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1. Introduction

In recent years there has been considerable interest in generalizing many of the results on classical moment theory to the
case of matrix measures. Wiener and Masani [26] introduced matrix measures on the unit circle in the study of multivariate
stochastic processes and their spectral theory. Whittle [25] followed the same approach and established a connection to
matrix polynomials, that is, polynomials with matricial coefficients. Already Karlin and McGregor [17] studied a random
walk with a doubly infinite transition matrix with help of matrix polynomials, however without special consideration of the
matricial structure. Delsarte et al. [3] orthogonalized polynomials with respect to matrix measures on the unit circle. Duran
and van Assche [11], Duran [8,9] and Duran and Lopez-Rodriguez [10] were the first who investigated matrix orthogonal
polynomials with respect to matrix measures on the real line and generalized many results from the scalar case to the
matrix case. Typical examples include the three-term-recursion, quadrature formulas and ratio asymptotics. Applications
to stochastic processes with two-dimensional state space were discussed by Dette et al. [6], who expressed transition
probabilities and the recurrence of states in terms of matrix measures and matrix orthogonal polynomials.

In contrast to moment spaces corresponding to (probability) measures the structure of moment spaces corresponding
to matrix measures is much richer and not very well understood. In the scalar case Chang et al. [2] investigated a uniform
distribution on the moment space corresponding to measures on the interval [0, 1]. Their investigation was motivated by
the consideration of a “typical” point in the moment space and they studied the asymptotic properties of random moment
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vectors with increasing dimension. Gamboa and Lozada-Chang [12] considered large deviation principles for random
moment sequences on this space, while Lozada-Chang [ 18] investigated similar problems for moment spaces corresponding
to more general functions defined on a bounded set. More recently, Gamboa and Rouault [14] discussed random spectral
measures related to moment spaces of measures on the interval [0, 1] and moment spaces related to measures defined on
the unit circle. Dette and Nagel [4] considered distributions on moment spaces corresponding to scalar measures on the real
line with an unbounded support.

For matrix measures the corresponding moment of a matrix measure is given by a symmetric (Hermitian) matrix and
Dette and Studden [7] obtained a characterization of the compact moment space corresponding to matrix measures on a
compact interval. Dette and Nagel [5] used these results to investigate the asymptotic properties of random vectors with
values in the moment space corresponding to matrix measures on the interval [0, 1]. The aim of the present paper is to get
a better understanding of the properties in the non compact case. For this purpose we define probability distributions on
matrix moment spaces corresponding to measures with an unbounded support and study their asymptotic behavior with
an increasing dimension.

The remaining part of this paper is organized as follows. In Section 2 we introduce the basic notation, define distributions
on the moment spaces corresponding to matrix measures on unbounded intervals and state our main results. In Section 3
we consider matrix orthogonal polynomials and their relation to moments of matrix measures. In Section 4 we use this
relation to prove our main results. Finally in Section 5 we extend these results to matrix moment spaces corresponding to
matrix measures with complex entries. Finally some technical details have been deferred to the Appendix.

2. Matrix moment spaces

Throughout this paper let (8,(R), 8(8,(R))) denote the measurable space of all p x p symmetric matrices with real
entries, where B(8,(R)) is the Borel field corresponding to the Frobenius norm [|A|| = /tr (A?) on &,(R). For properties
of this norm and general results in matrix theory we refer to the book of Horn and Johnson [16]. The set 5; (R) C 4,(R)
denotes the subset of positive definite matrices and for a matrix A € 4,(R), |A| is the determinant of A. Let T be a subset
of the real line with corresponding Borel field B(T). A (8,(R)-valued) matrix measure X on a measurable space (T, 8(T))
is a p x p matrix of signed measures on (T, 8(T)) such that for all Borel sets A C T the matrix X (A) is symmetric and
nonnegative definite. Additionally we require the matrix measure to be normalized, thatis X (T) = I,, where I, denotes the
p x p identity matrix. We consider on 4,(R) the integration operator

dx = [ [ dxy, (2.1)
i<j

the product Lebesgue measure with respect to the independent entries of a symmetric matrix. For an integrable function
f : $,(R) — R the integral
/ F&X)dX (2.2)

is the iterated integral with respect to each of the elements x;;, i < j (see Muirhead [20] or Gupta and Nagar [15]). The kth
moment of a matrix measure is then defined as

My(X) = f x*dX(x) (2.3)

for k > 0. The set of all R-valued matrix measures on (T, 8(T)) for which all moments exist is denoted by #,(T) and we
define the nth moment space of matrix measures by

Mpn(T) = {(M1(2D), ..., Mo(2)T|Z € Pp(D)} . (2.4)

Analogous to the compact case in Dette and Nagel [5] we obtain a characterization of the moment spaces M, ([0, c0)) and
M, 2 (R) in terms of Hankel matrices, which are defined for matrices My € §,(R), k > 0 as

My --- My Mi—M, - Mpn— Mp
Hy, =1 : |, Hmm= : : . (25)
Mpm -+ Man Mpm —Mpy1 -+ Mom—1 — Mom
and
My - Mps Mo —M; -+ Mn— Mt
Hpmpr = | | Hama = : : . (2.6)
Mmi1 -+ Mamis Mm —Mny1 -+ Mom — Momt1

The following lemmas give a characterization of M ,([0, 00)) and M, ,(R). The proof follows by similar arguments as in
Dette and Studden [7] and is therefore omitted. Note that the authors consider non-normalized measures, but the arguments
can be extended to matrix probability measures.
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Lemma 2.1. A vector of matrices (M, ..., M,)T € $,(R)" is an element of the moment space M, ([0, 00)) if and only if for all
k < n the Hankel matrices H, are nonnegative definite.
The vector (M, ..., My)T is an interior point of Mp ([0, 00)) if and only if for all k < n the matrices H,, are positive definite.

We define the vectors of matrix moments
By = M1, ..., Map),
Ry = (Mpm, ..., Mom_1),
Sy = (M — M1, - . . Mam—1 — Map),
W1 = Mpm — M1, . ... Mom—2 — Mam_1),

and the symmetric matrices

My =MmH b, n>1, (2.7)

M7 =M, —hlH "\h,, n>2, (2.8)
where for the sake of completeness we set M; = 0p, M:r = M, and M;r = M. If (M, ..., M,)" is in the interior of
Mpn([0, 00)), there exist in contrast to the compact case no upper bound for the (n + 1)th moment. A vector of symmetric
matrices (M1, ..., My41)7 is a moment vector in My n41([0, 00)) if and only if

M,ZH = Mn+1 (29)

where the matrices are compared with respect to the Loewner ordering. That is, A < B if and only if B — A is nonnegative
definite and A < B if and only if B — A is positive definite. The inequality (2.9) follows because M, 1 — M, ; is the Schur
complement of My, in H,; and the matrix H,_, is nonnegative definite if and only if the matrix H,_; and the Schur
complement M, — M, ; are nonnegative definite. (M, ..., M,,1)" is an interior point of My n41([0, 00)) if and only if
M, ; < My holds. For the remaining case of the whole real line, we obtain the following characterization of elements of
the corresponding moment space.

Lemma 2.2. The vector of matrices (M, ..., My € $,(R)" is a moment vector in M »(R) if and only if for all k with 2k < n
the Hankel matrices H,,, are nonnegative definite.

The vector (My, . .., M;)T in the interior of Mp o (R) if and only if for all k with 2k < n the Hankel matrices H,,, are positive
definite.

Consider the moment vector (M, ..., M,,)T € Int Mp2n(R). There exist no bounds (with respect to the Loewner
ordering) for the next moment, that is for any M,,1 € 4,(R) the matrix vector (M, ..., My,41)7 is an interior point in
Mp2nt1(R). For the next even moment we can define as in (2.7) the matrix M, ,. Then (M, ..., Mayn42)" is a moment

vector if and only if M, |, < Man2 and it is in the interior of M, 212 (R) if and only if M5, , < Mano.
Now we define a density on the moment space M, ([0, 00)) by

n
87" M) = [ Tepu [(Micr = M )™ (M = MO[™ - exp (=8utr (Mt = Mi_ )™ (M = M) Ty (2:10)
k=1

where the parameters satisfy y; > %(p — 1) and §; > 0 and we will show in Section 4 that the normalization constant is
given by

Spyk+%p<p+1>(n—k+1)
k

L+ 1@+ D@ —k+1)

Here I}, denotes the multivariate gamma function, which is defined by

Gk = (2.11)

1
Iy(2) = / |X|Z—7(P+1)e—tr(X)dX
55 ®)

(see Muirhead [20]). The density gé?’,,“s) is the matrix analog of the density on the scalar moment space considered by Dette
and Nagel [4], which in turn is the natural extension of “beta-type” densities in the compact case. Our next result gives
the asymptotic distribution of the vector of the first k components of random matrix moments distributed according to
the density g;?,f). For this purpose recall that a random symmetric p x p matrix is governed by the Gaussian orthogonal
ensemble (GOE)), if its density is given by

fo(X) = (27) P2 PP=D/4g=3trX? (2.12)
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We define the matricial Marchenko-Pastur distribution 7, by

JVXx(4 —X)

dnp () = 27X

and obtain from the diagonal structure of this measure that the kth moment satisfies My(1,) = cil,, where ¢ is the kth
moment of the scalar Marchenko-Pastur distribution, that is, the kth Catalan number (see e.g. Tulino and Verdda [23]).

1{0<x<4}dx Iy, (213)

Theorem 2.3. Assume that the vector of random moments M, € M, ([0, 00)) has a distribution with density g;?,;‘” where

8 = n% (p+1) foralli. For k > 1denote by M,f") the projection of M, onto the first k matrices and let M (11p) = (c1lp, .. ., cklp)T
contain the first k moments of the matricial Marchenko—-Pastur distribution np. Then the convergence

1 -1 () D
ni(p +DC® Ip)(Mk - Mk(’]p)) m X

holds, where C € R¥** is a lower triangular matrix with entries Cii=-=Gx=1,
Ci,j:<.2i.>_(. 2.i ), j<i,
i—j i—j—1
and Xy = (X4, ..., Xe)T is a vector of independent, GOE ,-distributed random matrices.

The proof of Theorems 2.3 and 2.4 below is referred to Section 4, which contains also several results of independent interest.
It requires some more detailed explanation of the relation between the moment of a matrix measure and the coefficients
of matrix orthogonal polynomials, which will be presented in the following section. For the definition of a density on the
moment space M, ,(R) we also need some basic facts about matrix polynomials. A matrix polynomial is a polynomial

P(x) = ApX" 4+ Ap X" 1 4 -+ + Ag,

with coefficients Ay € RP*P.If ¥ € £,(R) is a matrix measure, we define the (left) inner product on the space of matrix
polynomials by

p
<PX).Q(X) > = /P(X)dE(X)Q(X)T = (Z/P(X)ikQ(x)jldﬂkl(X)> . (2.14)

k=1 1<ij<p

This inner product is matrix valued and R-linear in both arguments. Since it is not real valued, it is not a scalar product
but we nevertheless have the property that < P(x), P(x) >= 0, implies P(x) = 0. A scalar product may be defined as
tr < -, - >, however, we need to preserve the matrix structure of the product. The inner product (2.14) was considered by
Duran [8] and several applications are discussed in Sinap and van Assche [21]. It is possible to construct matrix polynomials
Py (x) orthogonal with respect to < -, - >, that s,

< Py(x), Pn(x) == 0, (2.15)
for n = m. The degree of a matrix polynomial P, (x) = ZZ:O Axkisn, if A, # 0, and P, (x) is called monic, if A, = I;. In

order to construct monic orthogonal polynomials up to degree N with respect to a matrix measure X', we assume that the
Hankel matrix

Mo -+ My_1
Hynoy = : :
MN71 e M2N72
of the moments of X is positive definite. By Lemma 2.2 this is equivalent to the fact that (My, . .., May_;)T € Int Mp an—2(R).

If Pa(x) = Y_p_o Axx* is a monic matrix polynomial of degree n < N, then for any z € R” \ {0},

" < Py(x), Py(x) = z = 2 (A}, ..., ADHy, () ..., AD) Z

= @'AL, ..., 2" ADH,, Z"AY, ..., Z"ADT > 0.
This shows that < P,(x), P,(x) > is positive definite.! Then the Gram-Schmidt-procedure can be applied to the matrix
monomials I, xI,, X*I, . . ., which results in Py(x) = I, and recursively
P,,(X) = anp_ < anpv Pn—l(x) < Pn_1(X), Pn—l(x) >'71 Pn—l(x) — =< anps PO(X) < Po(X), PO(X) >71 PO(X)

(2.16)

1 The assumption that the polynomials P, (x) is monic is indeed necessary, otherwise < P,(x), P,(x) > would be singular for all vectors z which are in
the kernel of all matrices A4, ..., An.
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for 1 < n < N.The basic properties of the inner product yield (2.15) for n # m. Note that if H,, is not positive definite,
< Py (x), Py(x) > may be singular and Py 1 (x) cannot be defined. In the following discussion we suppose that H,,, is positive
definite for all N > 1. As in the scalar case, the monic orthogonal matrix polynomials satisfy a three term recursion

XPn(X) = nt+1 (X) + Bn+1Pn(x) +Anpn71 (x)7 n= 1 (2-]7)

with matricial recursion coefficients A,, B,+1 € RP*P.By aninduction argument, the recursion coefficients can be recursively
calculated from

< Py(x), X", == AyAy_1 ... Ao, (2.18)
< Po(®), X", =By 1An. .. Ao+ ABrAn_1 ... Ao+ - 4+ An. .. A1BiAg (2.19)
where Ag =< I, I, >= I, = My (see Wall [24] for the scalar versions). Eq. (2.18) gives the identity
A == Pe(®), Pe(x) > < Peca (%), P (%) >

and from Eq. (2.19) we get a recursion for By. The mapping M,,_; — (B1, Ay, ..., B,) is even invertible, since Egs. (2.18)
and (2.19) allow a recursive calculation of the moments from the recursion coefficients. For our probabilistic analysis we
introduce the symmetrized matrices

A(Man_1) =< Pee1(X), Pee1 (%) =72 < Pe(x), Pe(x) =< Pe_q1(x), Peeq (x) =1/ (2.20)
fori<k<n-—1andfor1<k<n,
Bi(Myn_1) =< Po_1(X), P_1(X) =2 B < Po_1(x), Pr_1(x) =2 (2.21)

Here we write A (Ms,_1) and B;(M,,_1) to emphasize the dependence of the recursion coefficients from the moments.
Now we define a density on the moment space Mp 2,—1(R) by

n—1

n
,8
5’y (Man_1) = [ | e, exp (—8at-1tr BeMan—1)?) - | | coty | Ar(Man—1) 7 eXp (= 8autr Ak (Man-1) Liago0,)  (222)
k=1 k=1

with parameters y; > —1, §; > 0. The normalization constants cg, and c,4, are given by

1 280 p(p+1)/4
Cp = ( 2 1) , (2.23)

2p/2 T

SPYk PP+ (n=k)
_ 2k
Cap = . (2.24)
L+ (p+ D —k)
Again, this density defines the natural analog of the distributions analyzed in the scalar case. The following result gives a
central limit theorem for the corresponding vector of random moments. The centering constants are the moments of the
matrix-semicircle distribution p, defined by

1
dpp(x) == I 4 — X210y yenpdx - 1. (2.25)

Theorem 2.4. Assume that the vector of random moments My, € M, 2,—1(R) has a distribution with density h%_a; where the

parameters of the density satisfy 8,; = n(p+ 1) and 63i—1 = %n(p + 1) foralli > 1. For k fixed denote by M,f”) = My, ..., M)
the vector of the first k matrices of My,_1. Then

Vi + DO ® ) (M — Mi(p,)) —— Xi.

where My (p,) are the first moments of the matrix-semicircle distribution, the matrices in X; = (X, ... , X)T are independent
and GOE,-distributed and D is a k x k lower triangular matrix with D;j = 0if i +jisodd, D11 = --- = Dyx = 1 and the
remaining entries are given by

2= () -(45)
() =L,
7)o

Remark 2.5. Dette and Nagel [5] proved a similar result for random matrix moments uniformly distributed on the space
M, ([0, 1]). It is also possible to obtain results of this type for a more general class of densities

n
o M) = [ el M = MO ™ M = MO KM = MO ™ (M = MOV Ly g ity
k=1

where y = (¥ )k, § = (8k)k are fixed sequences of parameters with yy, 8, > %(p — 1).If y = 8¢ = 0 for all k, we obtain
the uniform distribution on M, ([0, 1]) considered in this reference.
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3. Matrix orthogonal polynomials

An important tool for the proof of the results in Section 2 is matrix polynomials. If the support of a matrix measure X
is a subset of [0, 00), it follows by similar arguments as in Dette and Studden [7] that there eXists a sequence of matrices
Z, € RP*P such that for n > 1 the recursion coefficients in (2.17) of the monic matrix polynomials are given by

Al = Zon_1Zon, (3.1)
B = Zon—2 + Zon—1, (32)

where for the sake of completeness we define Zy = 0, (note that these authors define the inner product in a different
way). Throughout this paper we call the variables Z; (and similar quantities) canonical variables. Dette and Studden [7] also
showed the representation

Zy = M1 — M, )7'(M, — M) (3.3)

forn > 1where M; = 0,. Since we assume all Hankel matrices H,,, to be positive definite, we have M,_; > M,_,.

This section will provide a recursive method to calculate the moments from the recursion coefficients or from the
canonical variables Z,. A similar result in the scalar case was shown by Skibinsky [22]. We first need to make some defi-
nitions. Denote by P(x)T = (Po(x)T, P1(x)T, P,(x)T, .. .) the vector of monic orthogonal matrix polynomials and by F (x)T =
(Ip, XIp, X*I,, .. .) the vector of matricial monomials. If

B I,
A By
J= Ay Bs Ip (3.4)

is the block-tridiagonal matrix of the recursion coefficients, the recursion (2.17) can be written as

JP(x) = xP(x). (3.5)
The infinite Hankel matrix of the moments of X' is denoted by

M = (Mij)i j>0. (3.6)
and let L be the lower block-triangular matrix containing the coefficients of the matrix polynomials, that is

P(x) = LF(x). (3.7)

Furthermore, R is the shift-operator

0, I, 0

Although we consider matrices of infinite size, a multiplication of two matrices involves only a finite sum and all products
are well-defined. The following lemma is due to Dette and Nagel [5].
Lemma 3.1. The matrix L defined by (3.7) is non-singular and the inverse K = L™ is recursively defined by

RK = KJ.

Let D = diag(Dy, D1, . ..) be the block-diagonal matrix with diagonal entries D, = < P,(x), P,(x) > then the moment matrix
M of X has the representation

M = KDK'.

If we write out the block entries in RK = KJ, we see that the blocks of the matrix K can be calculated with the recursion
Kiy1j = Kij1 +KijBjt1 + Kij1Ajp1, 0=<j=<i
where K;; = 0, ifj < 0and K;; = I, (note that the numbering of the blocks in K starts at 0). By the last assertion in
Lemma 3.1, the moment M, is then given by the block in the position n, 0 in the matrix KDK" and therefore
My = K;,0D0,0K0,0 = Kn,oMo.

In order to obtain a recursion for the matrices Z,, we need the following lemma to express the canonical variables as the
recursion coefficients of another measure. The proof is given in the Appendix.
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Lemma 3.2. Let X be a matrix measure on [0, co) and X the symmetric matrix measure on R defined by

Zy([—x, x]) = 2([0, x*]) (3.8)
forall x > 0. Then the monic matrix polynomials orthogonal with respect to X satisfy the recursion

XPa(X) = Poy1(X) + Zo(2) P (x), n=0
where Z,(X) is the matrix in the recursion of the polynomials orthogonal with respect to X.

Lemma 3.1 together with Lemma 3.2 enables us to prove a recursive relation to compute the moments of X from the
canonical variables Z,.

Theorem 3.3. Let ¥ € £,([0, 00)) be a matrix probability measure with canonical variables Z, defined in (3.3). Define the
triangular array of matrices G;j,1,j > 0by G;; = 0if i > j, Goj = I, and

Gij = Gij1+Zj-it1Gi,j
forj>1i> 1.Then G, = Mp(X).
Proof. For the matrix measure X on [0, co) we define the symmetric measure X by (3.8). According to Lemma 3.2 the
monic orthogonal polynomials P, (x) of X; of even (odd) degree are even (odd) functions. This implies for the block matrix
K = (K;j)ij>0 in Lemma 3.1, which satisfies F(x) = KP(x), that block K; ; is the matrix of zeros if i + j is odd. Furthermore,

the blocks in the matrix J of the recursion coefficients are B, = 0, and A, = ZnT . Here Z,, is calculated from the moments of
X, not of X;. The equation RK = KJ gives the recursion

Kioji = Kiyoj—1,i-1 + K"“f—l»iﬂzii]- 5o
Now define
Gij =K, for1<i<jelseG=0,

then the matrices G;; satisfy the asserted recursion. From the equation M = KDK T in Lemma 3.1 we obtain
Mn(2) = Man(Z5) = Ko,0Do K3, o = K3y g = G-

Here we used that X' is a probability measure and Dy = My =1,. O
4. Weak convergence of random matrix moments
4.1. Matrix measures on the half-line and proof of Theorem 2.3

4.1.1. Convergence of canonical variables

Dette and Nagel [5] use symmetrized canonical moments to study random matrix moment on the interval [0, 1]. The
auxiliary variables in the study of the random moments on the half-line are symmetrized versions of the canonical variables
Zy in the recursion of matrix polynomials orthogonal on [0, co). For moments M, = (My, ..., M,)T in the interior of
Mp.n([0, 00)) we define

Zy = (M1 — M) ™2 (M = M ) (Mi—y — M) 7 € 85 (R) (4.1)
fork =1, ..., n. The symmetric matrix Zj is positive definite and similar to Z;. We obtain a mapping
Int MP ([0, 00)) —> 81 (R)"
Ypon J _ T (4.2)
Mn'_) zn - (Z1,...,zn) )
that maps a moment vector to the vector of corresponding canonical variables. If Z, and My, . .., M_, are given, M can be
calculated with Eq. (4.1). Recursively, all moments My, ..., M, can be recovered from canonical variables Z1, ..., Z, and
the mapping v, , is one-to-one. The next theorem gives the distribution of the canonical variables Z, of the random vector

of moments with density g;?’,{‘s) defined in (2.10). Recall that the distribution of a random variable X € §,(R) is given by the

Laguerre orthogonal ensemble LOE, (y, W) with parameter y > %(p — 1) and scale matrix W € 5; (R), if it has the density

1 — L+ —trwlx
100 = S XU Mg 43

(see e.g. Muirhead [20]). If W = I, we call this distribution central Laguerre orthogonal ensemble and write X ~ LOE,(y).
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Theorem 4.1. If the vector ofrandom moments M), has a distribution with density g(y ) and Z, = (Z4, ..
then the random matrices Z1, . .., Z, are independent and

s Zn) = Wp,n(Mn)v

1
Zy ~ LOE, (Vk +o@+ DO —k+1), 5;?11p>

fork=1,...,n
Proof. By definition of ¥, , the canonical variable Z, depends only on My, ..., My, and consequently the Jacobian determi-

nant is obtained as
3VEC(ZH) 1—[ l—[ 1 1

IMy—1 — M_,|72@%D

n

ovec(M,)
1 1
= 1_[ 1Z1 ... Zyeq| 2P = l_[ |Z | 72D,
= k=1

Here we use the fact, that for X, A € 4,(R) the determinant of the Jacobi matrix J(®,) of the transformation @, : X — AXA
is given by

U(@a)| = AP
(see e.g. Mathai [19]). The joint density of the canonical variables Z1, ..., Z, is given by

Bvec(Zk)
E)vec(Mk)

5 p
(y ) (Zn) —l_[Cp Kl Zp 72 2 (D) exp(—dktr Zi)L(z,>0,)
k=1

and we obtain the distribution according to definition (4.3). Note that this argument also gives the value of the normalization
constantin (2.11). O

The following result provides the weak convergence of the Laguerre orthogonal ensemble if the parameter tends to
infinity.

Theorem 4.2. Suppose X, ~ LOE,(yy) is a sequence of random matrices with parameters y, — oo. Then it holds that
1

VY

Proof. The moment generating function of X, (i.e., the joint moment generating function of all real random variables in X;,)
can be written as a function

E [e“' (Kxn)] (4.4)
of a symmetric matrix K € 4,(R) (compare Gupta and Nagar [15]). By definition (4.3),

(Xn - anp) n—;% GOEp.

E[etr(l(Xn)] _ 1 |X|yn—%(p+1)e—trxetr(KX)dX
st@ Tp(vn)

— ¥n
= |Il, - K| / u|X|Vn—%(P+1)e—tr(1p—K)XdX =, — K|
55 (®) I (vn)

for K < I,. The moment generating function of the standardized random variable is therefore given by

~¥
E |:etr(l<J%(annlp))i| —F |:etr(\/]yanXn)j| o~ VItK _ ’Ip _ K ! o VTtTK
/' Yn
Let k1, ..., kp denote the eigenvalues of the matrix K, then the moment generating function can be written as

[

—¥n p
Ki _ X Kj
VYnki — _ 1 (‘l _ ) — }
e exp 0g Kig -
7"> | | { Vn e A/ YnKi

i=1

Now expanding the logarithm yields for —I, < K < I,

o) flofn £ ()

k=1

= ﬁex lx-z—l—il/o" 2k —>ﬁex 1/(»2 =ex 1trK2
- l p 2 i k i Vn 00 = p 2 i - p 2 M
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Because exp( %tr K?) is the moment generating function of the Gaussian orthogonal ensemble the assertion of Theorem 2.3
follows. O

The random canonical variables Z; are distributed according to the Laguerre orthogonal ensemble and the weak
convergence for n — oo follows directly from Theorem 4.2. Note that Z, ~ LOE,(yx + %(p + D(n — k+ 1), (Sk’llp)
implies that

1
Sk Zi ~ LOE, <7/k + E(P +Dn—-k+ 1)>
is distributed according to the central Laguerre orthogonal ensemble. The appropriately standardized random matrix
1
(Zy — 1)) = ——(8kZk — §
V(Zk — 1) m(k k — &)

tends in distribution to the Gaussian orthogonal ensemble if §, depends on n and tends to infinity with the same rate as
Yk + 2(p + 1) (n — k+ 1). This yields the following result.

Theorem 4.3. Assume that the vector of random moments M, has a distribution with density gé?/n"s) defined in (2.10) and
parameters &, = %(p + 1)n for all k. Then for each component Zy of Z, = (Z1, ..., Zy) = Y n(My) the weak convergence

1 D
\V E(p + Dn(Zy — Ip) — GOE,
holds.

The non-standardized canonical variable Z;, converges under the assumptions of Theorem 4.3 in probability to the
identity matrix. Recalling the definition of the matricial Marchenko-Pastur distribution (2.13) and definition (4.1) the
diagonal structure is carried over to the canonical variables. Therefore we obtain from the scalar case (see Lemma 3.3 in
Dette and Nagel [4])

Z0 = Y s (My(0p) = Y1n(€) @ L= (1, ... D @Iy = (I, ....1,)".

In other words, the random canonical variables Z;, converge in the situation of Theorem 4.3 in probability to the
corresponding variables of the matricial Marchenko-Pastur distribution 7,. By the continuity of the mapping Y, ,} the
random moments M converge to the moments cil, of the matricial Marchenko-Pastur distribution.

4.1.2. Proof of Theorem 2.3

For a proof of Theorem 2.3 we need the following concept of differentiability on the level of matrices. It has been applied
previously by Dette and Nagel [5] and Gamboa et al. [13] to prove weak convergence of matricial random variables in related
situations.

Definition 4.4. Let @ be an open subset of §,(R)". A mapping F : @ — (RP*P)™ is called matrix differentiable at X0, if
there exists a matrix L € R™*" such that

F(X° + H) — F(X° = LH + o(|H|)

as |[H|| — 0. In this case we define the matrix derivative of F at X° as
oF
FX% = -—X%=L.
X") aX( )

Matrix differentiability is a more restrictive form of Fréchet differentiability (for more details on Fréchet differentiability, we
refer to Averbukh and Smolyanov [1]). In fact, we require the linear mapping which is the derivative in the Fréchet sense to
be a left multiplication, so that we can apply a product rule. IfF, G : @ — RP*P are matrix differentiable at X°, G(X°) = xlp,
then F - G is matrix differentiable at X° and

(F-6)'(X°% = GX"F' (X% + F(X®)G (X%).
Now the assertion of Theorem 2.3 is proven analogously to Theorem 2.2 in Dette and Nagel [5] and follows from Theorem 4.3
and Lemma 4.5 below, which shows that the inverse of the mapping ¥,  is matrix differentiable. The matrix derivative is
the Kronecker product of the derivative in the scalar case with the identity matrix.
Lemma 4.5. The mapping w;,} D 8 R)F — Int M, ([0, 00)) with w;,} (Zx) = My is matrix differentiable at Z) =
(I, - .., I,)T with derivative

W) (Z) =C I,
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Proof. For 1 < r < k consider the mapping
Fo: 85 (R > RPP, F(Z) =12,

which maps the symmetric canonical variables onto the rth non-symmetric canonical variable. We have the relation
Zy =My — M)z (M — M)V

Now arguments similar to those in the proof of Theorem 4.5 in Dette and Nagel [5] show

0Z,
0Z

This means that the matrix derivative is the Kronecker product of the derivative in the scalar case with the identity matrix.
By Lemma 3.2, the moments are sums of products of canonical variables and so the product rule implies the same structure
for the derivative of the mapping 1//; ,} which yields

0z,
Z) =er @l =)

31//;,3 0 8Mk 8m,<
(Zk) =
0Z 0% 0z
and the assertion follows from the calculations in the scalar case (see Dette and Nagel [4]). O

(Zy) = @) ® 1,

4.2. Matrix measures on R and proof of Theorem 2.4

4.2.1. Convergence of recursion coefficients

In this section we prove the result for the moment space corresponding to matrix measures X € £, (R). In this case the
auxiliary variables 4y and By, are the symmetrized versions of the recursion coefficients of orthogonal matrix polynomials
defined in Egs. (2.20) and (2.21), respectively. Note that 4, € §,(R) and 4 > 0, which follows from the symmetry of the
inner product in (2.20) and from the fact that < Py(x), Px(x) > is positive definite. The following lemma is proven in the
Appendix and shows the symmetry of the recursion variables By, as well. Note that the matrices A, and -4 and the matrices
By and By, are similar.

Lemma 4.6. The matrix By, defined in (2.21) is symmetric, that is By € $,(R).
With definitions (2.20) and (2.21) we construct the continuous mapping

Int Mp 2n—1(R) —> (8(R) x 87 (R)"" x 8,(R)

2n-1: (4.5)
Sp.an-1 {M2n1 > Ron_1 = (B, A1, B, ..., By

The symmetric recursion coefficients are in a one-to-one correspondence with the non-symmetric coefficients and the
mapping &, »n—1 is one-to-one. (Note that A; = 41 and < P, (x), Py(x) >=A;...A;.)

Theorem 4.7. Assume that the vector of random moments M,_1 € Int My, 5,1 (R) has a distribution with density hé};ﬁ Then
the random recursion coefficients 81, A1, ..., B, are independent and

vV 282k—1£k ~ GOEp,

1
8ok Ak ~ LOE, <]/k + E(p + 1)(2n — 2’()) .

Proof. By Egs. (2.19) and (2.21) the recursion coefficient $B; depends only on the moments My, ..., M;_;. The random
variable 4, depends only on My, . . ., My by identity (2.20). The Jacobi matrix of &, 5,,_; is therefore a lower block-triangular

matrix with determinant
k=1
We obtain from (2.20)

avec(&pan—1(Man—1)) | (ﬁ vec(By)
A =< Pc1(X), Pee1 () > My < Pecq (%), Pee1 (%) =~ /% 4Ry,

ovec(Mar—1)

avec(sy)
avec(Myr)

ovec(My;_1)

k=1

where R; is independent from M, and therefore (see Mathai [19])

avec(sAy)

1 _1 _1
| = [P (), P (0|2 = Ay A T2 = Ay A 20D,
ovec(Myy)
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Rearranging Eq. (2.19) and an application of (2.21) yields for the other recursion coefficient
B = < Peo1(X), Pt (x) =2 B < Peoq (%), Pecq (x) =1/

< P (®), Pee1(®) =72 Myoq (Aket - - . AD 7! < Pecr (), Pe1 (%) =2 4R,

= < Po1(®), Pee1(®) =2 Moy < Pec1 (%), Pecr (%) =7 /2 4Ry,

with a matrix R, not depending on M,;_1, which gives

avec(By)

_1 _1
FvecMor_1) =] < Peo1 (), Pt () = 720D = [Apq . AT 2PFD,
2k—1

This gives for the Jacobian determinant of &, >+

n n—1
dvec(§pan—1(Man-1)) | _ 1—[ Ay . Ay | HEHD l_[ s oAy 30HD
dvec(Mzn—1) i s

n—1 n—1
(H |A,<|—§<p+1><n—k>) (H |Ak|—;w+1>(n—1—k>)
k=1 k=1

n—1
1_[ |Ak|7%(p+l)(2n72k71).
k=1

The recursion coefficients have the joint density

n
,8
ey (Ran-1) = [ | ca, exp (=8 1tr B)
k=1
n—1 .
| e loArl 2D exp (—8yptr Ay) Tiag>0p}-
k=1

The product structure of the density yields the independence of the recursion parameters and the density of /28,1 By is
given by

1 -1 1 1
c£k|‘/282k_11p|*%(1’“) exp (—Etr :B,f) = Cg, /28211 2Pt )exp (—Etr :B,f) .

Consequently /285,18, ~ GOE, and

; P p(p+1)/4
5p(p+1) 1 1 280
Cg = v/ 280k-1" I o L ( 2k—1 .

2p/2 T

The distribution of 4 is the non-central Laguerre orthogonal ensemble LOE, (yx + (p + 1)(n — k), 82_,(111,), which implies
Sok Ak ~ LOEp(Vk + @+ 1)(n—k))and

_ i —1
Cap = (G + (0 + D0 — k)8 T, PHD0)
-1 _
= (O + P+ D — k)~ SprPeDes,
This proves Theorem 4.7 and the identities (2.23) and (2.24). O

Theorem 4.8. If in the situation of Theorem 4.7 the parameters satisfy 82, = (p + 1)n and §3—1 = %(p + 1)n, then we have
for the kth recursion coefficient By,

v (p + DnBy ~ GOE,

and the kth rescaled recursion coefficient 4y converges in distribution to the Gaussian orthogonal ensemble, that is
V@ + Dn(A, — 1) —=—> GOE,.
n—oo

Theorem 4.8 is a direct consequence from the distribution in Theorem 4.7. The weak convergence of 4 follows from the
convergence of the Laguerre orthogonal ensemble in Theorem 4.2. Under the assumptions of Theorem 4.8 the matrix vector
eR,E"), which contains the first k matrix entries of Ry,_1 = (B, A1, ..., Bn)', converges for k fixed in probability to R?,
which is the projection of

R = (0p, I, 0p, I, .. )"
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onto the first k matrix entries. It follows directly from the scalar case in Dette and Nagel [4], that
Ry = &1 (M),

where M} is the projection of
M° = (0, c1ly, 0y, Col,, .. )"

onto the first k matrices (the generalization of definition (4.5) to an even number of matricial arguments is straightforward).
The vector M? contains the moments of the semicircle distribution p multiplied with the identity matrix, therefore M® =
M(p,) is the moment vector of the matrix-semicircle distribution.

4.2.2. Proof of Theorem 2.4
The proof of Theorem 2.4 now follows as the proof of Theorem 2.3 from the following lemma and the weak convergence
of the random recursion coefficients in Theorem 4.8.

Lemma 4.9. The mapping “;‘I; kl with %_I; kl (Ry) = My is matrix differentiable at :Rg with derivative
ER)(R) =D,

Proof. A similar argumentation as in the proof of Lemma 4.5 shows
0A;
IR
for 2i < kand

B, ob;
8731(5{2) = egi—l = afrl(rl?) I

daa;
('Rg) = egi L = 37_1("19) I

for 2i — 1 < k. From the structure of these derivatives and Lemma 3.1 we conclude that the derivative of M; with respect to
the recursion coefficients is the Kronecker product of the derivative in the scalar case with the identity matrix and

98,
IR

8IVIk
IR

1 0 0 omy o
(Ry) = (R) = W(rk) QL=D®I,. O

5. Complex random moments

To a large extent, the case of complex matrix measures can be treated analogously to the case of real matrix measures. For
the sake of brevity we state only the results and omit the proofs. The integration operator changes on the space of Hermitian
p x p matrices $,(C) to

P
dX = H dx;; 1_[ dRex;dImx;;,
i= i<j

that is, we integrate with respect to the p? independent real entries of a Hermitian matrix. The kth moment of a complex
matrix measure on T is defined as

Mi(X) = /xkdE(x) € 8,(0),
T

where 8, (C) denotes the space of p x p Hermitian matrices. The complex nth moment space is denoted by .M;n(T).

5.1. Random moments of complex matrix measures on the half-line

We define the density on the complex moment space Mg’n([o, 00)) as in the real case by

n
g (M) = HCP”‘ | (M1 — M) 7" (M — MO ™ - exp (=8ktr (M1 — M) ™ (M — M) Lz (51)
k=1

where the parameters satisfy y, > p — 1 and §; > 0 and the normalization constant is given by

8PVk+P2(”—k+1)
k
(5.2)

Cpk = .
T EP e+ 20—k + 1))
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The canonical variables Z; in (3.3) are well defined and as in the real case the symmetrized version is given by
Zi = My — M) "My — M) (Mo — M) ™% € 857(0) (5.3)

fork =1, ..., n. The Hermitian matrix Zy is positive definite and similar to Z,. We obtain a mapping

(5.4)

0o Int M, ([0, 00)) —> 4, (C)"
PUAM, — Zy = (Z1, ..., Z0)",

that maps a moment vector to the vector of corresponding canonical variables. Recall that the distribution of a random
variable X € &,(C) is given by the Laguerre unitary ensemble LUE,(y, W) with parameter y > p — 1 and scale matrix
W € 4 (C), if it has the density

1 —1
- —p,—trWw—'X
Ji = n2miwp IXIre Lixes -

If W = I,, we call this distribution central Laguerre unitary ensemble and write X ~ LUE,(y). Fp(z) is the complex
multivariate gamma function and given by

2@ = f X|"Pe™" X aX.
85 ©
Proceeding as in Section 4 gives the following result.

Theorem 5.1. Assume that the vector of random moments M), has a distribution with density g;?/n’s) and Z, = (Z1, ..., Zy) =
Yp.n(Mpy), then the random matrices Z, . . ., Z;, are independent and

Zy ~ LUEp(Vk +p(n—k+1), 8]:1117)
fork=1,...,n

We proceed with asymptotic results for the random matricial moments in (Mjﬁn([O, 00)) for n — oo. The following
theorem provides the weak convergence of the Laguerre unitary ensemble if the parameter tends to infinity. For this purpose
recall that a random variable X taking values in $,(C) is distributed according to the Gaussian unitary ensemble GUE,, if it
has the density

fe(X) = @nP) PRy —PP=D/2e= JuXx?

Theorem 5.2. Suppose X,, ~ LUE,(yy) is a sequence of random matrices with parameters y, — oo. Then it holds that
1
A/ Vn

The remaining arguments in Section 4 stay essentially unchanged, which yield the following result on the weak
convergence of random complex moments.

(%o — yaly) % GUE,.

Theorem 5.3. Assume that the vector of random moments M, € :M;,I([O, 00)) has a distribution with density gg?,{” and para-

meters §; = np for all i. For k > 1 fixed denote by M,f") the projection of M, onto the first k matrices and assume that
My (np) = (cilp, ..., clp)* contains the first k moments of the matricial Marchenko-Pastur distribution n,. Then the convergence

— D
VP ® L) (M — Mic(1)) —— X

holds, where C € R*** is the lower triangular matrix in Theorem 2.3 and X, = (X1, ..., Xx)* is a vector of independent, GUE,-
distributed random matrices.

5.2. Random moments of complex matrix measures on R

The density on CM;ZF] (R) in the complex case is given by

n
8
h%,z(MZH—O = | | Cg, €Xp (—32k—1t1' D(Bk(MZn—l)z)
k=1

n—1

[T eael AeMan—1) 17 exp (= 8aitr Ar(Man 1)) La=0,) (5.5)
k=1
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with parameters y, > —1, §; > 0 and the normalization constants cg, and c,, are given by

2
1 (2801\F"?
Ca = ( 2% 1) (5.6)

2p/2 T

Spyk+p2(2n—2k)
=~ : (5.7)
I, (v + p(2n — 2Kk))

Theorem 5.4. Assume that the vector of random moments My, € Int ,Mf, on_1(R) has a distribution with density hé};fi Then
the random recursion coefficients 81, A1, ..., B, are independent and

V 208ok—1 8By ~ GUEp7

SakAk ~ LUEp (yk + p(2n — 2K)).

Theorem 5.5. Ifin the situation of Theorem 5.4 the parameters satisfy 5, = 2np and 8,1 = np, then we have for the recursion
coefficient By

v/ 2npBy ~ GUE,

and the rescaled recursion coefficients 4y converge in distribution to the Gaussian unitary ensemble,
V2np( Ay — 1) —— GUE,.
n—oo

The following result completes this section and gives a central limit theorem for the complex random moments.

Theorem 5.6. Assume that the vector of random moments My, € Mf,_mq (R) has a distribution with density héﬁf% where the
()

parameters satisfy 8,; = 2np and 81 = np for alli > 1. For k fixed denote by M, the vector of the first k matrices in My,_1.
Then

— D
V2rp(D™! @ ) (M — Mi(pp)) ——> X,

where My(p,) are the first moments of the matrix-semicircle distribution, X, = (X1, ..., Xx)* is a vector of independent and
GUE,-distributed random variables and D is the k x k lower triangular matrix in Theorem 2.4.
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Appendix
A.1. Proof of Lemma 3.2

The monic polynomials orthogonal with respect to X satisfy a recursion as in (2.17). Eq. (2.16) and a simple induction
argument yield that P,,(x) is an even function and P,,_;(x) is an odd function and consequently B, = 0, for all n. For the
other recursion coefficients we have

Ay = (Man5(55) = Map5(E5) 7)™ (Man(Zs) — Mn(Z5) 7).
A suitable approximation of the identity by step functions shows that the even moments of X are given by

Mo (Z0) = / AT (x) = / X'dZ () = My(5).

Therefore M, (X))~ > My, (Xs)™ and My, (X))~ > M,(X)~, which implies My, (X5)~ = M,(X)~. We get for the recursion
coefficient

Al = Myp—1(Z) = Mp—1(2) )T (Mn(Z) = Mp(2)7) = Zo(D). O

A.2. Proof of Lemma 4.6

Denote by C,E"_)1 the coefficient of x*~! in P,(x), then by the recursion (2.17) we have

® (k=1)
Gor=—B+ G2,
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The construction of the matrix orthogonal polynomials in (2.16) yields

k _
) = — < ¥, By (0) =< Py (0), P () > 1

Another application of the recursion gives for the recursion coefficient
C(k—l) (k)

k—2 k—1
= < X, Po1 (%) =< Pec1 (), Peoq (x) =7

— <Xy, Py (%) =< Peea (%), Proa(x) =

By

< XUy, XPe_ 1 (X) =< P g (%), P (%) =

— <X Py (%) =< Pea (%), Pp(x) >
= (< X, Pe®) > + < ¥, Peoqy(0) = Bi+ < X, Pa(x) = A y)
C <P ®), P (0 =T = < X Peoa (%) =< Proa (%), Proa(x) =

< Py1(%), Peo1 (%) = Bf, < Pee1 (%), Peoq (@) =1

The last equation implies
Bi = < Peo1(x), Po1(x) =72 By < Pi_1 (%), Pecy (%) =12
< Pee1(X), P (%) =2 B, < Pr_q (%), Peq (%) =172

=8. O
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