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from heterogeneous gamma variables in terms of that of the largest order statistic from
i.i.d. gamma variables. A numerical example is finally provided to illustrate the main result
established here.
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1. Introduction

Order statistics play a prominent role in statistical inference, reliability theory, life testing, operations research, and many
other areas; see, for example, the two encyclopedic volumes by [2,3]. Denote by X;., < --- < X,,., the order statistics arising
from random variables X1, ..., X;. Then, it is well-known that the kth order statistic X;., corresponds to the lifetime of a
(n — k + 1)-out-of-n system, a very popular structure of redundancy in fault-tolerant systems in reliability theory that has
been studied extensively in the literature. Series and parallel systems are the building blocks of more complex coherent
systems, wherein the lifetime of a parallel system corresponds to the largest order statistic X;., and the lifetime of a series
system corresponds to the smallest order statistic X;.,. Many authors have studied various aspects of order statistics when
the observations are independent and identically distributed (i.i.d.). The case when observations are non-i.i.d., however,
often arises naturally in different situations. Due to the complexity of the distribution theory in this case, limited work can
be found in the literature; see, for example, [6,2,3], and the recent review article of Balakrishnan [1] for comprehensive
discussions on the independent and non-identically distributed (i.ni.d.) case.

The exponential distribution has a nice mathematical form and the unique memoryless property and hence has widely
been applied in many fields. Many papers have appeared on the stochastic comparison of order statistics arising from
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i.ni.d. exponential random variables including [19,20,12,7,9-11,5,13,14,17,18,22-27]. The gamma distribution has been used
extensively in reliability and survival analysis due to its flexibility in shape and some nice distributional properties; for more
details on this distribution, one may refer to Johnson et al. [8]. Assuming that X is a gamma random variable with shape
parameter r and scale parameter A, X has its probability density function as

AT
fx;r )= —x"le™ x>0,r>0,A>0.
I(r)
It is an extremely flexible family of distributions with decreasing, constant, and increasing hazard rateswhen0 <r < 1,r =
1and r > 1, respectively. This paper will focus on the largest order statistic arising from heterogeneous gamma variables,
i.e,, the lifetime of a parallel system with independent heterogeneous gamma components. The results established here
extend the corresponding ones in the literature for the exponential case.

Let us first recall some notions of stochastic orders. Throughout this paper, the term increasing is used for monotone non-
decreasing and decreasing is used for monotone non-increasing. For two random variables X and Y with densities fx and fy,
and distribution functions Fx and Fy, respectively, let Fy = 1 — Fx and Fy = 1 — Fy be the corresponding survival functions.
X is said to be smaller than Y in the likelihood ratio order (denoted by X <. Y) if fy (x) /fx (x) is increasing in x; X is said to
be smaller than Y in the hazard rate order (denoted by X <, Y)if Fy (x) /Fx (x) is increasing in x; X is said to be smaller than
Y in the stochastic order (denoted by X < Y) if Fy (x) > Fx(x). It is well-known that the likelihood ratio order implies the
hazard rate order which in turn implies the usual stochastic order. For a comprehensive discussion on various stochastic
orderings, one may refer to Shaked and Shanthikumar [21].

Let Xy, ..., X, be independent exponential random variables with X; having hazard rate A;, i =1, ..., n. LetYy,..., Y,
be a random sample of size n from an exponential distribution with hazard rate A = Y\, A;/n, the arithmetic mean of As,
and denote by Y., the corresponding largest order statistic. Dykstra et al. [7] then showed that

Xn:n Zhr Yn:nv (1)
which was further strengthened by Kochar and Xu [13] as

Xn:n ZIr Yn:n- (2)
[10] also strengthened the result in (1), under a weaker condition, by proving that if Zy, . . ., Z, is a random sample of size n

- 1
from an exponential distribution with hazard rate A = ([Ti_, A;)", the geometric mean of As, then
Xn:n Zhr Znin- (3)

Recently, Kochar and Xu [14] proved that the largest order statistic from heterogeneous exponential variables is more
skewed in the sense of the convex transform order than that from homogeneous exponential variables, which is quite a
general conclusion as there is no restriction on the parameters.

Itis natural to ask whether and how the resultin (3) can be extended from the exponential case to the gamma distribution.
This paper confirms this result for the case when the shape parameter is at most 1. Specifically, let X1, . . ., X, be independent
gamma random variables with X; having shape parameter 0 < r < 1and scale parameter A;, i = 1,...,n,andletZy, ..., Z,

. We

S=

be a random sample of size n from a gamma distribution with shape parameter r and scale parameter x = (]_[:7:1 Ai)
then show that

Xn:n Zhr Zn:na (4)

thus generalizing and strengthening the corresponding result for the exponential case established earlier in the literature.

2. Main result

In this section, before presenting our main result, we first present several useful lemmas. The first one, due to Bon and
Pdltanea [5], plays an important role in establishing the main result which presents a sufficient condition to reach the
maximum point of a symmetrical function in a compact set.

Lemma 1. Let ¢ : N} — N, be a symmetric and continuously differentiable mapping. If for any n-dimensional vector

y=U1,....yn) € N} withy, = miny; and y; = maxy;, we have
By W)
9 9
O =y | - — 2| <0, fory, #y,
2V i
i#p i#q

then the following inequality holds:
W1 Yn) G, ...,
——
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1
where y = ([T, yi)" is the geometric mean of y = (y1, ..., Yn).

Lemma 2. For 0 < r < landy € N, the function

—X

fO=x+—F—"—"—
fol ur—le—xudy

is increasing inx € N.
Lemma3. For 0 <r < landy; € W, (1 <i < n), we have

n

Z e Vi
Jdur=1e Vitdu

i=1

Ty

— I g r—1a—Yyju

1 '1f0 rou e tdu
j:

e

‘l _ 9
Jo ur—le Yptdu

=Y+

where, as before, y, = miny;.

The technical details of the proofs of Lemmas 2 and 3 are presented in the Appendix.

Theorem 1. Let X1, ..., X, be independent gamma random variables with X; having shape parameter 0 < r < 1 and scale
parameter A;, i =1,...,n,andlet Yy, ..., Y, be a random sample of size n from a gamma distribution with shape parameter

r and a common scale parameter 5. > . = ([T, 4;)"/". Then,
Xn:n Znr Yoin-

Proof. Let Z, be the largest order statistic in a random sample of size n from a gamma distribution with common shape
parameter r and scale parameter A. Assume A < p. We then have Z, >, Z,, from Theorem 1.C.33 of [21] and thus Z; >, Z,,.

Based on this fact, we only need to prove the result for the case when A = . The density function of X,., is

n leht  moet 57 -
Sxan () = _— / —_y"leM'du, t>0,
" ; f uf—le—*f”dujl:! o I"'(r)

and so its hazard rate function is given by

Spn ()
Fx,, ()

n ft Ar Y
Jqr—1a—Aju
[ u" e M'du
0 1o
i1 r) n tr—la—hit

T (1) =

n r t .
64 g, o7 Jo W e Mitdu
1- Hlfo L 0
j:

1

?¢()»1f, ey Agl),
where the symmetric function ¢ : W} — (0, 1) is defined as
n r

[y e

Jj=1

n r 1 :
1Y o 1a—yug, =1 o U levitdu
1-— l_Il.fO mu e Yitdy i fO
]:

e Vi

¢(yla"'ayn) =

Similarly, the hazard rate function of Y;,.,, can be written as

0 I'(r)

5 5 ot r—1a—2
1_|:f0t #Tr)ur—le—)hudu] [0 ur—le—*dy

~ ~ n
t A" o r—1a—hu 5
[ u~'e du] ntT—le—t

1 - ~
= —¢(it, ..., i)
t ———

n

Ty (£) =

To reach the desired result that X;,., >y, Yn.n, it suffices to show that

¢(V1a~--,}’n) S‘b@’?y)a
——
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»Yn) € M. As before, let y, = miny; and y, = maxy;. Now, we observe

1
where j = ([TiL, ;)" for any vectory = (y1, ...
]_[f u e itdu Tt sy 11—y
3¢(y) i 0o T e | [y uePdu — [ u pidu
= 2
% 1- ]_[ A %ur—le‘yi“du [fol u“le—YP“du]
j=1
e ’p
+
Zf u'—levitdu 2yp [ol ur—Te~¥oudu
0 _ pJo
nfo I“(r)ur le=Yildy

1 yJ r—1 —yu
]_[f Tl du ey [fol ure_yP”du—fol T ‘YP”du]
2
(i ewa]

1— ]_[f Fygr)uf le™i'du

1 e Y

* Z f urleviudu 1 flur Te=Ypudy
-1y et b

Since the function ¢ is permutation symmetric, each partial derivative has the same structure. On the other hand, by using

integration by parts, we find

1 1
y/ ue Vidu = r/ ule™Vidy —e™V.
0 0

Thus, we have
) _ _ T
3 B e eV i .
n}’p _ nJ’q Sg‘ r - - — _ / 7]ur 1e Vit dy
Sy Yy Jo wledrudu [ ur—teVaudu r(r)

1 1
i#p i#q
e 1 eV e
+ > |t
1 1 p 1
Jo ur—lewidu | = [, u—teVitdu Jo ur—levidu

n 1oy
1—1_[/ —L_yrleVitdy
j=1 0 F(r)
eV i o Vi e Ya
— +7
Y [ ur=te~vardu

1 - i )
Jo ur—levatdu | = [, ule Vitdu

n 1 r
Vi 1y
1— ——u"" e i"du
g ( ]I_Il./(; (o )

= 01+ 6,, say,

= means equality of signs and
b
] ur 1 —y]udu:|

o r)

where *Z

e
01 =T 1
Jo ur—teridu f u—leYaudy

and
e n e Vi e oty .
. L I e
f ur—le¥oudy | {5 f wlevindy f u—le~¥rudy o1 Jo ()
n —Y, n 1 r
7 1—1_[/ =/ u" e Vitdu
j=1 0 F(r)

e Va Z
- Yo+
fo urfle*Yi“du ! fo u—le Yaludy

1 _
Jo urleVetdu | 5
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Fig. 1. Plots of the hazard rate functions whenr = 0.5.

It is easy to see that the function
eV 1

1 !
Jour—levudu [ ur—Te(-wydy

is decreasing in y € 9, which implies that 8; > 0. Next, we will show that 6, is also nonnegative. From Lemma 3, it is
known that

n e Vi eI n Toyr
e ) (1f] [ iera) =
=7 Jp uleVitdu Jo wleYrudu o1 Jo ()

and so we have

e Va eV e - 'y
bz e (o )~ e || 1 A e
[ ur—te~vaudu Jo ur—leVatdu Jo wtertdu jrdo M

>0,

\

where the last inequality is obtained by using Lemma 2. Now, we get

99(y) 99(y)
ay, Ay,
=Y |7 — = | =0
Vi Xy
i#p i#q

and the desired result can then be derived from Lemma 1. Hence, the theorem. O

Remark 1. Itis evident that the result in Theorem 1 generalizes and strengthens those in [7,10] from the exponential case to
the gamma distribution. One may wonder here whether we could establish more general comparison results between two
largest order statistics both of which arise from heterogeneous variables under some majorization (cf.[15]) type assumptions
on the scale parameter vectors. For the special case when n = 2, such results have been obtained recently by Zhao and
Balakrishnan [25] for the dispersive and the star orderings. Such results, however, do not hold in general for the case when
n > 2; see, for example, [4] for a counterexample with respect to the hazard rate order.

As a direct consequence of Theorem 1, we can obtain an upper bound on the hazard rate function of X, from
heterogeneous gamma variables in terms of the hazard rate function of Y;., from an i.i.d. gamma sample. We now present a
numerical example to illustrate this fact. Let (X7, X3, X3) be a vector of independent heterogeneous gamma random variables
with common shape parameter r = 0.5 and scale parameter vector (A1, Ay, A3) = (1, 2, 6), and let h(t; 1, 2, 6) denote the
hazard rate function of Xs.5. Let (Yy, Y3, Y3) be an i.i.d. gamma random sample with common shape parameter 0.5 and scale
parameter 3 (the arithmetic mean of (1, 2, 6)), and let h(t; 3, 3, 3) denote the hazard rate function of Ys.5. Let (Z1, Z5, Z3)
be an i.i.d. gamma random sample with common shape parameter 0.5 and scale parameter /12 (the geometric mean of
(1, 2,6)), and let h(t; J12, 912, «3/ﬁ) denote the hazard rate function of Z3.3. Fig. 1 presents a plot of the hazard rate
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Fig. 2. Plots of the hazard rate functions whenr = 3.

functions of these three largest order statistics, which can be seen to be in accordance with the result of Theorem 1. It can
also be seen that the upper bound given by h(t; /12, /12, ¥/12) is better than that offered by h(t; 3, 3, 3).

3. Concluding remarks

In this paper, we have discussed the hazard rate comparison between the largest order statistics from heterogeneous and
homogeneous gamma random variables when the common shape parameter is at most 1. One natural question that arises is
whether the result in Theorem 1 also holds for the case when the shape parameter is larger than 1 and it is possible that this
may be true as shown in Fig. 2 (the hazard rate plots under the same setup as in Fig. 1, but the shape parameter is now 3). This
remains as an open problem. Moreover, it would be interesting to see whether the result in Theorem 1 can be established for
the likelihood ratio order. For the exponential case, such results have been obtained by Khaledi and Kochar [10] and Kochar
and Xu [13]. We are currently working on these problems and hope to report these findings in a future paper.
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Appendix. Proofs of Lemmas 2 and 3

Proof of Lemma 2. Taking derivative with respect to x, we get

_ 1 1. _ 1 _
—e xfo u" 1e xudu+e xfo u e Xdy
2
I:j'l urflefxudu]
0

—_ 1 _
1 e ™™ [ ue™du
=1 1f° . (5)
Jy wtexd-udy [fo urflefxuduil
It is evident that the last term on the RHS in (5) is nonnegative, and so it is enough if we show that
1
fOl ur—lex(I-u)dy
is also nonnegative, which is true upon noting that
1 1
fO ur—lex(I-u)dy fO u™1du
=1-r
>0. O

fleo =1+

1—

1
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We will need the following three propositions to prove Lemma 3.

Proposition 1 ([16]). For real numbers «;, fiand A;, i=1,...,n,if i > 0and A; > O, then

. (o4} i=1 441
min < < max{—;.
1<i<n { Bi } N 1<i<n { Bi }
Equalities hold if and only if (o1, ..., o) and (B, ..., Bn) are proportional.

Proposition 2. For x; € (0, 1), 1 <i < n, the following inequality holds:
n n
1-[Ja-x <) x
i=1 i=1

Proof. The proof is carried out by induction. The result is trivially true for the case when n = 1. Now let us assume that the
inequalities hold for all m(1 < m < n). We then have

m+1 m
— l_[(l —x)=1-— l_[(l = %) (1 — Xm11)
i=1 i=1

m m
= 1= =x) +xnpa [ JO —x0)
i=1 i=1
m
< in+xm+l
i=1
= ZX:‘,
i=1

which is the required result. O

Proposition 3. For 0 <r < landy; € 9. (1 <i < n), we have

—Vi

_l_!/ DO Z ' ©

'y fo u—le—vitdy 4 e Vi

Proof. It can be readily seen that the left hand side of (6) is nonnegative since each term in the product is no more than 1.
From Proposition 2, it follows that

n 1 r
/ y; uleVivdy < Z (1 _f yiiur_le_yi”du) )
1“(r) e o I'(r)

So it suffices to show that, for each y; € 9,

1 r —Yi
1 —/ i yr-tevingy < 5 ¢ ,
o I'(n) Vi [y ulevitdu + e Vi

which is equivalent to showing that

1
/ Yi Ly leit du—|—y' eV > 1.
o I'(r) Ir(r)
This is seen to be true upon observing that

1 1 1
/ Vi i tevingy 4 i Vi eV Z/ Lu’”e’y"“du—l—/oo Lu”le’y"”clu= 1. O
o I'(n) F(T) o (M) 1 ()
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Proof of Lemma 3. From Proposition 3, we have

Zn: e Vi i e Vi
= S ur=TeYitidu = fo ur=Te ity
oo - -y - @
- _yr=1g=yju e
1 11;11 fO r(r) u-e du 1:21 i fol ur—le~Yildyte Vi

On the other hand, upon using Proposition 1 and Lemma 2, we have

n

Y
jol ur—le Vildu

i=1 e

>y 4+ - 8
n i ZYp fol ur—le=Yrudy ®

S5 vifo e Vi due Vi

Now, upon combining (7) and (8), we obtain the required result. O
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