valued i.i.d. random
variables. Then for any ¢ >0

+ ¥ A(2) - B(2y)| >
1—1

& n£2
<8E| N | =, F,, L} — s )
< <8 1>>e"p< 12832>

To bound covering numbers we use the following definition of the VC
dimension.

{ sup

feZ,

DEFINITION 2. Let & be a class of subsets of R? and let F< R? One
says that & shatters F if each subset of F has the form D n F for some D
in 9. The VC dimension V, of & is defined as the largest integer k for
which a set of cardinality k exists which is shattered by 2.

A connection between covering numbers and VC dimensions is given by
the following lemma, which uses the notation Vg+ for the VC dimension
of the set

Fr={{(x,)eRxR: 1< f(x)}: fe F,}

n

of all graphs of functions of %,

LemMA 6 (Haussler (1992), Th. 6). Let %, be a class of functions
f:R?—> [ —B, B]. Then one has for any z! € R* " and any ¢ >0

4eB. [4eB
Q/V(a,ﬁf’n,z'l’)<2<e lo <eg>>

The following result is often useful for bounding the VC dimension.
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LemMa 7 (Dudley (1978)). Let %, be a k-dimensional vector space of
Sunctions f: RY— R. Then the class of sets of the form {xeR% f(x)>0},
fe, has VC dimension less than or equal to k.

We apply the above results to sets of piecewise defined functions. Let
IT=(m;); be a family of partitions of R? and let % be a fixed set of functions
g: RY— R. Set

Goll := {f= Y gila

Ajen

n={A4,} ell, gjeg}.

In order to bound covering numbers of such sets of functions we need the
following definition, which is due to Lugosi and Nobel (1996).

DEFINITION 3. Let IT be a family of partitions of RY Let
X7 ={X;, ..., X,} SR% Every element 7 ={4;: j} eIl induces a partition
{4, nx7:j} of x}. Let A(x}, ) be the maximal number of distinct
partitions of x7 induced by elements of /7 (without regarding the order of
appearence of the individual sets) and define the partitioning number
4,(I1) by

A,(IT) = max{A(x}, n): Xy, ..., X, € R}.

LemmaA 8 (Nobel (1996)). Let NeN and let I be a family of partitions
of R? such that no partition of IT consist of more than N sets. Let 4 be a
class of functions g: R? — R. Then one has for each X, ..., X, € R? and each
e>0

N (e, G oIl X)) < A,(IT){ sup N(e, G, 27}

Z, s zmexg‘,msn
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