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1. Introduction

In order to motivate this paper, consider the data in Table 1, arising from an investigation conducted at The Danish
National Institute for Social Research in Copenhagen [6]. In this table, 223 employed men in the age group 18-67 years were
cross-classified according to whether they live in a house or apartment (Mode: Rent, Own) and whether or not (Response:
Yes, No) they had done any work in the preceding 12 months which, in earlier times, they would have paid a craftsman to
do. One of the purposes of the investigation, for which the data were collected in 1978-79, was to estimate the extent of tax
evasion in the construction industry.

In the table, there are many possible relations between the factors: (A1) Response, Age, and Mode are all independent;
(B1) Response is independent of the pair (Age, Mode); (B2) Age is independent of the pair (Response, Mode); (B3) Mode
is independent of the pair (Response, Age); (C1) Given any Mode, Response and Age are independent; (C2) Given any Age,
Response and Mode are independent; (C3) Given any Response, Age and Mode are independent.

To test hypothesis (C1) in the data from Table 1, say, the following procedure would usually be carried out. First, the
value of the log likelihood ratio test statistic G would be computed; the statistic is a special case of Eq. (6). Here, the
observed value of G? is 9.637. Since G? is asymptotically distributed as Xf' (C1) is rejected at the asymptotic 5% level given
that x7(0.05) = 9.488; the asymptotic p-value for G? is 0.047.

Of course, such a conclusion is only valid on the basis of the assumption that the distribution of the test statistic G is
suitably approximated by a chi-square distribution with appropriate degrees of freedom. If the asymptotically approximated
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Table 1
A three-way table from Edwards and Kreiner [6].
Mode Rent Oown
Response Age < 30 31-45 46-67 < 30 31-45 46-67
Yes 29 3 7 23 52 49
No 44 13 16 9 31 51

critical point x2(«) and approximate p-value based on x? are inaccurate, there is a risk that the results of the approximated
test stated above will lead to the opposite conclusion of the test given by an exact critical point. We illustrate the application
of our proposed method with the above data in Section 8.

In this paper, we consider approximations of the distribution of test statistics based on an asymptotic expansion that
is more accurate than the asymptotic approximation. To this end, we develop approximations based on an asymptotic
expansion of the law of test statistics whose distribution is, like G, discrete.

For goodness-of-fit tests for a multinomial distribution, Yarnold [24] obtained an asymptotic expansion for the null dis-
tribution of Pearson’s X? statistic. The expansion consists of continuous and discontinuous terms. Yarnold [24] numerically
examined the accuracy of (i) the chi-square approximation; (ii) an Edgeworth approximation for the null distribution of X?;
and (iii) an approximation based on Edgeworth expansion and discontinuous terms. He proposed the use of an approximation
based on an Edgeworth expansion and discontinuous terms. In a fashion similar to the X? statistic, approximations based on
asymptotic expansions for null distributions of the log likelihood ratio test statistic and the Freeman-Tukey statistic were
obtained by Siotani and Fujikoshi [17]. An approximation of power divergence statistics was obtained by Read [14] and an
approximation of ¢-divergence statistics was obtained by Menéndez et al. [ 12]. The numerical accuracy of the approximation
was shown by Yarnold [24] for the X? statistic and by Read [15] for power divergence statistics.

From the numerical results obtained by Yarnold [24], we notice that the chi-square approximation rarely performs better
than the Edgeworth approximation. Thus, an Edgeworth approximation appears to be an effective approximation of the
null distribution of the above statistics when the discontinuous term in the asymptotic expansion cannot be expressed
in a simple form. When it can, Yarnold’s recommendation applies. Under alternatives, it is very difficult to represent the
discontinuous term in a simple form, both for the earlier mentioned statistics and for more general multinomial models such
as contingency tables. A mathematical explanation is provided in Taneichi et al. [21] and Taneichi and Sekiya [ 19]. Edgeworth
approximations of the distributions of specific multinomial goodness-of-fit statistics under alternative hypotheses were
investigated in [16,20,21]. Taneichi and Sekiya [ 19] discussed approximations for the distribution of statistics used to test for
independence in r x s contingency tables. Based on numerical investigations, it was found that omission of the discontinuous
term does not lead to a serious error.

In a multidimensional contingency table, Taneichi et al. [22] derived approximation of the distribution of statistics for
testing hypothesis (A1) based on an asymptotic expansion. In an r x s x t contingency table, Kobe et al. [10] derived
approximations of statistics for testing hypotheses (B1)-(B3) based on an asymptotic expansion. In this paper, we derive
an approximation of the distribution of statistics for testing hypotheses (C1)-(C3) based on an asymptotic expansion. Using
the continuous term of expansion (multivariate Edgeworth expansion), we construct transformed statistics that are more
reliable than the original statistics.

2. Notation, test statistics and outline of paper

We consider a three-way J x K x L contingency table. Foranyj € {1,...,J}, ke {1,...,K},and £ € {1,..., L}, let Xy,
be frequency of cell (j, k, £), and assume that the sum n of all frequencies is fixed. A generic ] x K x L contingency table is
shown in Table 2. Assume that the random vector

T
X:(X]]]7""X11L7""X1K11"'7X]I(La"'1X]11’"'5)<]]L1"'7X]K]"'~a)<]KL)

is distributed according to a multinomial distribution My (n, p), where

pZ(le~~-’1311L,~-.,p11<1,~~-,1311<L,~-~,P]11,-~,p]1L,~~-,P]1<1,~~-,PJKL)T

)

with pye € (0, 1)forallj e {1,...,]J}, k € {1,...,K},and £ € {1, ..., L}. Let the marginal probabilities of rows, columns
and layers be

K

L J L J K L K J
pj. = Z ijkz, Dk = Z Zpﬂcz, D.e = Z ijkz, Dik- = ijkb Dje = ijkz, Pke = ijkz,
=1 k=1 j=1

k=1 =1 j=1 t=1 j=1 k=1
respectively. When Pr(layer = ¢) > 0, the probability of row j and column k given that the layer is £ is

Pr(row = j, column = k | layer = £) = Pr(row = j, column = k, layer = ¢£)/Pr(layer = £) = pjk¢/D..c. (1)
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Table 2
A generic] x K x L contingency table.
Table of 1st layer cee Table of Lth layer Total
X s Xik1 e XqL e X1k Xi..
Xin e Xik1 e XiiL e Xikt Xi..
X e Xik1 e XL e Xk X..
Total X.]] e X.](] s X.]L s X.K,_ n

When Pr(layer = ¢) > Oforall £ € {1, ..., L}, conditional independence of rows and columns for each layer means that for
allje{1,...,J},ke{l,...,K},and £ € {1, ...,L},

Dj-e sz
D¢ Pz

From Eqs. (1)-(2), whenp., > Oforall £ € {1, ..., L}, the null hypothesis that rows and columns are independent given the
layers is

Pr(row = j, column = k | layer = £) = Pr(row = j | layer = £) x Pr(column = k | layer = ¢) = (2)

HE,U Vet yVke(... ) Vee(1,..1y  Dike = Dj.eDke/D-e (3)
Similarly, the null hypothesis that rows and layers are independent given columns is

7—[02) Vet ) Vke(1... ) Vee1...1y  Dike = Djk-Dke/Dok-s (4)
and the null hypothesis that columns and layers are independent given rows is

3
Hé):vje{l NVkeqt,..k)¥eeqt,...1)  Pike = Djk-Dj-¢/Dj-.- (5)

The unrestricted maximum likelihood estimator of pji, is pjxe = Xjk¢/n. Maximum likelihood estimators of pji, under %, (m)

withm € {1, 2, 3} are
f’;;l = Xj.eXke/(nX..o), 151(132 = XjxXke/(nXx.), f’f;ﬁ = Xjx.Xj.e /(nX;..),
respectively, where
L K J
Xj. = ZZ)(jkfv Xk = ZZXJ"Z’ X = ZZXJW’ Xijk. = ijke, Xje = ijkz, Xke = ijkz-
=1 (=1 j=1 ¢=1 j=1 k= =1 k=1 j=1
The ¢-divergence statistics for testing H(m) withm € {1, 2, 3} are
D o3 S S B0 ),
j=1 k=1 ¢=1
where ¢(t) is a convex function for t > 0 which satisfies ¢(1) = ¢'(1) = 0 and ¢”(1) = 1; see [13,25]. Let ¢, be

(et —t +a(1 —0)}/{a(a+ 1)} ifa ¢ {0, -1},
oty =tint+1—t ifa=0,
—Int -1+t ifa=—1.

Then for eachm € {1, 2, 3}, C;ra") reduces to

J K L
Ry =G’ =20 3> " 1(Biwes Bl ), (6)
j=1 k=1 €=1
where
e{(e/f) —1}/{a(a+ 1)} ifa ¢ {0, -1},
e, f) = {eln(e/f) ifa=0,

fIn(f/e) ifa=-1.

The statistics R}, R(;). R(5) are based on power divergence [5], while R(]), R?z), R&) are the log likelihood ratio statistics, and

(1)
R(l)’ R(Z), R(B) are Pearson’s X? statistics. The statistics RZ/ 3 R(22/)3 , R(z/ )3 were recommended in [5] for goodness-of-fit testing.

Under Hﬁ)”, H(z) H(3 given by Egs. (3)-(5), it is known that the statistics C(” C(z) (3) have a chi-square limiting distribution
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with (J — 1)(K — 1)L, (J — 1)(L — 1)K and (K — 1)(L — 1)J degrees of freedom, respectively. The limiting distributions of test
statistics for contingency tables can be found in [13].
In this paper, we use an asymptotic expansion to approximate the distribution of Cg") under Hg”) form € {1, 2, 3}. Using

this approximation, we also construct transformed statistics and propose one of them when C ém) is R{yy)-

In Section 3, we derive a local Edgeworth approximation of the probability of X under H(Om). In Section 4, we consider
an asymptotic approximation for the distribution of C (" under 7—[8") based on an asymptotic expansion. The approximation
consists of continuous and discontinuous terms. In Section 5, we illustrate Bartlett’s adjustment, a Bartlett-type adjustment,
and an improved transformation. Next, by using the continuous term of the asymptotic approximation derived in Section 4,
we obtain some new transformed statistics that increase the speed of convergence to a chi-square limiting distribution.
In Section 6, the speeds of convergence to a chi-square limiting distribution of transformed statistics made by Bartlett
adjustment, by Bartlett-type adjustment and by improved transformation are compared numerically with the speed of
convergence of the original statistics C;m) when Cl;m) is Rf‘m), i.e., statistics based on power divergence. Their powers are
also compared numerically.

In Section 7, p-values of unconditional methods for a three-way contingency table are determined and the pros and
cons of our method and competitors are considered. In Section 8, the proposed statistics are applied to the data from
Section 1. In Section 9, we consider the correspondence between an independence model and a loglinear model in a three-
way contingency table.

3. Local Edgeworth expansion

We consider the null hypothesis of conditional independence. In this case, the structure of Hg”) and statistics R?m

) and
Cé,’") for testing the hypothesis HE)"') are essentially the same for each m € {1, 2, 3}. Therefore, it is sufficient to consider only
HEJU Rty and Cf;). Hereafter, we write Ho, R* and Cy as Hg) . Rty and Cf;) , respectively.
In this section, we derive a local Edgeworth approximation for the probability of X under the null hypothesis #,. Let X
be distributed according to Mk (n, po), where

PoZ(Qm,.-.,Q11L,---,Q11<1,---,Q1KL,---,QJ11,---,QJlL,---,QJKh---,QJKL)T

and gjxe = pjepre/p.cforallj e {1,...,J}, k e {1,...,K},and £ € {1,...,L}.Forj € {1,...,J}, k € {1,...,K}, and
Le{l,...,L},let

Uike = (Xijke — NGjke)/ /. (7)
ThenU = (U1, ..., Uniy -+ Uity oo Uty - Upnny oo Upin, oo, Uk, e UJK,L_l)T is a lattice random vector that
takes values in the set

S = {U = (U11s s ULy« ooy UIKTs s WKL« oo s UL« oo s ULy + s UiKTs -+ - W i—1) | 2 U = (X — nPg)//N, X € So},
where

Po = (Iv—1 On—1)Po, (8)
withIy_; an(N — 1) x (N — 1) identity matrix, Oy_; an (N — 1)-dimensional zero vector,

N = JKL, (9)
and

S0 =X = (X111, - - -, X11Ls - - - s X1KTs -« XIKLy « - =5 X115 -« s XJ1Ls - - <5 XK1, - - .,X]K’L,1)T

K
the ;¢ s are nonnegative integers and Z Z Z Xike <N+ X ¢ -
j=1 k=1 £=1

The following theorem, proved in Appendix A.1, gives a local Edgeworth expansion.

Theorem 1. Let u = (X — npg)/+/n for each x € Sy. Then
Pr(U = ulHo) = n~ ™M D2F(u){1 + hy(u)/v/n + hy(u)/n + hy(w)/(nv/n) + O(n~2)},
where

flu) = @m)y "V21Q17 1 exp(—u" 271u/2), (10)

2 = diag(qu, - -, Gc.—1) — PoPg » (11)
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hi(u) = —M1/2 + M3 /6, (12)
hy(u) = {hi(w)}?/2 + (1 — M9)/12 4+ M2 /4 — M3 /12, (13)
ha(u) = —{hy(w)}*/3 + hy(wha(u) + M, /12 — M3 /6 4 M /20, (14)

where pg is given by (8), ujyq = —(u111 + - - - + U 1—1) and

J K L
= Z Z Z ]kl/q]kl

j=1 k=1 =1
4. An approximation based on asymptotic expansion

We consider an approximation for the distribution of C, under o, viz. Pr(Cy < x|Ho) & W7 + W,, where W; comes from
a multivariate Edgeworth expansion and W5 is a discontinuous term accounting for the discontinuity, which corresponds to
an approximation for the distribution of Pearson’s X? goodness-of-fit statistic for a multinomial distribution based on the
asymptotic expansion given in [24]. This type of approximation for the distribution of test statistics for independence in a
two-way table is discussed in [19]. The following result, proved in Appendix A.2, details how the term W; can be evaluated.

Theorem 2. If we assume that ¢ is six-times differentiable and ¢'® is continuous at t = 1, then
Wy = Pr(x2 <x) Zv Pr( X425 < X) +0(n7%), (15)

where

vy =0, v =+ 1)+ 20" (D2 + 6D (Dys + (¢ (1)),

Vi =2(—y2 +13) = 26" (1)(v2 + va) — ¢V (Vys — 2{" ()Fya. v§ = ya{l + ¢ (D),

Yo=—T/12—13/124+ I3+ I4)/12,  y1 =JKI1/4+ /4 — (KI5 +]T4)/4,

va =J*K*I1/8 + I /8 — (K*Ts + J*14)/8,

y3=(—JK/2 —1/8+]/4A+K/4)[ — I,/8 4+ (KI5 +]Iy)/4— (I3 + I4)/8,

va=(*K?*/8 +3JK/4+1/3 — /2 —K/2)I'y + 51%/24 — (K> T +]2F4)/8 - (KF3 +JIy)/4+ (I3 + I4)/6,
L

J K L J L
L= 1pe =) 3 > dp, 3= D 1pu, Ti= ZZUPM,

=1 j=1 k=1 £=1 j=1 =1 =1 ¢=1
M=(J — 1)K — 1)L, and sz denotes a chi-square random variable with v degrees of freedom.

It is easily seen that vg’ 4+ .-+ vg’ = 0. By applying ¢, as ¢ in Theorem 2, we obtain the following corollary for the
statistics based on power divergence.

Corollary 1. When the statistic is R® given by (6),

3
1
Wi = Pr(xg <x)+ EZUJ@ Pr(Xp405 < %)+ 0(n72),
=0

where forj € {0,...,3}, v (“) is defined as v in the case of ¢""(1) = a — 1 and $(1) = (a — 1)(a — 2), respectively.

We consider the evaluatlon of the discontinuous term W5. As already defined in Section 2, u and po are (N —1)-dimensional
column vectors whose elements have three indices. To represent the elements of vectors concisely, we represent vectors u
and po as u* and p* by renumbering elements by one index, i.e., u* = (uj, ..., u,*:,_l)T =uandp* = (p}, ..., p;;_l)T = Po.
Let Bs(x) = {u : Cg(u) < x|Ho}. The set B4(x) is a bounded extended convex set. For arbitrarym € {1,...,N — 1},

By(x) = {u* = (uf, ..., uj_q) " gm(lh) < Ul < Om(Uf), Wh = (U}, ... W q U gs .o Uy_q)| € Bal, (16)

where for m € {1,...,N — 1}, B, C Ry_2, and 5, and 6, are real-valued continuous functions on Ry_,. Then, the
discontinuous term W, is defined as

N—-1
_ —(N—1— Om(Uy, *
Wy = —n~ /2y “pmN1mmrz > f f Ko 5 (1 (vt + 3 ()} ™o dur -
m=1 -

u;+1eLm+1 uy_1€lN—1
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where, forme {1,...,N—1},je{1,...,J},ke{1,...,K}and ¢ € {1, ...,L},

* em ~)9fn * * Tk * * * * Tk * *
{F(u )}nm((é,;n)) =F{u}, .o W g, O, W g, oo Uy} — FLuf, o g (), Uy - UN ),
Lp = {u, = (nn —npy,) )/+/1, Ny is an integer}, P =qjke, m=({— DKL+ (k— 1)L+ ¢, Si(t) =t —[t]—1/2,

and yj3 is the mdlcator function of the set B. With regard to the evaluation of W5, we have the following result.

Theorem 3. If we assume that ¢ is four-times differentiable and ¢ is continuous at t = 1, then
—1/2

J K L
Wo = {@o"  TTT T Jawe | g (A+B)—C+o0m™>?),
j=1 k=1 £=1
where A, B and C are

= M2 3 ST exp(—(w) 2 2),

¢
ujeM; Uy 1€MN 1

1 — * * *
=7/ / S(Vnuy_y +npi_ uy_/P—1 — up/pR) exp{—(u*) 2~ 'u*/2)duy - duy_,
By(x)

1
+1 Z / Sy + 1Py, )U /Py — Uk /B expl—(u)T @ /24 - du

BN—1

C = Pr( ,\Z,,Sx)—i- Ze PT(XMJer x) + O(n 73/2)’
j 0

el = —(KL)?/8 — JKI? /2 — 1?/8 + JKL/4 + L/4 + (JPK + JK*)L? /4
— (P +KD28+J+ KN4 —( +KL/A+ (—J*K*/8+]K/4 —5/8 +]/4+ K /4T
+ (K°T5 +J°I4)/8 — (KI5 + JI4)/2 + 3(I3 + I')/8,

= (JKL)? /4 + JKL® + 12/4 — (J*K + JK*)L? /2 + (J* + K>)L? /4

— (4K /2+U?K?*/4+ JK/2 +5/4—] — KT
— (KT +J°T4)/4+ (KT + ] I4)/2 — (I3 + Ty)/4 4+ ¢@(1ys + (9" (1) ya,

e) = —(JKL)*/8 — JKL*/2 — [*/8 — JKL/4 — L/4 + (J°K + JK*)L*/4 — (J* + K*)[*/8
+(J+KM2/4+(J+K)L/4+ (—J*K?/8 — 3JK /4 —5/8 + 3] /4 + 3K /4)T
+ (KI5 +J*T4)/8 — (I + I4)/8 — ¢ (1)ys — 2{¢"" (1)} ya,

el = {¢" ().

v3, va, I'1, I's, and I’y are defined in Theorem 2, and 2 and N are given by (11) and (9), respectively.

We can prove Theorem 3 essentially in a fashion similar to the proof of Theorem 5 in Taneichi and Sekiya [19]. The
W, term is very complicated and difficult to handle in practice. Furthermore, as stated in the Introduction, as concerns
the approximation of the distribution of test statistics based on an asymptotic expansion including the test statistic for
independence in an r x s contingency table, the results of our numerical investigation suggest that an approximation based
on the W; term, which means omitting the discrete term, does not lead to a serious error and already performs better than
an approximation based on the asymptotic distribution. Therefore, in the next section, using the continuous term of the
asymptotic expansion, we construct transformed statistics that converged to a chi-square limiting distribution faster than
the original statistics do.

5. Some transformed statistics based on the continuous term of the asymptotic expansion
In order to improve small-sample accuracy of the chi-square approximation of the distribution of a test statistic, a Bartlett-

type transformation and a transformation that is called improved transformation were considered.
We consider a nonnegative random variable T that has an asymptotic expansion

Pr(T < x) = Pr(x Za] Pr(x2,o < X)+0(n2), (17)

where h is a positive integer, and ay, . . ., a, do not depend on n (> 0) and satisfy ag + - - - + a, = 0.
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When h = 1in (17), the Bartlett adjustment Tp [2,3,11] is defined as
T5(T; ao, f, n) = {1+ 2ao/(nf)}T. (18)
When h = 3in (17), improved transformation T; [7-9] and Bartlett-type adjustment T¢r [4] are defined as

1 1 1 1 3y 9y?
Ty(T; ag, a3, as, f, n) = (n Inf14+ —{T+ —(T?+yT3 T34 T 2T , 19
i(T; ao, a2, a3, f, n) = (na + B) |:+(na)2[ +na( +v )+(na)2 3 + 2 + 20 (19)

where o = —f(f + 2)/{2(az + a3)}, B = —(f + 2)ap/{2(az + a3)} and y = a3/{(f + 4)(a2 + a3)}, and

Ter(T; ap, a1, az, f, n) = [1 + 21%0 + 211(;((}16;)) + nzf(él;——:;;(f_'_fil)) 2} , (20)
respectively. Then, one has, for all £ € {B, I, CF},
Pr(T; < x)="Pr(x? <x)+0(n"?), (21)
respectively.
We can apply (18)-(20) to improve the approximation (15). For the statistic C4 based on ¢ that satisfies
¢”"(1)=—-1 and ¢¥W(1)=2, (22)
we propose transformed statistic Cg = Tp(Cy; vg’, M, n), since vf’ = —vg), and v;’ = vf = 0 hold in (15). For the other

statistics, we propose Cl; = Ti(Cy; vg’, vg’, vg’, M, n)and quF =Tcr(Cy; vg’, v‘f, vg’, M, n). However, when ¢ satisfies condition
(22), we note that Cj = CgF.

Now, vg’, e v‘f include I7, ..., I';, which are functions of unknown parameters p..;, pj.¢ and p, withj € {1,...,]},

ke{1,...,K}, £ € {1,...,L}). Then, in practical application, we substitute the maximum likelihood estimates p.., = x..,/n,
Die = Xj.¢/n, and P = X.p/n for p..q, pje, and p.ye, respectively, where x..,, X;., and x.x, are observed values of X.;, X;., and
X ke, respectively.

In the case of the power divergence statistic R* = Cy,, R} = C gu is defined when a = 0 (the log likelihood ratio statistic)
while Rf = C_is defined when a # 0, and RY;, = CjF is defined when both a # 0 and a = 0 and RY; = RY.

The approximation Pr(Ci < X))~ Pr(XAZ/, < X) (¢ = B, I, CF) s justified by Eq. (21). Therefore, for & € {B, I, CF},
Pr(C; > x) ~ Pr(x > X) (23)
holds. This means that the p-value of the test statistics Cj, with & € {B, I, CF} is approximated by Pr( Xﬁ, > X).

6. Numerical comparison of transformed statistics and the original statistics

We consider the statistics R* based on power divergence as concrete statistics. We investigate the small-sample
performance of the approximation to a chi-square distribution. We compare numerically the performance of transformed
statistics R = R (a = 0), R? and RY; (a # 0) with that of the original statistics R%. We evaluate the performance using the
following Monte Carlo procedure.

We generate N; multinomial contingency tables using multinomial random vectors under #H, and arrange the tables as
x5(q)withq € {1,...,N;}.Foreachq € {1, ..., Ny}, let T{x*(q)} be the value of a statistic T at x°(q). Let x2(«) be the upper
« point of the chi-square distribution with M degrees of freedom, and let N, be the number of elements of the set of g that
satisfies the condition T{x*(q)} > X,f,,(oz). Then the performance of the approximation for the distribution can be evaluated
on the basis of the index I(«) = N,/N; — «. For statistics RgF = RO, R{ (a # 0)and R¢; (a # 0), we investigate 2 x 2 x 2,

2 x2x4,3x3x3and?2 x 3 x 4 contingency tables. The following sets of marginal probabilities are considered.

Case I: The marginal probabilities are all equal, i.e., forallj € {1,...,J}, ke {1,...,K},€ € {1,...,L},
pje=1/(JL), pxe =1/(KL), p..=1/L

Case II: The marginal probabilities are not equal, i.e., forallj e {1,...,J},ke {1,...,K}, € € {1,...,L},
1 1+ 4j¢ 1 1+ 4ke _TfL+1+2¢
P e T i0r o+ P72k Tkk+ o+ P72 e |

We carry out the above Monte Carlo procedure for N; = 10° and sample size n = sN (s = 4 and 6) for three-way
contingency tables. We consider a statistic when a = 0 (the log likelihood ratio statistic), a statistic when a = 0.2, a statistic
when a = 2/3 and a statistic when a = 1 (Pearson’s X? statistic).

In our simulation, if Pjxe = Xjke/n are 0, I*(Pje, 13}(»,'3,)) in (6) are O for any ﬁ](,'zz). For a transformed statistic, if X, X.x¢, OF X..¢

are 0, we put X, = 1074, x4, = 1074, or x., = 1074, respectively.
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Fig. 1. Values of I(«) when the original statistic is R with a € {0, 0.2, 2/3, 1} fora 2 x 2 x 2 contingency table with sample size n € {32, 48}: o and e are
the values for R* when & = 0.01 and 0.05, respectively, o and a are the values for Rf when « = 0.01 and 0.05, respectively, and ¢ and ¢ are the values for
R¢; when @ = 0.01 and 0.05, respectively. The first column is for Case I and the second column is for Case II.
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Fig. 2. Values of I(«) when the original statistic is R with a € {0, 0.2, 2/3, 1} fora 2 x 2 x 4 contingency table with sample size n € {64, 96}: o and e are
the values for R when o = 0.01 and 0.05, respectively, A and a are the values for Rf when & = 0.01 and 0.05, respectively, and ¢ and ¢ are the values for
R¢r when @ = 0.01 and 0.05, respectively. The first column is for Case I and the second column is for Case II.

Fig. 1 shows the values of I(«) in Cases -1l when significance levels are « = 0.01 and 0.05 fora 2 x 2 x 2 contingency
table and the original statistics are R®, R%2, R?/3 and R. Figs. 2-4 show those as shown in Fig. 1 for 2 x 2 x 4, 3 x 3 x 3and
2 x 3 x 4 contingency tables, respectively.

From Figs. 1-4, we find that the transformed statistic Rg = R(C’F always performs much better than the original statistic R°.
The transformed statistics R?'z and R?'FZ also perform much better than the original statistic R%2. Furthermore, the transformed
statistics R,Z/ % and Rgf perform better than R?/3 in most cases, and Rif performs better than R,z/ 3, Moreover, we find that
the transformed statistic R, performs better than Pearson’s X statistic R' in most cases. However, R} sometimes does not
perform better than R'.

For the test statistics based on power divergence for conditional independence ina] x K x L contingency table, in the case
of the usual setting, the transformed statistic R, generally improves the speed of convergence to a chi-square distribution
very well. For the case of an extreme setting, we consider the following cell probability type models in Tables 3-4. Table 3
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Fig. 3. Values of I(«) when the original statistic is R with a € {0, 0.2, 2/3, 1} for a 3 x 3 x 3 contingency table with sample size n € {108, 162}: o and
are the values for R when o = 0.01 and 0.05, respectively, o and a are the values for R{ when « = 0.01 and 0.05, respectively, and ¢ and 4 are the values
for R when o = 0.01 and 0.05, respectively. The first column is for Case I and the second column is for Case II.
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Fig. 4. Values of I(«) when the original statistic is R with a € {0, 0.2,2/3, 1} for a2 x 3 x 4 contingency table with sample size n € {96, 144}: o and e
are the values for R* when « = 0.01 and 0.05, respectively, A and a are the values for Rf when o = 0.01 and 0.05, respectively, and ¢ and ¢ are the values
for R when o = 0.01 and 0.05, respectively. The first column is for Case I and the second column is for Case II.

Table 3
Model (A) in which cell probability includes 0.01.
j 14 1
k 1 2 2
1 pi11 = 0.01 pi21 = 0.04 p112 = 0.03 pi22 = 0.12
2 p211 = 0.04 P21 =0.16 pa12 = 0.12 P2z = 0.48

shows a model (model (A)) that includes a cell probability of 0.01, and Table 4 shows a model (model (B)) that includes a cell
probability of 0.99. Table 5 shows the value of I(«) for model (A) for each statistic and significance levels « = 0.01 and 0.05.
Table 6 shows the value of I(«) for model (B) for each statistic and significance levels « = 0.01 and 0.05. From Tables 5-6,
for the extreme model, transformed statistics exhibit a performance that is almost the same as that of the original statistics.
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Table 4
Model (B) in which cell probability includes 0.99.
j L 1 2
k 1 2 1 2
1 p111 = 0.000011 p121 = 0.003300 p112 = 0.00084725 P122 = 0.00084725
2 Pa11 = 0.003300 P2zt = 0.990000 Parz = 0.00084725 Pazs = 0.00084725
Table 5
Values of I(«) for Model (A).
n a o =0.01 o =0.05
R R R R R R
32 0 —0.00227 0.17983 —0.00362 0.17595
0.2 —0.00384 0.11240 0.06129 —0.01136 0.13740 0.08947
2/3 —0.00340 —0.00675 0.00332 —0.01146 —0.03358 —0.01093
1 0.00146 —0.00688 0.00471 —0.00537 —0.03291 —0.00125
48 0 —0.00085 0.05975 0.00313 0.04660
0.2 —0.00251 0.03359 0.00157 —0.00603 0.03250 0.00006
2/3 —0.00118 —0.00429 0.00395 —0.00833 —0.02407 —0.00743
1 0.00269 —0.00440 0.00162 —0.00257 —0.02222 0.00311
64 0 0.00005 0.01735 0.00963 0.00376
0.2 —0.00177 0.00851 —0.00410 —0.00193 —0.00101 —0.01670
2/3 —0.00049 —0.00223 0.00305 —0.00522 —0.01666 —0.00412
1 0.00272 —0.00272 0.00147 —0.00081 —0.01423 0.00492
80 0 0.00086 0.00260 0.01223 —0.00855
0.2 —0.00111 0.00041 —0.00388 0.00159 —0.00917 —0.01561
2/3 —0.00048 —0.00119 0.00248 —0.00469 —0.01193 —0.00315
1 0.00232 —0.00162 0.00127 —0.00140 —0.00925 0.00390
Table 6
Values of I(«) for Model (B).
n a a =0.01 a =0.05
R R R R R R
32 0 —0.01000 —0.00886 —0.04967 —0.04879
0.2 —0.00970 0.00061 —0.00995 —0.04965 —0.03933 —0.04916
2/3 —0.00966 —0.00969 —0.00995 —0.04965 —0.04967 —0.04910
1 —0.00967 —0.00970 —0.00995 —0.04967 —0.04970 —0.04992
48 0 —0.00960 —0.00946 —0.04948 —0.04992
0.2 —0.00960 —0.00664 —0.00999 —0.04949 —0.02837 —0.04988
2/3 —0.00949 —0.00956 —0.00993 —0.04948 —0.04956 —0.04991
1 —0.00948 —0.00955 —0.00992 —0.04947 —0.04955 —0.04991
64 0 —0.00956 —0.00930 —0.04934 —0.04926
0.2 —0.00955 —0.00450 —0.00999 —0.04931 —0.03882 —0.04996
2/3 —0.00929 —0.00942 —0.00987 —0.04929 —0.04942 —0.04987
1 —0.00929 —0.00942 —0.00987 —0.04929 —0.04942 —0.04987
80 0 —0.00947 —0.00914 —0.04916 —0.04913
0.2 —0.00919 —0.00435 —0.00999 —0.04912 —0.04067 —0.04999
2/3 —0.00913 —0.00934 —0.00979 —0.04912 —0.04934 —0.04979
1 —0.00914 —0.00934 —0.00980 —0.04914 —0.04934 —0.04980

Next, we compare the power of transformed statistics R = RJ, Rf and R%; witha € {0.2, 2/3, 1} with that of the original
statistics. For a 2 x 2 x 4 table, against the null hypothesis #(, we consider the alternative hypothesis

H1 : Vie(1,2)Vie(1.2)Veel,....4)  Djke = PjeD-ke/P-t + Ejke (24)
where 111 = —1, 6112 = 21,6113 = 31,6114 = 0, 6121 = 31,6120 = 0, 8123 = —T, 8124 = 21, 6211 = —T, &212 =T, &213 = 3T,
£914 = 21,8301 = T, €399 = 31, 8393 = —31, 024 = —14r. Also, for a 2 x 3 x 4 table, against the null hypothesis #,, we
consider the alternative hypothesis

M1 : Vje(1,2)Yke(1,2,3) Vee1,...4)  Pike = Dj.ePke/D--e + Ejkes (25)
where ei;y =r,8112 =T, 6113 = —T, 8114 = —T, 8121 =T, 810 =1,8123 = —T, 8124 = —T,8131 =T,6133 =T, 8133 = —T,
€134 = —T,811 = — I, &2 = —T,8213 =1T1,8214 = 1,801 = —TI,8x0 = —TI,803 =1T,804 =1T,831 = —T,823 = —T,

£33 = T, £33 = . We calculated the simulated average power P, against the alternative hypotheses (24) and (25) with
r = 0.01 by using simulated exact critical values of the statistics.
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Fig. 5. Simulated average power Py against an alternative model (24) when original statistics are R®, R%2, R¥3, and R! for a 2 x 2 x 4 contingency table
with sample size n € {64, 96}: o and e are the values for R* with a € {0,0.2,2/3, 1} when « = 0.01 and 0.05, respectively, » and a are the values for R
witha € {0.2,2/3, 1} when & = 0.01 and 0.05, respectively, and v and v are the values for R}(= RgF) and R¢; witha € {0.2,2/3, 1} when « =0.01 and 0.05,
respectively. The first column is for Case I and the second column is for Case II.
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Fig. 6. Simulated average power P, against an alternative model (25) when the original statistics are R°, R, R*3, and R! for a 2 x 3 x 4 contingency table
with sample size n € {96, 144}: o and e are the values for R with a € {0,0.2,2/3, 1} when & = 0.01 and 0.05, respectively, A and a are the values for R}
witha € {0.2,2/3, 1} when « = 0.01 and 0.05, respectively, and v and v are the values for Rg(: R@F) and RY,; witha € {0.2,2/3, 1} when o = 0.01 and 0.05,
respectively. The first column is for Case I and the second column is for Case II.

Fig. 5 shows the power of the statistics for a 2 x 2 x 4 contingency table in Cases I-Il when the significance level is
a = 0.01 and 0.05 and the original statistics are R® for a € {0, 0.2, 2/3, 1}. The number of repetitions is 10°, the ratio of
irregular cases is 0.0, and the sample sizes are 64 and 96.

Fig. 6 shows the power of the statistics for a 2 x 3 x 4 contingency table. The number of repetitions is 10°, the ratio of
irregular cases is 0.0, and the sample sizes are 96 and 144. From Figs. 5-6, we conclude that the power against #1 given by
(24) and (25) of the transformed statistics RS = R, Rf and R% with a € {0.2,2/3, 1} is not so different from that of the
original statisticsin 2 x 2 x 4and 2 x 3 x 4 contingency tables, respectively.

These power results were expected since it is known that a transformed statistic by a monotone function that includes a
Bartlett adjustment has the same power as that of the original statistic.
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Table 7
Three-way data #1.
A C Yes No
B 1 2 3 1 2 3
Yes 30 23 21 25 19 40
No 8 5 1 4 2 2
Table 8
Three-way data #2.
A C Yes No
Yes No Yes No
Yes 5 9 21 1
No 7 17 9
Table 9
Three-way data #3.
A C Yes No
Yes No Yes No
Yes 7 14 9 2
No 3 14 16 3
Table 10
Three-way data #4.
A C Yes No
Yes No Yes No
Yes 4 13 5 4
No 0 11 14 4

7. Unconditional methods and our methods

For a 2 x 2 contingency table, Storer and Kim [18] and Tang and Tang [23] proposed and developed exact methods
(unconditional methods). Since our methods are improved asymptotic methods, their performance is inferior to that of
unconditional methods in a small sample size. For a conditional independent model of a three-way contingency table,
in order to compute the p-value of statistic T by an approximate unconditional method (AU-method), we consider the
probability structure

rec = = [T (%)™ /AT T

j=1 k=1 ¢=1 j=1 k=1 =1

wherex,, X, and x7},, are the marginal observation calculated from observationx* = (xj,;, . . ., X]*,G_)T. Let the observed value
of statistic be T(x*). We consider every lattice x = (X111, . . x]KL)T with non-negative integers xj, > O forallj e {1,...,]},
ke{l,...,K},and ¢ € {1, ..., L}. Suppose that the counts add up to n. The number L, of lattices is then (”HKL 1) For every
x, compute the value of statistic T(x). Then, the p-value p*U(x*) of T given by AU-method is given by

M= ) PrX=x).

xe{X|T(x)=T(x*)}

However, in a three-way contingency table, the number L, of lattices increases rapidly with n. For example, fora2 x 2 x 2
contingency table, L4 = 245,157 whenn = 16 and L, = 2,629,575 when n = 24. The computation of p"Y(x*) is thus very
difficult in practice except for a very small sample size.

Let pa be the p-value of the statistic Rf; given by the approximated AU-method by using the Monte Carlo method. The
value of py is considered to be very accurate. Let pg be the p-value of statistic R¢ given by (23).

The values of p, and pg for some data (Tables 1, 7-10) are shown in Table 11. From Table 11, p4 and pg are very close, and
the approximated p-value based on (23) therefore performed well for not so small sample sizes. Also, this approximation is
not necessary for a large computational power.

8. Application to real data

Using the results in Table 11, we test (C1) for the data in Table 1. The value of the log likelihood ratio statistic R® = G? is
9.637. The value of the transformed log likelihood ratio statistic ROF is 9.425. Since x4 2(0.05) = 9.488, (C1) cannot be rejected
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Table 11
Values of ps and pg for each data set.
a Table 1 Table 7 Table 8 Table 9 Table 10
Pa Ds Pa PB ba )23} ba 123} ba 123}

0 0.05226  0.05130 0.30512 0.28683 0.11950 0.11582 0.57098 0.56378 0.07205 0.07560
0.2 005183 0.05128 0.30381 0.29393 0.11202 0.11240 0.56953 0.56399 0.08139  0.08720
2/3 0.05179 0.05176 031155 0.31159 0.09958 0.10327 0.56735 0.56477 0.09834 0.10627
1 0.05251 0.05253  0.32235 0.32422 0.09265 0.09570 0.56675 0.56552  0.10828  0.11496

at the 5% level using the transformed statistic R(C’F. The asymptotic p-value of R® is 0.0470, and the simulated p-value based
on the AU-method (which is more precise) for R® is 0.05254. In contrast, the asymptotic p-value of R‘éF is 0.05130, and the
simulated p-value based on the AU-method for RY; is 0.05226. Therefore, for the statistic R, the conclusion of the test based
on an asymptotic distribution is opposite to that of the test based on an exact distribution at the 5% level. In contrast, for the
statistic RgF, the conclusion of the test based on an asymptotic distribution agrees with that of the test based on the exact
distribution at the 5% level.

9. Relation to testing a loglinear model for three-way contingency tables

Here we consider the correspondence between testing independence and testing a loglinear model. Throughout this
section, we use the notations of Agresti [1] for loglinear models in three-way contingency tables.

Taneichi et al. [22] obtained an approximation for the distribution of test statistics for complete independence in multi-
way contingency tables. Using the approximation, we proposed transformed statistics to improve the speed of convergence
to a chi-square distribution. For the loglinear model of a three-way table, testing complete independence corresponds to
testing the model

In e = A+ A7 + A + AL

Kobe et al. [ 10] obtained an approximation for the distribution of test statistics for the independence of one factor to two
other factors in three-way tables and proposed transformed statistics using the approximation. For the loglinear model of a
three-way table, testing the independence of one factor to two other factors corresponds to testing the model

Inpuje = A+ AF + 4] + A5 + 47

We obtained an approximation for the distribution of C,, for a test of conditional independence in three-way contingency
tables, and we proposed a transformed statistic using the approximation. For the loglinear model of a three-way table, testing
conditional independence corresponds to testing the model

In peiji Z)»-l-kf +A}'+Af +)ij¥ _1_)%'

By using tests of three types of independence model, we have covered for testing the loglinear model in three-way tables
except for the model
Injege = A+ AF + A + A5+ A + 47+ A5

ik*

10. Concluding remarks

We derived an expression of asymptotic expansion for the distribution of test statistics C4 (based on ¢-divergence) for
conditional independence in ] x K x L contingency tables. Using the continuous terms of the expression, we obtained
transformations that improve the speed of convergence to the chi-square asymptotic distribution of Cg.

As a special case of C4, we considered power divergence statistics R*. By numerical comparison, we found that the Bartlett-
type transformed R® and R%? statistics, namely REF and Rgﬁ, perform very well and are recommendable when n > 4JKL. Also,
the power of transformed statistics is almost the same as that of the original statistics.

We can state with certitude that for small-sample ] x K x L contingency tables with non-zero marginal frequencies
and.sa.mple size n > 4JKL, the proposed transformed statistics, especially RgF and RE‘FZ, are more reliable than the original
statistics.

There are four standard independence modelsin a] x K x L contingency table. We obtained improved transformed test
statistics for the third case. Therefore, by the results of this work and previous works [10,22], we constructed and covered
the transformed test statistics for three out of four possible independence models.
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Appendix
A.1. Proof of Theorem 1

Introduce the notation
UKL—1]

Z Qjke = ZZZCIM — Qjr-

j=1 k=1 =1

Ifwe set X = (In_10n_1)X, the characteristic function G of X is given by

[JKL—1] n
Gls) =) _ exp(is X) Pr(X = X [Ho) = { > e exp(lsjke)+qﬂa} .

XeSx

where s = (s111, ..., S, 1—1)".Foreach u = (X — npg)/+/n € S, we find

Pr(U = u |Ho) = Pr(X = & |Ho) = (2m)" N~ 1)/ / G(s) exp(—is ' X)ds = (27 /n)" N1
- -

where

I=/ f s)exp(—is' u)ds

and y(s) = G(s/+/n) exp(—iy/ns' po). We can write
3
v(s) = {exp(—s'2s/2)} {1 + ) " ba(s) + O(nz)}
m=1

for large n and fixed s, where

UKL=1]
{ > Qs — 3(s" Bo )TQS—(sTﬁof},

1 [JKL—1] [JKL—1]
ba(s) = S {ba(s ! D Qs — 4s"Bo) Y sy — 3(sT $25)7 + 6(s " Po)’s” 25 + 3(s" o)’
and
1 I [JKL—1] [JKL—1] [JKL—1]
ba(s) = =5 (bi(s))’ + ba(s)bas) + 120{ > sy — 50" Bo) Y jeesiie — 10057 25) D G

[JKL—1]
+10(s o) Y Gjuesie + 30(s Po)(s 25 —6(sTﬁo)5}.

From (A.2), I given by (A.1) is divided into three parts, say I = I; + I, — I3, where

L _/ [ [exp{—(s" 25 + 2is u)/2}] {1+an/2b (s)}ds

m=1

L :/ / [exp{—(s" 25 + 2is"u)/2}]0(n"2)ds

3
I = / oo | lexp{—(sT$2s + 2is"u)/2}] {1 + Zn‘”‘/zbm(s) + O(n‘z)} ds
QC

m=1

(A2)

and Q = [—/nm, /nw] x - - x [—+/nw, /nx]. Evaluation I = I; +0(n~?)is derived by using I, = O(n~2) and I5 = o(n™2).

Therefore, we find

Pr(U = ulHo) = (2 /n)~ N~ ”[/ / lexp{—(s" £2s + 2is " u)/2}] {1+an/2b (s)}ds+0( 2)}

m=1

By calculating the integral of the above expression, we find the results stated in Theorem 1. O
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A.2. Proof of Theorem 2
By the transformation (7), the statistic C, can be rewritten as

J oKk L
Ce(U)=12n Z Z Z Gike Giked(Djke ),

j=1 k=1 ¢=1
where foreachj e {1,...,J}, ke {1,...,K}, ¢ € {1,...,L},

Uj.e Uke Use \' Ujke 1
G'ke - ( 7 ) (‘1 - ) (1 ) 7 D'ke =U * G
! Vpje Ve Vp. ! VGjie

with Uiy = Ujig + -+ + Upe, Uke = Unge + -+ + Upe, and Uy = ijl Zk:] Ujke. Since Wy is multivariate Edgeworth
expansion, W is represented as

WIZ/... SO+ hy()/ /7 + hau)/n + hs(u)/(n/m)}du + O(n~2),
B¢(

x)

where By(x) is defined by (16), du = dujqy - - - du 1—1, and f(u), hy(u), ho(u) and h3(u) are defined by (10) and (12)-(14),
respectively. We derive an approximation of the characteristic function of C4(U), i.e.,

_ / / explitCy (W (u){1 + hr(u)/~/7 + ho(u)/n + hy(w)/(ny/m)}du (A3)

up to order n~3/2, By the assumption on ¢(t), we obtain
Co(u) = to(u) 4 T (W)//n + o (u)/n + 0 (u)/(ny/n) + O(n~2) (A4)
where to(u) = u' 27 u 4+ M(1); — M(2)o.2,
7] (1) = ¢""(1)M3 /3 + {4¢"(1)/3 + 1IM(1)s + {2¢"(1)/3 + 1}M(2)o 3
+H{@"(1) + 1H{—2M(2)12 + 2M(3)0.1.1 + M(3)1.02 — M(4)0.0.1.2},
73 (u) = ¢W(1)M5/12 + {36“(1)/4 + 49" (1)/3IM(1)s — {¢'V(1)/4 + 49" (1)/3 + 1}M(2)o.4
— {30™(1)/2 + 49" (1) + 1}M(2);.2
+{¢W(1)/2 +2¢"(1) + 1} {2M(2)1.3 + M(3)o.2.0 + M(4)0.0.2.2 — 2M(4)o.1.2.1}
+ {6W(1) 4+ 20" ()HM(3)20.2/2 + M(3)1.0.3/3 — M(4)0,0,1.3/3}
+ {p¥(1) + 3¢”(1) + 1H{M(3)o,1.2 + 2M(3)1,1.1 — M(4)10.1.2},

L L
1)a=2u?e/pf’.zl, M(2 D we/po) w /" +22(u /-0 W /D5

1 ¢=1 =1 ¢=1
J
O 3

j=

II
M\

J

Mx

L
Z (/D) {(Wyethke )/ (DD e N U / T
=

x-
k;ﬂ

L

J
M(@&)apea= Y D Y (Ue/Po){Wie/pie) Wae/Pae) + Wi /Dje) (re /D) e /G

j=1 k=1 £=1
where rf (u) is a homogeneous polynomial of degree 5 with respect to the variables uy11, ..., U —1. By substituting the
expanded expression of exp{itC,(u)} obtained by using (A.4) for exp{itC,(u)} in (A.3), we find
o0 o0
v(t) = (121/14D 72 / e / ho(u)gs(u)du + 0(n~?), (A5)
—00 —00
where

ho(u) = (2 )N =V21 A7V exp(—u" A7 Mu/2),

1 . , 1
%{hl(u)‘i‘(lt)f] (u)} + *[h (u) + (it)ry Wha(u) + (iTa2p(u) + (it {r] (W) /2] + ﬁQo(u),

A=(1=2it7(2 = 2itRER),

gp(u) =1+
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& =(y-1.—1Iv-1) (I 1) ®DT' & - & (I 1) ®D; ' +(1;1) @ D) — (1) @ (1k 1g ) ® D)) (Un—1. —In-1)

andforallj e {1,...,]},D; = diag(pj.1, . .., pjr) Doy = diag(p.11, ..., P-1r, - - -, Pk1s - - -, P-ke) and D(zy = diag(p..1, . . ., p..1),
where N is given by (9), ® and @ denote the Kronecker product and direct sum of matrices, and the degrees of all terms of
polynomial Qp(u) are odd.

We compute the integral in (A.5) by using the equation |£2|/|A| = (1 — 2it)". Then,

. 1y . _
Ylt) = (1 — 2it) ™M/ 1+E;(1—21t) v +om?)¢, (AB)

where vg’ ey vg’ are defined in (15). The results of Theorem 2 are derived by inverting (A.6).
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