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1. Introduction

In various scientific fields such as econometrics, epidemiology and finance, data is often observed with measurement
error in the covariates. It is well known that ignoring this measurement error leads to biased parameter estimates, see,
e.g., [10] and Carroll, Ruppert and Stefanski [6]. On the other hand, quantile regression is an important estimation method.
It is robust against outliers and is especially useful in the presence of heteroscedasticity, see, e.g., [4]. In the past two
decades there has been an abundance of large scale data-sets, where the number of parameters vastly outnumber the
number of observations. In standard formulations of prediction problems for these data sets, the covariates are assumed
to be fully-observed and the model errors are assumed to be sampled independently from some underlying sub-Gaussian
and homoscedastic distribution. It is thus of interest and desirable to develop a quantile based estimator in the presence of
measurement error in the covariates, which is capable of dealing with non sub-Gaussian and heterogeneous data.

In the last two decades, a vast amount of literature has been developed on ¢ penalized estimators, in particular, Lasso and
its various cousins, which have been theoretically and computationally very successful in estimation and variables selection,
see, e.g., [3] and references therein. See [10,6] for numerous applications of measurement error in linear regression models
when the number of parameters p is fixed.
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In the high dimensional setting where one estimates the mean of a sparse linear model, several authors including
Rosenbaum and Tsybakov [17,18] and Loh and Wainwright [ 13] studied measurement error models and proposed modified
versions of the Dantzig selector and the least squares estimators, respectively. Loh and Wainwright [ 13] make the important
contribution of providing statistical error bounds for non convex loss functions. However, both papers assume an underlying
sub-Gaussian homoscedastic distribution of the model errors.

The problem of quantile regression with non sub-Gaussianity and heteroscedasticity in sparse high dimensional models
has recently been studied by Fan, Fan and Barut [8], Belloni and Chernozhukov [2], and Wang, Wu and Li [23]. These authors
investigate regression quantiles in high dimensional set up but when there is no measurement error in the covariate. The
convexity of quantile loss function is crucial for the analysis of their inference procedures.

Wang, Stefanski and Zhu [22] (WSZ) introduce a corrected quantile estimator for measurement error models and
establish its consistency and asymptotic normality when p is fixed. In this paper, we propose and analyze a weighted
penalized version of this estimator (W £,-CQ ) for quantile regression under the high dimensional measurement error setup
with possible non sub-Gaussianity and heteroscedasticity.

A major challenge in dealing with noisy covariates is the possible non-convexity of the associated loss function. However,
as shown by WSZ in the case of fixed p, this loss function is asymptotically approximated by the usual convex quantile loss
function. We show that this approximation continues to hold in our high dimensional setting, albeit at a slower rate. We rely
on this useful result to establish the validity of the proposed estimator. The main contributions of this paper are to provide
bounds on the statistical error of the proposed W¢{-CQ estimator and also to establish the model selection consistency of
this estimator in terms of identifying the correct zero components of the parameter vector. We also illustrate its empirical
success via a simulation study. To the best of our knowledge this is the first attempt at providing robust estimates for quantile
regression in the high dimensional measurement error setup.

The rest of this paper is organized as follows. Section 2 provides the detailed description of the model and the proposed
estimator. Section 3 provides a key approximation result that forms the basis of our results. Section 4 provides the main
results regarding the statistical error of the proposed estimator and the model selection consistency. In Section 5, we
empirically verify the performance of the proposed estimator. Proofs are postponed to the Appendix.

2. Model and estimator

In this section, we describe the model and the proposed estimator. Also, the necessary assumptions on the model
parameters are exhibited. We consider a linear regression model with additive error in the design variables. Accordingly,
let x; = (xi1,..., x,»p)T, i = 1,...,n, be vectors of non-random design variables, where for any vector a, a’ denotes its
transpose. Let y;'s denote the responses, which are related to x;’s by the relations

yi=x p° +&, forsomeB’ eR’, 1<i<n. (2.1)

Here B° = (ﬁ?, R /:33) € RP is the parameter vector of interest, and ¢’ = (g1, ..., &,) is an n-dimensional vector whose
components are independent but not necessarily identically distributed, and satisfy P(e; < 0) = t,forevery 1 <i < n,
where t € (0, 1) is the quantile level of interest.

Furthermore, the design variables x;’s are not observed directly. Instead, we observe the surrogate w;’s obeying the model,

wi=x+u, 1<i<n. (2.2)

Here, u,.T = (uj1, . .., Ujp) are assumed to be independent of {¢;} and independent and identically distributed (i.i.d.) according
to a p-dimensional multivariate Laplace distribution which is defined via its characteristic function as follows,

Definition 2.1. Arandom vector u € RP is said to have a multivariate Laplace distribution L,(x, %), if for some p € RP and

-1
a nonnegative definite symmetric p x p matrix X, its characteristic function is (1 +tT2t/2 — i,ut) , t €RP,

Note that, if ©# = 0, then X is the covariance matrix of the random vector u.

Laplace distributions are often used in practice to model data with tails heavier than normal. McKenzie et al. [ 14] used
these distributions in the analysis of global positioning data and Purdom and Holmes [15] adopted Laplace measurement
error model in the analysis of data from some microarray experiments. Stefanski and Carroll [20] provide an in depth
discussion of Laplace measurement errors.

In our setup, we shall consider the model (2.1) and (2.2) in the high dimensional setting, i.e., the dimension p of the
parameter vector /30 is allowed to grow exponentially with n, and where the measurement errors u;, 1 < i < n are i.i.d.
L,(0, X), with X known. Furthermore, B%is assumed to be sparse, i.e., only a small proportion of the parameters are assumed
to be non zero. The number of non zero components shall be denoted by s, where s is allowed to diverge slower than n. Let
S = {j e{1,2,...,p}; ﬁjo #* O.}, and S°¢ denote its compliment set. Note that card(S) = s. Also, for any vector § € R?, let
8s = {6;;j € S}and bsc = {6;;j € S°}.

All results presented in the paper shall assume the unobserved design variables x;’s to be non-random. However, it is
worth pointing out that the assumptions made in this paper on x;'s can be shown to hold with probability converging
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to 1 under the usual random designs setup, in particular for sub-Gaussian or sub-Exponential designs with independent
observations.

Notation and convention: In what follows, parameter values like p, s depend on the sample size n but we do not exhibit
this dependence for the sake of brevity. For any z = (zy, ..., zp)T eRP, |z|1 = Zf;l 1Z;1, ||z||§ = le z]?. For any two
sequences of positive numbers {a,, b,}, a, = O(b,), denotes that for all large n, a,, < cb,, for some universal constantc > 0,
which does not depend on any underlying parameters or the sample size n. All limits are taken as n — oo, unless specified
otherwise. For any event A, I4 denotes the indicator of the event A.

When the design variables x; are completely observed, several authors including Fan, et al. [8], Belloni and Chernozhukov
[2] and Wang, Wu and Li [23] have shown that 8° can be estimated consistently by

N 1<&
ﬂx=argmin[an(vi,xi,ﬁ)Jﬂ\nlldOﬂIh}, (2.3)
i=1

BERP

where p(y;, Xi, B) = p: (yi — xiT/S), pr(v) = v{t —I(v < 0)} is the quantile loss function,and d = (dq, ..., dp)T is a vector
of non-negative weights, and ‘o’ denotes the Hadamard product, i.e. ||d o 8|1 := f:1 d;| Bil.

To overcome the difficulty due to measurement error in the covariates, we begin with the regularized version of corrected
quantile estimator W£-CQ. The un-penalized version was introduced by Wang, Stefanski and Zhu [22] (WSZ). To describe
their loss function, let K (-) denote a kernel density function, h = h, — 0 be sequence of positive window widths, and define
Hx) = [*_ K(u)du. Let

Pt i, wi, B, h) = Ei(x — 1) + &H (%) - ?{%K(%) + %K(%)} (2.4)

where, & = yi — w/p and 0 = B'XB. WSZ proposed to approximate the quantile function p,(y; — x{ °) by the

smooth function o} (y;, w;, B, h) and defined their estimator as a minimizer with respect to 8 of the average n! Z?:l
o7 Vi, wi, B, h). Its penalized analog suitable in high dimension is

1 n
B0BY = =D pi i wi B.1) + halld 0 Bl
i=1

Observe that [} (8) is non-convex and I} (8) may diverge when og = BT X B — oco. Hence, we restrict the parameter space
to the expanding £;-ball ® = {8 € R?; ||B|l1 < bg+/s}, for some by > 0. Now, define the W¢;-CQ estimator as

A

B = argminl;(8). (2.5)

pe®

The weights d;, 1 <j < p are assumed to satisfy

(i) masx dj < Cmaxs 0 < Cmax < 00, (ii) mélc] dj > Cmin, 0 < Cmin < 00. (2.6)
je je

We provide bounds on the statistical error associated with the W£,-CQ estimator, namely, bounds on the quantities
IB — Bl; and n~ | T'V2X(B — B°)||2, where I is defined in (4.2). The ¢;-consistency of 8 will be a direct consequence
of these error bounds. Note that the choice d; = 1,forall 1 < j < p, makes B to be the un-weighted penalized ¢;-CQ
estimator. As shall become apparent, the £,-CQ estimator is also £{-consistent in estimation. This shall also be observed
in the simulation study in Section 4. On the other hand, it is now well known that un-weighted ¢-penalized least squares
estimators do not possess variable selection oracle properties, i.e., theoretically, the estimated zero and non zero components
may not be the same as the true zero and non zero components, respectively, except under restrictive conditions such as
the strong irrepresentable condition, see, e.g., [26,25]. The weights {d;}, chosen appropriately, shall serve to improve on
this issue, by guaranteeing that the zero components are identified correctly with asymptotic probability 1, thereby making
W£1-CQ model selection consistent in addition to being £;-consistent.

We shall now describe the model more precisely while also providing assumptions necessary to proceed further.

(A1) Model errors (¢): The distribution function (d.f.) F; of ¢; has Lebesgue density f; such that sup; ;. 4cr fi(X) < 00,
and f; is uniformly (in i) bounded away from zero, in a neighborhood of zero. Also, there exists universal constants
Cy > 0, C; > 0 such that for any y satisfying |y| < Cy,

max [Fi(y) — Fi(0) — yfi(0)| < Gy*.

This condition is the same as Condition 1 in [8]. It imposes only mild conditions on the error densities and is slightly
stronger than the Lipschitz condition for f;’s around the origin. Gaussianity and homoscedasticity is not imposed.
Several distributions, including double exponential and Cauchy, satisfy this condition.

(A2) Unobserved design matrix X: Forall 1 <j < p,n~' Y., x; < ¢, for some constant ¢, < co.
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(A3) Measurement errors: The measurement errors {u;} are independent of {¢;}, and i.i.d. L,(0, '), forall 1 <i < n, witha
known X. Furthermore, there exists a constant 0 < o2 < oo such that max;j<p Var(u;) < o2.
(A4) Kernel function K: K is the probability density function of a standard normal random variable.

This choice of the Kernel function shall play an important role in our analysis. This kernel function is chosen for its many
tractable properties, namely, it is symmetric around origin, infinitely differentiable, and more importantly, its derivatives
being Lipschitz continuous, which is detailed in the Appendix.

3. Relationship between p} and p

The analysis to follow relies critically on the approximation of the corrected quantile loss function p; defined in (2.4)
in terms of observed w;’s by the usual convex quantile function p defined in (2.3) involving unobserved x;'s. We begin by
establishing this connection.

The approximation result we derive for the current high dimensional set up, where p is increasing exponentially with

n, is similar to the one used in WSZ in the case of fixed p. For that reason we use similar notation as in WSZ. Accordingly,
define a smoothed quantile loss function with arguments (y;, x;, 8, h),

R
pL(y,-,xi,ﬂ,h>=(yf—xZﬂ){r—1+H(y'h"f’3)}. (3.1)

Note that o] is a function of the observed covariates w, whereas the p; and p are functions of the unobserved covariates x.
Now, for 8 € ©, define

Mi(B) = My, B, = Y pf 0 wis B ) = o (v i B° )}, (32)
i=1
Wa() = Wy(x, B, 1) ="~ {010 B, 1) = ou3i i B ),
i=1

Ma(B) = Matx, B) = " Y o0 %1 B) = p i, B .
i=1

We are now ready to state the following theorem describing the approximation of the processes M, (8) and M,(8) by
their respective expectations, uniformly in 8 € ©, in probability with rates. Its proof is given in the Appendix section.
Throughout, ymax denotes the largest eigenvalue of X.

Theorem 3.1. Assume the measurement error model (2.1) and (2.2) and the assumptions (A1), (A2), (A3) and (A4) hold. Then,

. . s3/2 [21og2p
sup [M; (B) — EM; (B)] = Op{ Ymax 5 , (3.3)
Be® n

- - 2log?2
sup |V, (8) — EMy(B)| =op<J§ 05 P ) (3.4)

peO

To proceed further, we require the following two results of WSZ. First, the twice differentiability of o, (y, x, B, h) in the
variable y — x'8 and u; ~ L,(0, X) imply

EM(B) = EM,(B), VB €RP. (3.5)
Secondly, under assumption (A4),
sup IMa(B) — Ma(B)] = O(h),  as. (36)

Claim (3.5) is a direct consequence of Theorem 2 of WSZ while claim (3.6) is proved in WSZ as a part of the proof of their
Theorem 3 (p. 14). The short proof of this statement is reproduced here for the convenience of a reader.

Proof of (3.6). Denote by p;(e, h) := p; (¥, x, B, h), where e = y — x'8. Similarly define p(e). Let Z denote a r.v. having d.f.
H. Use the symmetry of K, and hence of H, the finiteness of its first moment, and the change of variable formula to obtain
that the left hand side of (3.6) is bounded above by 2 times

sup |pu(e, ) — p(e)] < sup ’e[H(%) e > 0}]‘ = sup| ek (~ )| < hEIZI

This completes the proof of (3.6).
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It is important to note that both of these results are valid without any restriction on the model dimension p, hence
applicable in our high dimensional setup. In view of the results (3.5), (3.6) and Theorem 3.1, we obtain

sup [M; () — Ma(B)| < sup IM;(B) — EM;;(B)] + sup [Ma(B) — EMa(B)| + sup |My(B) — Ma(B)]
pe® Be® Be® peO

—0 53/2,/ 10820 ) 4 o) (3.7)
= Up| Vmax h2 n . .

The last claim in the above bounds follows since by Theorem 3.1, the second term on the right hand side of (3.7) decreases
faster than the first term. This approximation plays a pivotal role in the analysis carried out in the sequel.

A

4. Main results and consequences

In this section we shall provide statistical error bounds for the W£;-CQ estimator. The following lemma is crucial for
obtaining our error bounds. Let

vn(B) =n"" ip(y,-,x,-, B, &@(B) =Eu(p), BeR.
i=1

We shall some times write p/;(8) for o} (y;, w;, B, h). Similar comment applies to p and p;. We have
Lemma 4.1. For the measurement error model (2.1) and (2.2), we have,

8n(B) — &:(B%) + Milld o Bl < halld o Bl + IM;(B) — Ma(B)] + IMa(B) — EMa(B)], VB € RP. (4.1)
This inequality is obtained by subtracting M, (B) — EM,, (B) on both sides of the inequality

! Z Pi(B) + dnlld o Blly <" Z Pr(B%) + Malid o B0,

i=1 i=1

and then rearranging terms and using the triangle inequality.

The technique adopted to provide the desired error bounds is to first establish results for any g chosen in a small

neighborhood of B°. Later, using the convexity of p.(8) and the inequality (3.7), we show that the estimator B indeed
eventually lies in this neighborhood, with probability tending to 1. Let «,, := maxq<j<n 1<j<p |X;j|, and define

Bloaw) ={B R : B = < an},

where «;, is a sequence of positive numbers decreasing to 0 and satisfying o, = o(k, 1). The last piece of this jigsaw is the

following lemma which shall provide a lower bound for the first term on the left hand side of (4.1). Let X := (x1, X2, ..., X;)T
denote the n x p design matrix, and
I" = diag{f1(0), ..., fa(0)}, (42)

Lemma 4.2. Suppose the model (2.1) and assumption (A1) hold. Then, there exists a constant 0 < ¢, < 1, such that for any
B € B(ay), and for all large n,

X'rX
g(B) — & (B%) = ca(B— ﬁ(’)/T(ﬁ —B% =can X (B - BY)I3 = 0.

Proof. Seta; = |x/(8 — %], 1 <i < n.Thenfor B € B(an), a;i < kullf — B°ll1 < knota — 0. Then proceed as in [8, p.
341], to obtain the desired result. O

Fan et al. [8] prove the above result for the oracle estimator, i.e., with the additional information regarding the locations of
zero and non zero components of 8 and 8°. However, as noted above, this result can be obtained without oracle information
by defining the set B(«;,) as above.

To proceed further, we need the following Compatibility condition on the unobserved design matrix X. This condition
is often used in high dimensional analysis (see, e.g., [5,16]). The closely related ‘Restricted eigenvalue condition’ is used
by Belloni and Chernozhukov [2] to provide consistency in estimation for quantile regression, when the covariates are
completely observed.
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Definition 4.1. We say the Compatibility condition is met for the set S, if for some ¢ > 0, and constants0 < b < 1, ¢g > 0,
and for all § € RP satisfying ||6sc[|1 < collds |1,

b
18512 < —>8X'T'XS. (43)
neg?2

In our setup the constant cy can be explicitly computed as cp = (2¢max + Cmin)/Cmin- Hence, if we are using the £; penalty,
where the weights d; = 1, forall 1 <j < p, thency, = 3.
We also need the following rate conditions on various underlying entities.

(i) kp — 00, Ymax —> 00, A — 0, o, — 0, (4.4)

_, [log2p -
Knymaxsi/zh 2 T = 0(Apn), op = O(Kn 1):

)"n ntn
(ii) knh = 0Ghy), (i) 211

pe — 0.

For the bounded designs where «,, = O(1), we shall need the following rate conditions.

/log 2
(1) Ymax —> OO, An — 0, ay, — 0, Vmax5§/2h72 £P = O(A-n)’
n

AnSn
¢2

(4.5)

(ii) h = o(Ap), (iii) — 0.

In the above conditions, ¢ is the constant defined in (4.3). As is the case with kernel density estimators, the rate of decrease of
the smoothing parameter h has to be appropriately balanced. It has to decrease slowly enough so as to satisfy (4.4)(i) and fast
enough to satisfy (4.4)(ii) in the case of unbounded design. Similarly, in the case of bounded design, these rate constraints
have to balance between (4.5)(i) and (4.5)(ii). Note that the rate of decrease of 1, is significantly slower than in the case of
non measurement error in the covariates. This is mainly due to the presence of the additional noise in the covariates and
the smoothing parameter h.

We now state the main result providing error bounds for the proposed estimator.

Theorem 4.1. For the measurement error model (2.1) and (2.2), let B be as in (2.5) and Cmin, Cmax be as in (2.6) with ¢, =
Cmin + Cmax- Assume (A1), (A2), (A3) and (A4), along with the Compatibility condition (4.3) hold. Also assume that either the rate
conditions (4.4) or (4.5) holds. Then the following inequality holds with probability at least 1-o( 1).

. . 4A\2cis log?2
ean™ 11X (B~ BB + 20l — Bl = 2+ 0(ymass) LT ) 4+ 00, (46)

The bound (4.6) clearly implies that under the conditions of Theorem 4.1, || — B°|l; —,0 and n~'||I"V/2X(B —
/30)||§ —p 0. In other words, the sequence of estimators W£;-CQ is consistent for B° in £;-norm and in the weighted

Ly-norm n~! ||F1/2X(B — ,B)||§. Secondly, the weights d;, 1 < j < p, do not play a critical role for the consistency of the
estimator, i.e. as long as the condition (2.6) is satisfied, the above error bounds will provide the required consistency. Hence,
if no prior information is available, one may choose d; = 1, in which case the estimator B becomes the ¢;-CQ estimator,
which is ¢1-consistent. This fact shall also be useful for consistent model selection, which requires carefully chosen weights
corresponding to the non-zero and zero indices of the parameter. This shall be further elaborated on after we provide a
result on the sparsity properties of the proposed estimator.

The conclusion (4.6) of Theorem 4.1 bounding the I; and weighted I, error in estimation resembles in form to that
of Theorem 6.2 of Bithimann and Van de Geer [5] obtained for £;-penalized mean regression estimator when there is
no measurement error in the covariates and when the errors in regression model are assumed to be sub-Gaussian. In
comparison, the above result (4.6) is established here in the presence of heavy tail measurement error in covariates and
when the regression model errors are independent heteroscedastic not necessarily sub-Gaussian.

A sparsity property. Next, we investigate a model selection property of W¢,-CQ. It is well known that the model selection
properties are linked to the first order optimality conditions, also known as the KKT conditions. These conditions are
necessary and sufficient when the objective function is convex. However, as noted earlier, the loss function of our estimator
is non-convex. In this case, KKT conditions are necessary but not sufficient. We exploit the necessity of KKT conditions to
show that the estimator W£,-CQ identifies all zero components successfully with asymptotic probability 1, provided the
weights d; are chosen appropriately. More precisely, let

2hnC2s N 1 O( §3/2 /210g2p) N 1 o) - 0 47)
O = _ - — — 0. .
" Cmin‘b2 )‘-n Vmax h? n )\n
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Then in addition to the conditions of Theorem 4.1, we assume there existsa0 < § < 1/2 such that,

(D ky <n’, and (ii) logp = o(n®). (4.8)
Furthermore along with the conditions (2.6) on the weight vector d, we assume that d; for j € S, diverge at a fast enough
rate, i.e., dmm = min{d;, j € S°} satisfies the following rate conditions.

(i) max{ay, ko) = o(Ands) (ii) kyh = 0(Ayd
Zlogp
(iii) max {Vmaxsn h~ 2,/ s CnYmaxl’h 735\ | ——= ] 00 ).

Theorem 4.2. For the measurement error model (2.1) and (2.2), assume the conditions of Theorem 4.1 hold. In addition assume
that (2.6), (4.8) and (4.9) hold. Then

(4.9)

1’1’111’1

(=0, Vies)—1 (4.10)

This theorem provides the model selection consistency of the proposed W¢{-CQ estimator B under suitable choice
of the weight vectord = (d4, ..., dp)T. Note that setting the weights d; = 1, i.e., the un-weighted £;-penalty does not
satisfy the rate assumptions (4.9) and hence £,-CQ cannot be guaranteed to be model selection consistent as opposed to
Weq-CQ.

As the reader may observe, the conditions required for Theorem 4.2 are only rate conditions on the model parameters,
in addition to mild distributional assumptions. These conditions are weaker than those required for model identification
in the work of Belloni and Chernozhukov [2]. The reason for this being that our result states that zero components are
correctly identified, as opposed to Belloni and Chernozhukov [2], who state a stronger result regarding identifiability of the
non-zero components. Thus, we are able to state a weaker result under weaker conditions. We are unable to provide any
result regarding the identification of non-zero components due to the non-convexity of the loss function.

We note that the above results will continue to hold for all other measurement error distributions for which the identity
(3.5) and the probability bound (A.19) given below hold.

Adaptive choice of the weight vector d. For model selection we have seen that the choice of the weight vector d plays
a critical role for the proposed estimator to guarantee that the zero components are identified correctly. Zou [26] proposed
the idea of adaptively choosing these weights by setting d; = | 3}”%"’, 1<j<p, n>0, where Bj"i is any initial estimate

of /3]-0 satisfying max;<j<p |B}”i — ,3].°| = Op(arn), with o; — 0. We use the same approach to select the weight vector d in our
setup.

F%)rst, we use the [;-CQ estimator, i.e., the proposed estimator with the ordinary £;-penalty (d; = 1, V1 < j < p),
this gives the initial estimate Bi”i. Theorem 4.1 provides the consistency of this estimate. In particular, under conditions
of Theorem 4.1 we obtain with high probability, ||Bi”i — B%l1 < ay — 0, where «, is defined in (4.7). Here we place an
additional assumption on the true parameter vector, namely, we assume that all non-zero components of 8° are bounded
above and below by a constant, i.e. by < |ﬂj0| < b,. Thus, with high probability

BM <by+an, YjeS A" <ay Vjes. (4.11)

Now, we set d; = (|Bj"""| +c,) ", wherec, = minli,-fp(|3}"i|; 3}“" # 0) is added to the initial estimates to avoid the problem
of dividing by zero.

Keeping (4.11) in view, it is easy to verify that when n is large enough, the above weight vector d satisfies the required
assumptions (2.6) and (4.9) for some constant n chosen appropriately, with probability approaching to 1.

5. Simulation study
Simulation setup

In this section we numerically analyze the performance of the proposed estimators £1-CQ and W ¢,-CQ. All computations
were done in R, on an ordinary desktop machine with a five core (2.3 GHz) processor. We compare our proposed estimators
with least squares based high dimensional procedures including Lasso and the bias corrected Lasso (Loh and Wainwright
(2011)), the latter of which is specifically designed to handle sub-Gaussian measurement error in covariates.

While conducting our simulation study, we compute Lasso estimates using the package gimnet developed by Friedman
et al. [9]. To compute £,-CQ estimates and the bias corrected Lasso, we use the projected gradient descent algorithm [1],
which is a tool developed for optimizing penalized smooth loss functions in high dimensions. More precisely, with VL(8)
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Fig. 1. % YL pr(B) + AallBlli evaluated around By at h = 0.01 (left) and 1.5 (right).

denoting the gradient of a loss function L, the method of projected descent iterates by the recursions, {8", r =0, 1, 2, ...}
as,

B! = arg rgirl {L(ﬁr) + VLBH' (B - B") + gllﬁ - B3+ knllﬂlh} ) (5.1)
e
where § > 0is a stepsize parameter. These recursions can be computed rapidly in O(p) time using the procedure suggested
by Agarwal et al. [ 1] with the restriction of the parameter space to the £;-ball ® implemented by the procedure of Duchi
et al. [7]. This procedure essentially involves two ¢, projections onto the £ ball ®.

The weighted version W£,-CQ can be computed by the procedure described above with the following algorithm similar
in spirit to that described by Zou [26]. The proof of this algorithm is straightforward and hence is omitted.

Algorithm to compute W {£1-CQ by method of projected gradient descent:

1. Define w; = (wn/d],...,w,»p/dp)T, V1 < i < n. Also define X* = (aij/didj>, V1 < i,j < p where o; denote the

components of X.
2. Optimize, using the methods of projected gradient descent and Duchi et al.,

A~

1 n
Bt =argmin| -3 pf i wi B )+l Bl ).
i=1

pe®

3. Evaluate 31 = Bj*/dj, V1<j<p.

Tuning parameters: The choice of the tuning parameters A, and h is still not a completely understood aspect of high
dimensional data analysis. Typically in regularized estimation methods, either cross validation or AIC-BIC type selectors
are used to select the tuning parameters. Zhang, Li and Tsai [24] provide theoretical justification for using AIC-BIC type
criteria for several models. The cross validation method is often observed to result in over-fitting [21], furthermore it is
considerably more time consuming. More recently, Lee, Noh and Park [12] have suggested a high dimensional BIC type
criterion for quantile regression methods. Motivated by their results, one way to proceed is to select A, h as minimizers of
the function

n, . (logn)
HBIC(A,, h) = log(z oLy — w?ﬁx,n)) + |SA,h|TCns
i=1

where |S, | is the number of nonzero coefficients in the estimated parameter vector g, , and C, is a diverging sequence of
positive numbers. However, since p; can take negative values, we shall use

(ogm) Ca

n
ey, ) = (Z o7 (i — w?‘ﬁhh))e‘sk,ﬂ =
i=1

to obtain A, and h. The exponential transformation removes the problem of negativity of p;* and also maintains
monotonicity. Furthermore, we choose C, = O(log(log p)) which is empirically found to work well in this simulation.

In defining HBIC(A,,, h), we used the corrected quantile loss function instead of the check function as defined by Lee et al.
[12]. Although this makes intuitive sense as the corrected quantile loss function is approximated by the check function,
however a rigorous theoretical argument justifying its use is missing. This criterion is empirically found to perform well in
our setup.

Computational issues

A computational challenge of the proposed estimator is the non-convexity of the loss function I}. The objective function
I* becomes increasingly volatile around the true parameter as it approaches the check function at values of h very close to
zero. This behavior is illustrated in Fig. 1, which plots the loss function against 81, keeping all other parameters fixed at the
true values. This plot is generated for the first of the 100 simulated models.
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Fig. 2. Colored contours of ||B — Bll1 on hvs. &, for £,-CQ. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 3. Colored contours of || 3 — Bll1 on p vs. A(left) and h.(right). (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

The loss function exhibits several local optimums at smaller values of h. On the other hand at relatively higher values of
h, the loss function appears to be convex shaped around the true parameter and appears to have a unique minimum at the
true parameter value. Two computational consequences of this behavior are that, first, at h close to zero, any optimization
procedure becomes excessively time consuming. To avoid this unpleasant feature, we avoid values of h close to zero. It
was numerically observed that by doing so, we are able to maintain the accuracy of the estimator along with a reasonable
computation time. Second, at values of h outside a neighborhood of zero the optimizations are robust against the starting
points used in optimizations. In particular, in all 100 simulation repetitions the starting point for optimization was chosen
randomly from a Gaussian distribution. This behavior of the objective function is also represented visually in the contour
plot in Fig. 2. Here the ¢, estimation error ||B — Bll1 is plotted as colored contours with the error increasing from red to
blue regions. Values of h are represented on the x-axis and values of A, on the y-axis. From this plot it is apparent that the
lowest error is given in regions concentrated around the relatively smaller values of h and A, except when h is in a small
neighborhood of zero.

With regards to computational time, one optimization at h = 0.01 takes ~ 16 s as opposed to ~ 2 sath = 0.5, at
(p = 40, n = 120). This can also be viewed in comparison to corrected Lasso which takes &~ 0.5 second to complete one
optimization.

Simulation setup and results

For this simulation study, data is generated from the measurement error model (2.1) and (2.2) under several choices of
the underlying parameters and distributional assumptions. The unobserved design variables {x;, 1 <i <n, 1 <j < p} are
chosenasi.i.d.r.v.’sfroma (0, 1) distribution. The measurement errors {u;, 1 <i < n}areiid.L,(0, X),with ¥ = o?xl,
where I is the p x p identity matrix. The model errors ¢;, 1 < i < n are independent realizations of Normal, Cauchy or mean
centered Pareto r.v.’s.

We begin by numerically verifying the result of Theorem 4.1. Observe that this theorem can be viewed as describing the
scaling behavior of the error || B — Bll1. In order to visualize this, we perform simulations by varying the dimension of the
parameter vector p and the sample size n while holding all other parameters fixed, in particular the number of non zero
components s = 5, the covariance matrix of the Laplace distribution for the covariate errors is taken to be 0.2I,, and the
model errors are Gaussian with variance 0.2. All of Fig. 3 describe the error of £1-CQ estimate. The behavior of the error of
estimation for the W£,-CQ is observed to be similar and thus the corresponding plots are omitted for the sake of brevity.

Fig. 3 is a contour plot generated at h = 0.4(left) and . = 0.07(right). This plot describes the ¢, error, ||,3 — Bl
as a spectrum of colors with red being the least and violet being the maximum. The y-axis plots different values of the
tuning parameter A and the x-axis marks the varying dimension p of the model. Note that for a given model dimension the
corresponding sample size is rescaled to maintain the ratio (n/ log 2p) to be constant. This rescaling is done in accordance
with the result of Theorem 4.1 and as predicted by the theorem, holding all other parameters fixed for each value of A(left)
and h(right) the error level stays roughly constant (the colors align) across the chosen values of p.
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Table 1
Simulation results at p = 40 for Normal, Cauchy and Pareto model errors.
n 21-CQ C-Lasso Lasso
MEE MINZ MIZ MEE MINZ MIzZ MEE MINZ MIZ
s=8, u ~Ly(6? =0.2), & ~ N(0,0.2), T =05
20 0.62 4 5 0.63 4 6 0.78 4 9
(0.21) (1.72) (2.33) (0.22) (1.76) (2.39) (0.27) (1.98) (3.97)
60 0.27 1 9 0.28 1 9 0.39 1 12
(0.061) (1.07) (2.91) (0.065) (1.04) (2.90) (0.071) (1.12) (4.77)
120 0.18 1 12 0.20 1 11 0.34 1 14
(0.038) (0.86) (2.86) (0.038) (0.88) (2.93) (0.04) (0.91) (4.83)
s=8, u ~ Lp(a2 =0.2), & ~ Cauchy(scale = 0.1), t = 0.5
50 0.95 5 7 1.61 7 9 5.21 2 20.5
(0.21) (1.21) (2.41) (0.42) (1.10) (2.25) (15.89) (1.59) (5.45)
150 0.60 4 9 1.54 7 10 5.02 2 25
(0.14) (1.17) (3.83) (0.47) (1.15) (2.44) (19.12) (1.69) (6.28)
300 0.35 2 11 1.56 7 13 477 2 24
(0.11) (1.01) (3.75) (0.49) (1.21) (2.45) (18.80) (1.53) (5.37)
s=5, u~ Lp(a2 =0.2), & ~ mean centered Pareto, T = 0.75
100 0.66 2 8 1.01 3 7 1.15 3 13
(0.15) (1.05) (2.93) (0.31) (1.32) (2.99) (3.05 (1.06) (7.20)
200 0.50 1 8 0.84 2 7.5 0.97 2 15
(0.10) (0.94) (2.56) (0.32) 131 (2.64) (2.49) (1.78) (6.70)
300 0.38 1 9 0.71 2 8 0.90 1 13
(0.07) (0.84) (2.89) (0.27) (1.16) (2.86) (2.41) (0.94) 5.64

We now proceed to a more detailed numerical comparison of the proposed estimates with Lasso and corrected Lasso
estimates. For any given method, we summarize the results obtained by 100 repetitions. For every repetition, each non zero
component of the parameter vector f is generated from a & (0, 1) distribution normalized by the ¢, norm of the generated
vector. The dimensions of this vector are chosen to be p = 40, 300, 500. The dimension of the non zero components are set
tos = 5, 8, 10. As mentioned earlier, the model errors ¢;, 1 < i < n are generated from Gaussian, Cauchy or mean centered
Pareto r.v.’s. Note that the Pareto distribution can be heavily skewed. For performance comparison we report the following
criteria.

MEE : (Median estimation error), median over 100 repetitions of the estimation error ||B — 8.

MIZ : (Median incorrect number of zeros), median over 100 repetitions of the number of incorrectly identified zero
components of the parameter vector.

MINZ  :(Median incorrect number of non zeros), median over 100 repetitions of the number of incorrectly identified non

zero components of the parameter vector.

In all tables, the standard errors of the corresponding criteria are reported in the parentheses.

Tables 1 and 2 provide results of the simulation study comparing the £,-CQ, the corrected Lasso (C-Lasso) and Lasso
estimators. It is clear from these results that under heavy tailed or skewed model errors (Cauchy and mean centered Pareto),
the ¢,-CQ estimator significantly outperforms the other two procedures in all three comparison criteria. Furthermore,
the standard errors of £,-CQ are significantly smaller than those of the other two. Under Gaussian model errors, £1-CQ
is comparable (slightly better) in performance to the C-Lasso, while both of these procedures outperform Lasso. Consistency
in terms of the estimation error and identifying the correct support of 8° is clearly visible as n — oo. As expected, the
£1-CQ estimator does not provide consistency in identifying the zero components correctly. However, it is still much better
in comparison to Lasso. This behavior of Lasso under measurement error has also been observed by Sorensen et al. [19],
i.e.,, measurement error tends to induce over-fitting by naive estimators such as Lasso.

Another instance where the proposed estimators outperform the corrected Lasso and Lasso is the heteroscedastic setup.
To illustrate this, we generated independent model errors ¢; from A (0, oiz), where Uiz is chosen uniformly from the interval
(0.1,9), foreachi =1, ..., n. The dimension p is increased to 500 for this case and the results are provided in Table 3.

We next investigate the W {£{-CQ estimator for consistent identification of the zero components, in addition to consistent
estimation. Tables 4 and 5 provide simulation results for W¢;-CQ for p = 40 and p = 300. The weights d; are chosen
as described at the end of Section 4, where the exponent 7 is chosen by using the selection criteria e"®'C. Comparing
W£.-CQ, ¢:-CQ, C-Lasso and Lasso, the first and most immediate conclusion is the efficacy of the proposed estimators
under heavy tailed or skewed model errors. The W£;-CQ estimator consistently and significantly outperforms all other
procedures in terms of model identification under all chosen distributional and parameter settings.
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Table 2
Simulation results at p = 300 for Normal, Cauchy model errors.
n 2,-CQ C-Lasso Lasso
MEE MINZ MIZ MEE MINZ MIzZ MEE MINZ MIzZ
s =10, u; ~ Ly(c? = 0.1), & ~ N(0,0.2), T =0.5
100 0.26 2 21 0.27 2 215 0.35 2 37
(0.04) (1.20) (5.20) (0.05) (1.19) (4.70) (0.07) (1.09) (7.43)
200 0.17 1 30 0.17 1 29.5 0.23 1 55
(0.028) (0.89) (6.86) (0.029) (0.90) (6.77) (0.031) (0.91) (11.70)
300 0.11 1 33 0.14 1 32 0.18 1 79
(0.023) (0.79) (5.74) (0.023) (0.76) (5.68) (0.025) (0.82) (16.16)
s =10, u; ~ Ly(c? = 0.1), & ~ Cauchy(scale = 0.1), T = 0.5
100 0.44 3 23 0.92 7 20 4.39 7 27
(0.10) (1.57) (10.36) (0.41) (2.35) (7.21) (10.70) (1.96) (30.16)
200 0.30 2 215 0.87 6 22.5 3.27 6 30
(0.07) (1.34) (12.63) (0.44) (2.42) (8.18) (8.27) (1.84) (51.34)
300 0.21 2 13 0.85 6 22 3.47 6 28
(0.05) (1.23) (12.86) (0.50) (2.59) (8.99) (9.10) (1.91) (47.21)
Table 3
Simulation results at p = 500 under heteroscedasticity.
s =10, u; ~ Ly(c? = 0.1), & ~ N(0,07?), 0 ~ Uniform(0.1,9), T = 0.5
n £1-CQ C-Lasso Lasso
MEE MINZ MIZ MEE MINZ MIZ MEE MINZ MIZ
100 0.86 7 255 0.99 7 25 173 7 73
(0.14) (1.13) (4.33) (0.15) (0.99) (5.05) (0.27) (1.87) (16.15)
200 0.66 5 30 0.78 5 30 1.67 5 87
(0.12) (1.32) (5.98) (0.12) (1.20) (5.56) (0.25) (1.19) (21.25)
300 0.54 4 34 0.69 5 33 151 3 83
(0.09) (1.37) (6.56) (0.10) (1.17) (5.71) (0.18) (1.26) (19.56)
Table 4
W¥1-CQ at p = 40 for Normal and Cauchy model errors.
& ~ N(0,0.2), &; ~ Cauchy(scale = 0.1),
n MEE MINZ MIZ n MEE MINZ MIZ
20 0.70 1 5 50 0.98 15 5
(0.25) (0.66) (1.38) (0.23) (0.63) (2.20)
60 0.28 0 5 150 0.64 1 5
(0.06) (0.64) (1.55) (0.14) (0.61) (2.27)
120 0.21 0 4 300 0.41 1 4
(0.038) (0.61) (1.27) (0.11) (0.70) (2.17)
Table 5
W¢1-CQ at p = 300 for Normal and Cauchy model errors.
& ~ N(0,0.2), &; ~ Cauchy(scale = 0.1),
n MEE MINZ MIZ n MEE MINZ MIZ
100 0.28 1 7 100 0.40 1 8
(0.04) (0.69) (1.75) (0.11) (0.72) (2.91)
200 0.23 0 6 200 0.29 1 6
(0.02) (0.62) (0.98) (0.09) (0.68) (1.85)
300 0.18 0 5 300 0.24 0 5
(0.02) (0.41) (0.97) (0.06) (0.46) (1.56)

Finally, to see how robust the £;-CQ estimator is to the misspecification of the measurement error distribution, we
compared its performance with C-Lasso when this error distribution is Gaussian. The results reported in Table 6 show a
comparable performance with C-lasso performing only marginally better.
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Table 6
£1-CQ at p = 300 with misspecified covariate error distribution.

s =10, u5 ~ N(0,0.3), & ~ N(0,0.3)

n 21-CQ C-Lasso
MEE MINZ MIZ MEE MINZ MIZ
100 0.31 1 18 028 1 16
(0.06) (0.89) (3.64) (0.07) (0.83) (3.12)
200 0.22 1 21 020 1 18
(0.04) (0.71) (4.10) (0.03) (0.71) (4.44)
300 0.20 0 24 0.17 0 19
(0.02) (0.63) (4.14) (0.02) (0.61) 488
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Appendix

As briefly stated at the beginning of Section 4, the technique used to prove Theorem 4.1 is to use the convexity of the
quantile function p(8) and the weighted £;-penalty, along with the approximation of p;(8) to p(8). Some of the steps of
the proof are similar to those adopted by Biilmann and Van der Geer [5, Chapter 4].

Lett = ay/(an + |B — B°ll1), and set B = tB + (1 — t)B°. Note that B € B(a). Moreover,

B € B(cay) implies B € B(can/(1—1c)), VO <c < 1. (A1)

This fact will be used in the sequel.
Next, by the convexity of g,(8) and ||d o §]|1, and the inequality (4.1), we obtain

81(B) — 8a(B°) + Anlld 0 Bll1 < Anlld 0 BOIl1 + sup IM3(B) — My(B)| + S IMa(B) — EMa(B)|. (A2)

We begin by providing error bounds for B which shall easily extend to B By (3.7) and (4.4), the second term in the RHS
of (A.2) is 0,(1). The following lemma provides the rate of decrease of the last term.

Lemma A.1. For the measurement error model (2.1), (2.2), assume that (A1) and (A2) hold. Then

2log2
sup [Ma() — EMy(B)| = Op (e T ). (A3)
BeB(an) n

The proof of Theorem 3.1 and Lemma A.1 are provided after the proof of Theorem 4.1. Consider the following events,

(i) £21 = the event that the bounds (3.3) and (3.4) hold,
(ii) £2, = the event that the bound (A.3) holds.

Then by Theorem 3.1 and Lemma A.1, P(£21 N £2;3) > 1 — 0o(1), and on £21 N £25,

sup [M;(B) — Mn(B)| + sup |My(B8) — EMn(B)| (A4)
Be® BeB(an)

s32 [21og2p
= O(Ymax | o ) + OCh). (AS5)

This follows since «; — 0, and hence the second terms on the LHS of (A.4) converges to O faster than the first term.

In the sequel, all arguments shall be restricted to the set £2; N £2,. Recall that B € B(ay). From (A.2) and (A.4) we now
readily obtain that with probability at least 1 — o(1),

. . 32 [21og2
&(B) = £(8%) + Aalld 0 Blly = 2ld @ Bl + O ymax =\ 0 ) + OCh). (A6)
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By Lemma 4.2 we obtain g,(8) — g,(B°) > 0. Thus, the triangle inequality [|d o Bll; > [[d o %1 — [[(d o (B — BY)ll1 +
ll(d o B)sc|l1 applied to (A.6) yields

~ ~ 2log2
Aall@o Bsclls = Aall(d o (B — B%) ||1+0(ymax = [HRE2) Lo
2log2
= Goialls — 211 + O | 252 1 o, (A7)

Now we consider two cases, Case (i) where,

An 2log2p
2 ol = Bl = 0 22522 o), (A8)

or Case (ii) where,

An 2log2p
B Cmm“ﬂ ﬂ I < O(ymax h2 \/T) + O0(h). (A.9)

Proof of Theorem 4.1. First, we prove error bounds for B which, in view of (A.1), shall be a precursor to obtaining error
bounds for S. _ _ _
Suppose Case (i) (A.8) holds. The fact |8 — 8°|l; = ||(B — ,80)5||1 + || Bsc|l1 and (A.7) imply

AnCminll Bse ll1 < Anll(d 0 B)sell1 < AnCmaxllBs — ﬁ5||1+ cmmnﬁ BCll1,

which implies ||ﬁ5c i <co ||,Bs ﬂs Il1, where cg = (2¢max + Cmm)/Cmm Thus the Compatibility condition (4.3) is satisfied

for § = B — B° Now Lemma 4.2, the triangle inequality ||d o B[l; > [ld o %Iy — |(d o (B — B )l +lido B)scll1, (A6),
and (A.8) together yield

%ur”zxoé = B3 + AnCminll Bse 11 < AnCminColl Bs — BLII1- (A.10)
Recall ¢;; = Cmin + Cmax and consider
4cn™ ' | T2X(B = B3 + 2hnCminll B — B4
= 4can” [ T?X(B = B3 + 2AnCminll Bs — BSll1 + 2AnCrminll BS 11
< 22nCminColl Bs — BSIl1 + 2AnCminll Bs — BNt = 4hnCmnll Bs — BLII4

AhnCm/SCa 120, % 0
< NIy P12y
== Jno I (B =Bl
A\2c2s

||r‘/2><(ﬂ BOII5 + pe

Here the first inequality follows from (A.10), the second from the Compatibility condition in (4.3), and the third using the
identity 4uv < u? + 4v2. Thus

| /\

2.2
4)rncnS

3¢ IT2X(B — B 4 2hnCainll B — BCll1 < e

(A11)

Now we consider Case (ii). From (A.6) we obtain,

_ ~ ~ s32 [21og2p
can™ 72X (B = B3 + Anconll Bsc 1 = Ancinasl1Bs = BS1l1 + O (Vi —> - =)+ 0p(h),

2log2
- O(ymax ” [l %)+ o).
h? n
In particular,
- 32 [21og2
can” 172X (B = BO)IE = O(ymaxr | ) + O(h).
n

Thus under Case (ii), we have

2log2
n NG = B + 2l — A1 = Oy | 272 )+ 000, (A12)
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Hence from (A.11) and (A.12) for anyB € B(ay) we have, with probability 1 — o(1),

B - - 422c2s s32 [2log2p
3Can 1||F1/2X(ﬁ - /30)”% + 2)‘-ncmin”,3 - :30”1 =< —m + 0 Ymax 75~ + O(h)
P? h2 n

Thereby choosing A, according to the rate assumptions (4.4), with probability 1 — o(1),

- o 1 , 1 s32 [2log2p 1
1B =Bl = 5 [4hachs/mnd + -0(vmax gy ) + 50| — 0

Thus choosing,

1 s3/2 [2log2 1
Oy Z (4)\ncr2ns/cmin¢ + O(Vmax g p) + ‘ O(h)> - 0
An h? An

n
we have by the rate assumptions (4.4), k,o, — 0, and hence
1B =B < 3"

This along with the construction ofﬂ and (A.1) applled with ¢ = 1/2 implies that ||;3 B°ll1 < ay, and thus, ,3 € B(uy).

Repeating the above argument with ,B replaced by ,3 now gives the desired error bound (4.6), thereby completing the proof
of Theorem4.1. O

For a later use we state the fact about fact B € B(ay) as follows. Note that the above «,, satisfies (4.7). Thus with «,, as
in (4.7), with probability 1 — o(1),
B € B(ay). (A.13)

We now proceed to the proofs of Theorem 3.1 and Lemma A.1. For this purpose we first state some facts about the first

two summands in the loss function p; of (2.4). These facts are consequences of the properties of normal kernel density. Let,
fors, y € R,

I(s. y) =(y—s)<r—1>+(y—s>H(y;s), (A.14)

y—s y—s_ (y—s
Is.y)=7—1 H( ) 1<( )
G, y=rt + p + P p
2 /y—s y—Ss /y—S
i =250+ (),
Gy =) e h
3 y—s y—s y—s
l/// , :7K1( ) I<// .
©n =Rk ) T e h

By the MVT and the definition of standard normal density we readily obtain that uniformly in y € R, the following facts hold
for all s1, s, € R. For some constant C > 0,

. .. C
(D) 11, y) = Us2, I = Clsy —saf, (i) [ (51,9) = ['(52,9)] < mlsl — $2l, (A.15)
C . C
(iii) |I"(s1,y) = I"(s2, ¥)| < st = sl (W) 11" (s1,y) = 1" (s2, ¥)| < walst = sal-
The above conditions are the reason for choosing the kernel function K(-) as the p.d.f. of a standard normal r.v. We require

that the first three derivatives of K (-) to be bounded uniformly. In the following we denote ;(8) = I(w;B, y;) and [;(8), I’ (B)
and [”(p) are defined similarly.

Proof of Theorem 3.1. First note that for 8 € @, we have || — 8°||1 < 2bo+/5, by the definition of ® and the assumption
02
18%1 < bo+/s. Note that, p};(8) = Li(B) — -1 (B). Now,

1 n
M () — EM;(B) = — > ((B) — (8" — E(L(B) — (8"))
i=1

1 /g . 1’ " 1/ !
- ;(li B) =B = E( B~ (87))

2 2
190 % § 0 0
! (g% —E(l )
+ ;(l(ﬁ) (£87)
2 aéo - aé
I— Lo+ 2——2m, say. (A.16)
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We shall show that
2log2p s12 [21og2p
(@) sup [I] = Op(\/g ) (b) sup [l = Op(T )
e n Bed h n

() [ = op(h,/ loizp).

Observe that for 8 € O, oé = BTYB < ymaxbos and |<7/§0 — U§| < 2bo¥maxs. This fact along with bounds for I, I and III

shall imply the desired result.
Define the empirical process §,(8) == 1 > (li(B) — El;(8)) and

Zy == sup [9n(B) — G (BY)I.
pe®

With oy, as in assumption (A3), let ¢, = 1.40,. On the event A = {max;<j<p 3+ > iy Uf < Cu},

. Z wy = - Z(XU + uz]) < 2(cx + Cu)- (A17)

This bound and the Lipschitz condition (A.15))(i) allow us to apply Lemma 14.20 and Theorem 14.2 as done in Example 14.2
of Bithlmann and Van de Geer [5, p. 503], to yield

2 log 2p

E(ZHIA) < 32¢1bo(cx + Cu)/5

/21 2 /
<ZnIA > 8cibo(cx + Cu)\/> %8 p ) =< exP

for any t > 0. Choose t = log 2p in the latter bound to obtain

P(ZnIA > o(ﬁ 21052”)) = o(1).

Now to remove the truncation of Z, on the set A, observe that (A.15)(i) also implies that,

1(B) — k(B < Cliy + max luD 18 — Bll < 2Cho(icn + max i)/,

since for any 8 € @, we have |8 — 8°|| < 2bg+/s. Hence,
Zn < Zylp + c/s(cn + max |ug|)ac + CJEE((KH + max |u,-]-|)IAc>. (A.18)
ij y
Now recall that foreach 1 < j < p, {uj, 1 < i < n}are iid. L(0,07) r.v.’s. Hence, 2 Y\, |ugl/oj ~ x3,, where x2,

denotes a chi square r.v. with 2n degrees of freedom. Now use the probaélllty bounds for chi-square distributions given by
Johnstone [11] to obtain

() < (S =) = el 5 2

j=1 O}]

p
P(X22n > n2.8) < ZP(Ixzzn —on| > 2n(0.4))
=1

.
Il
-

I
M=

1

-
Il

M=

—3n
exp( —— ) <expl— + lo ) A19
1 *(a0) = p(wo oep (A19)

.
Il

Next, use the fact that |u;;| ~ Exp(oj;), to obtain
E((myax ju?) = Y E@) < npe.
i.j

Thus, using this bound, (A.19), and the Cauchy-Schwarz inequality, we obtain

n
@) P((m_ax i ge > n"‘) < nkE((mgx |UU|)IAC> < n"\/npcu exp( + logp)
ij y

100
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(b) E( (max ug ) lx ) < \/E(<mﬁax ugl)?)PA) < \/npcu exp(—or + logp).

The exponential bound in (a) implies that the probability of the event in (a) tends to zero, for any k > 0. This in turn implies
that the second summand in (A.18) satisfies

Vs(cy + max |uz s = 0,(n7%), Vk> 0.
ij
Similarly, the bound in (b) implies that the third summand in the bound of (A.18) decreases to zero at an exponential rate.

Thus, with probability at least 1 —o0(1), the remainder two summands in the bound in (A.18) decrease to zero, in probability,
faster than Z,I4. Hence,

2log2
sup |I| = Z, = o,,(ﬁ & p). (A.20)
Be® n

We can similarly obtain a bound for term II of (A.16). An outline is given below. Define the empirical process gn B) =

IS0 (B — EL(B)). Let
Zy = sup [§a(B) — Gu(BO)I.
Be®

Proceeding as earlier, (A.15)(ii) along with the bound (A.17) allow us to apply Lemma 14.20 and Theorem 14.2 of Bithimann
and Van de Geer [5, p. 503], which yields

f 210g2p

E(Zula) = 3263bocs + ) 3y

/210 2
P(ZI >8c3b0(cx+cu) & p ><exp , Vt>0.

Choose t = log 2p in this bound to obtain

P(anA > o(*f 21°§ZP)> = o(1).

Get rid of the truncation on the set A as done for I, to obtain

(f 210g2p)'

sup |II] = Zn =0
n

peO

(A21)

Lastly, consider the term Il in (A.16). Observe that |I/(8°)| < ch™!, for ¢ < oco. Then Lemma 14.11 of Bithimann and Van
de Geer [5] yields

(*IZ (B — B (8Y)| = t) = 2exp(~ "tzhz).

Choosing t = h™! @ we obtain

_1 5 1eRr0N _ g1 (RO _ -1 10g2p
|m|—n|;(l,~<ﬂ> B (8)] = 0y (h V— ) (A22)

Now use (A.20)-(A.22) in (A.16), and the fact that the rate of decrease of (A.21) is the slowest, to conclude (3.3) of
Theorem 3.1.

The proof of (3.4) similar. This completes the proof of Theorem 3.1. O
Proof of Lemma A.1. Define p(s, y;) = p:(¥i — s). Then observe that it satisfies the following Lipschitz condition,
lo(s1,yi) — p(s2,¥2)| < max{z, 1 —t}ls; — s2l.
Then proceed as in the proof of (3.3) of Theorem 3.1 to obtain the desired bound. O

Proof of Theorem 4.2. Let «,, be as defined in (4.7). By (A.13), B € B(ay), with probability 1 — o(1). Thus, with arbitrarily
large probability, for all large n, 8 is in the interior of ® and not on its boundary. Hence, KKT conditions are necessary for
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this optimum. We prove the desired result via contradiction. For any j € S¢, let if possible Bj # 0. Then by the necessity of
KKT conditions,

dﬁ]( -1 Z:p“(ﬁ)) = And; 51gn(/3,) (A.23)
Recall (A.14). The first derivatives of p[;(8) and py;(8) w.r.t. B; are
o? n
Pl ,(ﬂ) ﬂ pu(ﬂ) —w;ili(B) + 75[12”(/3)] — wj quﬁ;[l?’(ﬂ)], (A.24)
i i
P = 45 L i) = [z - 1+ H(5E) + 2k ()

Let o/ (B) = —xj[v — I{y; — XB < O}], ¥2.(B) = Epi;(B). Wii;(B) = Enl;(B). V() = Ep,(B), and
Si(B)=n""! Z(pz;jw) — (B — Vi (B) + i (BY),  Ta, = S )|S,Z,,-(ﬂ)|.
i=1 eB(an

The fact that ¥/{;(8°) = E(p};(8°)) = 0, and triangle inequality yield

n! ZIOZI/J(B)
i=1

< !> (011 8% = w80 | + (i B — v, D)
i=1 —

+n!

(W3 B) = Wi5B0)| + T
i=1

=h+h+h+]a
We will show the relations (A.25)-(A.25) hold for all j € S¢ simultaneously with probability at least 1 — o(1).

Ji=n71Y " (or (8% — w:,-’,jw‘)))\ = o(dihn), (A.25)
=1
b= sup )n*‘ (Vi B — v j(ﬁ))) = 0(kah) = 0(djhn), (A.26)
&B(an i=1
Jsi= sup n7'y (¥ii(B) - Wi/,j(ﬂo))‘ = 0(djhn), (A27)
BeB(an) i=1
Ja =T, = o(dihn). (A28)

Lemma A.2 proves (A.26) and (A.27) and Lemma A.3 proves (A.25) and (A.28). Finally, combining (A.25)-(A.28), we obtain
that for n large, with probability 1 — o(1),

d u N .
)—(;r1 Zp;,.(ﬁ))‘ < di, YjeS.
dpj i=1
This contradicts the optimality condition (A.23), and also completes the proof of Theorem 4.2. O

Lemma A.2. Under the conditions of Theorem 4.2 we have,

. )Y (Wi,(B) = Wi,(B))| = 0leah) = 0k, (A29)
max sup o~ (wﬁ) VB)| = 0GuadSyy). (A.30)

jese peB(an)

Proof. Let a; = xj(8 — B9), and gig = Yi — X} = & — a;. By Theorem 2 of WSZ,

Y (Wi B) = v (B) = Y (Wi (B) — Wi ;(B)).

i=1 i=1
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But

Vi (B) — ()

—xUE(H(%) — ey > 0} + iﬂk(%"))

—XjE (”(’ ) 8“31<(8;1’3))_ oy
Now,
s = h/[iooH(_“Dfi(ht-i-a,-)dt

e(n(-1%2)) = [ n(
= h/o H()fi(ht + a)dt —l—h/ooH(—t)fi(ht + ap)dt = O(h),
t=—00 t=0

uniformly in 1 < i < n,B8 € RP, because by assumption (A1), SUp;<j<pxer fi(X) < oo. Similarly, one verifies that
MaXi<i<n perwe |W'EcigK (g5 /h)| = O(h). Hence from (A.31) we obtain,

sup [ Yl(B) — ¥i(B)| = Oah) = 0(hndSyy)- (A32)

1<i<n,1<j<p,BeRP

The last equality follows from the rate assumptions (4.9). This bound and assumption (A2) completes the proof of (A.29).
Next, we show (A.30). By assumption (A1),

(W1,8) = piy(BY) = =X F(X/(B — B%) = F(O)] = —xifi O] (B = £ — (A33)

where I; = F(X,(8 — %) — Fi(0) — fi{(0)x (8 — B°). Now for anyj € S,

1 1 c
|~ D X OB = )] = | x| 18— Bl = O(a) = 0hadly,). (A34)
i=1

this follows since f;(0) and n=! >
(A1) we obtain,

qul’ < —" I < ng Z(X§(/3—/3°))2~
=1

i=1 X 2 are bounded by a constant forall 1 <i < nand 1 <j < p. Also, from assumption

max|—
jese

< CiClIB — BOI12 = O(k2a2) = 0(AndSyyy). (A35)
Now use (A.33)-(A.35) to obtain (A.30), thereby completing the proof of the lemma. O
Lemma A.3. Under the conditions of Theorem 4.2,
max \Z (PE1,B%) = Vi, (B%)| = 0pGuncly) (A.36)
maxT =0p(Ay dmm) (A37)

jese

Proof. The structure of this proof is similar to the proof of Theorem 3.1. In the following proof ¢ > 0 shall denote a generic
constant that may be different depending on the context. For any O < §, define the event

{max — E ”u <y, max  |u;| < n‘s}.
1<j<p,1<i<n

Use the fact |u;| ~ Exp(oj;) to obtain

s p n 1 Cnts

P( max |u;| > cn ) < Z P<|uU| >cn ) < —exp(—— +10gp—|—logn>.
1<i<n,1<j<p P e— oy Oy

This bound and (A.19) together imply that

8

1 cn
P(A°) < — exp(—— +logp + logn) + exp(— + logp)
Ou Oy 100
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Now,

“‘I\Z(pz{,jw% - wz{,w%)\

\Zwuy, "+ 2 \Z wyy" (8] + \Zo,,ﬁ, - \ijwijy/’

where y/(8°) := L(8%) — EL(B%), v/ (B®) :=1"(B%) — El’(B°) and y/"'(B°) := I (B°) — EI!"(B°). Using k, < n’, we obtain
() lwyy! B4l < en®, (i) [wyy (B4l < en®h™", (i) Jwy),” (BO)Ia] < en’h ™2,

Hence,

M=

(max 7‘2“’1}71 (8 )I,A‘ > t) <

1=j=p n

P(%’Z wijy/(,BO)IA‘ > t)
i=1

exp[—cn~’nt? + logp],

1

.
Il

=

|\

where the last inequality follows from Lemma 14.11 of Biihimann and Van de Geer [5]. Thus choosing t = cn®./2Tog2p/n,
for some constant ¢ > 0, we obtain

n
;‘; wyll (60| = 0p (n’ 2 long 2 ). (A38)
Now to remove the truncation on the set «4, observe that,
n n
max ; wyr{ (8] < max ; wyy; (B°)a| + max ¢k + max|usl) Ly + ¢ max E((x,, + max |u,-j|)1Ac). (A.39)

Proceed as in the proof of Theorem 3.1 to show that the last two terms on the RHS converge to zero faster than the first term,
in probability. Thus we obtain,

;\; w89 = 0y (1?2 long 23} (A40)

A similar argument yields that

_1 [2log2p 2log2p
" "
geg;n(zm (89 = 0y (7| 225, @;H\Zw,y (ﬁ)\—op(hz,/ ).

Recall that ago < bo¥maxS, and | 22:1 oxiBil < boo,s. Now combine these results with the rate assumptions (4.9) to obtain
(A.36).
To prove claim (A.37), note that

wi (" (B) — I/ (B) — EL(B) — EI' (%))

N“QN
Si=
=

1 n
Si(B) = —— 3 wy(li(B) — [(B") — EL(B) — EL(B") +
i=1 i=

1
2 _ 2 n n
%

1
Ty (180 — B (8%) Z oufy Z F(B) =1 (8% — B (B) — EI{ ()

n ! 1 n
- Z o (6 — )~ Z(l?(ﬂo) — I/ (B")
= I+ ‘3n+ % — ﬁOIII—Zakﬂ v — Zok(ﬁ BOV.
2 GPj G (P
We begin with the term II, which turns out to have the slowest rate of convergence. Define the empirical process g’” B) =
I3 w1 (B) — EI’(B)) and let,
Z = S Ig”/ (B) = G (BO)]-
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Also, observe that from (A.14) and (A.15) we have,

'l/l/

lwil” (s1, yi) — wiil” (52, y)| < clken + max lughh—>[s1 — sal.

Then as in the above proof of Theorem 3.1, apply Lemma 14.2 and Theorem 14.2 of Biihlmann and Van de Geer [5] to obtain

[210g 2 [2t
P | max Zl, > 8cbo(cx + c)n’h3a, (4 ~108p + _)
1<j<p ™ n n
2log2 2t
<Y P (Z/l4 = 8cho(cy + c)n’h (4‘/ﬂ +4/ —) < exp(—t + logp).
- > n n

j=1

Now choose t = clogp, c > 0, so that the last term in the above expression is 0(1). Now removing the truncation on the
set » as done in the proof of Theorem 3.1, we obtain

2log?2
max sup |ll] = max Z;; = 0, (n‘sh_3am/ ﬂ)
JESC BeB(an) 1<j<p ™ n

where the last equality follows by the rate assumption (4.9). A similar argument applied to the terms I and IV yields that

/2 log2 /2log2
max sup [l =0, (n‘sh_la,, ﬂ) max sup [IV|=0, (h‘zan ﬂ)
Jes¢ pes(an) n Jes ges(an) n

An argument similar to the one used for proving (A.36) yields

n® [2log2 2log2
ax || = Op<— ﬂ) max |V| = Op<n§h’1 #>
jese h? n jese n

Now claim (A.37) follows from these bounds, the rate condition (iii) of (4.9), and the facts | ZZ=1 oy (B — B < 2byoyA/5,
and or§ < boYmaxS. This completes the proof of Lemma A.3.
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