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1. Introduction

Covariance estimation is a fundamental problem in multivariate statistical analysis. It arises in diverse applications such
as signal processing, where knowledge of the covariance matrix is unavoidable in constructing optimal detectors [28],
genomics, where it is widely used to measure correlations between gene expression values [24,43,60], and functional
MRI [ 14]. Most of the modern algorithms analyzing social networks are based on Gaussian Graphical Models [29], where the
independences between the graph nodes are completely determined by the sparsity structure of the inverse covariance
matrix [7]. In empirical finance, knowledge of the covariance matrix of stock returns is a fundamental question with
implications for portfolio selection and for tests of asset pricing models such as the CAPM [5,30]. Application of structured
covariance matrices instead of Bayesian classifiers based on Gaussian mixture densities or kernel densities proved to be very
efficient for many pattern recognition tasks, among them speech recognition, machine translation and object recognition in
images [12]. In geometric functional analysis and computational geometry [2], the exact estimation of covariance matrix is
necessary to efficiently compute volume of a body in high dimension. The classical problems of clustering and Discriminant
Analysis are entirely based on precise knowledge of covariance matrices of the involved populations [19], etc.

In many modern applications, data sets are very large with both large number of samples n and large dimension p,
often with p > n, leading to the amount of unknown parameters greatly exceeding the number of observations. This
high-dimensional regime naturally calls for exploiting or assuming additional structural properties of the data to reduce
the number of estimated degrees of freedom. Usually, the specific structures are chosen to be linear or affine. The most
popular examples include such models as Toeplitz [1,4,8,21,27,40,45,46,50,58], group symmetric [44,48], sparse [7,39,42],
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low rank [16,26,31] and many others. Non-linear structures are also quite common in engineering applications. Among them
are the Kronecker product model [13,15,51,54], linear and sparse inverse covariance structures such as graphical models
[20,63] and others.

In this paper we focus on the Kronecker Product (KP) structure, which has recently become an extremely popular
model for a variety of applications, such as MIMO wireless communications [53], geostatistics [11], genomics [61], multi-
task learning [9], face recognition [64], recommendation systems [3], collaborative filtering [62] and many others. The KP
model assumes a pq x pq covariance matrix @ to be a KP of two lower dimensional square matrices, which is denoted by
®9 =P ® Q,wherePand Q are p x p and q x q dimensional positive definite matrices, respectively. Given @y, its factors
P and Q can only be determined up to a positive scalar. This natural ambiguity is usually treated by fixing scaling of one of
the factors as we do below.

Consider the Gaussian setting and assume we are given n independent and identically distributed (i.i.d.) pq dimensional
real vector measurements x; ~ x, i = 1, ..., n, where

X~ N, ©). (1)

Assume the mean p is known, while the covariance © is to be estimated. If the number of samples is no less than the
ambient dimension, n > pq, the Maximum Likelihood Estimator (MLE) of the covariance parameter almost surely exists and
coincides with the Sample Covariance Matrix (SCM)

] n
S=- d i —pwxi—p 2)
i=1

When the prior knowledge suggests that the true covariance matrix @y is of the KP structure, it is usually more convenient
to cut x into g columns of height p each to obtain a so-called matrix normal random variable X [13,15,23]. Following [23],
we denote this law by

X~ MNMP®Q, (3)

where M is obtained from g by the same reshaping procedure. Assume we are given n i.i.d. matrix samples X; ~ X, i =
1, ..., nasin(3)and want to estimate the covariance matrix factors P and Q. Here, the MLE solution is no longer given by an
explicit formula as in (2), moreover, the resulting optimization program is non-convex due to the constraint. Luckily, there
exists an alternating optimization approach, which is usually adopted [15,32,33,54]. This algorithm is often referred to as
the Flip-Flop (FF) due to the symmetric updates of the estimates of P and Q it produces. Below we show that the obtained
constrained program becomes convex under a specific change of metric over the set of positive definite matrices, the so-
called geodesic metric [56,57], naturally explaining the convergence of the FF and significantly helping to further explore the
optimization at hand. We refer to this iterative algorithm as the Gaussian FF (GFF) to distinguish it from another FF scheme
introduced later.

In many real world applications the underlying multivariate distribution is actually non-Gaussian and robust covariance
estimation methods are required. This occurs whenever the distribution of the measurements is heavy-tailed or a small
proportion of the samples exhibits outlier behavior [25,34]. Probably the most common extension of the Gaussian family
of distributions allowing for treating heavy-tailed populations is the class of elliptically shaped distributions [ 17]. Elliptical
populations served as the basis for defining a family of the so-called covariance M-estimators [34], of which we focus on

Tyler’s estimator [52]. Given n samples x; € RP, i = 1, ..., n, Tyler’s covariance matrix estimator is defined as the solution
to the fixed point equation
n T
bq XiX;
T="0Y) 22 4
n ; x| T-1x; )

When x; are i.i.d. Generalized Elliptically (GE) distributed [ 17], their shape matrix © is positive definite and n > pq, Tyler’s
estimator exists with probability one and is a consistent estimator of ® up to a positive scaling factor. The GE family includes
as particular cases the generalized Gaussian, the compound Gaussian, the elliptical distributions and many others [17].
Therefore, Tyler’s estimator has been successfully used to replace the SCM in many applications sensitive to outliers or
heavy-tailed noise, such as anomaly detection in wireless sensor networks [10], antenna array processing [35], and radar
detection [1,6,36,37].

It was recently demonstrated that Tyler’s estimator can be viewed as an MLE of a certain spherical distribution [22,47,56].
In spite of the fact that the obtained MLE program is not convex, it was later shown to become convex under the geodesic
metric change we mentioned above [56,57]. Both these fundamental discoveries paved a way to the creation of a very useful
natural optimization framework characterizing Tyler’s estimator, which made possible definition of structured analogs of
Tyler’s estimator under geodesically convex constraints [48,50,59]. The present article extensively uses this new framework
to study the existence and uniqueness of the KP constrained Tyler’s MLE and the convergence properties of the Robust
Flip-Flop (RFF) analog of the GFF algorithm obtained from it. Another very popular in engineering applications example of a
linear geodesically convex structure is the so-called group symmetry [44]. Interestingly, a very recent paper [48] utilized the
aforementioned optimization methodology to thoroughly investigate the group symmetric Tyler’s estimator (STyler) and its
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performance benefits. It is important to note that multiple geodesically convex constraints can be efficiently superimposed
when the underlying physics suggests such prior knowledge, e.g quite often in practice the KP structure is followed by group
symmetries, leading to a further decrease in the number of estimated degrees of freedom.

In both Gaussian and robust cases, one of the central questions in high-dimensional environment is: What is the minimal
number of samples guaranteeing the existence and uniqueness of the corresponding covariance MLE? As we have already
mentioned, in the unconstrained Gaussian MLE it is known that n = pq samples are enough to guarantee the existence
and uniqueness almost surely when the mean is known, and n = pq + 1 when the mean is unknown. This number is, of
course, enough in the constrained case as well, however, one would expect that this threshold can be reduced due to the
decrease in the estimated number of parameters. Different necessary and sufficient conditions on the number of samples in
the Gaussian KP scenario were proposed by a large number of works, see Dutilleul [ 15], Lu and Zimmerman [32], Ros et al.
[41], Srivastava et al. [49], Werner et al. [54] and references therein. In particular, in Dutilleul [15] it was claimed that the
number of samples needed to guarantee both the existence and uniqueness of the GFF solution in the unknown mean case,
equals max [p/q, q/p] + 1. Later, Srivastava et al. [49] showed that, in fact, max[p, q] + 1 matrix valued measurements are
required to guarantee the uniqueness, assuming the estimator exists. In Ros et al. [41] the authors showed by a few simple
counterexamples that both results from Dutilleul [ 15] and Srivastava et al. [49] are not correct. Instead, they claimed that
“As yet, there do not seem to be existence results for the case n € [max|[p/q, q/p] + 1, pql”, therefore, leaving this question
open.

Unlike the Gaussian setting, in the robust scenario the mean is usually assumed to be known. To the best of our knowledge,
in this case the question of the minimal number of samples needed to ensure existence and uniqueness was not properly
addressed thus far, except for the trivial necessary condition n > max|[p/q, q/p] stemming from the definition of RFF, as
shown below.

The main goal of this paper is to present tight thresholds for the necessary and sufficient conditions guaranteeing
existence and uniqueness in both Gaussian and robust cases. Namely, we show that in the Gaussian setting, when the mean
is not known, if n < max|[p/q, q/p] + 1, the estimator, even if it exists, is not unique with probability one and, when
n > p/q+ q/p + 1, the solution exists and is unique almost surely. We also provide a discussion explaining that between
these bounds the probabilities of existence and non-existence of a unique solution are positive. In the robust case with the
mean known, the threshold is max [p/q, q/p]. More specifically, if n is less than this number, no unique solution exists, while
if n is greater than this value, the estimator almost surely exists and is unique.

The rest of the text is organized as follows. After we introduce notations, we define the Gaussian setting and formulate
the problem. Then we discuss the state of the art results concerning the necessary and sufficient conditions for the existence
and uniqueness. Section 4 presents our main result, shows the main idea of the proof and demonstrates it on a simple two
dimensional example. Then we treat the robust scenario and provide our main contribution there. Finally, Sections 6 and 7
contain all the proofs for the Gaussian and robust cases, correspondingly.

1.1. Notations

We deal with real Euclidean spaces denoted by RP, whose elements are columns written as lower case bolds x. The
standard scalar products over such spaces are denoted by (-, -) and the corresponding norms by || ||. By M, we denote
the Euclidean space of real p x q matrices, written as upper case bolds X. 4(RP) stands for the linear space of symmetric
p x p matrices and & (RP) C 4(RP)- for the open cone of positive definite matrices inside it. Note that §(RP) inherits from
M, p the natural structure of a Euclidean space with the Frobenius norm. I denotes the identity matrix of an appropriate
dimension. For two spaces RP and R?, RP ® RY denotes their tensor product space and for two matrices P € £ (RP), Q €
P (R, P ® Q denotes their Kronecker product. The spectral norm of a matrix P € £ (RP) is denoted by ||P||, and its
determinant by |P|. Given a set X, its boundary is denoted by 0X. For two sets X and Y, X x Y denotes their Cartesian (direct)
product. Given a subset X of a linear space, (X) denotes its span and |X |- its cardinality. We use the standard abbreviation a.s.
to denote the almost sure convergence when the measure can be inferred from the context. The symbol ~ replaces saying
“is distributed identically to”.

2. Gaussian setting and problem formulation

Assume we are given n i.i.d. Gaussian matrix samples
X, ..., Xy ~ X, X~ MNM,PRQ, (5)

where Xj € Mpxq, P € P(RP) and Q € £ (RY). Denote X = {Xj, ..., Xy}, then, up to an additive constant and scaling, the
negative log-likelihood reads as

fy(M,PRQX) = % Y Tr(P' X - MQ ' X —M) ) +In[PR Q. (6)
i=1

and is defined over the set Mpyq X My, with

My ={PRQ|Pe PR, Qe PR} C P(Mpxq)- (7)
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Here, the matrix P ® Q is identified with the positive operator P ® Q : Mpxq — Mpxq acting by the rule X — PXQ. The
scalar product on M, is given by (A, B) =Tr (ABT). Note that M can be identified with the set

My ={(P,Q | [Pz =1} C P(R") x P(RY), (8)
where the specific normalization can be chosen arbitrarily.

Remark 1. Below we assume the following notational convention: when the set My is viewed as a subspace of 2 (Mpxq)

asin (7), the arguments of the negative log-likelihood are written astLM, P ® Q; X), however, when My is identified with
a subset of #(RP) x £ (R?) defined by (8), we write the arguments as f (M, P, Q; X), with

fy(M,P,Q: X) =fy(M®P, Q: X). 9)

Below we use the same rule for other similar functions and the specific representation of the underlying set can be inferred
from the way arguments are written.

Identification (8) allows us to consider elements P® Q € My (under proper normalization PQ Q = (P/||P||2) ® (||P||.Q)
if needed) as pairs (P, Q). In addition, it endows My with a smooth manifold structure making f a smooth function over
it. The covariance MLE under the KP constraint can now be written as a solution to the following program

min  fy (M, P, Q; X). (10)

MeMpxq.
(P,QEM

As in the unconstrained Gaussian case, this program decouples into minimization w.r.t. (with respect to) the unknown mean
M, yielding

n

~ 1
M=->"X, (11)
n4
and minimization w.r.t. to P and Q. Note that In |P ® Q| = qIn|P| + pIn|Q|, and denote Y; = X; — lVl, then the first-order
optimal conditions for P and Q read as

-1 n
P=—) YQY/,
qn; o (12)
1 5 Tp—1
Q:p—nZY,- Py,
i=1

There does not exist a closed form analytic solution to (12), therefore, it is usually solved numerically via the so-called Flip-
Flop (FF) iterative scheme [15], which we call the Gaussian FF (GFF). The GFF algorithm works as follows. Starting from an
initial guess (Pg, Qy) € My for (P, Q), we plug it into the right-hand side of (12) and get a new pair (P1, Q;). After we
normalize this pair to make it formally belong to M ,, we apply the procedure to (Pq, Q;) instead (Pg, Qg) and so on as
shown in diagram (17),

~ 1 & 3
Py =— ZYin vl
qn =
~ 1 <&
1=— Y'Ply,
= ; . (13)
P = ~7§j+l,
P12

Qit1 = IPi1112Qj41-
The consecutive pairs (P;, Q;) serve as approximations to the true solution, therefore, the convergence of this sequence to

the minimum of f (M, P, Q; X) on M 4 (if it exists) constitutes one of the central topics of our paper. We start from listing
the existing results on the questions at hand.

3. Existence, uniqueness and convergence: State of the art

Having derived the G-CARMEL (Gaussian KRonecker product MLE) solution and obtained an iterative scheme for its
calculation, our next goal is to determine the necessary and sufficient conditions for its existence and uniqueness and for the
convergence of the GFF procedure. The only parameter under our control is the required number of i.i.d. normal samples,
therefore, below we focus on the question: How many measurements one needs to guarantee existence, uniqueness and
convergence almost surely?
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e Existence. We start from the sufficient conditions. It was claimed in Dutilleul [15] that max[p/q, q/p] + 1 samples are
needed for the existence and uniqueness of the MLE solution in the Gaussian case. However, it was later shown by a
counterexample [41] that the uniqueness does not follow from this condition. In addition, the authors of Ros et al. [41]
write that “Moreover, it is not known whether it [this condition] guaranties existence, because it is not sufficient to show
that all updates of the FF algorithm have full rank as is done in Dutilleul [15]. It could still happen that the sequence of
updates converges (after infinitely many steps) to a Kronecker product that does not have a full rank with the likelihood
converging to its supremum”. It is also claimed in Ros et al. [41] that no less than pq + 1 samples are required to ensure
the existence a.s. This number of measurements coincides with the one needed in the unconstrained case and does not
exploit the KP structure. Finally, the authors of Ro$ et al. [41] conclude that nothing can be said regarding the existence,
if the number of samples lies inside the interval n € [max[p/q, q/p + 1, pq]].

The necessary conditions were also treated in Dutilleul [15], where the author claims that if the estimator exists, then
n > max|[p/q, q/p] + 1. This is clearly true, since if the number of samples is less than this threshold, at least one of the
right-hand sides in (12) is rank deficient and cannot be invertible.

e Uniqueness. As summarized in Ro$ et al. [41], the author of Dutilleul [ 15] claims that the G-CARMEL is unique whenever
n > max|[p/q, q/p] + 1. Later, the authors of Srivastava et al. [49] stated that indeed n > max[p, q] + 1 is needed to
ensure the uniqueness. Here again, Ros et al. [41] succeeded to find counterexamples showing that both these bounds
do not guarantee uniqueness. Moreover, the paper [41] describes the exact parts of the proofs which seem to contain
mistakes, however, the correct lower bounds on the number of required samples are not provided. In fact, to the best of
our knowledge, tight sufficient conditions for the uniqueness have not been reported so far.

e Convergence of the Gaussian flip-flop algorithm. The last question regarding the G-CARMEL on which we focus, is the
convergence of the GFF iterative scheme. In Dutilleul [15] the author establishes the convergence of the GFF technique
empirically. He claims that if the limiting points of the sequences {Q;} and {P;} (in his notations) do not depend on the
initial point, and an additional condition on the second derivatives of the objective is satisfied at the limiting points, then
these limits provide the G-CARMEL solution. If such limiting points are not uniquely determined, but rather depend on
the initial guesses, they must provide local extrema of the likelihood function. Unfortunately, this empirical approach
can hardly be applied in practice and does not provide a strict criterion for the convergence of the GFF.

The authors of Lu and Zimmerman [32,33] claim that when the number of samples is n > pq+ 1, the GFF is guarantied to
converge, however they doubt if it really converges to the MLE, since the “parameter space of (p, q)-separable covariance
matrices is not convex”. They emphasize that for some values of n the algorithm can converge to many different estimates,
depending on the starting value. Finally, they conjecture that for n large enough “the limit point of the GFF can safely be
regarded as the unique MLE” without proving this statement.

In Werner et al. [54] theoretical asymptotic properties of the GFF algorithm are considered and the algorithm’s
performance for small sample sizes is investigated with a simulation study.

The main contributions of the Gaussian part of our paper consist in

e proving tight sufficient and necessary conditions for the a.s. existence and uniqueness of the G-CARMEL estimate,
e showing that the sufficient conditions also imply convergence of the GFF iterations to the unique solution starting from
any initial guess.

4. Main results and arguments

In this section we state our main result in the normal case, give the intuition behind the proof argument and demonstrate
our technique on a simple example in a low dimension.

4.1. The main statement

Theorem 1. Assume X = {Xj, ...X} are independently sampled from a continuous distribution over M., and consider the
problem of minimizing f, (M, P, Q; X) over Mp.q X My, then
1. if n < max|[p/q, q/p] + 1, there is no unique minimum,

2. if n > p/q+ q/p + 1, there is a unique minimum a.s.,
3. if n > p/q+ q/p + 1, the GFF converges starting from any point of My to this unique minimum a.s.

Proof. This is a direct corollary of Theorem 4 from Section 6.7. O
Remark 2. The statement of the theorem is valid for any continuous distribution and is not limited to the Gaussian ones.

Indeed, the claim does not assume any specific statistical model and does not provide statistical guaranties (e.g. consistency),
but rather treats the questions of the existence and uniqueness of the minimum.

Remark 3. Note the gap between items (1) and (2) containing one (when p # q) or two (when p = q) integer points which
cannot be eliminated. We discuss this phenomenon below in more detail.
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4.2. Sketch of the proof

In this section we discuss the main building blocks of the proof of Theorem 1 leaving the technical details to Section 6.

e Reduction to the centered case. Let

Ex(PRQX) =fy(0,PR®QX), (14)
then minimization of g over M does not require optimization w.r.t. the mean parameter. The general case with the
unknown expectation can be reduced to it through the following observation. Given a family X = {Xy, ..., Xp} C Mpxq
of nrandom p x q matrices, there always exists another family Y = {Y1, ..., Yo—1} C Mpxq of n — 1 random matrices,
such that

Ex(PRQY) =Fr(M,P®QX). (15)

Lemma 11 from Section 6 shows why this is true and justifies our transition to the zero mean case. In the remainder of
this section we treat the zero mean setting.

e Necessary conditions. Since we require the solution to be composed of invertible matrices P and Q, (12) must hold at
the extremum point. Note that its right-hand side is not invertible for n < max[p/q, q/p], therefore, returning to the
non-centered case and compensating for this by adding one sample, yields item (1) of Theorem 1.

o Sufficient conditions. To derive the sufficient conditions, in Section 6 we change the parametrization of g by

5 (p-1 -1 RN
gePRQX) =Ev(P ' OQ LX) =3 (PXQX) —InPoQ, (16)
i=1

and introduce a specific metric over £ (RP x R?), w.r.t. which the set M 4 and the function g (P ® Q; X) are convex. The

desired solution exists and is unique if and only if g ;- tends to +oc0 on the boundary as shown in Lemma 4, in which case it

is also strictly convex. Theorem 3 then demonstrates that this happens a.s. w.r.t. the distribution of X whenn > p/q+q/p.

In the next section we demonstrate the reasoning behind these claims by exploiting the p = q = 2 case in more detail.
e Convergence of the GFF. Suppose we are given a pair of matrices (Py, Qg) € M and use (13) to generate the sequence

Py P; P, >< ..
Q Q Q R
Here, the successive iterates P, Qj;1, Pj12, . .. are obtained by minimizing g, w.r.t. Q when P; is fixed and similarly by
minimizing w.r.t. P when Q; is fixed, etc. As we have mentioned in the previous paragraph, g is a.s. strictly convex and

tends to 400 on the boundary when n > p/q 4 q/p. This guarantees a decrease of the target function on each iteration
and the convergence of the sequence (P;, Qj+1) to the unique minimum, hence, (P;, Q;) converges as well.

(17)

Let us now illustrate the main arguments by a simple low dimensional example.

4.3. p = q = 2 case study

Assume RP = RY = R?, X = {Xq, ..., Xn} C Moy, consists of n matrices and we deal with the case of zero mean. We
are going to show a bit more than we have announced in the previous section, namely, we will prove that

1. If n = 1, the set of minima is non-empty and forms a submanifold of dimension 3 with probability one. In particular, a
minimum exists but is not unique.
2. If n = 2, there exists a polynomial D(X, X;) such that
e if D(X1, X3) > 0, there is no unique minimum of g, over My,
e if D(X1, X3) < 0, there is a unique minimum of g over My,
both happening with positive probabilities.
3. If n > 2, there is a unique minimum of g, over M .

As explained in Section 6.2, the set My C £ (R? x R?) is convex w.r.t. to a specific metric change. In addition, Lemma 4
demonstrates that the solution to the optimization at hand exists and is unique if and only if g, tends to +oco on the
boundary, which we use below.

1.n = 1 case. Here, both equations in (12) (after replacing P and Q by their inverses) become identical to
1
Pl = 5x1QxI. (18)

This equation defines a submanifold M,, C M isomorphic to & (R?) containing Q-s, and, therefore, having dimension 3. A
straightforward computation shows that the value of g is constant on .M. Since g is convex, all points of .M,;, are minima.
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2.n = 2 case. It turns out that the critical question defining the behavior of the solution here is whether there exists a vector
t € R? such that X;tand X,t are parallel. If the answer is negative, the minimum exists and is unique, otherwise, if it exists, it
is not unique. As Lemma 4 item (4) shows below, such vector t does not exist if and only if g tends to +o00 on the boundary
of M . Next we explain the reasoning in more detail and explicitly construct such t.

Consider a sequence My > {(Pj, Qj)} — My, meaning that either P; tend to a singular matrix or the norms of Q; are
unbounded (or both). Below we suppress the j indexing of the sequences to simplify notations. In other words we distinguish
between two cases: (a) either ||P||; and ||QJ|» are bounded or (b) we may assume that in some appropriately chosen bases
{s1, so} and {tq, t;} for P and Q, respectively, we have

a 0 m 0
p=(0 J Q=<O », (19)

where o < 1 and we assume (after swapping the eigenbasis of Q, if necessary) that 4 — 400 not slower than 7 (if n is
bounded this is vacuously true).

In the first case, when the spectral norms are bounded, the trace term of g is bounded. Since in this scenario at least one
of the matrices must tend to a singular one, In |P ® Q| — —oo, implying g, — +00. In the second case we have sequence
(19) and note that the logarithmic term of g has a summand tending to —oo with the rate not greater than In p. Assume

Xit; and X, t; are not parallel for all t1, then at least one of X;-s has a non-zero (2, 1) element. Suppose thisis X; = (1; ﬁ;)

with x,1 # 0, then the scalar products part of g, is not less than %|x21 |2 1. Hence, this part of g tends to 4-o0c faster than
the negative part and totally g, — +00 on the sequence at hand.

Now suppose that there does exist a vector t € R? such that X;t and X,t are collinear. Normalize t and form an
orthonormal basis {t, t'} in the space of Q. After this, normalize X;t, which we denote by s, and complete it to an orthonormal
basis {s, s’} in the space of P. In these bases each X; reads as (here we omit index i in matrix elements for simplicity)

(X1 X2
Xi = ( 0 x22> . (20)
Now define a new sequence in the chosen bases
! 0 0
P={u "|. Qz(ﬁ J, (21)
0 1
with 4 — +o00. Then P ® Q tends to the boundary of M,
InP®Q|=2In|P|+2In|Q| =2In|PQ| =0, (22)

and for each X;,
2 2 2 1
(PXiQ. X;) = x7, + x5, + Xzzﬁ- (23)
Hence, g is bounded on the sequence {(P, Q)} and we are done with this case.

Next we derive a condition on X; and X; telling whether such a mutual t exists, which will suggest us the probability of
such event. Let in the original bases X;, X, and tread as

Xy a b o
‘:Q J, &:Q,J, t:@) (24)

We look for all triples (Xy, X5, t) such that X;t and Xt are collinear, which is equivalent to

ax+ By oaa+ Bb|

au+pv ac+ pd =0. (25)
The latter can be written as

X al - X b y a y bl

u el +(u dl C)oe,B+v dﬂ_O. (26)
Calculate the discriminant of this quadratic

2
_(|x b y a x ally b
D(X1’X2)_(u d‘+v c) —4y ol d (27)

Note that D(X;, X,) is a non-zero polynomial and there is t € R? with the required properties if and only if D > 0. If the
density of the distribution of (X1, X;) is a.s. non-zero, then clearly D > 0 and D < 0 both hold with non-zero probabilities.
3.n > 2 case. Here a similar computation shows that we a.s. cannot find a vector t such that X;t are collinear, therefore, the
above arguments imply the existence and uniqueness of the minimum.
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4.4, Remarks

To summarize, the answer to the existence and uniqueness question can be completely described in terms of the following
indicator variable:

¢(X) = essinf dim Y X;(u) ] . (28)
ucR2\0 Xiex

Whenn = 1,¢(X) = 1as.,inthecasen > 2, (X) = 2 a.s., and these two situations correspond to the uniqueness and

non-uniqueness. When n = 2, we have

1, ifD>0,
f(x):{z, ifD < 0, (29)

where both events happen with non-zero probabilities, i.e. £ (X) is not a constant a.s. This intuitively explains the one sample
gap between the necessary and sufficient conditions in Theorem 1.

In arbitrary dimension the ideas described above generalize as following. In order to guarantee the desired asymptotic
behavior of the target function, our aim would be to avoid the following situation: there is a random subspace U C RY such
that the dimension of ZL] X;U is less than min[n dim U, p] with non-zero probability. As the proof of Theorem 1 shows,
when the number of samples satisfies the required condition, such event will a.s. not happen.

Let us focus on the gap between the necessary and sufficient conditions appearing in the statement of Theorem 1

1:[max<p,q)+1, p+q+1:|. (30)
q p q p

This interval contains 2 points in case p = q and only 1 point otherwise. The same argument as in the example above (note
that in the example we considered the known mean case, therefore the n = 1 case considered there would correspond to
n = 2 here) shows that whenp = gand n = max [p/q, q/p]+1 = 2 € J, there are multiple minima. Therefore, there is only
one untreated integer point p/q + q/p + 1 left inside the interval . However, we do not investigate deeply the behavior of
this remaining value due to the following reason. As the two dimensional example above suggests (this corresponds to the
case n = 2 case in the example), in this case uniqueness and non-uniqueness happen with non-zero probabilities, making
the analysis hard. Since there is only one untreated point left and the treatment involves quite non-trivial calculations,
the game does not worth the candle. We believe that in general dimensions this missing point of the interval exhibits the
same behavior, and both events “existence and uniqueness” and “existence and non-uniqueness” happen with non-zero
probabilities.

5. Robust Kronecker product covariance estimation

5.1. Tyler’s estimator

As we have already explained in the Introduction, when robust covariance estimation is considered, the most popular
tool used by practitioners is the so-called family of covariance M-estimators introduced by Maronna [34]. We focus on a
distribution-free member of this class introduced by Tyler and named after him [52]. Tyler’s covariance estimator, given by
formula (4), can be equivalently defined as a covariance parameter MLE of a certain spherical distribution [22,47] as follows.

Definition 1. Assume ®y € »(RP), then
p(X) = I"(p/2) 1
27" 100](xHO, 'x)P/2

is a probability density function of a vector x € RP lying on a unit sphere. This distribution is usually referred to as the Real
Angular Central Elliptical (RACE) distribution [22], and we denote it as X ~ U(@y). The matrix @y is referred to as the shape
matrix of the distribution.

(31)

RACE distribution is closely related to the class of Generalized Elliptical (GE) populations, which includes Gaussian,
compound Gaussian, elliptical, skew-elliptical, RACE and other distributions [18]. An important property of the GE family
is that the shape matrix of a population does not change when the vector is divided by its Euclidean norm [17,18]. After
normalization any GE vector becomes RACE distributed. This allows us to treat all these distributions together using Tyler’s
estimator, which is the MLE of the shape matrix parameter in RACE populations and is unbiased when a specific scaling is
fixed [22,47].

5.2. Robust setting and problem formulation

In order to proceed to the KP structured robust covariance estimation, we introduce the following setting. Assume we are
given n i.i.d. centered real p x g matrix measurements X = {Xy, ..., X;} and our goal is to determine what is the minimal
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number of samples n needed to ensure the existence and uniqueness of Tyler’s estimator under the KP constraint. We use
the MLE formulation of Tyler’s estimator and consider the corresponding optimization program. Specifically, we search for
positive definite P and Q minimizing the target

1
pq

which is a robust version of the G-CARMEL estimator and is named R-CARMEL.

The target f¢ is naturally defined over M introduced in (7) and Remark 1 applies here as well, therefore, we use the
same notational convention. In addition, fg is scale invariant fg (AP ® Q; X) = fe (P ® Q; X), hence, we rather consider fe¢
over

fPRQX) = —In|P®Q| + % > In(Tr (PTXQ7'X])). (32)
i=1

Mg =My /{PO®Q~APRQ, A > 0} (33)

The induced map My — Mg is surjective and has no critical points. The composition £ (V) x £ (U) — My — Mg admits
a section, thus, we may treat Mg as

Mg ={(P,Q | [Pl2 = 1Qlz = 1} C P(R”) x P(RY), (34)

which provides M¢ with a smooth manifold structure. The reason we still use .M 4 is the metric it possesses, whereas we
cannot provide Mg with a similar metric. Below we demonstrate that the same changes of parametrization and metric as
we utilized in the Gaussian case, make fg convex and significantly simplify the treatment. On the other hand, we need Mg
when we talk about the uniqueness of the extremum, since there is no uniqueness of the minimum of f¢ over M due to
the scaling ambiguity.

Minimization of fg w.r.t. P and Q yields a critical point defined by the following system

IR XQ X/
o =7 1T (Pf]XiQﬁlxiT)’

1 <& X/ P71X;
= ; Tr (P-1XQ X/ )’

(35)

Similarly to the Gaussian case, there does not exist a closed form solution to this system, and an iterative solution is required
which we call the Robust Flip-Flop (RFF). It is also a descent algorithm and converges starting from any initial point due to a
similar reasoning. If one wants to remain inside the set M¢ on each iteration, he has to normalize the iterates on every step

~ 1 & Xin?]X,.T
Pip1=— Z [ R—p—
an = Tr (P 'XiQ'X)
~ 1< X P X,
U= X X))
pn = Tr (P 'XiQ 'X/') (36)
Pt
Py = <~——),
[IPjs1ll2
Qi1
Q1 == .
Q1112

The above reasoning regarding the scaling invariance of the solution explains that when the solution exists and is unique,
such normalization does not affect the convergence.

5.3. The main statement

In the robust setting described above, a more intuitive result concerning the R-CARMEL estimate and the RFF can be
obtained.

Theorem 2. Assume X = {Xj, ...X} are independently sampled from a continuous distribution over M., and consider the
problem of minimizing f¢ (P, Q; X) over Mg, then

1. if n < max[p/q, q/p], there is no unique minimum,
2. if n > max[p/q, q/p], there is a unique minimum a.s.,
3. if n > max[p/q, q/pl, the normalized RFF scheme (36) converges starting from any point of Mg to this unique minimum a.s.

Proof. The proof can be found in Section 7. O
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A few points are in place here.

Remark 4. Note that unlike the Gaussian case treated before, here it is natural to assume the mean to be known to get a
tractable MLE program. This explains the reduction of the necessary number of samples by one in item (1) of Theorem 2
compared to Theorem 1.

Remark 5. It is also worth noting that in the robust case the gap between items (1) and (2) consists of one point only, which
distinguishes this case from the Gaussian scenario. The robust result clearly provides a sharper threshold between the mode
of existence and uniqueness of the MLE and the mode where it does not at all exist.

6. Proof of Theorem 1

This section treats the Gaussian setting and utilizes a few useful concepts and techniques from commutative algebra.
Therefore, for the reader’s convenience we transition to a more general treatment of linear spaces, their tensor products,
operators over them and a few more related notions. For this purpose, the next section introduces some additional notations.

6.1. Additional notations

Abstract vector spaces are denoted by capitals V and are assumed to be real Euclidean spaces, their dual spaces are
denoted by V*. Scalar products are denoted by (-, -) and the corresponding norms by || - ||. Spectral norms of operator are
denoted by ||-||,. For an operator A, its adjoint is denoted by A*. Note that the scalar product induces a canonical isomorphism
V = V*. If we identify V with the space of columns R? in some orthonormal basis, then V* may be identified with the space of
rows RP. Then the dual basis in V* is also orthonormal and the isomorphism between V and V* is given by the transpose map.
For a self-adjoint operator A, we naturally define its real powers and continuous functions of it via continuous functional
calculus.

We may naturally identify V ® V* with Endr (V) via (v ® &)(u) = £(u)v, then the scalar product on V ® V* induces a
scalar product on Endg (V) such that for any operators A and B, (A, B) = Tr (AB*). If we identify V with RP, then Endg (V) is
identified with A, (R), A* becomes AT, and (A, B) = Tr (AB"). Given two Euclidean spaces V and U, the scalar products
on V and U induce one on their tensor product V ® U. . .

For any topological space X, we denote its one-point compactification by X, i.e. X = X U {oo} with the base of
neighborhoods of co consisting of the sets X \ K U {oo} for all compact K € X. For a non-compact topological space X, we
denote {co} by 3X. As an exception, for the real line R, R will be a two point compactification, i.e. R = {—oco} LI R LI {400}
endowed with the usual topology making it homeomorphic to the closed unit interval. Given two sequences w, and t,, we
write w, < 7, if w, /T, = 1asn — oo, while we will usually suppress the n index.

In this section we shall treat the negative log-likelihoods as functions of the inverse matrices P~! and Q™' (as we already
did while discussing the example in Section 4.3). We do so to simplify calculations and note that this change does not affect
existence and uniqueness of the extrema in the problem at hand. Therefore, we denote

fyMPRQX) =fy(MP'®Q i X) = %ZTr (P(X; — M)QX; —M) ") —In|P® Q) (37)
i=1
avPOQX)=fy(0.PRQX) = %ZTr(PXfoiT) -InP® Q. (38)
i=1

6.2. Metric over P (V)

We endow the cone of the positive definite operators over V, #(V), with a Riemannian metric, whose geodesic
connecting any two points P, R € # (V) is given by

t
v (P,R) = P? (P—%RP—%) P}, 0<t<l. (39)

Due to the limited space, we omit a discussion of this metric and its properties. For more details on the relation of this metric
to the MLE problems considered here, consult [38,55-57] and references therein. If we allow t to run over R, then we call
the obtained curve an extended geodesic curve.

Fact 1. A direct computation shows that the Riemannian metric we have just introduced is invariant under inversion. In addition,
we note that the log-determinant function is a linear function of t on the geodesic curves y; (P, R).
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Lemma 1. Let V be a vector space,x € V,S € P (V) and
o) = (8%, %), tER, (40)

then its second derivative reads as
2
@!(t) = (In*(S) $'x, X) = Hln(S) s%xH >0, (41)

in particular, ¢x(t) is convex. In addition, the following are equivalent:

1. ¢ (t) =0 forsomet € R,

2. 9(t) =0 forallt € R,

3.8x=x

Therefore, if ¢y is linear in an open neighborhood of some t,, then ¢y is constant on the whole R.

Proof. Since (S*)’ = In(S) S' and In(S) commutes with any power of S, we get (41) and the convexity follows.

Note that (2) implies (1) and, therefore, it is enough to show (1) — (3) — (2).1f Sx = x, then for any real t, S'Xx = x.
Hence, ¢y is constant on R and we get (3) — (2). Now let ¢ (t) = 0, then In(S) S3x = 0. Since S is invertible, so is 55. and
In(S)x = 0 or, equivalently, X is an eigenvector of S with the eigenvalue 1. Finally, the last claim follows from the fact that

2
ox(t) = ‘ SéxH > 0 and the only linear nonnegative function is a constant function. O

Lemma 2. Let V be a vector space,v € V, and P, R € £ (V), then
wy(t) = (v, (P, R)v) (42)
is convex and the following are equivalent:

1. wy is linear on some open subset of R,
2. wy is constant on the whole R,
3. Pv =Rw.

Proof. It is an immediate corollary of Lemma 1 if we set S = P 2RPZ and x = P%v. O

6.3. Convexity of M and gy

Let V and U be vector spaces, then their tensor product naturally induces a map
®: P(V) x P(U) - L(VU), (43)
sending a pair (P, Q) to the product P ® Q. We denote the image of this map by M . The identification
My ={P,Q [Pl =1} C P(V) x P(U) (44)

provides My with a structure of a smooth manifold. Intuitively, this amounts to saying that fixing the norm of the first
component of the KP resolves the scaling ambiguity and provides a bijective correspondence between the factors and their
products. Note that the normalization in (44) is chosen arbitrarily, and the specific choice does not affect the existence and
uniqueness results. In addition, we have

Lemma 3. The manifold M C P (V ® U) is convex w.r.t. the geodesic metric defined in Section 6.2.
Proof. SinceP® Q=P®I-1® QandP ® I commutes with I ® Q, we have

nP®QRQAT) =y (P,R) @ 1 (QT), (45)
where the right-hand side is in M 4, thus we are done. O

Below we also make use of the following simple
Fact 2. For any distinct P,R € P(V), »(P,Q) — ocoast — £oo.

Lemma 4. Let V be a vector space, X C V - a fixed finite subset, P € £ (V) and

gP:X) = — 3 (Px. 0 — In|P, (46)
|X| xeX
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then

1. g is convex w.r.t. the Riemannian metric (39),

2. gislinear on y; (P, R) for some P,R € £ (V) ifand only if Px = Rx for allx € X,

3. if g has two minima P # Rin »(V), then the whole extended geodesic y; (P, R), t € R consists of different minima,

4. let U be another vector space, My C P(V Q U) as before,and g : M, — R extends g, such that g, (c0; X) = +o0, then
gy is continuous if and only if g, has a unique minimum.

Proof. (1) In|P| is linear on geodesics and, thus, convex by Fact 1. Lemma 2 implies that each (Px, x) is convex, therefore,
sois g(P; X).

(2) This follows from the (3) — (2) implication of Lemma 2.

(3) The convexity implies that the restriction of g onto 3, (P,R), 0 < t < 1, is constant and, therefore, linear. Now the
(1) — (2) implication of Lemma 2 finishes the proof.

(4) Let us show the sufficiency of the condition. Indeed, if g, is continuous then it achieves a minimum at some interior
point (that is the existence). If such minimum is not unique, then by (3), g, must be constant on the whole extended
geodesic and cannot be continuous when approaching the boundary, since g (0o; X) = +o0.

We proceed to the necessity. Let Sy € M y be the unique minimum and v = g (Sp; X). We denote by Ts, M y the tangent
space to our manifold at the point Sy, and choose a tangent vector R € 75,.M y. Let ;(R) be the geodesic starting at S in
direction R,

R =Sy and y,(R) =R (47)

The explicit formula for y; reads as
Yi(R) = CoeSo *% ' ¢, (48)
1
where Cy = Sé .In particular, y;¢(R) = y:(AR) for any A > 0. Set §;(R) = gy (#:(R); X). We claim that

o = min §;(R) > 0. (49)
[RI=1

Indeed, suppose &;(Ry) = 0 for some Ry, then since §;(Ry) is convex and t = 0 is the minimum, &;(Ro) is constant for
0 < t < 1. Thus, the minimum is not unique, which is a contradiction.

Denote by B? the centered open ball of radius t in 75, .My and B;- its closure, then y; (B?) is a family of open neighborhoods
of Sg with compact closure K; = y1(B;). Thus, we need to show that

inf P X)) > , ast — . 50
pDf Ev(POQX) — too +00 (50)

Indeed,

R
inf gy(P®Q;X)= inf R); X) > — ;X)) >2o(R| =D +v=o(t—1)4+v, 51
I,QMK[gN( QX) reny gEx(1(R); X) > gx (yunu (”R”> ) (IR =1 ( ) (51)

IRlI>t

where in the last line R € 75, My is any matrix of norm at leastt. O

6.4. The set of “bad” samples

Depending on the set X, gy may happen to be not strictly convex on .My, or equivalently, g, is not necessarily
continuous. In this section we discuss when this situation occurs and compute the measure of the set of samples making g
discontinuous.

For a vector space V of dimension p and natural numbers d, s € N, define

Gys(V) = {(vq,...,vs) € V° | dim{vy,...,v) =d} CV* (52)

to be the set of all s-tuples of vectors in V, spanning subspaces of dimension d. G45(V) is a smooth manifold of dimension
(p + s — d)d. Note also that G44(V) € V¢ is an open subset, moreover, if we represent V¢ = V ® R?, we get an action of
GLq(R) on V¢, which restricts correctly onto G44(V) and is free.

Before giving a precise statement about what Diagram 1 displays, let us provide an intuitive explanation of it. The operator
analog of a p x g matrix is an element of Hom(U, V), thus our n matrix measurements in X together represent an element
of Hom(U, V)". We next take d linearly independent vectors in a g dimensional U and apply all the elements of our n-tuple
to them — this provides us with dn vectors in a p dimensional V. If we now take all the pairs of such n-tuples of operators
and d-tuples of vectors in U, and consider the described action of the former on the latter, which we call ¥, we get the first
line of the diagram at hand. Let us now consider all the sets of dn vectors inside V spanning subspaces of dimension r and
take their preimage under ¥. We get a subset Z4,, of Hom(U, V)" x G44(U) depicted in the diagram. Finally, the leftmost
arrow 7t denotes the projection of this set onto Hom(U, V)". This informal description is made precise by the following
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Ay g = Hom(U, V)™ x Gg4(U) Y, ydn
U U
Hom(U, V)™ = Zinr Gran(V)

Diagram 1. Diagram from Definition 2.

Definition 2. Let V and U be vector spaces of dimensions p and g, respectively, and n, d, r € N be such that d < q. Consider
Diagram 1, where ¥ is defined as

¥ : Hom(U, V)" x Ggq(U) — V", (53)

(@1, s ), (U, ..., ug) = (o). (54)
Identify V" = V" ® RY, then ¥ reads as

(@1, .- @), (U, ..., W) = i1 @ €, (55)

and C € GLy(R) acts by I ® C. Define Zg,r = ¥ ! (Gr4n(V)) and 7 to be the restriction of the projection along Gg4(U).

Lemma 5. With the notations of Definition 2, for each (uy, ..., uy) € Gyq(U) the map
2 : Hom(U, V)" — v, (56)
(@1, -5 ) = (piu)) (57)

is surjective.

Proof. 2 is a direct sum of n maps
w: Hom(U, V) - V¢, (58)
@ = (puy, ..., oug). (59)

Now we choose bases in V and U such that V. = RP and U = R% Then Hom(U, V) = Mpyq and V¢ = Mpq. Let
U =[uy,...,uy], then wreads as

01 Mpxg(R) = Mpxa(R), (60)
X — XU. (61)

Since d < q and the columns of U are linearly independent, U is of full rank. Hence, the map w is surjective. O

Lemma 6. With the notations of Definition 2,

1. W is surjective and dW¥ is surjective at each point,
2. Zgnr is a smooth manifold with

dimZg,, =pqgn+qd —(p—r)(dn—r), (62)
3. a non-empty fiber of m has dimension at least d>.
Proof. (1) To show ¥ is surjective, let (uq, ..., ug) € Gg44(U). Now it is enough to show that

w(, (uy,...,u9): HomU, V)" — v (63)

is surjective, which follows from Lemma 5. We proceed to the surjectivity of d¥ at any point ({¢;}, {u;}). Since Gq4(U) €
U4 is open, identify the tangent space of G44(U) at {u;} with U9, then

d({(pi}y{uj))lpi Hom(U, V)" x Ut — Vdn, (64)
({(/)l*}a {llj*}) g ((/)i*uj + (/)ju;-k). (65)
Takingu =0, j=1,...,d weget ({¢;}, {0}) — (¢;'u;) and the result follows from Lemma 5.

(2) The fact that Zg4,, is a smooth manifold follows from (1) and the Implicit Function Theorem. A direct computation yields
dim Zg,, = dim spg + dim G, g, (V) — dim v
=pgn+qd+ (pP+dn—r)r—pdn=pqn+qd — (p —r)(dn —r). (66)
(3) GLg(R) acts freely on the fibers of 7, so the dimension of a fiber is at least dim GLy(R) = d?>. O
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Corollary 1. With the notations of Lemma 6, if n > p/q+ q/p andr < dp/q, then w(Z4,,) is a set of Lebesgue measure zero.
Proof. By Sard’s theorem, it is enough to show that the image of 7 consists of critical values only. So we need to show that

rk () < dimHom(U, V)". (67)
Since

tk () < dim 7w (Zgnr) — d2, (68)
by Lemma 6 item (3), it is enough to prove that

dim 7 (Zgny) — d* < dim Hom(U, V)". (69)
By Lemma 6 item (2), the latter is equivalent to

pqn+qd — (p —r)(dn —r) < pqn, (70)
therefore, we need

—d
1 —|—£<n, VlgdgqandOgrgdB. (71)
p—r d q

Differentiate the left hand-side w.r.t. r to see that it is a strictly increasing function of r, thus, it is enough to demonstrate
the inequality for r = dp/q, which is

—d
p—d? g p ¢

and holds by the assumption. O

Corollary 2. Let V and U be vector spaces of dimensions p and q, respectively, and X - a finite mutually continuous family of
random operators from U to V such that

x> 243 (73)
qa p
then for each random subspace E C V we have
dim )~ XE
i > b a.s. (74)
dimE q

Proof. Note that X is distributed over Hom(U, V)", then

dim )" XE
XeX p
X|FECU: ——— < — :|| Z , 75
= dimE q - 7 (Zdnr) (75)
<<qp
o<r<d

q
and the result follows from Corollary 1. O

Note that in Corollary 2, we do not care whether p > qorq > p. When p > g, the inequality may fail if XE is not big
enough compared to E, and when q > p, it may fail if E belongs to the kernels of all samples X.

6.5. Flags

In the proof of the main theorem (see Theorem 3) we will analyze the behavior of g, (P ® Q; X) when P ® Q tends to oc.
There are many ways P ® Q may tend to the boundary and in order to classify all possibilities we utilize the flag machinery
introduced next.

Definition 3. Let U be a vector space, then a flag & of length s in U is an ascending sequence of proper subspaces of U

F={0=UyCU -~ CU| U C U (76)

A flag is called non-trivial if 0 C U; ¢ U. A subsequence of ¥ is called a subflag. Let V be another vector space and
g = {Vi} be aflag of length sin V.Let {: U — V be a linear map with ¢U; C V; for each i < s, then we write {F C §.In
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addition, for all 0 < i, j < s define
I1(F, $)ij = q(dimV; — dim V;) — p(dim U; — dim U;). (77)
Ifr={ry > --- > r; > 0} is a vector of strictly decreasing real numbers, we define
S
C(F, . 1) =Y RlI(F, §i-1i, (78)
i=1
and note that

(%, §)ij + I1(F, §)ji = I1(F, $it- (79)

Lemma 7. Let V, U and §, ¥ be as above. If IT(¥, )o; > Ofori=1,...,s, then there exist subflags ¥’ C ¥, §' C g, and
a subsequence r’ C r - all of length s, such that

H(?l, 9,/)01 > 0, H(?/, 9,,)1;11'20, i= 1,...,5/, (80)
and C(F, G,r) > C(¥', 4, ). In particular, C(¥, §,r) > 0.

Proof. The proof is by induction on s and the base s = 1 is the hypothesis of the lemma. Now let s > 1 and assume the
claim fails for # and 4, then for some t < s

II(F,9)i-1i>20 Vi<t, and II(F,$)—1: <0. (81)
Construct ' and g’ from F and § by excluding U;_; and V,_, respectively, and r’ from r by excluding r;_1, then

C(F.§.0) = Y HI(F.§iti+ 1ot TI(F, §emzemr + TeII(F ., §)ire
i£t—1,t

> Y RI(F, @icri+ 1 TIHF, §eae1 + T(F, §er0) =C(F, ). O (82)
iAt—1,t

6.6. The known mean case

In this section, we prove our main result assuming the mean to be known. For this purpose we need a few auxiliary
results.

Lemma 8. Let A, u and y be positive sequences such that Ay = O(Iny) and y — +00, then

InA~! > Inw + o(Iny). (83)

Proof. A;u = o Iny, with o < « for some constant «. Taking logarithms yields
Inl+Ing=Inlny +Ine, (84)

hence,

N2 '=Inp—In Iny —lne>Inpg—Inlny —Ilnk =lnp+o(lny). O (85)

Theorem 3. Let V and U be vector spaces of dimensions p and q, respectively, My C P(V® U) asin (43)andX C V® U-a
finite mutually continuous family of random vectors such that |X| > p/q + q/p, then gy : My — R extends to a continuous
function g : My — Rvia gy (00; X) = +o00. In particular, there exists a unique minimum of g, over M .

Remark 6. Note that the statement allows the members of X to be statistically dependent and does not require identical
distribution. This generality is necessary when we treat the case of manually empirically centered samples below and makes
application of Theorem 3 possible without additional adjustments.

Proof. By Lemma 4 item (4) it is enough to show that g, (P, Q; X) — +o0 as (P, Q) — o©. Suppose on the contrary, that
there exists a sequence (P, Q) — oo (we omit the j indexing in {(P;, Q;)}; to simply notations) such that gy (P, Q; X) < «
for some constant «. Rewrite g as

gv (P, Q X) =Z<ﬂx(P,Q)+w(P,Q) =¢P.Q + V(P Q, (86)

XeX
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where

1
ox(P,Q = W(PXQ, X), ¢@PQ=-InPRQ (87)

Recall that M, can be identified with
My ={(P,Q | [Pl =1} C (V) x PU). (88)

If ||Qll, is bounded, then the sequence (P, Q) tends to a singular pair (at least one of the matrices tends to a singular limit).
In this case, ¢ (P, Q) =< 0(1) and ¥ (P, Q) — +o00.
Now assume ||Q|l, — -oo, the only problem here is that —p In |Q| may tend to —oo. We should show that we can

compensate for this with the other summands. Let 0 be the spectrum of Q, then it can be partitioned as ¢ = ol U a(,%
such that
e foreach u € ogo, Inp =< r, In|Qll,, where r,, > 0is constant,
e foreach u € 62, Inp = o(In [|Qll,).
Order the elements of ogo by their rate of convergence
0% =odu---uel (89)

where

e foreach u € a?, w=1Qll,,
e foreach u, u' € a?, lim /0 is a non-zero constant,
e foranyi, if u; € o?, then pir1 = o).

For a fixed i, let ikl—} be the sequence of random subspaces of U generated by the eigenvectors corresponding to o;, and K;
be the limit of {K;} (it exists after passing to an appropriate subsequence, if needed). Now Uy = @;« K;j form a non-trivial
random flag of length s in U,

F={0=U0pCU CU, C---CU | U C U} (90)

Let ¢® be the spectrum of P and set
of = (1 €d® | A = 0(In[|Ql,), for u; € ¢} (91)

By the definition of a?, or{’ does not depend on the choice of u; € or?. Let {L;} be the sequence of random subspaces of
V generated by the eigenvectors corresponding to a,!’ and L; be the limit of {L;} (here again, it exists after passing to an
appropriate subsequence). Denote Vi = @®;< L; and define

9:{O:V0§Vlg"'gvs|vsgv}a (92)

which is a flag of length s in V. We denote the orthogonal projector in V ® U onto L; ® K; by ;.
Now there are two possibilities:

o X e X : XF & G.LetXU; £ V;, i.e. there is some j such that In |Qll, = o(A;u;) and 7;;(X) # 0, then
1 1

0P, Q > ¢x(P,Q = —(PXQ, X) > —

X1 X1

and ¥ (P, Q) = 0(In [|Qll;) = o(Aiw;), hence, gy (P, @ X) — +o0.

e VX € X : XF C §.Since ¢(P,Q) / —oo, we can ignore this summand when considering the asymptotic behavior.
Compute ¥ (P, Q) = —q In|P| — p In |Q| explicitly,

Lipi | (X2, (93)

N
—qIn|P|=q) (dimV;—dimV; 1) InA;" —qIndetP|,., (94)
i=1

S
—pIn|Ql = —p) (dimU; — dimU;_1) In ; + o(In Q). (95)
i=1

where A; € a,!’ and u; € a?. Note that —q In detP|VS¢ -+ —o0, therefore, we may drop this summand. Since
ui < r;In||QJ|,, by Lemma 8 we obtain

—In[P®Q 2 C(¥, 4.1 In|Ql, + o(n Q). (96)
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thus, it is enough to prove that the coefficient C(F, &, r) is positive. This would follow from Lemma 7 if we prove that
II(F,4)oi > 0for 1 <i<s.Indeed,

. . . dimXU; p
I(F, )i = qdimV; — pdim U; = qdim U; - .
dim U; q

(97)

Since F is non-trivial, dimU; # 0 fori > 1. |X| > p/q + q/p, thus, due to Corollary 2 the expression in brackets is a.s.
positive. This finishes the proof. O

The proof we have just presented may be complicated to grasp due a large amount of new notations and technical details,
therefore, we now explain it in an informal way. Using the same notations, let us describe the main point of using flags.
Choose bases in U and V respecting the subspaces K; and L;. In these bases all the samples X € X has s blocks of rows and s
block of columns corresponding to L; and K;, respectively. Hence, each sample consists of s? blocks. Now we can easily count
the contributions of the blocks to the asymptotic of gy (P, Q; X).

The contributed speed of the (i, j)-th block of any X is A;j;, up to a scalar depending on X. In order to determine the
asymptotic behavior of g (P, Q; X) written as in (86), we need to compare the negative impact of v (P, Q) with the positive
one of ¢ (P, Q). The highest rate negative summand appearing in 1 (P, Q) decreases with the rate of at most In ||Q||, up to a
fixed scalar. If A;u; tends to infinity faster than In ||Q||,, then g, (P, Q; X) would tend to +o0.

The problem occurs if all the blocks corresponding to those A;u; growing faster than In ||Q]|, are zero for all X € X. Let
us note that if the (i, j)-th block is zero for all X, then all the blocks with smaller j and higher i (to the left and down of our
block) have higher speed and, hence, must be zero (otherwise we are in the first situation). This precisely means that all the
samples X € X are block upper triangular, i.e. they map flag ¥ into §.

Now we just use these observations together with Lemmas 7 and 8 to explicitly calculate the leading asymptotic term of
¥ (P, Q), which thanks to Corollary 2 grows to +o00 and, therefore, implies the desired.

6.7. The unknown mean case

Let V be a vector space, X = {Xi,...,X,} C V and let {e;} C R" be the standard basis. Define an element x* € V @ R"
asx* =Y x;®e.Thenforany P € P(V),
D (Px,x) = (PR IX', X"). (98)
xeX
Let now introduce the sample mean
A 1
X=— X, (99)
P

and1=11,...,1]" e R"

Lemma 9.
1
1—— — ——
n n n
1 ) 1 :
S= n n ’ e R™M (100)
1 q 1
—— _ e 1 ——
n n n

is an orthogonal projector onto a subspace of codimension 1.

Proof. The spectrum of S contains one 0 eigenvalue and the rest n — 1 eigenvalues are 1-s. O

Lemma 10. Let V be a vector space, X C V be a finite mutually continuous set of vectors, and P € £ (V)- a random operator,
then there exists a set Z C V of mutually continuous vectors such that |Z| = |X| — 1 and

iZ(P(x—@,x—sa = lZ(Pz, z). (101)

|X| xeX |Z| zeZ

Proof. Note thatx* —X® 1 = (I ® S) x*. Let {f;} be another orthonormal basis of R" such that ker S = (f,). Compute

n—1

I®9)x =) yief, (102)

i=1
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and denote Y = {y1, ..., ¥n,_1}, then
Y Px-%).x-%) = (PRS)X".x") = PRIY".y) =) (Py.y), (103)
xeX yeY
where y; are now centered.
Take
IX]—1
IX|

i=1,...,n—1. (104)

The mutual continuity of z; follows from the fact that the function V* — V"~! mapping X to Z is linear and surjective. O

Lemma 11. Let V and U_be vector spaces and X C V ® U- a mutually continuous family of random vectors with |X|
1+p/q+q/p thean(X P, Q: X) as a function of P and Q extends to a continuous fy: My — R vmfN(oo) = 400, in
particular, f has a unique minimum over M y.

\

Proof. Applying Lemma 10, we get a mutually continuous set Z C V ® U such that |[Z] = |X| — 1 and fw(i, P,Q:X) =
gx (P, Q; Z). Now the desired claim follows from Theorem 3. O

Theorem 4. Let V and U be vector spaces, X C V ® U be a mutually continuous family of random vectors with |X| >
1+p/q+q/p,andS =V Q@ U x My, thenfy:S — R extends to a contlnuousfunctloan S—>R vzafN(oo) 400 and,
in particular, there exists a unique minimum of f, over S.

Proof. Note that for a fixed pair (P, Q), the value of M minimizing f is the sample average, which does not depend on the
values of P and Q. Therefore, the result follows from Lemma 11 and Theorem 3. O

7. Proof of Theorem 2

The proof in this section is quite similar to that given in Soloveychik and Wiesel [48], thus, we made it less verbose than
the proof of the previous section. For more details please consult [48]. Analogously to Definition 3, we introduce the notion
of a descending flag and note that the usage of flags in this section is different from that of Section 6.

Definition 4. Let V be a real linear space, X C V be a finite subsetand # = {V =V, 2 V; 2 ---V;, D V; D 0} bea
descending flag of length s in V. Define

A(F,X)ij = dimV; — dimV; — X] (|xmv,| IXNvl), (105)
where 0 < i, j < s. In addition, given a decreasing sequence
r={ri>--->r}CR (106)
of length s, define
S
S(F.X.1) =Y RAF, X)i i (107)

It now follows immediately from the definition that
A(F, X)ij + AF, X)jk = AF, X)ir, 1,j,k=0,...,s. (108)

Lemma 12. Let X C V be a finite subset, ¥ be a flag of length s in V, r be a sequence as in (106), and A(F ', X)o; < 0 for all
i=1,...,s. Then there exist a subflag ¥' C ¥ and a subsequencer’ C r, both of length t < s, such that

S(F.X,r) <S(F.X,r),  AF,X)i-1i<0, i=1,...,t (109)
In particular, S(¥,X,r) < 0.
Proof. The proofis by induction ons. Fors = 1,

S(F,X, 1) =1 A(F,X)1 <O. (110)

Letnows > 1.Ifforalli=1,...,s, A(F,X);_1; <0, then we are done since A(¥, X)g1 < 0. Hence, we may assume that
there is i < s such that

A(?,X)j_ljéo, 1<j<i, and A(F,X)i—1; > 0. (111)
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Set ¥’ to be £ without V; and r’ to be r without r;, then
S(F,X,r) = Z AF, X)j—1j + i1 A(F, X)ic2ic1 + 1AF, X)i—i
JA—1

< Z GA(F, X)j—1j + -1 (A(F, X)iz2i1 + AF, X)i—1) = S(F', X, 1), (112)
A1,

where in the last equality we use (108). Since the length of ¥’ is less than that of  and A(F’, X); is either A(F, X)oj_1
or A(F, X)gj, thus, being negative, the result follows by induction. O

Let V and U be real vector spaces. For any V € V ® U, denote the subspace
VU* ={VE|Ec U} CV, (113)

where V& is the convolution along U.
Lemma 13. Let V and U be vector spaces, and X be a family of i.i.d. continuously distributed random vectors in V ® U, then

dim ) *XU* = min(|X| dim U, dimV),  as. (114)
XeX

Proof. Choose basesin V and U, then the elements of X read as matrices and the space ) "y, XU* is spanned by the columns
of all X € X. Since the elements of X are i.i.d. and continuously distributed, the matrix consisting of all columns of all X-s is
of maximal rank. Since it contains |X| dim U columns and dim V rows, the result follows. O

Corollary 3. Let V and U be vector spaces, K C V be a proper subspace, and X C V ® U be a family of i.i.d. continuously
distributed vectors, then

dim K
dimU

IXNK®U| < . as. (115)

Proof. LetY =X NK @ U,thenE = ) ., YU* C K and Lemma 13 yields
|Y|dimU = dimE < dimK. O (116)

Similarly to the Gaussian case, below we change the parametrization

feP,QX) =P, Q1 X), (117)

which does not affect the existence and uniqueness results. Let the dimensions of V and U be p and ¢, correspondingly, and
partition fg (P, Q; X) as

1 1 1<
fe(P,Q: X) = - In|P| — a1n|Q| +- § In (Tr (PXiQX")) = fo + fo + fx. (118)
i=1

Consider f¢ (P, Q; X) over M¢ defined in (34) and change the scaling by fixing the trace instead of the norm, which in our
new notations means that

TT(P)=Tr(Q") =1 (119)

Lemma 14. Let V and U be p and q dimensional real linear spaces, respectively, then if

max(p, q)

X| > — ,
min(p, q)

fe &> +00 as Mg > (P,Q) — dMg, as. (120)

Proof. Assume on the contrary, that there exists a sequence T = (P, Q) C M¢ (we omit indices for brevity) tending to d Mg
and such that f¢ (T) is bounded. Note that due to (119) at least a part of eigenvalues of P and Q tend to +oo and the others
are bounded by positive constants from below.

LetP = Zle )Ljyjy]T andQ = 2?21 ,LL,-ziziT be the spectral decompositions of P and Q. Passing to a subsequence, if needed,
we may suppose everything to converge here. Below we do not mention explicitly the subsequence argument while it is
assumed to be utilized if necessary. Denote the sets of eigenvalues of P and Q by A and M, respectively. Let A = u}‘:ll Aj
and p be a sequence such thatInA/Inp — r; whenever A € A;andr; > --- > ry, > 1,41 = 0.In particular, InA < r;lnp
for . € A; (if ; = 0, by this expression we mean that In A = o(In p)). Define K; to be the space generated by the limits of
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eigenvectors corresponding to the values in A;, hence, V = 69““ K;. Now set V; = (@}:1 Kj)L foralli =0, ..., u.Define a
flag ¥ of length u as
F={VveUu=V,@U2---2V,QU} (121)
andr = {rq,...,r,}.
In a similar way, let M = ““ M; and v be such a sequence thatInu/Inv — tj whenever u € Mjand ty > --- > t, >

ty+1 = 0. In particular, In u < t, ln v for u € M;. The space generated by the limits of eigenvectors correspondmg to M; will
be denoted by L;, hence, U = &} L. Now we set U; = (&|_, L;)* foralli =0, ..., v. Define a flag § of length v as

={VU=VUy2---2VRU,} (122)
andt = {t, ..., t,}.
LetEj = Vi1 ®@ U1 CV®U,thenforany A € A;, u € Mjand X € V;_; ® Uj_, the limit of
1 1
—PX—Q (123)
Au

exists and will be denoted by R;;(X). By the definition, R; is a composition of the orthogonal projection onto E;; and a positive
operator on the image. Let

Xj=XNVii1®@U \XN(Vi®Ui_1 + Vie1 @ Uj) (124)
1, v+1
then X = L= Ui X

We now proceed to computing the leading asymptotic terms of the summands in (118),

u+l u . .
dimV;_; — dimV;
§ E:r,lnp——BE rlAlnp ==Y ——————Inp. (125)

i=1 reA; i=1 i=1 p
Similarly,
', dimU; dim U;
Z j—1 — jl (]26)
Let X € Xj;, then forany A € A; and u € M;, we have
In(PXQ, X) < InA +Inu +In(A""PX7'Q, X) < riInp + tjInv + In(R;j(X), X) < r;Inp + t;Inv. (127)
Taking this into account, we compute
u+1 r+1 u+1 r+1
fex — ZZ Y (rilnp + glnv) = ~ ZZ ;] (i In p + t; In v). (128)
||1111xeXU ||11}1
We are interested in the asymptotic of the sum fp + fo + fx, whose leading term, when non-zero, can be written as
fe=fr+fo+fx <xAlnp +Blnv, (129)
where
ril
|Xij|
Y dimVi_; — dim Vl utl 1 U dimVi_; —dimV; =
- |Xij|ri = r, -
— 2 =2 | T %
- dimVi_; @ U —dimV;®U [XNVi1QU|—|XNV;QU
=—Z”< i1 ® i®U XNV @UI - XNVi® |)=—S(?~',X,r). (130)
i=1 pq X1
Similar derivation yields B = S(§, X, t). Thus,
fex—-S(F,X,r)Inp —S(4,X,t)Inv, (131)

where the right-hand side is non-zero since at least one pair of eigenvalues tend to +oc due to the trace constraint (119).
In addition, this implies that In p and In v tend to 400, and it remains to show the coefficients S(-) are both negative, thus
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guaranteeing that f¢ — +oo. By Lemma 12, it is enough to check that A(F,X)g; < Ofori=1,...,uand A($,X)g; <0
forj=1,..., v.We have

dmVeU—dmVi®U |[X|—IXNV;i®U| _XNV;®U| dimV

’ pq IX| X p
and we need to show
XNV,iU dim V;
| i ® | < z. (133)
IX| p
By Corollary 3, we get
XNV,U dimV; dimV;
| 1®|<1 i dimVi (134)
1X] qlX| dimV

where the last inequality holds because |X| > max[p, q]/ min[p, q]. After a similar calculation for B, we see that both A and
B are negative and f¢ (T; X) — +o00 as T — 9dMe. This contradicts the boundedness assumption on fg (T; X) and completes
the proof. O

Proof of Theorem 2. Since the KP constraint and the target function are convex in the Riemannian metric introduced above,
the only thing we need to show is that f¢ — +o00 when we approach d.M¢. Lemma 14 proves that this is a.s. true when
max(p, q)
min(p, q)’
and we are done. O

1X| > (135)
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