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1. Introduction

Statistical inference with high dimension has received much attention in recent years, because statistical analysis of
high-dimensional data has been requested in many research areas such as genomics, remote sensing, telecommunication,
atmospheric science, financial engineering, and others. Such high-dimensional data are generally hard to handle, and
ordinary or traditional methods are frequently inapplicable. This has inspired statisticians to develop new research areas in
high dimension from both theoretical and practical aspects. Most interests have been in development of efficient algorithm
for statistical inference and in derivation of asymptotic properties with the dimension going to infinity. From a decision-
theoretic point of view, however, there does not exist much literature in high-dimensional problems except for Chélat and
Wells [2], who established the inadmissibility of the maximum likelihood estimator (MLE) for a large dimensional and small
sample normal model. In this paper, we extend their result to the framework of estimating a mean matrix and we establish
a unified theory for improvement on the MLE in both cases of high and low dimensions.

To explain the subjects addressed here, we begin by describing the canonical model and the estimation problem. Let X =
(X1, ..., Xm)tand Y = (Yq, ..., Y,)! be, respectively, m x p and n x p random matrices, where X;’s and Y;'s are mutually
and independently distributed as

X~ N6, %), i=1,...,m,

1.1
Y, ~ M0, %), j=1,...,n (1)
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Suppose that 6;’s are unknown mean vectors and that X is an unknown positive definite matrix. It is noted that the model
(1.1) is a canonical form of a multivariate linear regression model although the details are omitted here. The problem we
consider in this paper is the estimation of the mean matrix @ = (81, ..., 6,,)" relative to the invariant quadratic loss

L, 0|X) =tr(6 — @)X~ (8 — @), (1.2)

where § is an estimator made from X and S.
The MLE of @ is "' = X, which is a minimax estimator with the constant risk mp. When n > p, it is known that ML is
improved on by the Efron-Morris [3] type estimator

s _ [ X —cXsTIXH~IX ifp>m,
TIX —cXX'X)7!s  ifm > p,

where § = Y'Y = Z?:] Y;Y/, and c is a suitable constant. Konno [5,6] derived conditions on c for the improvement.
When p > n, however, this estimator is not available because the inverse $~! does not exist. A possible alternative is the
Moore-Penrose inverse ST which will be defined in the beginning of Section 2. In the case of m = 1, Chélat and Wells [2]
suggested the shrinkage estimator

§W =X — ——_xss*
XStXt
and provided a condition on c for to dominate
An interesting issue is how to extend the Chételat-Wells estimator 6V to the framework of estimation of the mean
matrix @. Especially, the Efron-Morris type estimators seem to take various variants which depend on orderings among m,
p and n. One of interesting results provided in this paper is that we can develop a unified form for the Efron-Morris type
estimators, given by

M = X — c(XSTXH)TXSST.

As explained in Section 2, this estimator can be defined for all the positive integers of m, p and n as well as this expression
includes 8"* and 8 as special cases. Also this expression suggests us to consider a general class of shrinkage estimators in
Section 3. In this paper, we derive a unified expression of an unbiased estimator of the risk function for shrinkage estimators
within the general class.

The paper is organized as follows. In Section 2, we introduce shrinkage estimators of @ based on a motivation from
an empirical Bayes method, and we provide the unified form of the Efron-Morris type estimator. This expression not only
contains the Efron-Morris or Baranchik type estimators suggested so far in the literature, but also provide various forms
corresponding to ordering of m, p and n. In Section 3, we consider a general class of shrinkage estimators. A unified expression
is developed in Section 4 for the risk functions of the general shrinkage estimators. It is noted that the unified expression
gives an unbiased estimator of the risk difference. As specific examples of shrinkage estimators, we treat the modified
Efron-Morris type estimators and the modified Stein type estimators, and we get conditions for their improvement from
the unified expression. Section 5 provides analytical and numerical dominance results that positive-part estimators improve
the corresponding shrinkage estimators. Some technical proofs are given in Section 6.

SCW (SML.

2. A Bayesian motivation

We begin by describing basic and useful properties of the Moore-Penrose inverse. For any matrix A, the Moore-Penrose
inverse of A is written by AT if A" satisfies (i) AATA = A, (ii) ATAAT = AT, (iii) (AAT)! = AA™T, and (iv) (ATA)! = ATA.
The Moore-Penrose inverse A* has the following properties: (1) A* uniquely exists; (2) (A1)! = (A)*; (3)A* =A ' fora
nonsingular matrix A.

Let Band C be r x p matrices of full row rank. We then have (1) B* = B'(BB‘)~', (2) BB™ = I, (3) B" B is idempotent,
(4) B'O)t = ¢t (Bt = ct(cct)~'(BB')~'B. Further, for an r x r nonsingular matrix A and an r x g matrix B of full row
rank, we can easily show that (B'‘AB)* = B*A~!(B))*.

Based on the properties of the Moore-Penrose inverse, we give a unified form of empirical Bayes estimators. Using a
similar argument as in Tsukuma and Kubokawa [ 14], we can show that in the case of known X, the empirical Bayes estimator
of @ is given by

$o1X- c(XZ7IXH7'X forp>m,
TIX—cXX'X)"'Y  form > p,
for a suitable constant c. Here it is observed that, for m > p,
XZIXHt = XHTExt = XXX) T ZXX) XY,

which yields that (XX~ 'X")*X = X(X'X)~!X. Hence, both cases p > m and m > p for the empirical Bayes estimator §°
can be unified by

B =Xx—-—cxzxH*x.
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Since X! is unknown, we need to estimate it. In the case of n > p, X~! is estimated by nS~!, so that we get the

Efron-Morris type empirical Bayes estimator
M =X — c(xsTIXHTX. (2.1)
The dominance properties of this estimator have been studied by Konno [4-6].
In the case of p > n, the rank of § is deficient and its inverse does not exist. Therefore, we here estimate X! via nS™,
where ST is the Moore-Penrose inverse of S.

The matrix XS*X" is nonsingular for p > n > m, while it is singular for p > m > n. Taking the shrinkage estimator
suggested by Chélat and Wells [2] into account, we can suggest the Efron-Morris type shrinkage estimator given by

SM = X — c(XSTXH)* XSSt (2.2)
for any set of (m, p, n). This gives a unified form of the Efron-Morris type estimator for any positive integers p, m and n. In
fact, (XSTX®)* can be rewritten as

Xs7IXH™! forn>p>m,
XSTXHT = I (XsTXH™!  forp>n>m,
XSTIXHt  forn>m>p, m>n=>p,
and the corresponding Efron-Morris estimators are provided. Especially, in the case that m > p, 8/
following proposition which is an extension of Konno’s [6] class for m > p.

is expressed in the

Proposition 2.1. In the case of m > p, the Efron-Morris type estimator given in (2.2) is expressed as

t -1
5EM:{X—cX(XX) ) forn>m>p, m>n=>p, 23)

X — cX(SSTX'XSS™HTS form>p>n.
Proof. Whenn > m > porm > n > p, the expression (2.3) follows from the fact that $* = $~! and
(XSTIXHTXSST = (XH)TSXTX = X(X'X)~'S.
Whenm > p > n, we define the eigenvalue decomposition of § as S = HLH®, where H is a p x n matrix such that H'H =1I,,

and L is a full-rank diagonal matrix of order n. Since ST = HL~'H* and H'X" is an n x m rectangular matrix of full row rank,
it is observed that

(XSTXHTXSST = (XHL™'H'X")"XHH' = (H'X")"L(XH)*XHH'
= XHH'X'XH) 'L(H'X'XH) 'H'X'XHH"
= XHH'X'XH) " 'LH' = XH(H'X'XH) '"H'HLH'
= XH(H'X'XH) 'H'S.
Noting that HH'X'XH) 'H' = (HH'X'XHH")* = (SS*X'XSS*)*, we obtain the expression for the case that m > p

>n 0O

3. A general class of shrinkage estimators

Konno [4-6] separately considered two cases m > p and p > m, and individually defined classes of shrinkage estimators.
The arguments stated in the previous section suggest that we can construct a well-defined class of shrinkage estimators
unifying both cases m > pand p > m.

Let @(r) be the group of r x r orthogonal matrices. For r > q, let V; 4 be the Stiefel manifold, namely the set of r x g
matrices M such that M'M = I,,.Itis noted that O (r) = V, . Define D} as the set of r x r diagonal matrices diag(dy, . .., d,)
suchthatd; > --- > d, > 0.

Denote £ = m A p A n. Define the eigenvalue decomposition of S as S = HLH', where H € V, ,,p and L € D, . Let

nAp*
XHL~'/2 = RF'/2V" be the nonsingular part of the singular value decomposition, where R € Vi ¢, V € Vyrp ¢ and F/? =
diag(f,”?, ..., f"*) € D .1tis clear that S* = HL™'H' and XS*X' = XHL"'H'X' = RFR'. Note also that R is orthogonal

if £ = m and otherwise V is orthogonal.
For both the cases m > p and p > m, a unified class of shrinkage estimators is defined by
8" = X — R®(F)R'XSS™, (3.1)
where @(F) = diag(¢(F), ..., ¢¢(F)) isadiagonal matrix and the ¢;(F) are differentiable functions of F. Since (XSTX")* =
RF~'R!, the Efron-Morris type shrinkage estimator (2.2) is given by
M = X — ROM(F)R'XSSt, @™ (F) = diag(c/fi, ..., c/fo).
Interestingly enough, the class (3.1) can be rewritten as in the following which is an extension of Konno’s [6] class for
m > p.



H. Tsukuma, T. Kubokawa / Journal of Multivariate Analysis 139 (2015) 312-328 315

Proposition 3.1. Let Q = HL™'/?V. Then Q satisfies that Q'SQ = I, and Q'X'XQ = F, and the shrinkage estimator given
in (3.1) is expressed as

81 =X — XQo(F)Q's. (3.2)

In the case of £ = n A p, namely, m > n A p, 8 is

=X -XQe(F)Q" =X, — Q®(F)Q™"). (3.3)
Proof. Recall that XHL~"/?> = RF'/?V'. It thus turns out that R‘’XH = F/2V‘L"/? and R = XHL~"/?VF~"/?, which yields
that

R®(F)R'XSS™ = RO (F)R'XHH' = XHL™'>VF~'?®(F)F'/>V'L"/’H!

= XHL™'?V®((F)V'L'’H".
Then it is seen that V!L'/?H' = V!L~/2H'HLH' = Q'S. Hence for any set of (im, p, n), one gets the expression (3.2). In the
case of £ = n A p, itis noted that V. € @(n A p) and VIL'2H' = (HL~'/2V)* = Q*, which yields the expression (3.3). O
4. A unified expression of the risk functions

(SSH

We now provide a unified expression of an unbiased estimator of the risk function of estimators givenin (3.1).

Theorem 4.1. Let & = &(F) and ¢; = ¢;(F) fori = 1, ..., L. Denote by hy ,(X|©, X) and h;, ,(Y|0,p, X) the probability
density functions of X and Y, respectively. Assume that
(i) E[(trS)trF®?] < oo,
(ii) limy,,— 400 {RPR' XSS }cghm p(X|O, X) =0fora,c =1,...,mandb,d=1,...,p,
(iii) limy,,— 400 {YSTX'RO*R'XSS "} cahn p (Y 0pxp, X) = Ofora,c = 1,...,nandb,d=1,...,p.

For any positive integers m, p and n, the risk difference of &' and 8" is expressed as
¢

i i

6™, 012) ~RG" 61) = £[ Y- faro —2boi— 445 — 415

i=1 1 1

242 £242
_22f¢ f¢ _4Zf¢1 f}d’)]]’
j>i j>i

where { = m A p A nand
a = 0ap mn =(n—p|l+2m) A(n+p)—3,
b=bpmn=Im—nAp|l+1.

When an ordering among m, p and n is given, the corresponding specific value of (a, b) is provided. Noting that
(Jn—p|+2m) A(n+p) =n+ pform > n A p, we can see that specific values of (a, b) are given by

(n+p-3, m—p+1) forn>m>p,
n+p-3, m—p+1) form>n=>p,
n+p-—3, m—n—+1) form>p>n,

(@b) = (n—p+2m—-3, p—m+1) forn>p=>m,

p—n+2m—-3, n—m+1) forp>n>m,
n+p-—3, m—n+4+1) forp>m>n.
The three casesn > m > p,m > n > pand n > p > m, namely the cases satisfying n > p, are provided by Konno [6].
The unified expression of the risk difference given in Theorem 4.1 can provide conditions under which specific estimators
improve on the MLE 8¥' = X. Two examples are given below.

Example 4.1. A modified Stein type estimator is given by

T = §5T — LRfossﬂ (4.1)
tr[Xs+X?t]
where 87 = X — RCF~'R!XSS™* for C = diag(cq, ..., cg) withcy > --- > ¢,. This corresponds to the form
b = Gi d
fi

Zﬁ



316 H. Tsukuma, T. Kubokawa / Journal of Multivariate Analysis 139 (2015) 312-328
Then, from Theorem 4.1, it follows that
= R(smST @|z) — R, 0%

—EZ (ac? 2bc,+4c1+4c2)+—[(a—ZE—i—Z)dz—2Zbd 2((Z—l)d+4d+2(a+2)d2cl]
i=1 1 i=1

trCF trF? (¢ — o) + G+2) 4d cifi — oif
4d d? -2 f J “ 42
+ (tl‘F)z +4 (t F)3 Z Z tl‘F Z Z ( )

i=1 j>i i=1 j>i
since ) ; > i ;(fi + f}) = (¢ — 1)trF. The condition for obtaining (4.2) is
Im—nAp|l>2 (orequivalently, b > 3),

which is a sufficient condition for (i) of Theorem 4.1. It follows from Konno [5] and Tsukuma and Kubokawa [14] that
trF? < (trF)?, trCF / (trF)? < ¢ /trF,

Z Z (¢ — C])(Cl + G+2) > Z Z(Cl ¢)(ci+ ¢+ 2),

i=1 j>i i=1 Jj>i

[4
chm LT

i=1 j>i

Thus, one gets A < Zle he())/f; + hg/trF, where

he(i) = (@+4— 20 +20)c? —2(b— 2+ 20 — 26 +2 Y 6(G +2),

Jj>i
4 4
hg = (a — 2€ + 6)d? —2[€b+£(£ D -2-20-@+2)Y G+2) (¢ —i)ci}d.
im i=

Konno [5] showed that h. (i) < 0 for any i when ¢; is

c=Mb-2+2¢-2i)/(a+4— 2L+ 2i). (4.3)
For these ¢;'s, itis seenthat2 Y (£ —i)c; = — Y\, (a+4—20+2i—a—4)c; = — Y, (b—2420—2i)+(a+4) Y, ¢ =
—b—24+200+Ll+1)+ (a+4) ZL c;. Then, hq is rewritten as

e
hy = (a — 20 + 6)d? —4{e —1 +Zc,-}d.
i=2

Hence, these observations imply that 8" is improved on by the Stein [12] type estimator §°7 = X — RCF~'R'XSS for
constants ¢;'s given in (4.3). For these ¢;’s, the Stein estimator 8T is further improved on by the modified Stein type estimator

d
§™T — X — RCF'R'XSSt — ——RR'XSS™,
tr[XSTX!]

if d satisfies0 < d < 4{E -1+ Zf:z c,-}/(a — 2£ + 6). This is an extension of Tsukuma and Kubokawa [14]. O

Example 4.2. A modified Efron-Morris type estimator is given by
mEM EM d ¢ +
) =§" — —RR'XSS™, (4.4)
tr[XStX!]
where 8 is given in (2.2). This corresponds to the form

c d
bi= -+

f'Zﬁ
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Letting ¢; = c in (4.2) for all i, one gets

14
1
R@E™. ©|%) — R, ©|%) = E[{ac2 —2bc+4c+4c%) Y -
i=1 i
1
+ tTr{(a — 20+ 2)d* — 2¢bd — 20(¢ — 1)d + 4d + 2£(a + 2)cd}
I

c trF? cd ¢
4d—— + 4c? 4 i } :
+{ trF + (trF)3 trF ;( b i|

which is less than or equal to
[

E[{(a +4)c®> —2(b — 2)c} Z%

i=1 7!
+{(a—2¢+6)d* —2{bt — 2 — (al + 2£ + 2)c + (c + DL — 1)}d}%],
;f,-

which implies that 8™ improves on 8" if constants ¢ and d satisfy that 0 < ¢ < 2(b — 2)/(a + 4) and
0<d<2{bl—-2—(al+2¢+2)c+ (c+ 1) —1)}/(a—2¢+6),

317

forb > 2and{b+ (c + )¢ — 1)}£ > 2 + (al + 2¢ + 2)c. Also from the expression (4.5), it is seen that the constant ¢

which minimizes the first term is given by
b—2 m—nApl—1
Ta+4 (n—pl+2mA@m+p +1°
Given ¢ = ¢, the constant d which minimizes the second term in (4.5) is given by
(@a+b+2)—-1)(£+2) m+nvppArmAn—1)(pAmAn+2)
T T @+4H@—20+6)  {((In—pl+2m)A(m+p) +1}(n—p|+3)°
That is, for b > 3, 8" is improved on by the Efron-Morris type estimator
M =X — co(XSTX')TXSST,

which can be further improved on by the modified Efron-Morris type estimator

Co

d
§MM — X — co(XSTX')TXSST — — 2 __RR'XSS™,
tr[XSTX!]

forb>3and¢ >2. O

5. Positive-part estimators and some numerical results

In this section we investigate risk performances of the shrinkage estimators (3.1) by simulation. Before that, we prove

that the shrinkage estimators are dominated by the corresponding positive-part shrinkage estimators.
Since S = HLH' and XHL~'/?> = RF'/?V* where R € V4, it is seen that

(I, — RR)XSS' = (I, — RR)OXHH' = 0, ),
which is used to rewrite the estimator (3.1) as
81 = X — XS§* + XSS — RR'XSS™ + RR'XSS* — R®(F)R'XSS*
=X, —SST) + R¥(F)R'XSS™,

where ¥ (F) = diag(y¥1(F), ..., ¥¢(F)) = I, — ®(F). Then, we define the positive-part shrinkage estimator

8 = X@, —SST) + R¥, (F)R'XSS™,
where ¥ (F) = diag(y; (F), ..., ¥, (F)) for ¥, (F) = max{0, ;(F)}.

(5.1)

Whenm = landp > n, 65+H was suggested by Chélat and Wells [2], who showed by simulation that SiH outperforms

8*". For analytical dominance results between &% and §°", see [1] form = 1andn > pand [13] form > 1and n > p. We
prove analytically this kind of dominance results in more general cases for any positive numbers m, p and n. The proof of

the following theorem is given in Section 6.
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Table 1
Average losses of shrinkage estimators and their positive-part estimators (R(X, 8| X) = mp = 200).
@ b)) (m’ p) n aEM siM smEM STEM SST ail" SMST 815T
(A) (a) (20, 10) 50 126.2 106.9 49.8 11.7 57.3 28.3 52.2 174
15 147.9 1355 64.1 41.8 77.1 59.8 63.7 42.4
5 156.5 149.6 134.3 121.0 136.5 128.6 131.0 120.5
(10, 20) 50 129.2 1111 494 13.2 58.4 31.2 52.2 19.3
15 177.3 169.2 94.3 81.6 109.9 97.0 97.4 81.7
5 184.7 180.0 164.4 155.8 167.4 161.4 164.1 156.3
(A) (b) (20, 10) 50 126.2 106.9 49.8 11.7 57.3 28.3 52.2 17.4
15 147.9 135.5 64.1 41.8 77.1 59.8 63.7 42.4
5 162.7 157.0 144.4 133.8 146.2 139.8 141.7 1334
(10, 20) 50 129.2 1111 494 13.2 58.4 31.2 52.2 19.3
15 178.9 1715 103.2 91.7 117.0 105.4 105.7 91.5
5 189.4 186.4 176.5 171.6 178.4 174.8 176.3 171.9
(B) (a) (20, 10) 50 139.8 125.5 114.6 96.4 97.6 77.5 96.2 74.8
15 157.5 148.2 129.5 118.0 115.7 103.5 111.9 98.9
5 170.6 166.8 162.9 158.0 162.5 158.5 160.9 156.4
(10, 20) 50 142.3 128.7 116.0 98.7 99.1 80.3 97.4 77.3
15 181.6 175.3 153.7 146.4 140.6 1315 137.0 127.3
5 189.4 186.8 182.4 179.1 181.9 178.9 180.9 177.6
(B) (b) (20, 10) 50 140.8 126.8 134.5 119.6 99.9 80.5 99.6 79.8
15 158.1 149.0 151.1 141.6 119.3 107.6 1185 106.5
5 177.3 174.8 175.0 172.3 172.6 170.0 172.2 169.5
(10, 20) 50 143.2 130.1 139.7 126.1 101.8 83.7 101.6 83.3
15 183.1 177.7 179.0 1734 148.8 141.0 148.3 140.5
5 193.6 1923 192.3 190.9 190.3 188.9 190.1 188.7

Theorem 5.1. Assume that the risk of §°" is finite and Pr(y;(F) < 0) > 0 for some i. Then &' dominates 8" relative to the
loss (1.2) regardless of an order relation among m, p and n.

For example, the Efron-Morris estimator 8™ is dominated by 85 = X (I, — S§*) + R¥EM (F)R'XSS*, where the ith

diagonal element of IIIiM (F)is max[0, 1 — (b — 2)/{(a+ 4)f;}]. Also, Theorem 5.1 can be applied to S™EM 85T and 8™ given
in Section 4.

We now investigate how positive-part shrinkage estimators reduce risks of shrinkage estimators through Monte Carlo
simulations. The risks of estimators were estimated by average of losses based on 10,000 independent replications of X
and Y in the model (1.1). For the mean matrix ® = (6;), we considered the following two cases: (A) @ = 0y, and
(B)O = 2 sin(®> +j)fori = 1,...,mandj = 1, ..., p. For the covariance matrix ¥, we supposed (a) ¥ = I, or (b)
¥ =diag(1,27,...,p~1). Also, m, p and n were taken as (m, p) = (20, 10) and (10, 20) and n = 50, 15 and 5. Then the
risk of 8" = X is given by mp = 200.

In the simulations, we examined the following shrinkage estimators:

(1) 8™ =X — coRF'R'XSS™, cp = 22;

(2) 8™ = 8™ — do(trXStX") T'RRIXSS T, dp = (DD,

(3) 8" =X — RCF'R'XSS™, € = diag(cy, ..., ¢,) with ¢; = 22422

2{e-145l, 6}

(4) 8™ =8 — dy (tXSTX")T'RRIXSS T, dy = 55

: o . EM  gmEM  ¢ST ST .
The corresponding positive-part estimators are denoted by &7", 52 ,65 and 82 , respectively.

Itis noted that in the cases such thatn > p, the estimation problem, shrinkage estimators §°

ST are invariant under the transformations

and positive-part estimators

X — OXP, O — 00P, S — P'sp, > > P'>pP,

where O € O(m) and P is a p x p nonsingular matrix. Then the risk functions of §°" and ST are functions of eigenvalues

of X~ 1@". However, in the cases such thatp > n, 8 and 65{" are not invariant under the above transformations because
(P'SP)* £ P~IsH(PH~.
Our findings of the simulations are summarized in Table 1. When ® = 0y, with n = 50, the risk improvement of

positive-part estimator over the corresponding shrinkage estimator is very substantial. Through all cases, STT provide large
savings in risk. The simulation results also suggest that, as n is small, shrinkage and positive-part estimators are less effective.
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6. Proofs
6.1. Proof of Theorem 4.1

For an m x p rectangular matrix X = (Xg;), define the m x p rectangular matrix of differential operators with respect to
X as Vy = (d¥,), where d¥, = 9/9X. Similarly, denote by Vy = (d¥,) the n x p rectangular matrix of differential operators
with respect to an n x p rectangular matrix Y = (Yg).

A key tool for deriving the unbiased estimator of the risk function is the Stein identity, which is given in the following
lemma. For details, see [8].

Lemma 6.1. Let X be defined as in the model (1.1). Let ©@ = (6,,) and denote by hy ,(X|®, X) the probability density function
(p.d.f.)of X.Let G = (G.q) be an m x p matrix such that all the elements G.q are absolutely continuous functions of X and satisfy
E[|(Xap — Oap)Geal] < 00 and limy, 10 Geghm p(X|©, X) =0fora,c =1,...,mandb,d = 1, ..., p. It then follows that

E[tr(X — ©) X7 !G'] = E[trVxG'].
Recall thatS = Y'Y, where Y = (Yy, ..., Y, with ¥; ~ A,(0,, X). Konno [7] used Lemma 6.1 to obtain the identity

E[trX~'SG'] = E[trV}YG'], (6.1)

where G is a p x p matrix-valued function of Y. This identity is also useful for evaluating the risk in high dimensions.
Next, we provide calculus formulas for a p x p symmetric matrix § = (S;) = Y'Y and its Moore-Penrose inverse
ST =(S;).
/]

Lemma 6.2. Denote the Kronecker delta by &;;, namely 8;; = 1fori =jand§; =0fori#j Fora=1,...,nandb=1,...,p,
we have

(i) deScd = 6pcYad + 8paYae forc,d=1,...,p
(11) dzbsjc_j = _S};{YS+}ad - SI;Z{YS+}HC + {Ip - Ss+}bc{ys+s+}ad + {Ip - SS+}bd{YS+S+}aC fOT c, d= 1,..., D
(i) dY,{YSH}eq = (I — YSTY }ocS;h + {YSTSTY Yoo (I, — ST }pg — {YST}aa{¥YST)y forc=1,....,nandd=1,...,p.

Proof. For the proof of (i), see [2, (i) of Proposition 1].
Since the differential of ST is given by

dst = —ST(dS)ST + (I, — SS*)(dS)STST + STST(dS) (1, — SST),

it is observed that from (i)
b p
d’st = {d"ST ) = Z Z[—sg(dzbs,-j)s; + {I, — S8} (Y, SIS TS T }ia + {STS T} (dY, S (I, — ss+}jd]
i=1 j=1

= =S {YS T ag — {YST }acSiy + {I, — SSt 1o {YSTS T }og + {Y T, — SS1)}ac{STST }pa
+{STST e {Y Ty — SST)}aa + {YSTST eI, — S5 }pa.

Noting that Y (I, — S§) = 0y, we get (ii).
The product rule is used to obtain

)4
A5 (¥ )ea = D _{(d),Ye)Sih + Y}, Sif ).
i=1

Using (ii) and summing up with respect to i yields (iii). O

Recall that RFR' denotes the eigenvalue decomposition of XS*X", where R = (R;) € V¢ and F = diag(f, ..., fy) €
:L)zr . The following lemma shows partial derivatives of F and R with respect to Vx and Vy.

Lemma6.3. Fori=1,...,¢,k=1,...,ma=1,...,mandb=1, ..., p, we have
(i) diyfi = Al g, )
.. RyiAY _
(if) R = 35 _ ¢ =% 4+ {In — RRYa(R'XS )i,
j#i

WhereAilj,ab = Ri{R'XS"}ip + Ryi{R'XST}jp. Fori=1,..., 4, k=1,...,ma=1,...,nandb =1, ..., p, we have
(iii) d:bfi = Biliub,

i
(iv) d% Ry = 30 2%a 4 £~ RIXSHSTY Y (T — RROX (T, — SSF) )

J=1 fi—f
Jj#i
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where
By = —(R'XSTY"}io(RXS )iy — (RIXSTY o {RIXS T }ip + {REXSTSTY o [RUX (I, — SS™))jp
+{R'XSTSTY" ;o [RX (I, — SST)}ip.
Proof. Take Ry € vm,m—@ such that R([)R = O(m—l)xé- Define U = (Uij) = [R, RO] € On. Denote Fy = diag(fh cee »fl,

0,...,0), where Fy is of order m. It is clear that XST X' = UF,U". Since the differential of U'U = I, is given by (dU")U +
U'(dU) = 0,,,m, the m x m matrix U'(dU) is skew-symmetric, namely the (j, i)th element is written as

: o forj =i,
(U @u)}; = {_{(duf)u}ﬁ forj #i.

The differential of XSTX* = UF,U" is given by
d(XSTX") = (dU)FU" + U(dFy)U*" + UFy(dU"Y),
which yields
U'Td(XSTX"]U = U'(dU)F, + dFy + Fo(dU"U
= U'(dU)F, + dF, — FoU'(dU).
It is thus seen that

df = (U'[d(XSTXHIU}; fori=1,...,¢

and
U'[d(XSTXD U}
{ [(f f)] b forj=1,...,¢andi=1,..., L withj#1,
{U'dU)}j = 'Y
{U'[d(XSTX")]U}; . )
I forj=¢+1,...,mandi=1,...,¢.

Noting that d¥, (XSTX") = (d¥,X)STX" + XS™(d¥,X") and d¥ X4 = 8acSpa, We observe that

m p p m
(U'[d,(XSTXOIUY = D Y " Ug(diXea) (STX Ulai + D Y (UXS ™ }je (d Xae) Uai

c=1 d=1 c=1 d=1
= Ugi{STX U}y + (U'XST}, Uy
Since (U'[d¥, (XSTX)UY; = AY , fori,j = 1,..., £, it follows that
dfi = (U1}, (XSTXO)IUYi = A] g,
which gives (i). It is also observed thatfork =1,...,mandi=1,...,¢

dXRi = {d} U = {UU"(d5,U)

4 m
Z Ug{U* (d3, )} + Z UglU" (dg,U)};i

j=1 j=t+1
J#i
¢ ij m traX +yt
RyiA Ui{U'[d5, (XSTX") U } ;i
=Z Kj 1»ab+ Z k]{ [ab( )] }11. (6.2)
j=1 fi=f; j=t+1 f
J#i
Here it is seen that
m
> Ugl{U'[d, (XS TX)IU Y = {RoRG}at[R'XS ™ iy + Rai (RoRGXS i
j=t+1
= {ln — RRt}al<{RtXS+}ib (6.3)

because RR' + RoR{ = I, and R{XS™ = 0_)xp. Substituting (6.3) into (6.2), we obtain (ii).
Since {U[d},(XSTX")]U};; = {U'X[d},STIX"U}j; it is observed that from (ii) of Lemma 6.2

{U'[d), XSTX)IUY;i = —{U'XST )} {U'XSTY }iq — {UXSTY" ) {U'XS T}
+{U'X (I, — SST)}p{U'XSTSTY }ig + {U'XSTSTY ), (UX (T, — SST)}ip.
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It is noted that {U*[dY, (XS*X")JU}; = BY , fori,j=1,...,£and

m
> Ug{U'1d),(XSTX)UY; = (R'XSTSTY Yo {(In — RROX (I, — S5}
j=0+1

Hence using the same arguments as in the proofs of (i) and (ii) yields (iii) and (iv). O

Lemma 6.4. Let @ = &(F) = diag(¢n, . . ., ¢¢) be a diagonal matrix of order £, where the ¢; are differentiable functions of F.
Fora=1,...,mb=1,...,pandi,j = 1,...,¢ denote A, ;, = R;{R'XSS™}i + Rui{R'XSS™};. Let A} ,’s be defined as
in Lemma 6.3. Then we have

dX,{RPR' XSS} = {RPR"}o{SS* oy + D' (@) + D7 (@),

where
. 1 14 14
ab (@) =5 ZZAlll abA2 ab 9
23 j=1 ﬁ
A ¢
D2 (@) = {Iy — RR' Jao{STX'RF ' ®R'XSS "}, + Z Z o 7 Al .o
1

i=1j=1
J#i

Proof. Since {R®PR XSS} = ZL Y et Rai®iRii{XSS T }ip, it is seen that

m

dY, (ROR'XSS " }op = _{RPR")ydf, (XSS} + D1 + Dy
k=1

= {R®R"},{SST}pp + D1 + Da,
where

ZRal{R[XSS+}1bdab is
i=1

4 m
Dy = "> $i{XSS hip(RiicyRai + Raicl}yRii).
i=1 k=1

It will be shown that D; = DX!(®) and D, = DX2(®).
Applying the chain rule and (i) of Lemma 6.3 to D, gives that

4 L L
O
Di=>"Y Rq {foss+},,,(dj§bf) => 21 Ra{R'XSS™ }ipAl afl
=

i=1 j=1 i=1

It follows that Ry {R' XSS }i» = (1/2)AY ,, which implies that D; = DX;1(®).
It is noted that from (ii) of Lemma 6.3

>

¢ _
(XSS ™ hioRiiclyyRai = ZZ : lame{fossﬂ,b + {In — RR'}oo{STX'RF ' ®R'XSS ™}

Ma

i=1 k=1 i= 11—1
j#i
and
4 m
D AlXSS T hpRad R = Z Z lame{fossﬂﬂ],
i=1 k=1 i= ]171
j#i
which yields that
[ )
= ZZ i 1ab(Ra,{fossﬂm + Rai{R' XSS }jp) + {In — RR'}g{S*X'"RF ' ®R' XSS }
Bt

Since Ry {R'XSS ™ }ip + Rui{R'XSS™}j, = Ag,ab, we can see that D, = DX?(®). Thus the proof is complete. [
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Lemma 6.5. Let B’{ a S and @ be defined as in Lemmas 6.3 and 6.4, respectively. Fora = 1,...,n,b = 1,...,pandi,j =
1,..., %, denote Bg o = (R'XSTY'};o(REXSS T}, + {R'XSTY"};o{R" XSS }ip. Then we have
A’ (YSTX'R®*R'XSS™ }yp = DY} (®) + DLy2 (@) + DI’ (@),
where
DL (@) = (I, — YSTY'}oof{STX'R®’R' XSS "}y + {YSTSTY }ou{ (I, — SST)X'RB*R'XSS ™}
—{YSTX'RO*R'XSS "} ap{YS T }ap + {YST}ap{YSTX'RO*R' X (I, — SS)}ap
+ {Ys+fo¢2fos+yf}a,,{1p — S5 e,

Dy’ (®) = Z ZB’{ wB5. ab¢1

i=1 j=

DZb3(‘P) sz f ,{ab gab

i=1j=1
J#i

Proof. It is observed that

l n
A, (YSTX'RORIXSS Yoy =}y, Y > " ¢ {RXS Y }io{RIXSTY )i Yo
i=1 c=1
=D; + Dy + {YSTX'RO’R'XSHY "'}, (6.4)

where

Z $7R'XSS ™ }ipd ), {R'XSTY g + Z Z SR XSTY JiaYerdly {RXSTY i,

i=1 i=1 c=1

Z{R XSTY' )i {R'XSS T }pd), 002
i=1

Using the chain rule and (iii) of Lemma 6.3, we express D, of (6.4) as

14 14
=2 ) (RXSTY'}io[R'XSS "} B] a?
i=1 j=1 J

Since {R'XSTY!};,{R'XSS* }ip = (1/2)Bl ,, we get

¢
= Z Z Bl{ abP2. ab¢t = szbz (). (6.5)
i=1 j=1
We next evaluate d!, {R’XSTY'} fori=1,...,€£and c = 1, ..., n. Using the product rule gives that
dy(RIXSTY ) = Z{xswt}kcdz,,m, + Z{RfX}lkd {YS ™}k (6.6)
k=1 k=

From (iv) of Lemma 6.3, the first term of the r.h.s. in (6.6) is written as

RIXSTY!
§ {XSTY'}icd), Rm—§ Bl RXS ¥ (6.7)
k= J.;l, fl_f]
VER]

because ) ;. {XSTY"}io{(Imn — RR)X (I, — SS*)}i, = 0. Applying (iii) of Lemma 6.2 to the second term of the r.h.s. in (6.6)
gives that

Z{R[X}Ikd {YS+}ck - {In YS+Yf}ac{R[XS+}ib - {RtXS"'Yt}m{YS"'}Cb + {Ys+s+yt}ac{R[X(Ip - SS+)}ib~ (6-8)
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Combining (6.6)-(6.8), we obtain

{R'XSTY");
dY {Rtstryt} — 1ab J
ab ic FZ] f1 _f}

J#i
— {R'XSTY }ia(YS T} + {YSTSTY }oc (R'X (U, — S5} (6.9)

+ {In - YS+Yr}ac{RtXS+}ib

Applying (6.9) to D, of (6.4) implies that

4 4 2
D, = sz¢' fB’{ B+ U — YSTY )0 (STXROZRIXSS ™ )5y + (YSTSTY oo {(I, — SST)X RSZRXSS ™}
i=1j=1
J#I

—{YSTX'RO*R' XSS} p{YS T }ap — {YSTX'RO’RXSHY }00{SS™ 1y + {YST}ap{YSTX'RO*R'X (I, — SS™))} ap.

The first term of the above r.h.s. is equal to D (d>) Hence the sum of D; and the third term of the last r.h.s. in (6.4) is
DY,1(®) + DY;*(#). Combining this result and (6 5) completes the proof. O

Proof of Theorem 4.1. Abbreviate @ (F) to ®. The risk of 8" is expanded as

R, 0|%) = R(X, ©|%) + E[trROR'XSST X ISSTX'ROR' — 2tr(X — ©) X 'SSTX'RPR']
= RX, O|%) + E; — 2E, (6.10)

where
E1 = E[tr(X — ©) X7 ISSTX'RPR!],
E; = E[trX 'SSTX'R®*R'XSSH].
Using Lemma 6.1, we can express E; as
m._p
E; = E[trVxSSTX'ROR'] = E[Z > difb{Rd)RtXSSJr}ab]
a=1 b=1

if limy,, - +o0 (RORIXSS T} gy ,(X|©, X) = 0 and

E[|(Xap — Oap) {ROR'XSS*}ca|] < 00 (6.11)
fora,c=1,...,mandb,d =1,...,p.Lemma 6.4 is used to obtain
m.p
Ei = E[trkqu uSSt + ) > (D (@) + alf(cp)}}, (6.12)
a=1 b=1

where DX (®) and DX;*(®) are defined in Lemma 6.4. Since

as " m p .
A Ay =4FYg Y Y ALLA L =Fi+fi + 2(F)y,

1 a=1 b=1

Ms
Mn

1

2
Il
S
Il

we observe that

ZZDﬁb%@—ZZﬁ

b=1 fi

DX2(@) = (m — O)trd + Z Z (i +f)¢,

1 i=1j=1 '
j#i

(m—z)2¢,+22f2f¢} Y6
]

i=1j=1 i=1j=1
JjF#I JFEd

(m_zz+])z¢l+zzzf¢z fjd’]

i=1 j>i

Q
Il
-

M=
M'u

Q
Il
-
=
Il
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which are substituted into (6.12) to obtain

14
E, =E[Z{ Bpmath + 2 +zzf"’" ff@” (6.13)

i=1 Jj>i
where by mn = n A p 4+ m — 2¢ 4 1. A simple manipulation gives that
bpmn=nAp+m—QCm) A2 Ap)}+1=nAp+m+(=2m) Vv {=2mAp)}+1
=MmAp—mV(@m—nAp)+1
=m—-nAp|l+1.

Similarly, the Stein identity (6.1) can be used to rewrite E; as

E, = E[trVLYSTX'R*R'XSSH] = E[Z Zd (YSTX'R®?R'XSS ), b}
a=1 b=1

if limy,, + oo {YSTX'RO*R' XSS }c4hn p (Y |0pxp, X) = 0 and
E[|Ysp{YSTX'R®*R' XSS} 4]] < 00 (6.14)
fora,c=1,...,nandb,d =1, ..., p. Using Lemma 6.5, we get

n p
EZ_E[ZZ{DaYb‘(¢)+D (®) + DYy («p)}]

a=1 b=1

It is here seen that
n_p
>3 DL'(®) = {n+p—2(nAp)— V}Fe’.
a=1 b=1
For B ,'s and BJ s given in Lemmas 6.3 and 6.5, it follows that

ZZB“{ wBs.ay = —4{F)}, Z 281 wBoa = —2ff; — 2{F}2,

a=1 b=1 a=1 b=1
which yields that

n )4
S ) D) = -4 Zf b

a=1 b=1

fo¢ fPe?
IATE )RR S
a=1 b=1 1—1171 i=1j=1 J i=1j=1
j#Fi j#I i#i
2 42 242
—222f¢ e/ +2(£—1)Zf¢
i=1 j>i
Thus we obtain
4 2 2 42
EzzE[Z{ap,m,nﬂ¢ 4f2¢,aa‘jf‘ Zf “ f “ ” (6.15)
i=1 ! j>i

where ap mn =n+p — 2(n Ap) + 2¢ — 3.1t is observed that
Upmn =N+p—2(mAp)+ (2m) A{2(n Ap)} -3
=Mm+p—-2nAp+2m)A{n+p—2nAp)+2(nAp)}—3
=((n—-p|+2m) A (n+p) — 3.

Combining (6.10), (6.13) and (6.15) provides the expression of risk given in Theorem 4.1. It is noted that the conditions
(6.11) and (6.14) are satisfied when E[(trS)trF®?] < oo, which is proved in Lemma 6.6. Thus the proof of Theorem 4.1 is
complete. O

Lemma 6.6. A sufficient condition for (6.11) and (6.14) is that E[(trS)trF #?] < co.
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Proof. The Schwarz inequality leads to
{E[(Xab — Oap) (ROR' XSS 4] 1}* < E[(Xap — Oap)* JE[{RPR'XSS ™12, ].

It is noted that E[ (X, — 0ap)?] < oo and

m_ p
E{RPRXSSTY2] <) > " E[{RR'XSST 2]
c=1 d=1

= E[trR®*R'XSSTX']
< E[trR®*R'XSTX" - t1S]
= E[trF®* - t1S].

Hence (6.11) follows when E[trF &7 - trS] < oo.
Next, recalling that XH = RF'/2V'L'/?, we see that

14
E[|Yap{YS "X RO’R'XSS ") ] = E[|Yab| Z{YHL”vam?{va/znf}fdﬂ

i=1

¢
< E[|Yab| > HYHL™2V | - figh? - |{VfL”2H‘}m|]. (6.16)
i=1
Since (37, ai)2 <pY ?_, aforany set of real numbers ay, . . ., ap, it is observed that
n p n p
Yool <Y Y WYapl < [np) > Y2 = /npuY'¥ = /nptss. (6.17)
a=1 b=1 a=1 b=1
Similarly, it is seen that
{YHL "?V}4| < v/netrVIL=1/2H{Y'YHL-1/2V = v/ne2, (6.18)
HV'L'2H'}q| < /pCtrtHLV2VVILY/2HE < \/plus. (6.19)

Combining (6.16)-(6.19) yields that

4
E[|Yap{YSTX'R®*R'XSS ) 4|] < an3/2E|:(trS) Z f,-¢i2] = npl32E[(trS)trF ®%].
i=1

The sufficient condition for (6.14) is that the last r.h.s. given above is finite. Hence the proof is complete. O

6.2. Conditions for application of the Stein identity

The modified Stein type estimator is expressed as §™' = X — R®@™TR! XSS, where

mST _ Ci d

¢mST — dia mST’ o mST , _ —,
O R

where ¢;’s and d are positive constants and ¢; > - - - > ¢,. For the modified Stein type estimator §™, the conditions (i)-(iii)
of Theorem 4.1 are rewritten as follows:

(i) E[(trS)trF(®™7)?] < oo,
(ii) limyx,,— 400 {RO™ R XSS} ol p(X|O, X) =0fora,c =1,...,mandb,d=1,...,p,
(iii) limy,, — +co{YSTX'R(®™T)2R* XSS "} bl p(Y |0nxp, X) = O0fora,c =1,...,nandb,d=1,...,p.

We can easily verify (ii) and (iii). A sufficient condition for (i) will here be established so that the Stein identity is applied to
the risk of 8™ . To this end, we provide useful lemmas.

Lemma 6.7. If X ~ Nyyp(E, I, ® I,) withm > p, then we have

Eftr(X'X)"'1<pm—p—1""! form—p=>2.

Proof. See the proof of Theorem 2 in Nishii and Krishnaiah [10]. O
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Lemma 6.8. Let X and Y be defined as in the model (1.1). Denote S = Y'Y and £ = m A n A p. Then it follows that for
lm—nnapl=2

Eltr(XSTXHTIS] < e(m —nAp|— D7 rx~'s. (6.20)

Proof. It is recalled that § = HLH' is the eigenvalue decomposition, where L = diag(ly, ..., linp) € Dy, and H € Vy np.
The joint p.d.f. of (L, H) is given by Muirhead [9, Theorem 3.2.18] for the case of n > p and Srivastava [ 11, pp. 1549] for the
case of p > n. The joint p.d.f. can be expressed as

1 nAp nAp
f(L,H) =K, exp(—itr£*1HLHf) [T =02 Ta - b
i=1 i<j

where Kj is a normalizing constant. For the normalizing constant, see Muirhead [9] and Srivastava [11].
Note that

tr(X — ©) X ' (X — ©)" = tr(XHoH), — ©) X' (XHoH, — ©)"' + 2uXHH' X~ (XHoH, — ©)" + tXHH' X 'HH'X",

where [H, Hy] € O(p). Make the change of variables (Z, Zy) = (XHL™'/?, XHy). Since the Jacobian of the transformation is
given by J[X — (Z, Zo)] = [T [?, the joint p.d.f. of (Z, Zy, L, H) is proportional to

i=1"i

1
exp(—5 tr(ZoH} — ©) X~ (ZoHj — ©)' — uZL'’H' X~ ZoH; - ©)'

1 1 nAp B _ nAp
- 5trZLWJLItz*lHL”sz - 5trz”mﬂf) | L I (R)) (6.21)
i=1 i<j

where a normalizing constant is omitted, which implies that
Z|ZO» S~ me(n/\p)(g, I, ® 2)

with £ = —(ZoH, — @)X 'HL'?Q2 and = (L'?H' X~ 'HL'?)~".
It is seen that Z is an m x (n A p) full rank matrix and

tr(ZzH)~! forn Ap>m,

Fyint o+
tr(XsTX)T =tr(ZZ')" = {tr(zfz)—l fornAp <m.

Since Inxp > 271/(tr27") = 271/ (tr2~1S), we get
wos )7 = {188 ST s
Using Lemma 6.7, we obtain (6.20) for [m — n A p| > 2, which completes the proof. O
The Lh.s. of (i), namely E[(trS)trF (#™T)?], is bounded above by
E[(trS)trF(@™7)?] < (¢1 + d)’E[(trS)trF '] = (c1 + d)*E[(trS)tr(XSTX")*]
sincec; > --- > ¢y and (trF)~! < fi_1 for every i. Using Lemma 6.8 gives that
E[(trS)trXSTXH ] < (im —n A p| — DTIE[(trS)tr = 18]
for
Im—nAp|>2. (6.22)

It is noted that E[(trS)tr X ~'S] is always finite. Hence, under the condition (6.22), the Stein identity can be applied to the
risk of the modified Stein type estimator ™. When the condition (6.22) is met, we also make it possible to apply the Stein
identity to the risks of the Efron-Morris type estimator 8 and the modified Efron-Morris type estimator §™M .

6.3. Proof of Theorem 5.1

For the proof, we use a similar argument as in Tsukuma [ 13]. Abbreviate ¥ (F) and ¥ (F) by ¥ = diag(y4, ..., ¥,) and
v, = diag(1//1+, e, 1//2'), respectively. Let Hy be ap x (p — n A p) matrix such that [H, Hy] € ©(p). It is observed that
8 = XHoH| + RWR'XHH" and

tr(8™ — @) 71 — @)' = tr(XHyH, — ©) X~ (XHoH| — ©)' + 2trWR'XHH' ¥~ (XH,H, — ©)'R
+tre’R'XHH' X 'HH'X'R.



H. Tsukuma, T. Kubokawa / Journal of Multivariate Analysis 139 (2015) 312-328 327

SSH

%+ and §H

Thus the difference in risk of is given by
R@, ©1%) —R(™, ©|%) = E[tr(¥>. — ¥?)R'XHH' X~ 'HH'X'R]
+ 2E[tr(W, — W)R'XHH' X~ (XHoH} — ©)'R]. (6.23)

The first expectation in the r.h.s. of (6.23) is not positive because (wf)z < wiz for all i.
Here, we use the same notation as in the proof of Lemma 6.8. Let (Z, Zy) = (XHL~'/?, XHy), where [H, Hy] € O(p). Note
that the joint p.d.f. of (Z, Zy, L, H) is given by (6.21). Then the second expectation in the r.h.s. of (6.23) is expressed as

/// I'x f(Zo, L, H)(dZ,)(dL)(dH),
RMX(P=11AD) D X V) nap

where

[ = / tr(W, — ¥)R'ZL'*H' £~ (Z,H} — ©)'R
Rmx(nAp)

x exp(—trZLl/zH[E_](ZOHO o) — ZtrZLl/zH > 'HLYZ! )(dZ)

and

1
F(Zo, L, H) = K, exp(—itr(ZOH(g — ©)> ' (ZH, - ©)' — 2t 15 1HLH) ]_[1('” plm= 1>/2]_[(1 — 1

l<_]

with a normalizing constant K;. Hence, if it is shown that I < 0, the proof of Theorem 5.1 will be complete.
We next consider the singular value decomposition Z = RDV', where R € V,, 4, D = diag(ds, ..., d;) = F'? ¢ IDJZ,
V € Vypeand £ = m A (n A p). From Theorem 5 of Uhlig [15], the Jacobian of the transformation Z = RDV' is given by

(d2) = - Hd"” i ]_[(ot2 @) (R'dR)(dD)(V'dV)

i=1 i<j

= o l_lf“’" e ‘”T[(f — H)R'AR)(AF)(VdV),

l<_]

where the second equality is verified by the transformation F = D?. Note that (R‘dR) and (V'dV) are invariant with respect
to an orthogonal transformation [9, pp. 69]. Fori = 1, ..., ¢, it is observed that

{R'ZL'?H' 57 (ZoH, — ©)'R};; = f;*viL'?H' 57 (Z,H} — ©)'r; = alr;, say,

where v; and r; are the ith column vectors of V and R, respectively. We then obtain

4
=3 / f / W — Yaire ™ "G(R dR) (dF)(V'dV), (6.24)
i=1 Vm,e XDy XVnap,e

where

Gi = exp| - Zar, trFV ‘LWPH 3 1HL”2v}22L, ]_[f('"’ e ]_[(f 5.

i<j

For each i, we make the transformation r; — —r;. This transformation is equivalent to the orthogonal transformation
R — RO;, where 0; € O(¥) such that the ith diagonal is minus one and the other diagonals are ones. Because (R'dR) is
invariant with respect to the orthogonal transformation, (6.24) is rewritten as

I= Z / / / — Y (—arie"™)Gi(R"dR) (dF) (V'dV). (6.25)
i Vm[x]D)e XVH/\p[
Adding each side of (6.24) and (6.25) yields that
4= Z / / / — yiair(e" — e%")Gi(R'dR) (dF) (V' dV).
i=1 Vi, XDF x'VnAp[

Since y;" > ; and afri(e’“i"' - e"i"‘) < 0 for any value of ar;, it always holds that I < 0. Thus the proof of Theorem 5.1 is
complete. 0O
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