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1. Introduction

A Bayesian probabilistic discriminant classifier is based on a classical probability theory using algebra of subsets.
The decision rule of the probabilistic classifier maximizes the probability of “correct” recognition. A Bayesian energy
discriminant classifier was briefly presented in [1]. The algebra of linear subspaces (quantum logic) is used instead of algebra
of subsets. The decision rule of energy classifier maximizes the energy of “correct” recognition. The recognition of two classes
is considered in detail. The use of quantum logic for recognition of signals is considered in [2].

The use of linear subspaces is based on the assumption that the distribution of each class lies approximately in a lower-
dimensional subspace of feature space. These spaces can be found by principal components analysis carried out individually
on each class. An input vector from the unknown class is classified according to the greatest projection to the subspaces,
each of which represents one class.

The subspace classifier was suggested by Watanabe (method CLAFIC [3,4]). This method, however, has drawbacks: a
priori probabilities of classes are not used; subspaces of classes can overlap. T. Kohonen has offered the Learning Subspace
Method (LSM) [5,3]. During the training LSM decreases the number of vectors that are included in subspaces of different
classes. The recognition of handwritten signs by the subspace classifier is considered in [4]. The subspace classifier is applied
to phonemes recognition in [6] and to speaker recognition in [7].

Eldar and Oppenheim [8] draw a parallel between quantum measurements and algorithms in signal processing. They
propose to exploit the rich mathematical structure of quantum theory in signal processing without realization of quantum
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processes. We suggest to consider energy processes instead of quantum processes because nature spends some energy to
create any signal.

2. Quantum logic as an example of fuzzy logic

Let H be a Hilbert space that can be complex or real, finite- or infinite-dimensional in this section. In the following
sections we consider only real and finite-dimensional Hilbert spaces. A fuzzy set A of H is a pair {x, us(x):x € H}, where
ua(x): H — [0, 00) is called a membership function of the fuzzy set A, i.e., for each x € H, ua(x) is the degree of
membership of x. The fuzzy set and its membership function often do not differ. Suppose 14 (x) be non necessarily normal:
sup ua(x) # 1,x € H. A set of membership functions is a partially ordered set equipped with a partial order relation:
Ha(x) < up(x) for all x € H. The result of operations

pa®X) A () = inf(ua®), up(®)),  ua() v upx) = sup(ua(x), ps(x))

is defined pointwise and the result is again a nonnegative function. Hence, the set of membership functions is a lattice.

Each closed linear subspace M C H corresponds to an elementary logical proposition of quantum logic. Each linear
subspace M has an orthogonal projection Py; onto M. So a proposition of quantum logic can be associated with the orthogonal
projection. The set of all orthogonal projections is a lattice equipped with a partial order relation: P < R if (Px, x) < (Rx, x)
for all x € H. Hence every pair of projections P, R has a unique supremum (least upper bound) and a unique infimum
(greatest lower bound):

P AR = inf(P, R), P Vv R = sup(P, R).

Operations P A R, PV R, and P+ = [ — P are conjunction, disjunction, and negation of quantum logic, respectively.

Each projection Py, on the subspace M can be viewed as a filter [2] and it passes some energy uy(x) = (Pyx,x) =
|Pwx||? of signal x (in quantum theory, a projection passes some quantum probability). This energy evaluates the value of
membership of signal x to subspace M. So each linear subspace M C H can be associated with the fuzzy set:

Av = {x, umX):x € H, M C H}, where iy (X) = (Pyx, x).

A set of all membership functions {uy (x), M C H} is a lattice equipped with a partial order relation: (Pyx, x) < (PyX, X)
for all x € H. So operations supremum and infimum of that lattice can be used as a fuzzy logic conjunction and disjunction
of fuzzy sets {Ay, M € H}. A fuzzy logic negation of fuzzy set Ay with membership function ,(x) can be defined as a fuzzy
set Ay, using the following membership function: py 1 (X) = (Py1X, X) = (Pnjx, x) = ((I — Py)x, x), where a subspace M=+
is the orthogonal complement of subspace M. Thus fuzzy sets {Ay, M C H} form a fuzzy logic.

3. Discriminant functions as membership functions

If an object of recognition is described as a vector x = (X1, X2, ..., X,), Where each x; € R,i = 1...l, is a feature, then
the vector x is the pattern of the object in the feature space R". A membership of object to some class S;,i = 1...1],is an
additional feature, which can be defined as the index i of the class, wherei e I = {1,2,...,1}.

We use discriminant functions for the classifier of recognition. Discriminant functions are functions g;(x),i = 1...[, that
determine the membership of the object with the pattern x to class S; according to the following decision rule: if the object
with the pattern x satisfies g;(x) > gj(x) for all j # i, then the object having the pattern x is assigned the class S;.

Discriminant functions split the feature space R" into disjoint sets:

A= {xg® >g,j=1...1j#i.

Thus, if x € A;, then the object having the pattern x is assigned the class S;. However, there are sets {x: g;(x) = g;j(x), j # i},
i = 1...], whose elements it is impossible to include in some set A;,i = 1... L Usually these sets redefine A;,i =1...1to
allow equality.

Using discriminant functions, the classifier determines the value about the membership of the object with the pattern
x to some class S;. Thus the discriminant functions g;(x), i = 1...l, can be understood as membership functions. In the
following, we assume that discriminant functions are non-negative and need not satisfy supg;(x) # 1, x e R,i=1...L

4. Quality functional for a choice of optimal decision rule

We shall use a probabilistic model for recognition. Let (£2, 4, P) be a probability space where a sample space 2 is a set
of recognition objects. It is evident that the set of recognition classes Sq, S,, . . ., S; are a partition of 2: S{US,U---US; = 2
where 5; N S; = @ for all i # j.

Following Zadeh [9], a fuzzy set A is called a fuzzy event if the corresponding membership function s (w): 2 — [0, o0)
is A-measurable. The probability of a fuzzy event is defined as

P(A) = Eus = / padP. (n
2
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Suppose that an object w is described by the vector & (w) = (§1(w), & (w), ..., &E(w)) of features where each &;(w):
2 - R,i=1...n,is A-measurable random variable. Since each object w has the pattern x in the feature space R" = H,
there is a map £ (w): 2 — H. We define an integer-valued random variable y such that y (w) = ifor all w € S;, where

i € I={1,2,...,1}. The sample space §2 of the objects is usually not accessible to immediate observation, therefore it is
necessary to deal with the feature space H. However, §2 can be considered as I x H.
We use a Bayesian method which needs a prior probabilities p; = P(S;),i = 1...l, and conditional distributions

wi(A) = P& € AlSy),i = 1...L Since P(S;) = P(y = i), it follows that p;, i = 1...1, is the probability distribution of
the random variable y.

We denote u(B,A) = P(y € B,& € A), where B = {iy,iy,...,in} C I and A C H. The measure u is the probability
distribution on I x H. Since u;(A) = P(§ € A|S;) and S; = (y = i), wherei=1...1], we get

u({i},A) =Py =i,§ € A) =P(§ € Aly = DP(y = 1) = P(§ € AISHP(S) = pini(A).
Let us put w1 ({i}) = p; and pJ (i, A) = wi(A). We have

1(B, A) = P(Z(y =i)NEe A)) =) PEeAly=i)P(y =iy
k=1

k=1

m i), A m ) . X .
O = 3 i Al = / (i A)pa ().
" B

1 D k=1

k:

It follows that /,L%(l', A) = u;(A) is the transition probability on I x 8 [10], where 8 is a o -algebra of Borel subsets of feature
space H = R".

Discriminant functions gj(x),i = 1...], define arandom variable g, (§). We put g(y, &) = g, (§). Since u;(i, A) = ui(A)
is the transition probability on I x B, we have [10]

1
Eg(y. &) zfm(di)fg(i, Xy (i, dx) = Zp,-/gi(X)m(dX). (2)
I H i—1 H

Suppose H = A; UA, U --- UA, where A;,i = 1...[, are disjoint sets. Let @ be a class of discriminant functions which
contain only indicator functions:

1 ifx €A,
&) = 1400 = {0 if x ¢A:.

It is evident that g(y (), & (®)) = &, () (§ (»)) is the indicator function with a support:

I 1
C=) Eemny=i=) (EcA)NS.
i=1 i=1

We can say that the indicator function 1 = g(y, &) is the membership function of “correct” recognition, where G is a
ordinary event (crisp event) of “correct” recognition. By (2), we have

! I
PG) =Eg(y.6) =) _pi / g pui(dx) = Y PG € AlSHPS). 3)
i=1 H i=1

If we use discriminant functions that are indicator functions, then Bayesian discriminant classifier splits the feature space
H into disjoint sets H = A; U Ay U - - - U A; such that the probability (3) for the ordinary event G of “correct” recognition
would be maximal.

Let gi(x),i = 1...l, be discriminant functions from some class @, where each function g;(x): H — [0, c0) is a Borel-
measurable membership function of class S;. Then the random variable g;(¢ (w)),i = 1...lon §2 is a membership function
such that the value g;(£ (w)) is a membership degree of object w to a class S;. We define fuzzy events G, G, ..., G; as
G ={w, g¢Ww)):we R}foralli=1...L

Let us define the membership function:

i ) = 15 (@) (E @) = {§<f @) ifees

This membership function defines the fuzzy event S;G; = {w, u;(i, w): w € $2}, which is a product [9] of events G; and S;.
The value u;(i, w) is the membership degree of the object w to the class S; if the statement w € §; is true. There can be two
cases. First, if j = i, then u;(i, w) is the membership degree of the object w to the class S; when the object w belongs to
its own class S;. We call the value u;(i, ) a “correct” degree of membership; we call the fuzzy event S;G; a fuzzy event of
“correct” recognition. Second, if j # i, then w;(i, ) is the membership degree of the object w to the class S; when the object
o belongs to the other class S;. We call the value p;(i, ), j # i, an “error” degree of membership; we call the fuzzy event
S;Gi,j # 1, a fuzzy event of “error” recognition.
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Sinceg(y, &) =g,(§)and 15, = 1(,— foralli = 1...], we get

1 1 1 1
g8 =) 18y 6) =Y =@ = > _ 15&E) = Y _ uli, ).
i=1 i=1 i=1 i=1

This membership function defines a degree of “correct” membership for all objects w € £2. We call the random variable
g(y, &) as a membership function of “correct” recognition and the fuzzy set G = {w, g(y (w), §(w)): w € £2} as a fuzzy
event of “correct” recognition.

It is natural to choose discriminant functions g;(x),i = 1...lfrom the class @ such that the probability of the fuzzy event
G of “correct” recognition would be maximal. From (1) and (2), we have that the probability of the fuzzy event G is defined
as

I
PO = Be(y.£) = Y _pi [ gli0u(@. (4
i=1 H
Also (4) defines a quality functional for choice of discriminant functions from the class ®.
Let us show another interpretation of the quality functional (4). We define

1 ifk=j,
1(k=j) (k) = {O if k #j

Since 15; = 1(,—;), it follows that [10]
E(158(£)) = E(15—&(©))
=[] tuseontk a0 = [r@otiy, / gt (k, dx)
IxH 1 H

1
= > D1y [ @k do = [ swun.
k=1 H H

Then the probability of the fuzzy event 5;G; = {w, 15 (w)gi(E(w)): w € §2} is defined as

1) = PG = E(158()) = p / £ (0 (). (5)
H

We call the value r;(i) a “correct” probability of recognition if i = j and an “error” probability of recognition if i # j. By
(4) and (5), the total sum of all the “correct” probabilities of recognition is equal to P(G), so we have another interpretation
of the quality functional (4).

By definition of the conditional expectation, we have E(g,(§)|5,-) =E(gi(§)15)/P(5;),i = 1...1. Hence we get one more
interpretation of the quality functional (4):

1
P(G) = Eg(y, &) = E(Z 1y=8(, s>) =Y _E(1s&(6) = X E(&(©)IS)P(S).

i=1 i=1 i=1

5. Basic formula

Let (§2, 4, P) be a probability space and H is a finite-dimensional Hilbert space over the real numbers with the inner
product (-, -), norm || - ||, and o -algebra 8By of Borel sets. Amap &: £2 — H is called a random element if it is of (4, 8y)-
measurable. The measure v given by v = P(§7'(A)), A € By is called a probability distribution of the random element £. If
£2 is a set of recognition objects, then the vector value x = &£ (w) can be understood as the pattern of the object w.

Assuming that E||£]|?> < oo, we can define one linear form and two bilinear forms

(m,y) =E(§,y) =/H<x,y>v(dx),

y.2) =E(15.3)(6.2)) = [ (xp) 2o, ©)
H
@y.2) = B((6 ~ m.y)& = m.2)) = [ (x=m.y)x - m.z)vcan. @)
H

Under the assumption that the random element & takes values in Hilbert space, the non-random vector m, operator K, and
operator R are usually called as mathematical expectation, a correlation operator, and a covariance operator, respectively.
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From (6) and (7), we have (Ky,z) = (Ry,z) 4+ (m,y)(m, z). Then (Ry,z) + (m,y)(m,z) = ((R 4+ pm)y, z), where
pmy = (v, m)m is a rank-one operator. It is evident that p,,y = ||m||?’psy, where m = m/|m| and pzy = (y, m)mis a
one-dimensional projection. Then

K =R+ pn = R+ |m|°ps. (8)

IfP(¢ = a) = 1, where a is a non-random vector, then the covariance operator R is the zero operator. From (9) it follows
that the correlation K operator is the rank-one operator. If ||a|| = 1 in addition, in quantum theory it can be said that a
quantum system is prepared in the pure state.

An affine structure of Hilbert space H is used when realizations of random element are considered as points. Using a
vector-space structure of H, it is possible to interpret a value ||x||?> as a physical value, for example, as energy, power, or
intensity. If the random element is random signal, then the value ||x||? is a measure of deviation of signal from the zero
vector, and nature uses some energy for this deviation. In the following, we refer to ||x||> as energy.

Let (A&, &) be a bilinear form, where A is a linear operator. Then

E(AE, &) = /(Ax, x)v(dx) = /(x, Ax)v(dx) = trKA = trAK. (9)
H H

If P is an orthogonal projection, then (P&, &) is the membership function. We can define a fuzzy event Ap =
{w, (PE(w), E(w)): w € §2}. According to (1) and (9), the probability of the fuzzy event Ap is equal to

P(Ap) = E(P£, &) = /(Px, x)v(dx) = tr PK = tr KP.
H

We now prove formula (9). Let {e;},i = 1...n, be an orthonormal basis in H. Using definitions of trace and correlation
operator (6), we have

trKA = ) " (KAei, e)) = » f (x, Ae;) (x, e))v(dx) = / > (A, (x, ee) v(dw)
i=1 i=1 /H H =1
= / <A*x,Z(X, ei)ei> v(dx) = /(A*x, x)v(dx) :/(x,Ax)v(dx).
H H H

i=1
Since the scalar product is symmetric in a real Hilbert space, (x, y) = (y, x), we get (Ax, x) = (x, Ax). Then

n n

trAK = ) (AKe, e)) = Y _(Kei, A"ei) = » / (x, e;) (x, A*e;) v (dx)
i=1 YH

i=1 i=1

= / <Z(x, ei)Xx, A*e,->v(dx) = /(X,Ax)v(dx) = /(Ax, x)v(dx) = E(AE, &).
H H H

i=1

Statistical states of quantum system are described by the von Neumann density matrix [11]. In fact, the von Neumann
density matrix is the correlation matrix of the discrete probability distribution. The formula (9) enables us to describe
statistical states of quantum system with continuous probability distributions.

6. Recognition of two signal classes

Helstrom was first who considered recognition of two classes in the quantum theory [11]. We apply Helstrom'’s result
for recognition of two classes of random signals; we only consider an energy distribution instead of quantum probability
distribution on projections.

If each recognition object w € 2 has a pattern x € H, then we have map &: £2 — H, i.e,, £ is a random element. Here
and in the sequel, we will use a term “signal” instead of the term “element”. Generally a random signal is of physical nature,
therefore it carries energy.

Assume that the object w of recognition belongs to one of the classes S;, i = 1, 2 and the pattern of object is the signal
x = &(w). Suppose that each class S;, i = 1, 2, is matched with the orthogonal projection P;,i = 1, 2, where P; + P, = I.
Then the value (Pix, x) = (Pi§(w), £(w)) = gi(€(w)) is the membership of object w to the class S;, i = 1, 2. Therefore, the
projections P;, i = 1, 2, define a class @ of discriminant functions g;(x) = (Pix, x),i = 1, 2.

Let p; = P(S;),i = 1,2 be a priori probabilities of classes and let the conditional distributions v;(A) = P(§ € AlS)),
i = 1, 2, have the correlation operators K;, i = 1, 2. We define a fuzzy event G = {w, g(y (), £(w)): w € £2}, where
g(y, &) = (P&, £). By (4), we must maximize the probability of the fuzzy event G:

P(G) =Eg(y.&) =p1 /(Pl& x)v1(dx) + p, / (P2x, x) v, (dx). (10)
H H
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Let us suggest an energy interpretation of formula (10). Using (5) and (10), we have
(i) = E(15,(P&. §)) = p; / (Pix, x)vj(dx) = pjtr PK;.
H

By the assumption, the projection P; corresponds to the class S;. If € S;, then the projection P; (as a filter) passes an energy
of signals of its own class S;; the average value of such energy is r;(i). If € S;, j # i, then the projection P; passes an energy
of signals of the other class S;, j # i; the average value of such energy is r;(i), j # i. We call energy r;(i) a “correct” energy
ifi = jand an “error” energy if i # j. We also call the total “correct” energy, which passes projections of all classes, as an
energy of “correct” recognition. This energy is defined as

Enrc(Py, Py) = r1(1) + 12(2) = pitr 1Ky + patr PoK;. (11)

It is clear that we must find projections Py, P, so that the value Enrc(P;, P,) would be the largest. In other words, projections
Py, P, together must pass the energy of signals from their own classes as much as possible.
Since P, = I — Py, we have

Eﬂrc(P], Pz) = pzter + tI'P](p1K1 — szz)

Here the first value is constant, but the second value depends only on the projection P;. Hence we must find the projection
Pq such that the second value was the largest. Assume that A;,i = 1...n, are eigenvalues and y;,i = 1...n, are the
eigenvectors of the operator p1K; — p,K>. Then

n n

tr P1(p1K1 — ko) = Z (P1(p1K1 — p2K2)yi, i) = Z<P1)\iYi,.Vi)

i=1 i=1

n
=Y MllPwill® = Y MillPwill® + Y AillPryil® = di + da,
i=1

Ai>0 Ai<0

where ||P1y;]|? < |lyil|? foralli=1...n,d; > 0,d, < 0. Let P; be a projection onto a subspace spanned by the eigenvectors
with positive eigenvalues. Then ||P1y;||? = |ly;||? if A; > 0and ||Pyy;||> = 0if A; < 0. It follows that d; will be the largest and
d, = 0. Hence the required projection P, is found and P, = I — P;.

Comment 1. It is possible to minimize the energy of “error” recognition. The energy of “error” recognition is the following
sum:

Enrg (P, P2) = p1r1(2) + par2(1) = patr Ky + patr PiK;.

If the projections P;, P, maximize the energy of “correct” recognition, then they must minimize energy of “error”
recognition. Indeed, we have

Enrg(Pr, P2) = pitr(PaKy) + patr(PiKa) = pitr(I — P1)Ky + patr(l — P2)K;
= pitr Ky + patr(Ky) — pitr P1Ky — patr(P2K3)
= pitr Ky + patr(K;) — Enrc(Py, P2). (12)

There the values p;tr K; and p,tr K, are constant. Hence the value Enrg(P;, P,) will be the least if the value Enrg(Pq, P,) is
the greatest.

From (12) it follows that the sum energy of “correct” recognition and “error” recognition is a constant. Thus, increasing
the energy of “correct” recognition, we decrease the energy of “error” recognition and vice versa.

7. Decision rule for recognition

Suppose there are two classes of objects S;, i = 1, 2, and the signal x = & (w) is the pattern of the object w. If we use
a probabilistic Bayesian classifier, then the feature space H is divided into the disjoint subsets: Lq, L,, L1 U L, = H, where
the subset L; correspond to the class S; and the subset L, corresponds to the class S,. The decision rule that determines
unambiguously to which class S; or S, belongs the object w, is defined as follows: w € S1ifx € Lyand w € S, ifx € L,.

However, the situation is different when quantum logic is used. Suppose each class S;, i = 1, 2, is matched with the
orthogonal projection P;, i = 1, 2, where P; + P, = I. Denote L; = P{H, L, = P,H, where L & L, = H. Then the pattern
of the object x = £(w) is a sum of two signals: x = P1x 4+ P,x, where P1x € Ly, P,x € L,. It is natural to accept that w € S,
if P;x = x (hence P,x = 0), w € S, if P,x = x (hence P;x = 0). Suppose P1x # 0 and P,x # 0, then 0 # P;x € L; and
0 # P,x € L, simultaneously. It is as if the pattern x belongs to above subspaces L; and L, simultaneously. For instance, let
projections Pq, P, be resonators that select different frequencies from a signal. If the spectrum of the signal has frequencies
of both resonators, then both resonators oscillate simultaneously. Hence we can not decide to which class belongs the object
using subspaces of quantum logic.



74 G. Melnichenko / Journal of Multivariate Analysis 101 (2010) 68-76

Therefore, we must use discriminant functions g;(x) = (Px, x), i = 1, 2, which unambiguously gives the decision about
the membership of the object to one of the classes: S; or S;. By (11), we can find discriminant functions g; (x) = (P1x, x) and
22(x) = (P2x, x) such that they maximize the energy of “correct” recognition. Thus we have the following decision rule:

weS; if(Pix,x) > (Px,x) and w €S, otherwise. (13)

When the decision rule (13) is applied, the feature space H is divided into disjoint sets: A; = {x: (P1x, x) > (P>x, x)} and
Ay = {x: (Pox, x) > (P1x, X)}. We put

Enrc(Aq, A2) =P1/ (P1x, x)v1(dx)—|—p2/ (P2x, X)vp(dx).

A1 Ay

It is evident that

Enc(P1, Py) = Enrc(Ar, Ay) + pi / (Prx, X)v1(dY) + s / (Pox, X)v2(d0). (14)
Aj Ay

The object w of recognition is chosen in a random way but we hope that the value of the discriminant function g;(x) of class
S; is maximal if statement w € §; is true. Also it is natural to hope that Enrc(Py, P,) is approximately equal to Enrc(Aq, A3).
If we apply the decision rule (13), then (P1x, x) < (P,x, Xx) on A, and (P,x, X) < (P1x, x) on A;. So we get

P1/ (P1x, x)v1(dx) SPl/ (P2x, x)v1(dx) SPl/(PZX, x)v1(dx) = pqtr P,Kq,
Ay A H

P2 / (Px, X)v2(dX) < ps f (Prx, X)v2(dX) < p / (Prx v (dX) = pytr Py
Aq Aq H

From (14) it follows that
0 < Enrc(Py, P;) — Enrc(Aq, Ap) < pitr oKy + patr P1K; = Enrg(Pq, Py). (15)

If projections P;, P, maximize the energy Enrc(Pq, P;) of “correct” recognition, then from Comment 1 it follows that
projections P;, P, minimize the energy Enrg(Py, P,) of “error” recognition. If we have good recognition with projections
Pi, P,, then the value Enrg(Pq, P;) is small. Therefore from (15) it follows that Enrc(P;, P,) is approximately equal to
Enrc(Aq, Ay).

Example 1. Suppose the object of recognition w belongs to one of the classes S;, i = 1, 2. Assume that a priori probabilities
of classes are equal p; = p, = 1/2; the conditional distributions v;(A) = P(§ € A|S;),i = 1, 2, have the identical covariance
matrices equal to R and mathematical expectations m, m, are orthogonal as vectors.

We choose the orthonormal basis e;, i = 1...n, in H such that e; = my/|my||, e, = my/[lmy||. We get from (8)
that K; = R + |lm1|>p1, Kz = R + ||my]|?p2, where p1x = (x, e1)eq, p2x = (X, en)en. In the chosen basis, the matrix
piKi — poKo = 1/2(K; — K,) is diagonal with eigenvalues ||m;]|?/2,0, ..., 0, —|/my|?/2. Then Pix = (x, m;)/|imi],
Pyx = (x, my)/|Imy||. If x = & (w) is the pattern of the object w, then by (13) we have the following decision rule: w € Sy if
(my, x)2/|lmq)|> > (my, x)?/||m;||> and @ € S, otherwise.

8. Normalization by trace

Suppose x = &(w) is the pattern of the object w and E((P§, &)|S;) = tr PK;, i = 1, 2, are conditional energy distributions
on projections. The conditional energy distributions on projections of different classes are not equivalent if the traces of the
correlation operators K;, i = 1, 2, are not equal. It is possible to normalize the conditional energy distribution on projections
by normalizing the pattern of objects of each class as follows: n; = &/+4/trK;, i = 1, 2. Then the correlation operators will
be normalized as follows: K; = K;/tr Ky, K; = K /tr K;, where tr K; = tr K, = 1. Also it is necessary to normalize the object
patterns x = £ (w) in the decision rule (13). So, we have the following decision rule: @ € Sy if (P1x, x)/tr K1 > (Px, x) /tr K,
and w € S, otherwise.

Example 2. We consider a classical recognition task of two classes: the class S; is a random signal £ = a + n, where a is a
known non-random signal and 7 is a white noise; the class S, is a white noise 7. Suppose p; = p, = 1/2.

The correlation matrix of white noise 7 is 021, where o2 is a constant and [ is an identity matrix. The mathematical
expectations of the random signals of classes S;, i = 1, 2, are respectively m; = a, m, = 0. Applying the decision rule of
example 1, the classifier always decides that all objects w € S;.

We normalize the correlation matrices of both classes by their trace. From (8), we have K; = &2 + ||a||?pz, where
pax = (x,@)d, @ = a/l|a||; we also have K, = o%I. Then trK; = o%trI + |la||*trpz = no? + ||a||? and trK, = no 2. Since
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covariance matrices of both classes are oI, they are diagonal in any basis. We choose a basis in H such that e; = a. Then
the matrix p1K; — poKo = 1/2(K;/tr Ky — Ky /tr K3) is diagonal in the chosen basis with following eigenvalues:

(n—"1Dllal? _ lla|l® _ llall®
2n(no? + [la|>)” """ 2n(no? + |lall?)”  2n(no? + |lall?)’

Here the first eigenvalue is positive and the last n — 1 eigenvalues are negative. So the projection P; is a one-dimensional
projection: P;x = (x, e1)e;. Then (P1x, x) = (x, a)?/|la||?> and (P,x, x) = ((I — Py)x, x) = (x, x) — (x, a)?/||a|]>.
We denote the signal-to-noise ratio as SNR = ||a||?/o2. Normalizing the object pattern by the trace, we get from (13)
the following decision rule: w € Sy if (x, a)?/(1 + SNR/n) > ||x||?||a]|?> — (x, a)> and w € S, otherwise.
We have tr P,K; = o%trP, = (n — 1)o? and tr P;K, = o?tr P; = ¢2. Then
P (n — 1)o? o? n—1 1

P2
Enrg(Pq, Py) = —trP,Ky + —tr P1K; = + = + —.
e(Pr, P2) rky 2tk 0 2o+ [lal?) | 2ne?  2(n+SNR) | 2n

Thus the energy of “error” recognition depends only on the dimensionality n of the feature space and SNR. The energy of
“error” recognition is approximately equal to 1/2n if SNR is high enough.

9. Normalization by signal norm

We can normalize object patterns by normalizing each signal x = &(w) to have the unit length. In that case, ends of
normalized random vectors are located on a unit sphere. Suppose P(§ = 0) = 0. Putting n = £/||&||, we have

E(n, 1) = E((€, £)/161%) = E(I£I1°/161%) = 1. (16)

Let K be the correlation operator of the normalized random signal 7. From (9) and (16), we have tr K = 1. Hence, the energy
distribution on projections is normalized.

Ifx = &(w)/|IE(w)|, ie, |Ix]| = 1, then g;(x) = (Pix,x) < 1,i = 1, 2. This yields that supg;(x) = 1,i = 1, 2. So the
discriminant functions g;(x), i = 1, 2 are classical membership functions [9].

Vectors x and Ax for any A> 0 describe the same physical state in quantum mechanics. It means that states of quantum
systems are rays, i.e. points of projective space. Due to this fact, we can consider states with unit norm ||x|| = 1 only.

The same holds for sound signals and monochrome images. In fact, the sound signals x and Ax for any A> 0 differ in
loudness only. The monochrome images can be described as a set of | = nm real numbers corresponding to the intensity of
the light in each pixel. Hence the space of the monochrome images can be described as a vector space of dimension [ = nm.
All the intensities of the monochrome image can be multiplied by a number A> 0, but that does not change monochrome
image.

10. Subtraction of mean

The following hypothesis is accepted in the recognition theory: the distribution of the patterns of a class is concentrated
in a compact area of a feature space. It is natural to assume that distribution of patterns is grouped around the mean
(mathematical expectation) of this distribution. Then each object pattern x = & (w) can be written as the sum x = y + g,
where a is the mean and y is the random vector from the compact area such that its beginning is the end of the mean a.

If P(6 = a) = 1, where a is a non-random signal, then E(A£, &) = (Aa, a), the correlation operator is the rank-one
operator p,, and the covariance operator is the zero operator. Using (9), we have (Aa, a) = trAp, = tr p;A. Hence, applying
(9) and taking into account that the orthogonal projection is a self-adjoint operator we have

E(P£, £) :/H(Px,x)v(dx) = trRA + ||Pm||®> = trAR + ||Pm|°. (17)

Therefore, we can use the formula (17) for the energy distribution on projections if we know the mean m, and the covariance
operator R of a random signal.

Suppose the conditional distributions v;(A) = P(§ € A|S;),i = 1, 2, have the covariance operators Rq, R, and means
my, my. Then from (11) and (17) it follows that we can maximize

Enrg(Py, P,) = pitr PiRy + potr PoRy + [|Pymy||* + [[Pomy ||

instead of (11).
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