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1. Introduction

Directional data arise in many fields such as wind direction for the circular case, and astrophysics, paleomagnetism,
geology for the spherical case. Much effort has been made to devise statistical methods to tackle the density estimation
problem. We refer to [19] and more recently to [18] for a comprehensive review. Nonparametric procedures have been
well developed.

In this article we focus on kernel density estimation. Various works [3,11] have used projection methods on localized
bases adapted to the sphere. Classical references for kernel density estimation with directional data include the seminal
papers [2,9]. It is well known that the choice of the bandwidth is a key and intricate issue when using kernel methods.
In practice, various techniques for selecting the bandwidth have been suggested since the popular cross-validation rule
in [9]. Let us mention the plug-in and refined cross-validatory methods in [21,24] for the circular case, and [5] on the
torus.

Recently, Garcia-Portugués [6] devised an equivalent of the rule-of-thumb of [23] for directional data, and Amiri et al.
[1] explored computational problems with recursive kernel estimators based on the cross-validation procedure of [9].
To the best of our knowledge, however, the various rules that have been proposed so far for selecting the bandwidth
in practice have not been assessed from a theoretical point of view. In particular, there are no results proving that
cross-validation is adaptively rate-optimal, even in the linear case. From a theoretical point of view, Klemeld [13] studied
convergence rates for L, error over some regularity classes. Unfortunately, the asymptotically optimal bandwidth in [13]
depends on the density and its degree of smoothness, which is infeasible in practice.

In the linear case, kernel bandwidth selection rules have been proposed, leading to adaptive estimators which attain
optimal rates of convergence. By adaptive we mean that the estimator is adaptive to the degree of smoothness of the
underlying density: the method does not require the specification of the regularity of the density. In this regard, we may
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cite the remarkable series of papers [8,15,16] and the recent work of Lacour et al. [14]. The drawback of the methods
in [8,15,16] is that they involve tuning parameters. It is well known that in nonparametric statistics, minimax and oracle
theoretical results rarely give optimal choices for tuning parameters from a practical point of view with very conservative
choices. The major interest of the procedure in [14] is that it is free of tuning parameters, which constitutes a great
advantage in practice. The approach in [14] called PCO (Penalized Comparison of Overfitting) is based on concentration
inequalities for U-statistics.

In the present paper, we aim at filling the gap between theory and practice in the directional kernel density estimation
literature. Our goal is to construct a fully data-driven bandwidth selection rule providing an adaptive estimator which
reaches minimax rates of convergence for L, risk over some regularity classes. This motivates our choice to adapt the
method of Lacour et al. [14] to the directional setting. Our procedure is simple to implement and in examples based on
simulations, it shows quite good performances in a reasonable computation time.

This paper is organized as follows. In Section 2, we present our estimation procedure. In Section 3 we provide an oracle
inequality and rates of convergences of our estimator for the MISE (Mean Integrated Squared Error). Section 4 gives some
numerical illustrations. Section 5 gives the proofs of theorems. Finally, the Appendix gathers technical propositions and
lemmas.

The following notation is used throughout. For two integers a, b, we denote a A b = min(a, b) and a v b = max(a, b).
For arbitrary y € R, |y] denotes the integer part of y. Depending on the context, | - || denotes the classical L, norm on R
or S%~1. For any integer d > 2, we denote the unit sphere of R by §9~! = {x € R? : X} + ... +x3 = 1} and the associated
scalar product by (-, -). For a vector x € R, ||x|| stands for the Euclidean norm on R? while | - || is the usual Ls,-norm
on S, Finally, the scalar product of two vectors x and y, is denoted by x"y, where T is the transpose operator.

2. Estimation procedure

We are given n mutually independent and identically distributed observations X, ..., X, on S¢~! for some integer
d > 2. The X;s are absolutely continuous with respect to the Lebesgue measure w; on S?~! with common density f.
Therefore, a directional density f satisfies

(X)wq(dx) = 1.
gd—1

We aim at constructing an adaptive kernel estimator of the density f with a fully data-driven choice of bandwidth.
2.1. Directional approximation kernel

We present some classical conditions that are required for the kernel.
Assumption 1. The kernel K : [0, c0) — [0, c0) is a bounded and Riemann integrable function such that

o0
0< / x93k (x)dx < oo.
0

Assumption 1 is usual in kernel density estimation with directional data; see, e.g., Assumptions D1-D3 in [7] and
Assumption A1 in [1]. An example of kernel which satisfies Assumption 1 is the popular von Mises kernel K(x) = e™*.

2.2. Family of directional kernel estimators

We consider the following standard directional kernel density estimator (Ku(x,y) = K {(1—x"y)/h}). For allx € s*~1,

. h) 1-xTX h)
falx) = Co'(1 ) DK ( hz ) = Co'(1 ) D K (X)),
i=1

i=1

where K is a kernel satisfying Assumption 1 and cg(h) a normalizing constant such that f,,(x) integrates to unity:

¢y '(h) = / Kz (x, y)wa(dy).
Sd—1
It remains to select a convenient value for the bandwidth h.

Remark 1. Note that cy(h) does not depend on x. The “tangent-normal” decomposition (see [19]) says that if y is a vector
and x a fixed element of S¢!, then denoting t = x'y their scalar product, we may always write y = tx + (1 — t2)1/2¢,
where & is a unit vector orthogonal to x. Further, the area element on S~ can be written as

wa(dx) = (1 — ) 2dt g1 (dE).
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Thus, using these conventions, one obtains

1—x"
¢ () = fs K (Ty) wu(dy)
1 1— T 1— 2\1/2
=/ / 1<[ X {tH(z ) 5}] (1 —t2)932dt wy_y(dE)
Sd—Z -1 h
1 1—t¢t T
/ () / K (J> (1— 2Y4P2qr
Sd72 -1 h2
L1t 2\(d-3)/2
=oe2 | K (1 — £2)4-3/24¢,

where 04_1 = a)d(Sd‘l) denotes the area of S¢~1. We recall that o4_; = (27%?)/I'(d/2) with I" the Gamma function.

2.3. Bandwidth selection

In kernel density estimation, a delicate step consists in selecting the proper bandwidth h for fh. We present our
data-driven choice of bandwidth h inspired from [14]. We name our procedure SPCO (Spherical Penalized Comparison
to Overfitting). Consider a set # of bandwidths defined by

Kl 1 MY
=1h: <h <1, and 1/h is an integer ¢ , (1)
n Ro(K)
with Ro(K) = 21320,_, [ x=3)/2K(x)dx. We obtain the selected bandwidth by setting, for A € R,
h = argmin(|[fy — fu,y;, I* + pem; (h)}, 2)
heH

where hpi, = minH and the penalty term pen, (h) is defined, for h € H, as
rc(hea(h) 1

n n
with ¢y(h) = [ia 1 K5 (X, y)wa(dy).

Our SPCO estimator of f is fh. The procedure SPCO involves a real parameter A. In Section 3, we study how to choose
the optimal value of A leading to a fully data-driven procedure.

pen; (h) = /d {eolhmin)K;2 (X, ) — co(h)Kj2 (x, y)}*wa(dy). (3)
gd—1 min

Remark 2. Let us give some explanations about the terms involved in the expression of the selection rule (2). One can
decompose the risk E||f fh |> with the classical bias-variance decomposition. Hence, heuristically, the idea is to find the
best bandwidth h minimizing an estimate of the bias-variance decomposition of the risk. Developing the quantity

N 1
I — fagn 1> — - / | {eolhmin)Kiz (%, ) = co(W)Kpa (x, Y)Pwq(dy),
gd—1 ‘min

one realizes that it is in fact an estimator of the bias. Since the variance is bounded by cg(h)cz(h)/n, the term kcg(h)cz(h)/n
acts as an estimator of the variance term. For more details, see Section 3.1 in [14].

Note that again c,(h) and pen, (h) do not depend on x using Remark 1. Indeed, similar computations lead to

1—¢
ca(h) = O'd_Q/ K? < o )(‘1 — 2432 ge

1 2
pen, () = 20Ul _ ga-2 / {Co(hmin)K (H) oK (1 - t)} (1— 2372,

n n 1

and

3. Rates of convergence
3.1. Oracle inequality

First, we state an oracle-type inequality which highlights the bias-variance decomposition of the L, risk when A > 0.
In what follows, |#| denotes the cardinality of the set #. We denote f;, = E(fy,).
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Theorem 1. Assume that the kernel K satisfies Assumption 1 and ||f ||oo < 00. Let x > 1 and ¢ € (0, 1). Then there exists nqg
independent of f such that, for n > ng, with probability larger than 1 — C{|#H|e7*,

Iy = £ < Coe, A min Iy — F1I* + Cale, My =S I + ol K, ANIF llooX? /1 + Colhanin /%), (4)

where C; is an absolute constant and Co(e,A) = A+ € if A > 1, Co(e) = 1/A + ¢ if 0 < A < 1. The constant Cy(e, A) only
depends on ¢ and A and Cs(e, K, 1) only depends on ¢, K and A.

This oracle inequality bounds the quadratic risk of SPCO estimator by the infimum over # of the tradeoff between the
approximation term |fy .. —f |I> and the variance term |f, — f||> provided that A > 0. In fact, we need that A > 0 to use
concentration inequalities to prove the oracle inequality. The terms Cs(g, K, 1){||f |looX?/n + Co(hmin)x*/n?} are remainder
terms. Hence, this oracle inequality justifies our selection rule. For further details about oracle inequalities and model
selection see [20].

Nonetheless one could wonder what would happen if A < 0. The next theorem shows that we cannot choose A too
small (A < 0) as it would lead to select a bandwidth close to hy, with high probability. One would obtain an overfitting
estimator. To this purpose, we suppose

n
If = foin I 57— = o(1). (5)
Cg(hmin)CZ(hmin)

Let us focus on Assumption (5). For h € #, the bias offh is equal to ||f — fy||%. As Jhmi, 1S the best approximation of f
among the grid #, the smallest bias for fy, h € # is equal to ||f —fy ;. ||2. Since the variance of fj, is of order cg(h)cz(h)/n, this
assumption means that the smallest bias ||f — f,., |? is negligible with respect to the corresponding integrated variance.
Thus this assumption is mild.

Theorem 2. Assume that the kernel K satisfies Assumption 1 and ||f || < 00. Assume also (5) and, for B > 0,

IK |l /{nRo(K)} < &1 < (Inn)f /n.

min —
Then if we consider pen,(h) defined in (3) with . < 0, we have for n large enough, with probability larger than 1 —
Cille=/nm'?,

h < CO)hmin < CO)((In Y’ n)/@=D,
where Cy is an absolute constant and C(A) = {1.23(2.1 — 1/A)}/(4~1.

Remark 3. Theorem 2 invites us to discard A < 0. Indeed, setting A to negative values leads the procedure to select with
large probability a bandwidth h close to hy;,. As a result, we would obtain an overfitting estimator which behaves very
poorly. Now considering oracle inequality (4), A = 1 yields the minimal value of the leading constant Cy(e, 1) = A + ¢.
Thus, the theory urges us to take the optimal value A = 1 in the SPCO procedure. Actually, we will see in the numerical
section that the choice A = 1 is quite efficient.

3.2. Free of tuning parameters estimator and rates of convergence

Results of Section 3.1 about the optimality of 2 = 1 enable us to devise our estimator free of tuning parameters. We
call it f; with bandwidth h defined as in (2) with A = 1.

We now compute rates of convergence for the MISE of our estimator fﬁ over some smoothness classes. In [13], suitable
smoothness classes are defined for the study of the MISE. In particular, these regularity classes involve a concept of an
“average” of directional derivatives which was first defined in [9]. Let us recall the definition of these smoothness classes
in [13].

Letnesland T, = (£ € S 1: & L) Let g, : ST\ {n, —n} — T, x (0, =) be a parameterization of S*~! defined
by

¢, '(5,60) = ncos(6) + & sin(6).

When g : R? — R and x, & € RY, define the derivative of g at x in the direction of £ to be D¢g(x) = limy_.o h~'{g(x +
h&) — g(x)} and Dig = D D; 'g, for some integer s > 2.
We will now define the derivative of order s.

Definition 1. Let f : S%! — R and define f : R — R by f(x) = f(x/|lx||). The derivative of order s is D°f : S"! — R
defined by

D) = —— [ Difowatde),

Od—1 J1y

where T, = {£ e S™1: & 1L x}.



252 T.M. Pham Ngoc / Journal of Multivariate Analysis 173 (2019) 248-267
Definition 2. When f : S ! — R, define D’f : S*! x R — R by

~ 1 -
Df(x.6) = —— | Dy, o 16 (5, O))wa(ds).

Od—1 J1y
We are now able to define the smoothness class F,(s); see [13].

Definition 3. Let s > 2 be even and p € [1, oo]. Let F,(s) be the set of functions f : S“~! — R such that (i) |Df|| < oo
foralli € {0,...,s}; (ii) forall x € S* ' and all £ € T,, 85f{q>x‘1($, 0)}/06° is continuous as a function of § € R;

(iii) |ID*f (-, )| is bounded for 6 € [0, 7] and (iv) limg_o | Df(-, 8) — Df|| = O.

To achieve optimal rates of convergence over the class F,(s), we need supplementary conditions on the kernel to deal
with the bias term. The idea of reducing the bias in the Euclidean case using a class s kernel dates back to [4,22]. In the
directional case, this has been early pointed out in [9]. Following [13], we will define what is called a kernel of class s.
For alli € N, let

o0
ai(K) = / xF4=32K (x)dx.
0

Assumption 2. Let s > 0 be even. The kernel K is of class s, i.e., it is a measurable function K : [0, co) — R which
satisfies:

(i) ai(K) < oo fori € {0, s};
(if) aro(K) 7 0;
(i) fi x24Ik (x)dx = o(h*2) for i € {1,...,5/2 — 1}, when h — 0.

In Assumption 2, s must be even because D’f(x) = 0 for all x € S! when s > 1 is odd; see Chapter 2 in [12].
Furthermore, note that von Mises kernel is of order 2.
Now, a direct application of the oracle inequality in Theorem 1 allows us to derive rates of convergence for the MISE

of f;.

Theorem 3. Consider a kernel K satisfying Assumptions 1 and 2. For B > 0, denote by l~=2(s, B) the set of densities bounded
by B and belonging to F,(s). Then we have

sup E(llf; — 1) < C(s, K, d, Byn~2/2s+d=1),
feK(s,B)

with C(s, K, d, B) a constant depending on s, K, d and B.

Theorem 3 shows that the estimator f,; achieves the optimal rate of convergence for estimating a density on S¢~!
with an s order smoothness; matching lower bounds are proved in Chapter 6 of [12] and in [3]. Hence estimating on
the d-dimensional sphere appears to be analogous to inference in (d — 1)-dimensional space. Furthermore, our statistical
procedure is adaptive to the smoothness s. It means that it does not require the specification of s.

4. Numerical results

We investigate the numerical performances of our fully data-driven estimator fﬁ defined in Section 3.2. We compare fﬁ
with the widely used cross-validation estimator and with an “oracle” to be defined later on. We focus on the unit sphere
§?, i.e., the case d = 3.

We consider various densities. The first one is the von Mises—Fisher density

K KXT/J,

2m(ek —e*) ’

with « = 2 and u = (1,0, 0)"; see Fig. 1. We recall that « is the concentration parameter and y the directional mean.
Note that the smaller the concentration parameter is, the closer to the uniform density the von Mises-Fisher density is.
We also estimate the mixture of two von Mises-Fisher densities, viz.

f1,vM =

!/

K K

KxT
,

T 1
M= X e
foam 5 2m(e —e*) + 5 2m(ec —e *)

with ¥’ = 0.7 and ' = (—1,0,0)". Note that f; , is rotationally symmetric and f, , also since p and u’ are antipodal.
Finally, let us consider a non rotationally symmetric density

’
T 1 K Iy T 11
KX L KX

e l+*X%e k .

_e*K)

K

M=o X
Sam 5 2m(ex —e*) 5  2m(e©

with w” = (0, 1/+/2, 1/3/2)".
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Fig. 1. The density fi,u in spherical coordinates.
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Fig. 2. (a) Empirical L,-risk off,; to estimate f; ,» in function of A; (b) A zoom.

Now let us define what the “oracle” fhorade is. The bandwidth horace is defined as
horacle = argmin ||fy _f||2-
heH

This bandwidth can be viewed as the “ideal” one since it uses the specification of the density of interest f which is here
fi.om, fo.om OT f3,m. Hence, the performances of fhmcle are used as a benchmark.

In the sequel we present detailed results for f; ,u, namely risk curves and graphic reconstructions and we compute
MISE for fi yum, fo.um O f3.,m. We use the von Mises kernel K(x) = e™ .

Before presenting the performances of the various procedures, we shall remind that theoretical results of Section 3.1
have shown that setting A = 1 in the SPCO algorithm is optimal. We would like to show how simulations actually support
this conclusion. Indeed, Fig. 2 displays the empirical L, risk offﬁ to estimate f; . in function of parameter XA for n = 100
and 100 Monte Carlo replications. Fig. 2(a) shows a “dimension jump” and that the minimal risk is reached in a stable
zone around A = 1: negative values of X lead to an overfitting estimator (ﬁ is chosen close to hpy,, as shown in Theorem 2)
with poor performances whereas large values of A make the risk increase again; see a zoom on Fig. 2(b). Next, considering
the MISE computations, we will see that A = 1 yields quite good results.

In Lemma D of the Appendix, we develop the expression (2) to be minimized to implement our estimator fh- We now
recall the cross-validation criterion of [9]. Let

co(h) « T
£y = 0 }: —(1—x"X;)/h?
fh,l(x) - n—1 — e J .
J#i

Then

TP A
CValh) = Ifull® = ;fh.,(x).
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Fig. 3. Risks curves in function of h for fi,um, n = 500: (@) Roracle; (b) Rspco; (c) CV. Vertical red lines represent the bandwidth value h minimizing
each curve . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Reconstruction of f ,u, n = 500: (a) ﬁ,umdg, horacte = 0.33; (b)/SPCO fﬁ, h= 0.25; (c) cross-validation fhm, heya = 0.25.

Table 1
MISE over 100 Monte Carlo repetitions to estimate fi .

n=>50 n =100 n =500

Oracle 0.0088 0.0064 0.0027

SPCO 0.0160 0.0091 0.0048

Cross-validation 0.0191 0.0099 0.0053
Table 2

MISE over 100 Monte Carlo repetitions to estimate f; ,u.
n=>50 n =100 n =500

Oracle 0.0086 0.0051 0.0027

SPCO 0.0122 0.0083 0.0043

Cross-validation 0.0139 0.0096 0.0047
Table 3

MISE over 100 Monte Carlo repetitions to estimate f3 .
n =50 n = 100 n =500

Oracle 0.0099 0.0075 0.0043
SPCO 0.0153 0.0107 0.0063
Cross-validation 0.0185 0.0122 0.0066

Note that CV,(h)+|f ||? is an unbiased estimate of the MISE of fh. The cross-validation procedure to select the bandwidth
h consists in minimizing CV, with respect to h. We call this selected value hcy, . .

In the rest of this section, SPCO will denote the estimation procedure related to f;. In Fig. 3, for n = 500 we plot as a
function of h: Roacte = Ilfs — fromlI> — llfr.om||? for the oracle, Rspco = lIfy — fai. > + pen,_;(h) for SPCO and CVy(h) for
cross-validation. We point out on each plot the value of h that minimizes each quantity. In Fig. 4, we plot in spherical
coordinates, for n = 500, density reconstructions of f; , for the oracle, SPCO and cross-validation. Eventually, in Tables 1-
3, we compute MISE of the oracle, SPCO and cross-validation to estimate f v, f>.,m and f3 yu for n € {50, 100, 500} over
100 Monte Carlo runs.

When analyzing the results, SPCO performs nicely. In particular, inspection of Tables 1-3 shows that SPCO is close to
the oracle and is always slightly better than cross-validation for all densities.



T.M. Pham Ngoc / Journal of Multivariate Analysis 173 (2019) 248-267 255

5. Proofs of theorems

In the sequel, & denotes an absolute constant which may change from line to line. The following proofs of theorems
rely on technical propositions and lemmas which are gathered for sake of clarity in the Appendix. More specifically,
proofs of Theorems 1 and 2 use Lemma A, Propositions A and B, and proof of Theorem 3 uses Proposition C.

Proof of Theorem 1. We set t = A — 1. Let ¢ € (0, 1) and 8 € (0, 1) depending on ¢ to be specified later. Developing the
expression of pen, (h) given in (3), we have

pen, (h) = Acg(h)ea()/n — G3{min)ea(min)/ = C3(RICA(R)/7 + 2(coh sz Colmin)Ksz2 )/
= ¢5(h)ca(h)/n — cg(Amin)Ca(hmin)/n + 2{co(h)Ky2, Colhmin)Ky2 ) /n.

Using Proposition B and the expression of pen,(h) given above, we obtain with probability greater than 1 —
E |H| exp(—x), for any h € H,

(1= Ofy — I + zcg(h)es(h)/n < (1 + 0)llfo — f11* + T (h)ea(h)/n + Co /O lfi, — F I
+FCEK)If Nloox® /1 + colhmin X /0%} /6, (6)

with C; an absolute constant and C(K) a constant only depending on K. We first consider the case t > 0. Using (A.5) of
Proposition A, with probability 1 — & |H|e™ one has

rcd(h)ea(h)/n < T(1+ O — full® + TC(K)IIf lloox? /(6%n),
where C’(K) is a constant only depending on the kernel K. As rcg(fl)cz(fl)/n > 0, thus (6) becomes
(1= 0)fy = FI* < {146 + 71+ Ofu — FI? + Collfo, — FIP/6
FCEN IS llooX* /1 + Colhmin)X* /1°}/6 + TC'(K)|f [|0oX*/(6°1).
With 6 = ¢/(e + 2 + 21), we obtain

C2(8 + 2+ 21’)2
(2+427)e

with C”(K, ¢, t) a constant depending only on K, ¢, 7.
Let us now study the case 7 € (—1, 0]. Using (A.5) of Proposition A with h = h, we have with probability 1— Z |H|e7*,

tc(h)ca(h)/n = T(1+ O)IIf — fiI* + =C'(K)IIf looX® /(6°n).
Consequently, as rcé(h)cz(h)/n < 0, (6) becomes
{1=6 4+ (1 +OMf; — 17 < A+ 0y — FI* + Colfy, — FI12/6
+CUE){IIf looX? /1 + colhmin ) /1?}/6 — TC'(K)||f [|ooX?/(6°n).
With 6 = g(t + 1)2/{2 4+ &(1 — 12)} < 1, we obtain with probability 1 — & |#|e”*,

Iy = FI? < A+ +o)llfi —FI* + Wfin = FIZ + C"(K, &, DS llook® /1 + Colmin )X /0%),

Iy —FI? < <1+ + 8) Wi = FI? + C"(8, OMfigy — F 17 + C"(K, £, DS 00X /7 + Colhmin 1 /0%),

with C”(g, t) a constant depending on ¢ and 7 and C"'(K, ¢, t) a constant depending on K, ¢ and 7. This completes the
proof of Theorem 1. O

Proof of Theorem 2. We still set t = A — 1. We set § € (0, 1) such that 8 < —(1 + t)/5. We consider inequality (6)
written with h = hy,. One obtains

(1= 0)If; — 17 + cg(m)cah)/n < (14 O)lfasy — £ 17 + 73 (Mimin )2l hmin)/m
+Colfnmin — FIP/6 + CUO{IIf llooX® /1 + colhmin)X> /n*} /0.
Now consider Eq. (A.4) with h = hp;,, one gets
U = i | < (14 OIS — S I + €& (hmin)2(hmin)/n} + C'(K)IIf llooX* /(6°n)
Combining the two inequalities above, we have

(1= O)Ify = FI7 + eg(h)ca(h)/n < {(1 + 0 + Co/OMF = o> + {7 + (1 + 6213 (hamin )2 (iin)/1
HCUOLIS llooX? /1 + colhminx* 1%} /6 + (1 4 0)C (K)IIf llooX? /(6°1).
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Now let us define u, = ||fy,,, —fI?/{c3(hmin)c2(hmin)/n}. We have by Assumption (5) that u, — 0 when n — oo. Then
we get

(1= 0)IIfy — FII? + vc(h)ea()/n < {1+ 0)? + Co/Oup + T + (1 + 6)*1c2 (Rmin)Ca(hinin)/1
+C(K., 0){IIf loox* /1 + X*co(hmin)/n?}. 7)
Now we consider using Eq. (A.5) from Proposition A with h = h and n =1, we get
colh)ca()/n < 21 — fill + C'(K)IIf llooX?/m.
Then
If = Fill = col)ea(h)/(2n) — C'(K)IIf ook /1
and hence (7) becomes
{(1=0)/2 4 1) (h)ca(h)/n < [{(1 + 0)* + Co/0}un + T + (1 + 0)21c2(Amin )C2(Mmin) /1
+C'(K, O)IIf llooX? /1 + X*co( hmin)/%).

However, we assumed that u, = o(1). Thus for n large enough, {(1+ 0)?> + C;/0}u, < #. We are now going to bound
the remainder terms C'(K, 0){||f ||ooX?/n + co(hmin)x3/n?}. We have

CUR O oo /1 + Colhmin /1) 57—~ —
o\/‘min min

2 X3
— C'(K, 0, ||f||oo){ + }
Cg(hmm)cz(hmin) 1nCo(Mmin)C2(hmin)
C"(K, 0, If lloo)X*hit + %% /),

for n large enough using (A.1) and (A.2) from Lemma A. But h%-! < (Inn)? /n and setting x = (n/Inn)"/3, we get

C'(K, 0, If lloo)X*he) + 53 /n) < C"(K, 0, If loo){(Inn)*=23/n'® + 1/Inn} = o(1) < 6,

min

IA

for n large enough. Consequently there exists N such that for n > N, with probability larger than 1 — & |#|e~"/lm'>
(1= 0)/2+ 7} (h)ca(h)/n < {6 + T + (14 0) + 0}c (hmin)Calhmin)/n < (14 T + 50)c3 (hmyin )2 hanin) /1.

Using (A.3) of Lemma A, we have, for n large enough,
0.9h'R(K) < c2(h)ca(h) < 1.1 IR(K).

Thus we finally get, for n large enough,
0.9{(1—0)2+ )" <111+ 4+50)h4 o ((1-0)/24t}h'™ < 1.23(14 7 +50)h! -9

But (1 —6)/2+ 1t < 141t <0, and because we have chosen 6 such that 14 t 4+ 56 < 0 (for instance § = —(7 + 1)/10)),
one gets

~ [1.23(14 17 +50)) /D
h <\—— hmin
(1-6)2+r<
With & = —(7 + 1)/10, the inequality above becomes for n large enough
h<{1.232.1=1/0)}V% Y hyin,

which completes the proof of Theorem 2. O

Proof of Theorem 3. Let f € Fy(s, B) and & be the event corresponding to the intersection of events in Theorem 1 and
Proposition A. Let £¢ denote the complementary of £. For any A > 0, by taking x proportional to Inn, Pr(€) > 1 — n™A.
We have

ECI; —f17) < ECW; = F171e) + ECIf; — f1710).
Let us deal with the second term of the right-hand side. We have [|f, — fII> < 2(|IfalI? + IIf I2). However,

Iif ||2—@Z K2 (%, X0)K,2 (%, X )wq(dx)
h ) - d71112’lh2’]d

Zco / Ko (% X)oa(d) < Go()IIK [l < 20,
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since co(h) < 2n/||K||so, using (A.1) and (1) for n large enough. Thus |[f, — f|I*> < 2n + 2||f ||, which gives the result on
£L. Now on €&, for n > ng (ng not depending on f) Propositions A and C yield that

g;lg W —FI? <1+ n)mm{llf full? + cg(h)ea()/my + & Y (Inn)?/(n°n)
<C 1}3113(}:25 +h'"n)+ & Y(Inn)/(n’n).
€

Minimizing in h the right-hand side of the last inequality gives the result on £&. O
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Appendix

This Appendix gathers technical results needed to prove the theorems. We shall start with a lemma that collects some
standard properties about constants cg and c;.

Lemma A. We have, as h — 0,

¢y '(h) = Ro(K)h™™" + o(1), (A1)
where Ry(K) = 2U4=326,_a0(K). We also have, as h — 0,
ca(h) = Riy(K)R! + 0(1), (A.2)

with Ry(K) = 2193204_; [° x\9=3/2K%(x)dx. Eventually we have, when h — 0,
c2(h)ca(h) = R R(K) + o(1), (A.3)
with R(K) = Ry(K)/R3(K).

The proof of Lemma A can be found in the proof of Proposition 4.1 of [1].
Propositions A and B are essential to prove Theorems 1 and 2. Let us start with Proposition A, which is a counterpart
of Proposition 4.1 of [17] for $¢1,

Proposition A. Assume that the kernel K satisfies Assumption 1. Let T > (1 4 2||f|loo) V 87 ||K || ccRo(K)/R1(K). There exists
ng such that, for n > ngy (ng not depending on f), all x > 1 and for all n € (0, 1) with probability larger than 1 — & |H|e™%,
for all h € #H each of the following inequalities holds:

If = Fall < (14 n)If = fill® + c3(R)ea(h)/n} + & T /(n*n) (A4)
If = full® + G(hea(h)/n < (1 + mIf = Jul® + & T2 /(n’n). (A.5)

Proof of Proposition A. To prove Proposition A, we need to verify Assumptions (11)-(16) of [17]. We recall that

fo = EG) = colh) / SO Kialx, V()

yesd—
Let us check Assumption (11) of [17]. This one amounts to prove that, for some I" and 7",

I+ [lflleo) v sup [Ifs1* <
heH

We have

Ll < Ifllo / { f co(h)Khz(x,ym(dy)} { / FIcoKa(x, y)wd(dy)} waldx)
x Uy

y

< o /f / B (%, Yoa(d)d(dy) < I o-

Therefore, Assumption (11) in [17] holds with "' =1and 7 > 1 4+ ||f || 0c-
Let us check Assumption (12) of [17]. We have to prove that

/ G (x, Woa(dx) < T / / G, oaldOf odldy).
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Given that

/ f G (x, Y)eoa(dx) (Vou(dy) = 2(h)calh / FY)wddy) = Gh)es(h),

/ (h)K (x, X)wa(dx) = 4 cz(h)K*(0),
Assumption (12) amounts to check that

4rci(h)K?(0) < Tnci(h)ea(h) & T > 4wK*(0)/{ncy(h)}.
But using (A.2), we have

ca(h) = Ry(K)h~" 4 0o(1),

when h — 0 uniformly in h. Thus there exist ny, n; independent of f such that, for n > ny, c;(h) > R;(K)h9=!/2. Now using
that h%™! > ||K||o0/{Ro(K)n} and K(0) < |IK ||, it is sufficient to have T > 87 ||K||ooRo(K)/R1(K) to ensure Assumption
(12) in [17].

Assumption (13) in [17] consists to prove that

Ifo = forlloo < T vV VT 1lfi — fir ll2-
For any h € # and any x € S !, we have ||fy||cc < |If loc. Therefore, Assumption (13) in [17] holds for " > 2||f || .

Assumptions (14) and (15) of [17] consist in proving respectively that

2
E{cg(h)/Khz(x,z)Khz(z, Y)wd(dz)} < Tcg(h)ea(h)

and
2
sup E{cg(h)/Khz(x,z)Khz(z,x)wd(dz)} <7Tn.
xesd-1
We have

Cé(h)/KhZ(X,Z)Khz(Z,y)wd(dZ) < cglh)ea(h) A co(M)IIK Il oo

Indeed if y = z, then [ Kj2(x, 2)K2(z, y)wq(dz) = fI (x, 2)wy(dz) = cy(h). Otherwise,

3(h) / Ky (%, 2)Ki2 (2. Y)oa(d2) < colh)K 1o coh) f Ky (¢, 2)0u(d2) = colh)IK 1.

=1

Furthermore, (A.1) entails that there exists n, independent of f such that, for n > ny, ¢g Ith) > Ro(K)hd-! /2 and
consequently co(h) < 2n/||K||, using (1). Thus, for n > ny,

c2(h) / K2 (x, 2)Ki2(z, ¥)wa(dz) < c2(h)ca(h) A 2. (A.6)
We have
E {cg(h) / Khz(X,z)Khz(z,x)wd(dz)} =ci(h) / { / Khz(y,z)f(y)a)d(dy)}Khz(z,x)a)d(dz)
z z y

< I loecolh) / o(h) / Ko (v, 2)oa(dy)Kia (2. X)oa(d2)
z y
< lf lloo- (A7)

Therefore, for n > ny,

2
sup E[cg(h) / Khz(X,z)Khz(z,x)a)d(dz)] < sup{cg(h) / Khz(x,z)Khz(z,y)wd(dz)}

xesd-1 (%)
x supE {cé(h)/l(,,z(x, 2)Kp2(z, x)wd(dz)}
X

< {cg(h)ca(h) A 2n}|[f loos
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using (A.6) and (A.7). Moreover, we have
2

2
E{cg(h)/Khz(x,z)Khz(z, Y)wd(dz)} < supE{cg(h)/1<hz(x,z)1<h2(z,x)wd(dz)}
< {cg(h)calh) A 20} [l

using (A.6) and (A.7). Hence Assumptions (14) and (15) in [17] hold for 7 > 2||f || cc-

Let t € By (WK, be the set of functions t such that t( )= f ( ) co(h)K2(z, x)wy(dz) for some a € Ly(S*1) with |ja|| < 1.
Now let a € Lz(Sd 1) be such that [la]] = 1 and t(y) = [ a(x)co(h)K;2(x, y)wa(dx) for all y € S9-1. To verify Assumption
(16) in [17] we have to prove that

sup /t(x)f(x)wd(dx) <TvV ,/Tcg(h)cz(h).

tE]BCO(h)KhZ

Using the Cauchy-Schwarz inequality, one gets

5\/ f a2<x)wd(dx>\/c3(h) / K2 (x, y)ou(dx) < \/cAh)ca(h).
gd—1 gd—1

Thus for any t € Bco(h)Khz

[ et < it f) < ety el
but using the Cauchy—Schwarz inequality and Fubini, one gets
Iell = / { /y ayeolhKia (x, y)wd(dy)rwd(dx)
< / { /y )oKyl y)wd(dy)} { fy co(h)tqz(x,y)wd(dy)} wa(dx)
- / /y Py, Y)eoa(dy)ou(d)

_ / ) { / co(h)Khz(x,y)wd(dx)} wuldy) = 1.
y

X

Furthermore,

f R ) < I 1/ Bheah) < Voo EMcal) < T B(R)ealh)

and hence Assumption (16) in [17] is verified.
Finally, Assumptions (11)-(16) from [17] hold in the spherical setting, for n > ny = max(nq, ny) and if " = 1 and

T = (14 2[flloo) V 87 K|l ooRo(K)/R1 (K).
This enables us to use Proposition 4.1 of [17] which gives Proposition A. O

The next proposition gives a general result on the estimator fﬁ.

Proposition B. Assume that the kernel K satisfies Assumption 1 and ||f || < 0o. Let x > 1 and 8 € (0, 1). With probability
larger than 1 — Cq|H|e™*, with C; an absolute constant, for any h € H,

(1= O)lfy —FI* < (1 +0)lfs — I + {pem(h) — 2(colh)Kyz., co(h min)Ky2 )/}
— {pen;(h) = 2(co()Kjz, colhmin)Ky2 ) /n)
4 Collgy — 16+ CON /1 + X2} /6,
where C; and C, are absolute constants and C(K) only depends on K.

In order to avoid any confusion, we recall that K;> = Kj2(+, -) and

(colW)Kie Colhmin)Kyz ) = / co(h)Kiz (¢, Y)comin Kz (% Y)eou(dy).

gd—1
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Once again, we would like to draw the attention to the fact that the quantity

[ e Vcathan Kz, (5 en(dy)
S _ min

does not depend on x. Indeed, we have, using Remark 1

—x'y —x'y
/Sd_lKhz(x,y)thnm(x,y)wd(dy): /S 1<( . )K( o )wd(dy)

! 1—t 1-—
=gd,2/ K (—2> 1<< > )(1 2432 ge
1 h hin

Proof of Proposition B. The proof follows the proof of Theorem 9 in [14] adapted to S, Let 8’ € (0, 1) be fixed and
chosen later. Using the definition of h, we can write, for any h € H

Iy — F1I> + pem; (h) =

Consequently,

If; — £1I1? < Ilf — F112

Ify, — Fhgin 112 + PN, (1) + [

— 1%+ 203 = Fans Frgn — )

< W = Frggn IZ + PE(R) + Wi — FI? + 2Fs — Frins oo — F)
< W = FI2 + 20 = iy 12 + 2 = o f = )

+ pens(h) + 2(fy — fans fron —f)-

+ {pen,(h) —

2 = f s fgy — )} — {penu(h) = 2(F; — f o — F))-

Then for a given h, we study the term Z(fh —f, fhmin — f). Let us introduce the degenerate U-statistic

UCh, hmin) = Y _ {colh)Kpa (.

i#

and the centered variable V(h, I') = (f;

(o = £ F
Now

([ —
Then

(Fa = fi» Fin
Finally, we obtain

(fh _f!fhmin

Lemma B. With probability greater than 1 — 5.54|# e, for any h in H,

_f>:

_fhmin>

- (fh!fhmin>/n

mm -

U = fns fmin

2ZC°

ij=1

,1 n
= — 2 _leolh
i=1

Xi) _fhv CO(hmin)Khmin(-v Xj) _fhmin)

— fu, fr — f). We first center the terms

= famin) + V(1 hiin) + V(himin, h)

Kh2 fh7 CO(hmm )Khmm(

(oK, Colhmin )Ky2 2 )/n— {Fi- S ) /1

—f) = {co(h)K;. colhmin)Kyz )/n + UCh. hesin)/m®
= Ui i) /1 + i ) /1

+ V(h, hmin) + V(hmina h) + (fh _fsfhmin _f>

We first control the last term of (A.9) involving a U-statistic. This is done in the next lemma.

|UCh, hin)/n?| < 6'c2

K2 (., Xi) — fis Co(Pmin )Kppi (-

+ o = foin — )

) _fhmin>

Xi) = fin) + U(h, hmin)/n2

— (fas Fign) /1 A (Fos Firgy) /10 + UCh, hipin) /02

(Mea(h)/n + E |If llooX* /(0'1) + & Colhmin) K loox> /(6'1%).

Proof of Lemma B. We have

UCh, himin) = ) (ol (.o Xi) = fos Colhmin)Ky2 (oo X)) = Fo)

i

n
= Z Z Gh,hyin (Xis Xj) + Gy 1(Xi5 Xj),

i=2 j<i

(A9)

(A.10)
(A11)
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where
G (s, t) = (co(M)Kp2(., 5) — fu, co(h K2 (., £) = fir)-
We apply Theorem 3.4 of [10]
Pr{|U(h, hmin)| > & (Cv/x + Dx + Bx*/? + Ax*)} < 5.54e7,

with A, B, C and D defined subsequently. First, we have
Wfigin lloo = NEGmn Moo = ”Co(hmin)/d 1Kh2_ (x, Y (V)wa(dy)lle
sd— min

< colhmin) 1Kl . 1f(}’)wd(d_V) < colhmin) 1Kl -
-

We have

A = (|G by + Ghppin.hlloe = 1Gh.iig lloo + 1 Ghiig.hlloo = 211 Gh.hipyy [l

because Gy, .n = Gpp,y,- We have

Gh.hypin loc = sUP
st

< sup [co(hmin Ky (11, €) = fi ()] SUP / ColhKsa(u, $) — f(w)|eg(du)

u,t

f oMK, 9) = fulw)} {eolla Kz (11 0) = fo (W)}

= {ealhoia) K Wi e} { s6plh) [ Koot syt
o) [ [ Kot Yoty youta) |

< 2o K1 {1 + [ e [ Khz(u,y)wd(du)wd(dy)}
=< 4C0(hmin)||K”oo-
Consequently we have that A < 8¢o(hmin)lIK |leo and Ax?/n? < 8x?co(hmin)|IK |loo/n%. We define

B>=(n-1) sup E[{Ghp,. (£, X2) + Gn,_. n(t, X2)}?1.
For any t, we have
EIGZ, (£, %)] = EH | tcatbRiet, ) = i () — Bl K (. xz>}]wd(du)]2]
< E[ [ tattiiatu 0 = o) [ eathmodg, (1.%2) ~ Elclhmn Ko, (0. x2>}]2wd(du)]
<2 { / cg (KA (u, t)ag(du) + f fhz(u)wd(du)}x
/ E[Co(hmin)1<h§n (1) — Eleolhmn K (u, xz)}de(du)
<2 [ / K (1, oq(du) + / {colh) /y Ky, yY ouldy)) wd(du)}
x [ ElcHhn R, (0. Yoot
< 4 (W) ()G (i o)
Therefore

B? < 8(n — 1)cg(h)ca(h)cg (hmin)Ca(Himin)

261
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and

B*x* /n* < 8¢5 (h)ca(h)c (Mmin)C2(hmin X /0.
Now using ~/ab < 6a/2 + 6~'b/2, we obtain

Bx*/? /n? < 0'c§(h)ca(h)/(3n) + 65 (Mmin )Ca(hmin X /6.

Now we have

n i1

C? =D ElGh iy (Xis X) + G, n(Xi X1

i=2 j=1
< En’E{G,, (X1, X2)}

I
m

2
nE |:|:/{C0(h)1<l12(u,xl) — fu(Hco(hmin)K2 (1, X3) —fhmm(u)}wd(du)] :|

2
min

E n’E |:|: /co(h)Khz(u,X1)co(hmm)1<hz_ (u, X3)wq(du)

- / colh)Kia (1, X1) { / co(hmmmﬁm(u,y)f(y)wd(dy)} og(du)

- [ g w0 { feotmata rrontan | ntan)

2
+/{/Co(hmin)thnm(lhJ/)f(J/)wd(dY)} (fCo(h)KhZ(U»Y)f(Y)wd(dJ’)) wd(du)j| :| .
u y y
< B A1+ A +As + Ag).

We have, for A,,
e | [ ctiatu x| [ e, (05 houtan] wd(du)]z
< IfI%E U Co(h)Kp2(u, X1) {/cO(hmm)thm(u,y)wa(dy)} wd(clu)]2
11 | [ calbdetu )w(du)]z

2
= ||f||§o/ {ff—‘o(h)KhZ(u,y)wd(dU)} F@)wa(dy) = IIf I

With similar computations, we obtain the same bound for As. As for A4, we get
E [ / { [ coltmaic m(u,y)f(y)wd(dy)} { / co(h)Khz(u,y)f(y)wd(dy)} wd(du)]z
< e[ [ | [ et (. ypoutan} | [ ammatn promonan] wd(du)]z
<wize| [/ co(h)Khz(u,y)f(y)wd(dy)wd(du)]z

2
< IFI2, { / ) / co(h>1<hz(u,y)wd(du)wd(dy)} I

Hence

2
C? < En’E “ / co(h)Kpa (1, X )co(hmm)Khmm(u,xz)wd(du)} } +ZIf % x n’.
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It remains to bound A;. We have, using the Cauchy-Schwarz inequality,

2
E “/Co(h)Khz(wX])Co(hmin)Khmm(wXz)wd(du)} ]

2
_ / / { / Colh Kyt X0 K2 (u, y)a)d(du)} X X & )oldy)

< Ifllo / / { / (X0l hmia Kz (11 YJou(du)x

/Co(hmm)Khz (u, y)wq(du) } wq(dx)f (y)wa(dy)

=i [ | / UK. X))z (1, Y)er(d)ou(d (Y os(dy)

< If o€ (h)c
Finally,
C < Enllf | 2colh)y/ c2lh) + & [If loon.

Hence, given that x > 1, we get

CVx/n* < E |If 12 colh)y ca(hWx/n + B (If llon/X/0
< 0'c3(h)ca(h)/(3n) + E [If lscx/(0'n) + & IIf lleo/X/1
< 0'cq(h)ca(h)/(3n) + & |If lsck/(6'n).

Now let us consider

s={a=(af)z<,~<n,b— Diizn-1 Z X)) <1, ZE{bZ }<1}

We have

(a,b)es =2 j=1

n i-1
D= sup |: D E{(Ghn (%30 X) + Ghmm,h(xivXj))ai(xi)bj(xj)}:| :

We have, for (a, b) € S,

n i—1
D E{Gh g (Ko X))ai(Xby (X))}
i=2 j=1
n i—1
<Y >E { / lcolh)Kya (11, Xi) — fir()|1ai(X0)l ol humin K (11, X)) = fir, (1 )||b(xj)|wd(du)}
i=2 j=1
n n—1
<> > / oKy (11, X5) = Fa(u)llaiCX)I} E{lCo(hanin)Ky2 (14, X5) = Firgi ()] 1Bi(X) }eva(cu),
i=2 j=1

and for any u, using the Cauchy-Schwarz inequality, we get

> E{lco(MKia(u. Xi) — fuwllaX)l} < v/ | Y Eflco(h)Kya(u, Xi) — fu(u) 2 E{a?(Xi)}
i= N i=2

<Vn ZE 2 (u, X;)E{a?(X:)}
N i=

<V [ I loocd(h)calh) Y Efa?(Xi)}

i=2
</ cg(h)calth)y/nllf lloo-
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Now since

/ Foo (weoa(du) = 1,

and
[ Etcathmnliig, (1. Xt = 1
we have
n—1 n—1 n—1
> / E{lco(hmin)Ky2 (U, X)) = fi (Wla(d) b1} < 2 Y E(IBOON) < 2v/n | Y E(IB}(X)N) < 2¢/n.
j=1 j=1 j=1
Finally,
n i-1
D E{Ghn X X)ai(X)b(X)} < 203/ [f llooy/ 2 (h)ca(h),
i=2 j=1
and

Dx/n* < 4y/|flsoy/ c3(h)ca(h)/nx < 6'cG(h)ca(h)/(3n) + 12]If | 0x® /(6'n).

In summary, we have proved
A/ < 8% co(hmin)IK lloo /1%, BX*? /n? < 0'c5(h)ca(h)/(3n) + 65 (himin)C2(hmin )X /n%6'
CV/x/n* < 0'cg(h)ca(h)/(3n) + & |If lseX/(0'n),  Dx/n* < 6'cg(h)ca(h)/(3n) + 12]If [locX® /(0'n).
But

Cg(hmin)cz(hmin) = Co(hmin)/‘Khﬁﬂn(xv y)CO(hmin)Khﬁlin(xa V)wa(dy) < co(hmin)|K ]| co-

Thus finally, with probability larger than 1 — 5.54|%|e”*, we have, for any h € H,
UCh, hmin)/1°| < 6/c§(R)ca(h)/n + & |If looX® /(6'1) 4 & co(hmin)IIK [|ooX /(6'17).
This ends the proof of Lemma B. O

Back to (A.9), we have the following control.
Lemma C. With probability greater that 1 — 9.54|#|e”*, for any h € H,
i = f i =) = (Co(WKs2, Colhmin)y2 /m| < 0'llfy = 1> +6'cG(h)ca(h)/n

H0'/2 4+ 1/(20 Wlfaiy, — FIP + CCIf oo/ (0'1) + CUco(min /17,

where C is an absolute constant and C(K) a constant only depending on K.

Proof of Lemma C. We have first to control (A.10) and (A.11), namely

(Firs Frn ) /10— s Frgn ) /714 Fits fryn ) /11

and

V(h7 hmin) + V(hmin, h) + (fh _fafhmin _f>
Let h and K’ be fixed. We have

R 1<
Goofi) = Z / oK (%, X (X)eou(dx).
Therefore,

[Fas fir)] < Wi lloo = H/ Co(h)Khrz(u,y)f()/)wd(dy)H =< If lloos
and

[ s frmin )] = “fh”oo/fhmin(u)wd(du) = Ifllces

(A.12)
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which gives the control of (A.10), viz.
|G S} /7 = i S} /7 + e Frn) /2] < 31 Nl /1.

It remains to bound the three terms of (A.11). We get

/ z 1 .
Vi )= =i fir =) = — 3 [8r(X) — Elgnw(X)}]
i=1
with gy i (x) = (co(h)Kp2(+, X), fir — f). We have lignw lloo < llfy — Flloo < 2[Ifllco-
Furthermore using the Cauchy-Schwarz inequality, we obtain

2
Elg? (X)) = f [ f oK (2, )i () —fh(x)}wd(dm} F)wddy)

)
< Wil /y [ / oK, (%, Y){fir () —fh(x)}wd(dx)]zwd(dw
< W llcoth) /y [ / Ky, 9){f () —fh(x)}zwd(dx)}
x {Co(h) f 1<hz(x,y)wd(dx)} wd(dy)
< flecoth) [ / Ky (6 Y () — ) Pou(dlena(dy)
< Wl — ol
Consequently, with probability larger than 1 — 2e~*, Bernstein's inequality [20] leads to

V(h, i)l < V2XIIf lloo Ifir = 112 /1 + 2XI1f lloo/(31) < 6'lfir = fII?/2 + CIIf llooX/(6').

The bound on V(h, h’) obtained above is first applied with h’" = hy,;,; then we invert the roles of h and hp;,. Besides, we
have

| = F s foin =) < O W = F12/2 + Wi — FIP/(26).
Finally using Lemma B, we get with probability larger than 1 — 9.54|#|e”*,

|fi = F i =) = {co(W)Ks2, Colhmin)Kyz )/
< 0'cg(h)ca(h)/n + & || | %% /(6'n) + uCo( min) 1K || ooX> /6'1°
+30If llao/n 4 {67/2 + 1/(20 W lfin — FI% + 21f lloox/(0'n) + 6'|Ify — FII?
< O'llfs — FI + 0'c3(h)ca(h)/n + {0 /2 + 1/(20 W fn — FI? + CEIIf lloo/(6'1) + CK )co(hmin )X /12,

which completes the proof of Lemma C. O

Now Proposition A gives with probability larger than 1 — Z |#|e”*, for any h € H,
If = full® + c3(h)calh)/n < 211f = Jull® + GRS lloX* /.

where C,(K) depends only on K. Hence by applying Lemma C with h first and then h we obtain with probability larger
than 1 — & |#H|e™*, for any h € H,
i = F o = ) = {co)Ks2, Colhmin)Kiz /10— (s = fimi =) + (oK Colhemin)Ky2 )/

R " (A.13)
<20'|lfy — FI* +20'1If; — FI* + (6’ + 1/9 Whhmin — FI* + CUOIf looX® /1 + X>Co(Amin) /173 /6,
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where C(K) is a constant only depending on K. Now back to (A.8) and using (A.13), we have

Ify = FII? < Ifa — F1I* + pens(h)
= 2{{fi = £+ Fomia = F) = (oW)Ks2, Colhmin)Ks2 ) /1) = 2(Co()Ky2, Colmin)Ky2 )/n
— pemy(h) + 2((; = Jia —F) = (Co(h)KGz. Colhmin)Kz2 ) /1)
+ 2(co()KGa ., Colhmin)Ky2 )/m
< |lfs — fII* 4 pen; (h)
— 2(col)Kse , Colhamin)Ky2 )/1 — pen; () + 2{co(M)Kiz. olhmin)Kiz )/m
+40'Ify — FI? + 40 1fy — FI1* + 200" + 1/6 M firyy — FI2
+ CUOLIS looX* /1 + X Cohmin)/n*}/6.

Choosing 0’ = 6 /4 yields the result. This completes the proof of Proposition B. O

The next proposition gives a bound for the bias term (see [13]) that is used to obtain rates of convergence. Define for
f:s%1 - R and s even,

s/2

Sf Z 21 )/215/21 ifa

where 35 = 1 and

(=1 (—1)%-
Vi = E .. .
(21 + 1) (2ag-1 + 1)!
ay+Fag_q=i

Proposition C. Assume that f € F,(s). Let K be a class s kernel, where s > 2 is even. Then

lim W 1EGh) — f1 = leg ' (K)ers(K)DSS || = 0.

For d = 3 and for von Mises kernel, SPCO algorithm turns to be simple to compute. Straightforward computations
yield the next lemma, which specifies the various quantities involved in the procedure.

Lemma D. For S? and K(x) = e™*, we have

2 3 X
1, = 232y 3 SR
n

1Xi + X;

i

47 CYlIin) o2, 3 sinh(X + X1 /he)

2 min - X; + Xi|
L]

8 sinh(|X;/h* + X;/h

B ) le eV 3 S 4 X, i)

n X+ X |

with co(h)~! = 4re=V"" 2 sinh(1/h?) and cy(h) = 2e~2/"’ h? sinh(2/h?).
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