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a b s t r a c t

Birnbaum and Saunders introduced in 1969 a two-parameter lifetime distribution which
has been used quite successfully to model a wide variety of univariate positively skewed
data. Diaz-Garcia and Leiva-Sanchez [8] proposed a generalized Birnbaum–Saunders dis-
tribution by using an elliptically symmetric distribution in place of the normal distribution.
Recently, Kundu et al. [13] introduced a bivariate Birnbaum–Saunders distribution, based
on a transformation of a bivariate normal distribution, and discussed its properties and
associated inferential issues. In this paper, we construct a generalized multivariate Birn-
baum–Saunders distribution, by using the multivariate elliptically symmetric distribution
as a base kernel for the transformation instead of themultivariate normal distribution. Dif-
ferent properties of this distribution are obtained in the general case. Special emphasis is
placed on statistical inference for two particular cases: (i) multivariate normal kernel and
(ii) multivariate-t kernels. We use the maximized log-likelihood values for selecting the
best kernel function. Finally, a data analysis is presented for illustrative purposes.

© 2013 Published by Elsevier Inc.

1. Introduction

The univariate Birnbaum–Saunders (BS) distribution was originally introduced by Birnbaum and Saunders [5,6] as a
failure time distribution for fatigue failure of a unit caused under cyclic loading. The BS distribution can be defined in terms
of a monotone transformation of the normal distribution. The cumulative distribution function (CDF) of a two-parameter BS
random variable T is of the form

FT (t;α, β) = Φ


1
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
t
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 1
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−
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, t > 0, α > 0, β > 0, (1)

where Φ(·) is the standard normal cumulative distribution function. The corresponding probability density function
(PDF) is
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Hereafter, we will denote this distribution by BS(α, β). The parameters α and β are the shape and scale parameters,
respectively. Moreover, β is the median of the BS distribution. For various developments on the BS distribution, one may
refer to Xiao et al. [22], Vilca et al. [21], and the references cited therein.

Diaz-Garcia and Leiva-Sanchez [8] introduced a generalized Birnbaum–Saunders (GBS) distribution by replacing the
standard normal distribution function Φ(·) in (1) by an elliptically symmetric distribution. Recall that a random variable
X follows an elliptically symmetric distribution if it has the probability density function (PDF)

fEC (x;µ, σ 2, h(1)) =
c
σ
h(1)


(x − µ)2

σ 2


, x ∈ R, (3)

where h(1)(u) > 0, with u > 0, is a real-valued function. It corresponds to the kernel of the PDF of X , and c is the normalizing
constant. From now on, wewill denote this by EC(µ, σ 2, h(1)). Thus, a random variable T is said to have the GBS distribution,
with parameters α, β and kernel h(1), if its CDF is

FT (t;α, β, h(1)) = P(T ≤ t) = FEC
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; h(1)

, (4)

where FEC (·; h(1)) denotes the CDF of EC(0, 1, h(1)). These authors then discussed different properties of the GBS, and noted
that the GBS can bemore flexible than the BS distribution as it has a broader range for coefficients of skewness and kurtosis.
It will, therefore, be more useful for data analytic purposes; see, for example, Leiva et al. [15].

Recently, Kundu et al. [13] introduced a five-parameter bivariate Birnbaum–Saunders distribution by using the same
monotone transformation on two variables possessing jointly a bivariate normal distribution. The cumulative distribution
function of the bivariate BS random vector (T1, T2)T is of the form

P(T1 ≤ t1, T2 ≤ t2) = Φ2
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for t1 > 0, t2 > 0, where α1 > 0, β1 > 0, α2 > 0, β2 > 0,−1 < ρ < 1, and Φ2(u, v; ρ) is the joint cumulative
distribution function of a standard bivariate normal vector (Z1, Z2)T with correlation coefficient ρ. When (T1, T2)T has the
bivariate BS distribution as in (5), then evidently T1 and T2 have univariate BS distributions as marginals. These authors then
discussed several properties of this bivariate BS distribution and associated inferential issues.

The main purpose of this paper is to introduce a generalized multivariate Birnbaum–Saunders (GMBS) distribution by
using the multivariate elliptically symmetric distribution in place of the multivariate normal distribution. We then discuss
different properties of the proposed GMBS distribution in the general case. For statistical inference, we consider two special
cases in detail, namely,when the kernel function is (i) amultivariate normal distribution and (ii) amultivariate t-distribution
with specified degrees of freedom. The problem of choosing a proper kernel is an important problem in data analysis. Here,
we use the maximized log-likelihood values for choosing the best kernel function. Finally, we present a numerical example
for the purpose of illustrating the model as well as the inferential methods developed here, in which it is shown that the
GMBS distribution with multivariate t kernel fits better than the model based on the multivariate normal kernel.

The rest of this paper is organized as follows. In Section 2, we present all pertinent preliminary details. In Section 3, we
introduce the GMBS distribution and discuss different properties. Maximum likelihood estimates of the model parameters
and associated inference for two specific kernels of multivariate normal and multivariate t are described in Section 4. A
numerical example is presented in Section 5 for illustrative purposes, and finally some concluding remarks are made in
Section 6.

2. Preliminaries

2.1. Elliptically symmetric distribution

Definition 1. A p-dimensional random vector X is said to have an elliptically symmetric distribution with p-dimensional
location vector µ, a p × p positive definite dispersion matrix 6, and the density generator h(p)(·), if the PDF of X is of the
form (see Fang et al. [9] and Anderson and Fang [2])

fECp(x; µ,6, h(p)) = cp|6|
−

1
2 h(p)(w(x)), x ∈ Rp, (6)

wherew(x) : Rp
→ R+ withw(x) = (x − µ)T6−1(x − µ), h(p) : R+ → R+, cp > 0, and

Rp
fECp(x; µ,6, h(p))dx = 1.

In what follows, we shall denote fECp(x; 0,6, h(p)) simply by fECp(x; 6, h(p)) and the corresponding random vector by
ECp(6, h(p)). It should be mentioned here that a more general definition of an elliptically symmetric distribution in terms



232 D. Kundu et al. / Journal of Multivariate Analysis 116 (2013) 230–244

of the characteristic function also exists; see, for example, Cambanis et al. [7], but we shall restrict our attention to the one
based on (6). It is well known that this family of distributions is closed under linear transformation, marginalization and
conditioning. In particular, if X ∼ ECp(µ,6, h(p)), then 6−1/2(X − µ) ∼ ECp(0, Ip, h(p)), where Ip is the p × p identity
matrix.

We now present different examples of the elliptically symmetric distribution, which are obtained with different choices
of h(p)(·).

Example 1. Multivariate (p-variate) Normal Distribution

h(p)(x) = e−x/2 and cp = (2π)−p/2. (7)

This is undoubtedly the most popular elliptically symmetric distribution.

Example 2. Symmetric Kotz type distribution

h(p)(x) = xβ−1e−λxδ and cp =
δ0(p/2)

πp/20((2β + p − 2)/2δ)
λ(2β+p−2)/2δ, (8)

where δ > 0, λ > 0, 2β + p > 2. When β = δ = 1 and λ = 1/2, it reduces to the p-variate normal distribution. When
β = 1 and λ = 1/2, it is known as the multivariate power normal distribution.

Example 3. Multivariate t-distribution (with ν > 0 degrees of freedom)

h(p)(x) =


1 +

x
ν

−(ν+p)/2
and cp =

0
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2


0

ν
2


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. (9)

Example 4. Symmetric multivariate Pearson Type VII distribution

h(p)(x) =


1 +

x
θ

−ξ

and cp =
0(ξ)

0(ξ − p/2)(θπ)p/2
, (10)

where ξ > p/2 and θ > 0. When ξ = (ν + p)/2 and θ = ν, it becomes the multivariate t-distribution. For θ = 1 and
ξ = (p + 1)/2, it becomes the multivariate Cauchy distribution.

We need the following notation for further developments. The p-dimensional vectors X and µ and the p × p matrix 6

are partitioned as follows:

X =


X1
X2


, µ =


µ1
µ2


, 6 =


611 612
621 622


, (11)

where X1 and µ1 are q × 1 vectors and 611 is a q × q matrix, and all the remaining partitioned elements are defined so
that the corresponding orders match. Then, we have the following lemma, proof of which can be found in Fang et al. [9], for
example.

Lemma 1. If X ∼ ECp(µ,6, h(p)), then:

(a) X1 ∼ ECq(µ1,611, h(q)) and X2 ∼ ECp−q(µ2,622, h(p−q));
(b) X1 | (X2 = x2) ∼ ECq(µ1 + 6126

−1
22 (x2 − µ2),611 − 6126

−1
22 621, h

(q)
v(x2)

),

where v(x2) = (x2 − µ2)
T6−1

22 (x2 − µ2), and h(q) and h(q)a can be expressed in terms of h(p), as

h(q)(u) =
π (p−q)/2

0((p − q)/2)


∞

0
x

p−q
2 −1h(p)(u + x)dx and h(q)a (u) =

h(p)(u + a)
h(p−q)(a)

.

3. Generalized multivariate BS distribution

3.1. Definition

Definition 2. Let α,β ∈ Rp, where α = (α1, . . . , αp)
T and β = (β1, . . . , βp)

T , with αi > 0, βi > 0 for i = 1, . . . , p.
Let 0 be a p × p positive-definite correlation matrix. Then, the random vector T = (T1, . . . , Tp)T is said to have a
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generalizedmultivariate Birnbaum–Saunders distributionwith parameters (α,β,0) and the density generator h(p), denoted
by T ∼ GBSp(α,β,0, h(p)), if the CDF of T , i.e., P(T ≤ t) = P(T1 ≤ t1, . . . , Tp ≤ tp), is given by

P(T ≤ t) = FECp
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
(12)

for t > 0, where FECp(·; 0, h(p)) denotes the CDF of ECp(0, h(p)). The corresponding joint PDF of T = (T1, . . . , Tp)T is, for
t > 0,
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where fECp(·) is as given in (6).

3.2. Marginal and conditional distributions

The following theorem provides the marginal and conditional distributions of GBSp(α,β,0, h(p)).

Theorem 1. Let T ∼ GBSp(α,β,0, h(p)), and further T ,α,β,0 be partitioned as follows:

T =


T1
T2


, α =


α1
α2


, β =


β1
β2


, 0 =


011 012
021 022


, (14)

where T1,α1,β1 are all q × 1 vectors and 011 is a q × q matrix, with the remaining elements all defined suitably so that the
corresponding orders match. Then, we have:

(a) T1 ∼ GBSq(α1,β1,011, h(q)) and T2 ∼ GBSp−q(α2,β2,022, h(p−q)), where h(q) and h(p−q) can be obtained in terms of h(p);
(b) The conditional CDF of T1, given T2 = t2, is

P[T1 ≤ t1|T2 = t2] = FECq(w; 011.2, h
(q)
a(v2)),

where
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where v1 and v2 are vectors of dimensions q and (p − q), respectively;
(c) The conditional PDF of T1, given T2 = t2, is

fT1|(T2=t2)(t1) = fECq(w; 012, h
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Proof. Part (a) follows readily from (12) by letting tq+1 → ∞, . . . , tp → ∞.

For the proof of Part (b), if Vi =
1
αi


Ti
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
βi
Ti


, then we have V =


V1
V2


∼ ECp


0,

011 012
021 022


, h(p)


, where V1 =

(V1, . . . , Vq)
T and V2 = (Vq+1, . . . , Vp)

T are q×1 and (p− q)×1 vectors, respectively, and 0ij (for i, j = 1, 2) are as defined
before. So,

Pr [T1 ≤ t1|T2 = t2] = Pr [V1 ≤ v1|V2 = v2] = FECq


w; 011.2, h

(q)
a(v2)


.

Part (c) follows immediately from Lemma 1. �

3.3. Distributions of reciprocals

In this section, we establish some properties of T−1
i . In addition to the notation used in Theorem 1, we further denote by

1
a =


1
a1
, . . . , 1

ak

T
for a vector a = (a1, . . . , ak)T ∈ R+

k
.
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Theorem 2. Let T ∼ GBSp(α,β,0, h(p)). Then:

(a) T1
1
T2


∼ GBSp
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α2


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1
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1
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 .
Proof. (a) Let us denote

0 =


011 −012

−021 022


and 0−1

=


A11 A12
A21 A22


.

Then, we have from Rao [19] that

|0| = |0| and 0−1
=


A11 −A12

−A21 A22


. (16)

Now, let us define the random variables Sq+1, . . . , Sp as Si = T−1
i (i = q + 1, . . . , p). Then, the joint PDF of (T1, . . . ,

Tq, Sq+1, . . . , Sp) can be obtained from (13) by performing the necessary transformation. Since, from (16), we have

fECp(u1, . . . , uq,−uq+1, . . . ,−up; 0) = fECp(u1, . . . , uq, uq+1, . . . , up;0),
the result in Part (a) follows readily. The proofs of Parts (b) and (c) follow along the same lines. �

3.4. MTP2 property

Now, wewill discuss themultivariate total positivity of order two (MTP2) property, in the sense of Karlin and Rinott [11],
of the joint PDF of the GMBS distribution in (13). We shall use the following standard notation here. For any two real
numbers a and b, let a ∨ b = min{a, b} and a ∧ b = max{a, b}. For x = (x1, . . . , xp)T and y = (y1, . . . , yp)T , let
x∨ y = (x1 ∨ y1, . . . , xp ∨ yp)T and x∧ y = (x1 ∧ y1, . . . , xp ∧ yp)T . Then, a function g : Rp

→ R+ is said to be MTP2, in the
sense of Karlin and Rinott [11], if g(x)g(y) ≤ g(x ∧ y)g(x ∨ y). We then have the following result for the MBS distribution.

Theorem 3. Let T be a p variate Birnbaum–Saunders distribution with parameters (α,β,0). If α1 = · · · = αp, β1 = · · · = βp,
and all the off-diagonal elements of 0−1 are less than or equal to zero, then the PDF of T hasMTP2 property.

Proof. Suppose α1 = · · ·αp = α, β1 = · · · = βp = β , and we take t1 = (t11, . . . , t1p)T and t2 = (t21, . . . , t2p)T to be any
two p-dimensional vectors. Then, to prove that the PDF of T has MTP2 property, it is sufficient to show that

xT10
−1x1 + xT20

−1x2 ≥ (x1 ∨ x2)T0−1(x1 ∨ x2)+ (x1 ∧ x2)T0−1(x1 ∧ x2), (17)

where xi = (xi1, . . . , xip)T , for i = 1, 2, and

xij =
1
α


tij
β

−


β

tij


, i = 1, 2, j = 1, . . . , p.

If the elements of 0−1 are denoted by ((γ kj)), for k, j = 1, . . . , p, then proving (17) is equivalent to showing

p
k,j=1
k≠j

(x1kx1j + x2kx2j)γ kj
≥

p
k,j=1
k≠j

((x1k ∧ x2k)(x1j ∧ x2j)+ (x1k ∨ x2k)(x1j ∨ x2j))γ kj. (18)
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For all k, j = 1, . . . , p,

x1kx1j + x2kx2j ≤ (x1k ∧ x2k)(x1j ∧ x2j)+ (x1k ∨ x2k)(x1j ∨ x2j),

which can be easily shown by taking any ordering of x1k, x1j, x2k, x2j. Now, the result follows since γ kj
≤ 0. �

Itmay bementioned that the same resultmay not be true for other forms of generalizedmultivariate Birnbaum–Saunders
distributions; see, for example, Sampson [20] in this regard. Moreover, it is immediate that Theorem 3.3 of Kundu et al. [13]
follows from Theorem 3 above.

3.5. Shannon entropy for GBSp distribution

In this section, we present the Shannon entropy for the GBSp distribution. We first need the following results for the
required developments; see Arellano-Valle et al. [3] for proofs.

Lemma 2. Let X ∼ ECp(µ,6, h(p)). Then, the Shannon entropy of X , denoted by HECp
X , is given by

HECp
X =

1
2
ln |6| + HECp

X0
,

where HECp
X0

is the Shannon entropy of X0 ∼ ECp(0p, Ip, h(p)) given by

HECp
X0

= −


+∞

0


ln

h(p)(s)


g(s)ds

with g(s) =
πp/2

0(p/2) s
s/2−1h(p)(s), s > 0.

By using Lemma 2, for the multivariate normal case, when X ∼ Np(µ,6), we have

HNp
X =

1
2
ln |6| +

p
2

{1 + ln (2π)} . (19)

Similarly, for the multivariate-t case, when X ∼ tp(µ,6, ν), we have

H tp
X =

1
2
ln |6| − ln


0

ν+p
2


0

ν
2


(νπ)p/2


+
ν + p

2


ψ


ν + p

2


− ψ

ν
2


, (20)

whereψ(x) =
d{ln0(x)}

dx =
0′(x)
0(x) is the digamma function. Now, we present our main result concerning the Shannon entropy

for the GBSp distribution.

Theorem 4. Let T ∼ GBSp(α,β,0, h(p)). Then, the Shannon entropy of T , denoted by HGBSp
T , is given by

HGBSp
T = HECp

X + p ln(2)+

p
i=1

ln (αi)+

p
i=1

ln (βi)+
3
2

p
i=1

E [ln (Ti)] −

p
i=1

E [ln (Ti + 1)] , (21)

where HECp
X denotes the Shannon entropy of X ∼ ECp(0,0, h(p)) and Ti ∼ GBS


αi, 1, h(1)


, for i = 1, 2, . . . , p.

Proof. It is easy to obtain the expression in (21) using the PDF of the generalized multivariate BS distribution as obtained
in (13). �

Another equivalent form can be obtained as

HGBSp
T = HECp

X + p ln(2)+

p
i=1

ln (αi)+

p
i=1

ln (βi)+ 3
p

i=1

E

ln


Vi +


1 + V 2

i



−

p
i=1

E


ln


Vi +


1 + V 2

i

2

+ 1


, (22)

where Vi ∼ EC

0, α2

i , h
(1)

, for i = 1, 2, . . . , p. Upon substituting the expressions in (19) and (20) into (21) (or (22)), we

can obtain the Shannon entropy for T , in the case of multivariate normal and t kernels, respectively.
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3.6. Generation

In this section, we consider some of the important special cases, and describe how the corresponding random vectors
can be simulated.
Case 1: Multivariate Birnbaum–Saunders distribution.

The random vector T = (T1, . . . , Tp)T is said to have a p-variate Birnbaum–Saunders distribution if it has the joint PDF

fT (t; α,β,0) = φp


1
α1


t1
β1

−


β1

t1


, . . . ,

1
αp


tp
βp

−


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(23)

for t1 > 0, . . . , tp > 0; here, for u = (u1, . . . , up)
T ,

φp(u1, . . . , up; 0) =
1

(2π)
p
2 |0|

1
2
e−

1
2 u

T 0−1u (24)

is the PDF of the standard normal vector with correlationmatrix0. Hereafter, the p-variate BS distribution, with joint PDF in
(23), will be denoted by BSp(α,β,0). For p = 2, the bivariate Birnbaum–Saunders distribution has been discussed in detail
by Kundu et al. [13]. The following algorithm can be adopted to generate T = (T1, . . . , Tp)T from BSp(α,β,0) in (23).

Algorithm 1. Step 1: Make a Cholesky decomposition of 0 = AAT (say);
Step 2: Generate p independent standard normal random numbers, say, U1, . . . ,Up;
Step 3: Compute Z = (Z1, . . . , Zp)T = A (U1, . . . ,Up)

T ;
Step 4: Perform the transformation

Ti = βi

1
2
αiZi +


1
2
αiZi

2

+ 1

2

for i = 1, . . . , p.

Then, T = (T1, . . . , Tp)T has the required BSp(α,β,0) density as in (23).
Case 2: GMBS distribution induced by a multivariate-t kernel.

The random vector T is said to have a p-variate generalized multivariate BS distribution induced by the multivariate-t
kernel with ν degrees of freedom (will be denoted by T ∼ BStp (α,β,0, ν)) if the joint PDF of T is

fT (t; α,β,0, ν) = gp
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
βi

ti

3/2

, (25)

for t1 > 0, . . . , tp > 0, where gp (· ; 0, ν) is the PDF of tp (0,0, ν), the p-variate Student’s t distribution with location
parameter 0, scale parameter 0, and ν degrees of freedom, given by

gp (u; 0, ν) =
0

ν+p
2


0

ν
2


(νπ)p/2 |0|

1
2


1 +

uT0−1u
ν

−(ν+p)/2

(26)

for u =

u1, u2, . . . , up

T
∈ Rp.

Note that there are several ways to generate p variate Student’s t distribution; see, for example, Kotz and Nadarajah [12].
Suppose Z = (Z1, . . . , Zp)T has been generated from a tp(0,0, ν) distribution. Then, by using Step 4 of Algorithm 1, the
required T having BStp(α, β,0, ν) can be obtained.
Case 3: GMBS distribution induced by the multivariate power normal kernel.

The random vector T is said to have a p-variate generalized multivariate BS distribution induced by the multivariate
power normal kernel (will be denoted by T ∼ BSPNp (α,β,0, δ)) if the joint PDF of T is

fT (t; α,β,0, δ) = hp
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, (27)
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for t1 > 0, . . . , tp > 0, where hp (· ; 0, δ) is the PDF of the multivariate power normal distribution with location parameter
0, scale parameter 0, and shape parameter δ given by

hp (u; 0, δ) =
0
 p
2


2

p
2δ 0

 p
2δ


π

p
2 |0|

1
2
e−

1
2


uT 0−1u

δ
(28)

for u =

u1, u2, . . . , up

T
∈ Rp.

Naik and Plungpongpun [17] proposed an efficientmethod for generating from amultivariate power normal distribution.
Once Z = (Z1, . . . , Zp)T has been generated from a multivariate power normal distribution with location vector 0 and scale
matrix 6, using their method, then by using Step 4 of Algorithm 1, the required T from BSPNp(α,β,0, δ) can be obtained.

4. Inference

In this section, we discuss the maximum likelihood estimates (MLEs) of the model parameters and the associated
inference, based on the observed data {(ti1, . . . , tip)T ; i = 1, . . . , n}. We shall assume that the data are from a generalized
Birnbaum–Saunders distribution with the kernel function being specified. We then consider two different kernel functions
in detail, viz., (i) multivariate normal kernel and (ii) multivariate-t kernel with a specified degrees of freedom. It is worth
mentioning that the multivariate-t kernel with one degree of freedom corresponds to the multivariate Cauchy kernel.

4.1. Multivariate normal kernel

4.1.1. Maximum likelihood estimation
The log-likelihood function, without the additive constant, is given by

l(α,β,0|data) = −
n
2
ln |0| −

1
2
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, (29)

where

vT
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. (30)

Then, the MLEs of the unknown parameters can be obtained by maximizing (29) with respect to the parameters α,β and
0, which would require a 2p +

 p
2


dimensional optimization process. For this reason, we adopt the following procedure in

order to reduce the computational effort significantly. Observe that
T1
β1

−


β1

T1


, . . . ,


Tp
βp

−


βp

Tp

T

∼ Np

0,D0DT  , (31)

where D is a diagonal matrix given by D = diag{α1, . . . , αp}. Therefore, for given β, the MLEs of α and 0 become
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, j = 1, . . . , p, (32)

and 0(β) = P(β)Q (β)PT (β); (33)

here, P(β) is a diagonal matrix given by P(β) = diag{1/α1(β), . . . , 1/αp(β)}, and the elements qjk(β) of the matrix Q (β)
are given by

qjk(β) =
1
n

n
i=1


tij
βj

−


βj

tij


tik
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−


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tik


for j, k = 1, . . . , p. (34)

Thus, we obtain the p-dimensional profile log-likelihood function l(α(β),β,0(β)|data). The MLE of β can then be obtained
by maximizing the p-dimensional profile log-likelihood function, and once we get the MLE of β, sayβ, the MLEs of α and 0

can be obtained readily by substitutingβ in place of β in (32) and (33), respectively.
However, for computing the MLEs of the unknown parameters, we need to maximize the profile log-likelihood function

of β and we may use the Newton–Raphson iterative process for this purpose. Finding a proper p-dimensional initial guess
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value of β becomes quite important in this case. Modified moment estimators, similar to those proposed by Ng et al. [18],
can be used effectively for this purpose, and they are as follows:

β
(0)
j =


1
n

n
i=1

tij


1
n

n
i=1

1
tij

 1
2

, j = 1, . . . , p. (35)

Note that if β is known, then the MLEs of α and 0 can be obtained explicitly.
Now, we discuss the asymptotic properties of the MLEs when all the parameters are unknown, and also when some

parameters are known. First, we shall consider the case when all the parameters are unknown.

Theorem 5. If θ = (α,β,0) is the parameter vector andθ denotes the corresponding MLE, then

√
n(θ − θ)

d
−→ Nm(0, J−1), (36)

with m = p +
 p
2


being the dimension of the vector θ. Here,

d
−→ denotes convergence in distribution while Nm(0, J−1) denotes

the m-variate normal distribution with mean vector 0 and covariance matrix J−1, with J being the Fisher information matrix.
Expressions of all the elements of the Fisher information matrix J are presented in the Appendix.

Proof. Since the multivariate BS distribution satisfies all the regularity conditions for the MLEs to be consistent and
asymptotically normally distributed, the result follows from the standard asymptotic properties of MLEs. �

Ifα andβ are known, then theMLE of0 is0 = D−1Q (β)D−1, where the elements of thematrixQ (β) are as in (34) and the
matrixD is as defined earlier. From (31), it immediately follows in this case that0has aWishart distributionwith parameters
p and 0. Furthermore, if only β is known, it is clear thatα2

j (β), defined in (32), is distributed as χ2
1 for j = 1, . . . , p.

4.1.2. Modified moment estimators
Since the MLEs do not have explicit form and need to be obtained by solving p non-linear equations, we propose the

following modified moment estimators for the unknown parameters, along the lines of Kundu et al. [13]. The modified
moment estimators can be obtained by equating the moments and inverse moments with the corresponding sample
quantities. If we denote
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4.2. Multivariate-t kernel

For a given ν, the log-likelihood function, without the additive constant, is given by

l(α,β,0|data, ν) = −
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Table 1
The sample mean, variance and coefficient of skewness of Ti and T−1

i for i = 1, . . . , 4.

Statistics Variables
T1 T−1

1 T2 T−1
2 T3 T−1

3 T4 T−1
4

Mean 0.844 1.211 0.818 1.245 0.704 1.452 0.694 1.474
Variance 0.012 0.041 0.011 0.034 0.011 0.050 0.010 0.052
Skewness −0.793 2.468 −0.543 1.679 −0.022 0.381 −0.133 0.755

where vi, for i = 1, . . . , n, are as defined earlier in (30). Here also, the MLEs of the unknown parameters can be obtained by
maximizing (39), but it involves a 2p +

 p
2


optimization process. Hence, as done in the case of multivariate normal kernel,

we adopt the following procedure to reduce the computational burden. In this case, we have
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, (40)

where thematrixD is the same diagonalmatrix as defined earlier. If we define R = D0DT , then theMLE of R can be obtained
as the solution of the equation

R =
1
n

n
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wiuiuT
i , (41)

wherewi = (ν + p)/(ν + si), si = uT
i R
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see, for example, Nadarajah and Kotz [16]. The following simple iterative process

R(m+1)
=

1
n

n
i=1

w
(m)
i uiuT

i , (43)

where

w
(m)
i = (ν + p)/{ν + uT

i (R
(m))−1ui}

can be used to find the solution of (41); see Nadarajah and Kotz [16]. Then, ifR(β) = ((rjk(β))) is the solution of (41), the
MLEs of α and 0 are given by

αj(β) =
√
rjj, j = 1, . . . , p, (44)

and 0(β) = P(β)R(β)PT (β); (45)

here, the diagonal matrix P(β) = diag{1/α1(β), . . . , 1/αp(β)} is same as defined earlier. Therefore, the MLE of β can be
obtained by maximizing the profile log-likelihood function of β. Once we get the MLE of β, the MLEs of α and 0 can be
obtained, as given above, in Eqs. (44) and (45) respectively.

5. Illustrative example

5.1. Multivariate normal kernel

In this section, we analyze a multivariate data by using the proposed generalized multivariate BS distribution with
multivariate normal kernel, for the purpose of illustration. These data, taken from Johnson andWichern [10, p. 34], represent
the mineral contents of four major bones of 25 new born babies. Here, T1, T2, T3 and T4 represent dominant radius, radius,
dominant ulna and ulna, respectively. The data are not presented here, but the summary statistics of the sample mean,
variance and skewness of the individual Ti’s and their reciprocals are all presented in Table 1.

It is clear from Table 1 that all Ti and T−1
i (for i = 1, . . . , 4) are quite skewed. To get an idea about the hazard functions

of Ti’s and T−1
i ’s, we have plotted in Figs. 1 and 2 the marginal scaled TTT transforms of Ti’s and T−1

i ’s, respectively, as
suggested by Aarset [1]; see Kundu et al. [14] and Azevedo et al. [4] for a detailed analysis of hazard functions of univariate
BS distributions based on normal and t kernels.
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Fig. 1. The marginal scaled TTT transform of (a) T1 , (b) T2 , (c) T3 , and (d) T4 .

 0.86

 0.88

 0.9

 0.92

 0.94

 0.96

 0.98

1

 1.02

 1.04

 0.84

 0.86

 0.88

 0.9

 0.92

 0.94

 0.96

 0.98

1

 1.02

 1.04

 0.75

 0.8

 0.85

 0.9

 0.95

1

 1.05

 1.1

 0.75

 0.8

 0.85

 0.9

 0.95

1

 1.05

 1.1

0.4 0.6 0.80 0.2 1

0.4 0.6 0.80 0.2 1

0.4 0.6 0.80 0.2 1

0.4 0.6 0.80 0.2 1

a b

c d
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4 .

Since all of themare concave first and then convex, the plots do seem to suggest that thehazard functions are all unimodal.
For checking whether the Birnbaum–Saunders distribution can be used for fitting the marginal distributions, the modified
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Table 2
Themodifiedmoment estimates ofαi andβi , the KS distance
between the empirical distribution function and the fitted
distribution function, and the corresponding p values.

α β KS distance p

T1 0.1473 0.8347 0.161 0.537
T2 0.1372 0.8107 0.145 0.671
T3 0.1525 0.6963 0.109 0.929
T4 0.1503 0.6861 0.094 0.979

Table 3
The maximized log-likelihood value vs. degrees of freedom ν = 1(1)20.

ν Maximized log-likelihood ν Maximized log-likelihood ν Maximized log-likelihood ν Maximized log-likelihood

1 181.510422 2 187.544418 3 189.382248 4 189.978531
5 190.111679 6 190.048141 7 189.984222 8 189.889908
9 189.769516 10 189.638428 11 189.505157 12 189.374313

13 189.266373 14 189.175812 15 189.088974 16 189.006287
17 188.927994 18 188.854111 19 188.784485 20 188.718903

moment estimates of αi and βi (for i = 1, . . . , 4), as proposed by Ng et al. [18], were computed. Using these values, the
Kolmogorov–Smirnov (KS) distances between the empirical distribution function and the fitted distribution function and
the corresponding p-values (determined by Monte Carlo simulations) were computed, and these results are presented in
Table 2. The obtained results suggest that the Birnbaum–Saunders distribution fits all the marginals very well.

All these suggest that we could fit 4-variate Birnbaum–Saunders distribution to the considered data. Using modified
moment estimates as initial guess, we found the MLEs of β1, β2, β3 and β4 to be 0.8547, 0.7907, 0.7363 and 0.8161,
respectively. Finally, the corresponding maximum likelihood estimates of α1, α2, α3 and α4 were obtained to be 0.1491,
0.1393, 0.1625 and 0.2304, respectively, and the corresponding maximized log-likelihood value to be 182.561896. The 95%
non-parametric bootstrap confidence intervals ofβ1, β2, β3 andβ4 were then obtained as (0.8069, 0.9025), (0.7475, 0.8339),
(0.6950, 0.7776) and (0.7760, 0.8562), respectively. Similarly, the 95% non-parametric bootstrap confidence intervals of
α1, α2, α3 and α4 were obtained as (0.1085, 0.1897), (0.1015, 0.1771), (0.1204, 0.2046) and (0.1890, 0.2718), respectively.
The maximum likelihood estimate of 0 is obtained as

0 =

1.000 0.767 0.715 0.515
0.767 1.000 0.612 0.381
0.715 0.612 1.000 0.693
0.515 0.381 0.693 1.000

 . (46)

Now, suppose we are interested in testing the hypotheses

H0 : β1 = β2 = β3 = β4(= β, say) vs. H1 : they are not all equal.

In this case, we find themaximum likelihood estimate of the common β as 0.7689, and the constrainedmaximum likelihood
estimates of α1, α2, α3 and α4 to be 0.1689, 0.1471, 0.1823 and 0.1890, respectively. The corresponding constrained
maximum likelihood estimate of 0 is obtained as

0 =

1.000 0.841 0.253 0.131
0.841 1.000 0.372 0.378
0.252 0.372 1.000 0.800
0.131 0.378 0.800 1.000

 , (47)

with the corresponding maximized log-likelihood value as 124.81564. So, by using the likelihood ratio test, we conclude
that there is no evidence to support H0 since we have p < 10−8 in this case.

5.2. Multivariate-t kernel

In this section, we re-analyze the same data considered in the preceding subsection by using the generalized 4-variate
Birnbaum–Saunders distribution with multivariate-t kernel. We varied the degrees of freedom ν from 1 to 20 for profile
analysis with respect to ν. We computed the MLEs of all the parameters and the corresponding maximized log-likelihood
values for different choices of ν. We observed that themaximized log-likelihood values increase first and then decrease. The
maximized log-likelihood values, computed as a function of the degrees of freedom ν, through this discrete profile search,
are presented in Table 3, and these values have also been plotted in Fig. 3.

We observe that the maximum occurs at ν = 5, with the associated log-likelihood value (without the additive constant)
being 190.112. It is important to mention here that the selection of the best t-kernel function through the maximized
log-likelihood value is equivalent to selecting by the Akaike Information Criterion since the number of model parameters



242 D. Kundu et al. / Journal of Multivariate Analysis 116 (2013) 230–244

Fig. 3. The maximized log-likelihood value as a profile function of ν = 1(1)20.

remains the same when ν varies. Furthermore, this maximized log-likelihood value of 190.112 for the multivariate-t
kernel with ν = 5 degrees of freedom is significantly larger than the corresponding value of 182.562 for the multivariate
normal kernel, which does provide evidence to the fact that the multivariate-t kernel provides a much better fit for these
data.

Now, we provide detailed results for the case ν = 5. In this case, the MLEs of β1, β2, β3 and β4 are found to be
0.8686, 0.8469, 0.7349, 0.7156, respectively. The corresponding 95% confidence intervals, obtained by the use of non-
parametric bootstrap method, are (0.7975, 0.9423), (0.7991, 0.9147), (0.6614, 0.7967), and (0.6357, 0.7855), respectively.
The MLEs of α1, α2, α3 and α4 are 0.1057, 0.1357, 0.1413 and 0.1372 and the associated 95% non-parametric bootstrap
confidence intervals are (0.0745, 0.1387), (0.0975, 0.1689), (0.1115, 0.1712), and (0.1015, 0.1655), respectively. The
maximum likelihood estimate of 0 is obtained as

0 =

1.000 0.812 0.699 0.493
0.812 1.000 0.598 0.412
0.699 0.598 1.000 0.711
0.493 0.412 0.711 1.000

 . (48)

6. Concluding remarks

In this paper, we have introduced a p-variate generalized Birnbaum–Saunders distribution, and derived many of its
properties. The maximum likelihood estimates of the model parameters for two special cases have been discussed in
detail. It has been observed that in both these cases, the maximum likelihood estimates can be obtained numerically by an
optimization process in conjunction with the profile likelihood method. Explicit expressions for the elements of the Fisher
information matrix in the case of multivariate normal kernel have been provided. For illustrative purposes, one data set has
been analyzed inwhich case it has been shown that the generalized Birnbaum–Saunders distributionwith themultivariate-t
kernel provides a better fit than the one with the multivariate normal kernel.

The estimation of the parameters of the generalizedmultivariate Birnbaum–Saunders distribution, for an arbitrary kernel
function, as well as model selection and model discrimination within this general family still remain as challenging open
problems. Work is currently under progress on these problems and we hope to report these findings in a future paper.
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Appendix. Fisher information matrix

For deriving the elements of the expected Fisher information matrix, the following expressions and results are useful.
Let T ∼ BSp(α,β,0) and 0 = ((γik)). Then:
(a)

E


Ti
βi

−


βi

Ti


Tk
βk

−


βk

Tk


= αiαkγik, i ≠ k = 1, . . . , p; (49)
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(b)

E


Tk
βk

−


βk

Tk

2

= α2
k , k = 1, . . . , p. (50)

If we denote

E


TiTk
βiβk


= ψ1(αi, αk, γik), i ≠ k = 1, . . . , p, (51)

then we immediately have, for i ≠ k = 1, . . . , p,

E


βiβk

TiTk


= ψ1(αi, αk, γik) and E


βiTk
Tiβk


= ψ1(αi, αk,−γik).

An explicit expression for ψ1(·) has been given by Kundu et al. [13]. Moreover,

∂

∂γik


0−1

= −0−1

∂

∂γik
0


0−1

= Bik
= ((bikj1,j2)) (say), i, k, j1, j2 = 1, . . . , p,

∂2

∂γ 2
ik


0−1

= 20−1

∂

∂γik
0


0−1


∂

∂γik
0


0−1

= 2Aik
= 2((aikj1,j2)) (say),

for i, k, j1, j2 = 1, . . . , p. Furthermore,

∂2

∂γik∂γst


0−1

= −0−1

∂

∂γik
0


0−1


∂

∂γst
0


0−1

− 0−1

∂

∂γst
0


0−1


∂

∂γik
0


0−1

= −C ikst
= ((c ikstj1,j2)), (say),

for (i, k) ≠ (s, t) or (i, k) ≠ (t, s), i, k, s, t, j1, j2 = 1, . . . , p. Let us denote 0−1
= ((γ ik)), and

f (α,β,0) = −
1
2
ln |0| −

1
2
V T0−1V −

p
j=1

lnαj −

p
j=1

lnβj +

p
j=1

ln


βj

Tj

 1
2

+


βj

Tj

 3
2

, (52)

where

V T
=


1
α1


T1
β1

−


β1

T1


, . . . ,

1
αp


Tp
βp

−


βp

Tp


.

Then,

−E

∂2f
∂α2

i


=

1
α2
i


3γ ii

+ 2
p

k=1,k≠i

γ ikγik − 1


, −E


∂2f

∂αi∂αk


= −

1
αiαk

γikγ
ik,

−E

∂2f
∂β2

i


=

1
β2
i


−

1
2

+ J(αi)+
1
α2
i


1 +

α2
i

2


+

1
β2
i


γ ii

4
(5 + α2

i )+

p
k=1,k≠i

1
2αiαk

γ ik (ψ1(αi, αk, γik)− ψ1(αi, αk,−γik))


,

where

J(α) =


∞

−∞

(1 + g(αu))−2dΦ(u) and g(u) = 1 +
1
2
u2

+ u

1 +

u2

4

 1
2

,

−E


∂2f
∂βi∂βk


=

γ ik

2αiαkβiβk
[ψ1(αi, αk, γik)+ γ1(αi, αk,−ψik)] ,

−E

∂2f
∂γ 2

ik


=

p
j1=1

p
j2=1

aikj1,j2γj1,j2 +
1
2
cik,
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where

cik =


|0| − γ 2

ii

|0|2
if i = k,

2|0| − 4γ 2
ik

|0|2
if i ≠ k.

For (i, k) ≠ (s, t) or (i, k) ≠ (t, s), and for i ≠ k, s ≠ t , we have

−E


∂2f
∂γik∂γst


= −

1
2

p
j1=1

p
j2=1

γj1,j2c
i,k,s,t
j1,j2

− d(i, k, s, t),

where d(i, k, s, t) is given by

d(i, k, s, t) =
1

|0|2


2γikγst if i ≠ k, s ≠ t
γikγss if i ≠ k, s = t,
1
2
γiiγss if i = k, s = t

−E


∂2f
∂γjk∂αi


= −

2
αi

p
m=1

bjkimγim and − E


∂2f
∂γjk∂βi


= 0.
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