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1. Introduction

The conditionally autoregressive (CAR) and simultaneously autoregressive (SAR) models are both very popular models
used to model the spatial structure underlying lattice data. CAR models were introduced by Besag [2], while SAR models
were originally developed as models on the doubly infinite regular lattice beginning with Whittle [21]. Since then, these
models have been used to analyze data in diverse areas, such as epidemiology, demographics, economics and geography.
Especially, in the last two decades, because of the convenient employment of Gibbs sampling and more general Markov
Chain Monte Carlo (MCMC) methods for fitting certain classes of hierarchical spatial models, the study of both CAR and SAR
models is resurgent.

The default (automatic) Bayesian analyses for CAR models were considered, perhaps for the first time, by De Oliveira [9],
who studied two versions of Jeffreys priors: the Jeffreys-rule and the independence Jeffreys priors, and made comparisons
between these two Jeffreys priors, the maximum likelihood estimates, and the uniform prior. He found that the frequentist
properties of Bayesian inferences based on the independence Jeffreys prior were similar or better than other priors.
Thus, he recommended the independence Jeffreys prior as the default objective prior. However, in the same paper, the
results show that the independence Jeffreys prior does not always yield a proper posterior, so he pointed out that the
posterior impropriety is a potential problem when the independence Jeffreys prior is used, although it seems unlikely to be
encountered in practice. Consequently, Ren and Sun [16] considered the reference priors for the CAR models and concluded
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that only the Jeffreys-rule and the “exact” reference priors can always yield proper posteriors. They finally recommended
two “exact” reference priors as the default prior based on the simulation study. This overcomes the difficulty of improper
posterior with the independence Jeffreys and commonly used reference priors.

De Oliveira and Song [12] studied objective Bayesian analyses for SAR models. They also considered two versions of the
Jeffreys prior. From the simulation results, they also recommended the independence Jeffreys prior as the default prior.
They also identified the same problem in this case, that is, the independence Jeffreys prior does not always yield a proper
posterior. Ren [15] proposed the reference priors for SAR models and found the reference priors perform better than the
Jeffreys-rule prior, so he finally recommended the reference priors as the default priors.

However, the above models studied do not include the measurement error. As we know, the measurement error/
microscale variation is present in many spatial data. In this paper, we will propose objective priors for autoregressive models
with the nugget effect, treating both CAR and SAR models as special cases. Although the hierarchical linear mixed models
considered by Sun et al. [19] included CAR and SAR models with the nugget effect, they only considered a class of improper
noninformative priors and investigated propriety of posteriors under this class of priors. In addition, the class of noninfor-
mative priors they considered does not include the objective priors introduced in this paper.

The objective Bayesian approach for spatial data has been studied by many authors. See, for example, [11,14,10,17].
For models with nugget effects, a new parameter was usually introduced in order to conveniently obtain properties and the
propriety of posteriors. Ren et al. [ 17], for example, introduced the noise-to-signal ratio as the new parameter in their paper.
For the models we consider in this paper, we also introduce a new parameter, but interestingly, the new parameter is the
signal-to-noise ratio instead.

The main object of this paper is to propose default Bayesian analyses for autoregressive models with nugget effects.
Jeffreys priors, including Jeffreys-rule and independence Jeffreys priors, the reference priors obtained from asymptotic
marginalization or the exact marginalization algorithm, are derived for the parameters in the models and conclusions on
propriety of the resulting posteriors for the model parameters are established. Frequentist coverage of the credible intervals
for numerical comparisons is described and examples are given based on simulated data to make comparisons between
Jeffreys-rule and exact reference priors.

The organization of the paper is as follows. In Section 2, autoregressive models with nugget effects are introduced and the
Jeffreys priors and various reference priors are derived. In Section 3, a class of objective priors are introduced, the behavior of
integrated likelihood is investigated, and the proprieties of marginal priors and posteriors under all studied objective priors
are studied. The two kinds of objective priors, the Jeffreys-rule and “exact” reference priors that always yield the proper
posteriors, are compared numerically in terms of frequentist coverage of Bayesian credible intervals, and a real example is
used for illustration in Section 4. Section 5 gives a brief summary and comments. Finally, some technical details are given in
the Appendix. Several lemmas are present in Appendix A; and the proofs of some main results are present in Appendix B.

2. Autoregressive models and objective priors

2.1. Autoregressive models with nugget effects

We consider a Gaussian Markov random field, where the study area is partitioned into n regions, indexed by integers
1,2, ..., n. For region i, the variable of interest, y;, is observed through the following model,

Yi=xB+z+e, (1)

where X = (x;1, ..., Xjp)" is pre-specified, B = (B1, ..., Bp)’ € RP are unknown regression parameters, e; are iid normal
(0, 8p) errors, and (z1, ..., z,)’ are spatially correlated random effects satisfying

n
@ |z, j#D)~N (Z w,-,-<p>z;,al), )
j=1
where 8 = (B4, ..., Bp) € RP are unknown regression parameters, §; > 0 and Wj;(p) are covariance parameters, with
Wii(p) = 0 for all i. It is from [2] that the joint distribution of z is uniquely determined by the full conditional distributions
(2). It is often that Wj;(p) is a linear function of the weight C;. That is,

Wii(p) = pC;, foralli,j. (3)
The matrix C = (Cjj)nxn is often called a Weight Matrix or Proximity Matrix.

Often the proximity matrix C is symmetric and treated as known. Common choices of C are as follows.

e Adjacency Matrix: C; = 1if region i and region j share common boundary.
e k-neighbor Adjacency Matrix: C; = 1 if region j is one of the k nearest neighbors of region i.
e Distance Matrix: Cj; = the distance between centroids of regions i and j.

The case of Adjacency matrix was introduced in [3] and the other two cases can be found in [4,18].
Note that (2) and the joint distribution based on (3) are equivalent to

Z ~ Ny (0, 8:(I, — pC)™h). (4)
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Here p is often called a ‘spatial parameter’. Let A < A, < --- < A, be the ordered eigenvalues of C. Because tr(C) = 0, it
is clear that A; < 0 < A,. The range of the spatial parameter p is ()\1’1, 271, including 0 as an interior point.
Alternatively, a simultaneous AR model was proposed by Whittle [21],

z=pCz+¢€ €~ Ny(0,61,). (5)
See also, [13]. This is equivalent to the model,
z ~ Nu(0, (I, — pC) ), (6)

As pointed out in the introduction, since the measurement error is present in many spatial data, we study the model that
includes the measurement error in this paper. In addition, we consider unified models including CAR and SAR models as

special cases. In general, if we writey = (y1,...,¥n) and X = (x;)nxp, we could consider the following autoregressive
model,

y=XB+z+e, (7)
where

z ~Np(0,8;(I, — pC)™™), and e~ N, (0, Sol), (8)

where h is a fixed positive constant such as h = 1, 2. This is equivalent to considering the above models with a nugget effect
for the marginal distribution for y,

¥ ~ NXB, Sol, + 81(I, — pC)™). 9)

In the geostatistical literature, &y is often called the nugget effect.
Let y = 81/80, the so-called signal-to-noise ratio, and G = I, + n(I, — pC)~". Then (9) becomes

¥y ~ NXB, 56). (10)
Based on the observed data y, the likelihood function of (p, n, 8¢, B) is given by
op [ Y= XBCY —XB)
(2 8o)"2|G|1/2 280 :

As we know, a prior is required for a full Bayesian analysis. As was discussed in the introduction, we seek objective priors
for the unknown parameter (p, 1, 8, B). We first give the Jeffreys and usual reference priors, and then derive two exact
reference priors. These objective priors are improper and propriety of the posterior is studied.

L(,O, ’77607 Bay) =

(11)

2.2. Common objective priors

For the model (11) with parameters (p, 71, 8o, B), the Fisher information matrix is given in the following proposition. The
proof is given in Appendix B.

Proposition 1. The Fisher information matrix of (p, n, 8o, B) is of the form,

1
3 X3(p,n,80) O

X(p, 1,80, B) = 1 : (12)
0 —X'G7'X

8o

where X3(p, n, 8o) is equal to

Xn: (rihn)? 2": Aihn 1 2”: Aihn

—~ (1-xp)*n+ A =2p)"? = A=rp)n+ A =1p)"2 S = (1= kip){n+ (1 —rip)t)

X”: Ahn X”: 1 1 X”: 1 13
— (1= xp){n+ 1 —rp)"? — {n+ (1 —xip)')? S = n+ (1= Aip)"

1 2": ahn 1 1 n

So = (1= aip)n+ (A =1} 8o = n+ (1 —1ip)h 85

For convenience, we denote the 2 x 2 submatrix of X5(p, 1, 8o) by striking out the last row and column by ¥, (p, 1). The
following proposition gives the expression of the determinants of ¥, (p, n) and X5(p, n, 1). The proofis given in Appendix B.
In order to simplify the expressions, we denote 1/(1 — A;p) and 1/{n + (1 — A;p)"} by a;and b;,i = 1, ..., n, respectively.
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Proposition 2. The determinants of X,(p, ) and X3(p, n, 1) are given in the following.

| Z2(p, Ml = (h)* D~ (ni — 1) (aigjbiby)?, (14)
i<j
hn)? &
| Z3(0,n, D] = ( Z) Z(bibjbkbl)z()‘«i — )0 — M) Haiai(n + ci)di — aear(n + cu)dy)>, (15)

where Y_* is summation for the indices i, j, k, | satisfying i <j, k <L (i—kn <1 —j+i({i+ 1)/2 — k(k + 1)/2, and
Ai(1 =)™ =21 = dip)™!
Ciji =
! A — Aj
(- o) — (1= xip)"
Ai— A ’

)

dij

Remark 1. (i) For the CAR model, in this case h = 1, we have ¢; = 1 — Aikjpz and d;j = p.
(ii) For the SAR model, in this case h = 2, ¢; = 1 — 30Ajp? + Aidj(hi + A)p> and dj = p{2 — (A + Aj)p}.

The most commonly used noninformative prior is the Jeffreys-rule prior. Alternatively, Jeffreys [8] also suggested the
use of the independence Jeffreys priors, obtained by assuming that the groups of parameters are independent a priori
and computing each marginal prior using Jeffreys-rule when the rest groups of parameters are assumed to be known.
For example, the independence Jeffreys prior 7/, obtained by assuming that (p, 7, 8¢) and 8 are independent a priori, is
proportional to the product of \/| ¥3(p, 1, §0)| and a constant because the Jeffreys-rule prior of (p, 1, §o) given 8 is equal to
V123(p, n, 80)| and the Jeffreys-rule prior of B given (p, 1, §o) is a constant. Some slightly different computational formulas
for Jeffreys and independence Jeffreys priors are given below and can be derived from Proposition 1 directly. The detailed
proofs are thus omitted.

Proposition 3. Suppose that the sampling distribution is given by (11).
(a) The Jeffreys-rule prior 7/ (p, n, 8¢, B) is given by

1
(o, 1, 80, B) W\/wc-m 12300, 0, DI (16)
0
(b) The independence Jeffreys prior !, obtained by assuming that (p, 1, 8¢) and B are independent a priori, is

1
n_l]l(p’ n’(so’ﬂ)ui\/lzé(p’ m, 1)| (]7)

o
(c) The independence Jeffreys prior "2, obtained by assuming that (p, n), 8o and B are independent a priori, is

1
7 (p, 1, 80, B) x %\/wz(p,nn. (18)

(d) The independence Jeffreys prior "3, obtained by assuming that (p, n) and (8y, B) are independent a priori, is
1
(. 1, 80, B) Wxﬂzz(l)ﬂm- (19)
0

By specifying the order of parameters, we can obtain various reference priors based on the methods in [1]. The ordering
of parameters reflects the inferential importance of parameters, in particular, the first parameters are the parameters of
interest. For example, the ordering {8, (p, 1, §0)} means f is the parameter of interest and (p, 1, &o) is of less importance
or is a nuisance parameter. Similarly, the ordering {(p, 1), B, 8o} means (p, ) is the parameter of interest, § is of less
importance, and §; is of least importance. We present these reference priors in the following proposition and the proof is
given in Appendix B.

Proposition 4. Suppose that the sampling distribution is given by (11).
(a) The reference priOrS Of (IO» n, 507 ﬂ) with Orderings {(pv n, 80)5 ﬂ}v {ﬂv (107 n, 80)}7 {(pv n)s 805 ﬂ}v {(pv n)s Bv 50}1 and
(B, (0, ), 8} are all the same as 7"

(b) The reference priors of (p, 1, do, B) with orderings {So, (0, 1), B}, {0, B, (0, M}, {B, do, (p, n)} are all the same as
(c) The reference prior of (p, 1, 80, B) with ordering {(8o, B), (p, 1)} is the same as 7>,

(d) The reference prior of (p, n, 8o, B) with ordering {(p, 1), (89, B)} is

1
7. 80 B) o~y 1Z5(p. 0. D (20)
0

2
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2.3. The exact reference priors

The reference priors in the previous section are derived based on asymptotic marginal distributions. In this section, we
consider “exact” reference priors. Note that the conditional Jeffreys-rule (or reference) prior for 8 is constant when (p, 71, o)
is assumed to be known. Thus, under 7 (8) = 1, the marginal (integrated) likelihood function of (p, 1, §p), which we call as
Type I marginal likelihood function, is

1 s?
L.(p,n,80;y) = L(p, n, 8y, B;y)dB exp| —— |, 21
«(0, 1,805 ¥) /Rp (0, m, %0, B; y)dB ST PTG 2 XIGIX| 172 p( 250) (21)

where for fixed 1 and p, the generalized residual sum of squares, S?, and the generalized least squares estimator of 3, ﬁ are
given by

B = Blp.n) =XG'X)7'X'Gy, (22)

§?=S*p,m =@ —-XB)'G 'y —XB). (23)
Ifwe denote G~! — G7'X(X'G'X)"1X'G~! by R¢, then S* = y'R.y.
Furthermore, the reference prior of §, is a scale invariant prior 1/8¢, so we can derive the marginal likelihood of (p, 1),
which we call as Type Il marginal likelihood,

o0 1
Loy n:y) = / / L6, 1, 30 B; y) 5By o< G IX'G X |22y 0D, (24)
0 RP 0

Note that the constant prior for 8 is improper. Thus, as functions of the data y, both L, and L,, are improper, but from
Theorem 1 (equivalence theory) in [17], L, (L) is essentially a proper density ofan — p (n — p — 1) dimensional random
variable and it is legitimate to find the Fisher information matrix of (p, n, 80) ((p, n)) based on the Type I(II) marginal
likelihood and derive the reference priors, called Type I and II references, respectively.

The Fisher information matrix and the exact reference prior from the Type I likelihood function is given in the following
proposition. The proof is similar to Proposition 1, so it is omitted here. In addition, one can verify that the Type Il reference
prior derived from (24) is the same as Type I's, so we do not state these results for Type II case.

Proposition 5. Suppose that the sampling distribution is given by (11).

(a) The Fisher information matrix of (p, n, 8o), based on the marginal likelihood function L,(p, 1, 80; ¥), is %Z;(p, 1, 8o0), where
2%(p, 1, 8o) is equal to

a3\’ I 1 3
tr RG—G tr RG(In—pC) RG—G —tr RG—G
ap a0 So 90
9 1
tr { R (I, —pC)‘thapc} tr{Rc(I, — pC)"y (S—rr{Rcan—pcrh} : (25)
0
V(R LR, — pO)") n—pb
(R —tr _
5 Gap 5 ¢Un —p 85

(b) Type I exact reference prior with orderings {(p, 1, 80), B} and {(p, 1), 8o, B} is

1
X (p. 1. 8o, B) s VI1Z5(0. 0, DI (26)

8
3. Propriety of prior and posterior

3.1. A general class of priors

We consider the following class of improper priors for (o, 1, g, ) € 2 = (Af, A;l) x (0, 00)? x RP of the form

m(p, 1)
8
where a € R is a hyperparameter and, loosely speaking, 7 (p, n) is the marginal prior of (p, ). Note that from (27) the
priors for (p, 17), 8o and B are independent, and the marginal prior of f is a constant.

Itis easy to see that all objective priors derived in Sections 2.2 and 2.3 belong to (27). The corresponding marginal prior for
(p, n) is denoted by the same notation as the prior for (p, 1, 8o, B). For example, from (16) in Proposition 3, the Jeffreys-rule
prior can be written as

J
J _ (e,
v (105 n, 607 ﬂ) - 8(1)+p/2 )

7[(10’ 77!807 ﬂ) X s (107 n780! ﬂ) € ()\_laA';]) X (Oa 00)2 X Rps (27)
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where

(0. m) o VIX'GIX| - | Z3(p. . D).
Under the prior (27), a standard calculation yields

o0
/ / L(p 1. 80, B: )7 (p. 0. S0, BYABAS = Luva(ps 12 3)7 (0. 1),
0 RP

where
L ; ! 28
wxa (05 113 Y) X |G|1/2|X/G—lx|1/2(52)(n—p)/2+a—1 . (28)
Under the prior (27), the joint posterior distribution of (p, 1, 89, B) is proper if and only if
An 1 o)
0< / 1 f Lesa(p, 15 ¥)7 (p, m)dp dn < oo. (29)
)L; 0

The next section will give the behavior of the integrated likelihood function L,.,(p, n;¥) at Al_l and A;l for p and at zero
and infinity for , which provides the key to determining the propriety of the posterior of (p, 1, 8o, 8) under the class of the
prior density (27).

3.2. Behavior of integrated likelihood L.,

Proposition 6. Suppose that A, and A, are simple eigenvalues. Then as p — A7 !, we have

_ h
|Gf1| e (1 )\.1,0) ’ (30)
n+ 0 —=x0)"n+c)n1?
(1— AlP)h
IX'6'X| oc { (1 4{ A= +op1 M€ C(X), .
0 +op u; & C(X),
1
2
Nl " o .

where c is a positive constant and C(X) is the column space of X consisting of all linear combinations of the column vectors of
X. The same results hold as p — )., ! where A, and u; are replaced by A, and u,, respectively.

The proof can be found in Appendix B. Based on the above proposition, we have the following conclusions.
Corollary 1. L...(p, n;¥) is a continuous function for (p, n) € ()»1’1, )»,ﬂ) x (0, o0) and has the following limiting behavior as
o= A
n+o*, u; € C(X),
Lia(0s 13 ¥) ¢ § (1= 21p)"2(n 4 )"~/
o W€ e,
{n+Q—2ip)"

where c is a positive constant. The same results hold as p — A;] when A1 and u are replaced by A, and u,, respectively.

3.3. Properties of marginal priors and posteriors
The following proposition gives the limiting behaviors for | X5 (o, n)| and | ¥3(p, n, 1)|.

Proposition 7. Both | X,(p, n)| and | ¥3(p, n, 1)| are continuous functions for (p,n) € a7 )»;1) X (0, 00) and have the
following limiting behavior as p — Al_l.

V1E2 (0. )] L (33)

A —=rp)n+ Q=10 +0)

NOATE IR L (34)

(1= xip){n+ 1 = 1"+ 0%

where c is a positive constant. The same results hold as p — A, 1'when )4 is replaced by An.
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Proof. Based on Proposition 2, one can easily obtain (33). Without loss of generality, we assume A, # 3. With some algebra,
one can obtain
|Z3(p, 0, DI & n*(arbibabs)*{ax(n + c12)di3 — a3 () + c13)d12}
= n°(a102a3b7byb3)*{(n + c12)dr3/as — (0 + cr13)d12/az}.
From the definitions of a;, b;, ¢;; and dj;, one can obtain the following results:

dis  di  —(s—)/d] + (k3 — M)/d} — by — 21)/d}

as a (A2 — A (A3 — A9)
C2di3 ci3diz di3 diy h
— =\—-—)/a.
as a; as a;

By these two equations, one can obtain the resultin (34). O
Remark 2. By Propositions 6 and 7, we have the limiting behavior for the marginal Jeffreys-rule prior as p — A]_]:
1—A (h—2)/2
n( 10) € e,

(n+ (1= 2P PPy + P72 (35)

n
(A= rp i+ (1 —plf+oeror 1 7 X

The same results hold as p — A when A, is replaced by A,

7 (p,n)

Theorem 1. Consider the model with sampling distribution (11).

(a) The marginal Jeffreys-rule prior 7/ (p, n) is proper when both u; and u,, are in €(X), while it is improper when either u, or
u, is not in C(X).

(b) Marginal independence Jeffreys priors w1 (p, ), 7V%(p, n) and 773 (p, ), and the marginal reference prior =%'(p, n) are
improper.

(c) The posterior for the Jeffreys-rule prior is proper.

(d) The posterior for Y1 is proper when neither u; nor u, are in € (X), while it is improper when either u; or u, is in C(X).

(e) The posteriors for w7% and =73 are always improper.

(f) When p = 1 and both u; and u,, are not in C(X), the posterior for w®! is proper, while it is improper for other cases.

The proof is given in Appendix B.

Proposition 8. Suppose that A, and A, are simple eigenvalues. Then as p — A7 ', we have

1

Tt o2 if uy € C(X),

7’ o, n) (36)

n
(1 =1p){n+ (1= 21p)"Hn + ©)?

The same results hold as p — A, ! when A, and u; are replaced by A, and uy, respectively.

if ui & C(X).

The proof is given in Appendix B. The following theorem’s proof is similar to Theorem 1, so it is omitted.

Theorem 2. Consider the model with sampling distribution (11).

(a) The marginal exact reference prior wR(p, n) is proper when both u; and u,, are in C(X), while it is improper when either
or u, is not in C(X).
(b) The posterior for exact reference prior is proper.

4. Numerical comparisons

4.1. Simulation study

We perform a small simulation experiment to investigate the frequentist coverage of equal-tailed 100(1 — )% Bayesian
credible intervals for two parameters of interest: the spatial parameter p and the signal-to-noise ratio n, when one of the
two objective priors is used. A ‘better’ prior is one in which the frequentist coverage is closer to the nominal level.

The setup is similar to [9]. The models are defined on a 10 x 10 regular lattice with a first order neighborhood system and
C adjacency matrix. Thus p must belong to the interval (—0.260554, 0.260554). We consider two different mean functions
E{y(s)}, namely the constant (p = 1) or By + B1Si1 + B2Si2 + B3Si1Siz + ﬂ4si2] + ,35sz (p = 6), and three different values of p:
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Table 1
Frequentist coverage of Bayesian equal-tailed 95% credible intervals for p and n by using the CAR model.
p=1 p=6
n =02 n=1 n=2 n=>5 n=20.2 n=1 n=2 n=>5
p =0.05
P Reference 0.939 0.938 0.931 0919 0.973 0.931 0.934 0.930
Jeffreys-rule 0.953 0.956 0.947 0.936 0919 0.946 0.952 0.960
n Reference 0.999 1.000 0.989 0.768 0.998 1.000 0.997 0.913
Jeffreys-rule 1.000 0.999 0.991 0.744 0.998 1.000 0.998 0.899
p=0.12
p Reference 0.953 0.909 0.869 0.816 0.977 0.933 0912 0.881
Jeffreys-rule 0.963 0.934 0.897 0.848 0.938 0.971 0.978 0.972
n Reference 0.999 1.000 0.993 0.864 0.997 0.999 0.999 0.955
Jeffreys-rule 1.000 1.000 0.991 0.852 0.999 1.000 0.998 0.909
p =0.25
P Reference 0.995 0.991 0.987 0.980 0.987 0.997 0.998 0.998
Jeffreys-rule 0.994 0.996 0.993 0.988 0.958 0.998 0.999 0.999
n Reference 0.976 0.996 0.997 0.992 0.988 0.994 0.999 0.998
Jeffreys-rule 0.984 0.998 0.998 0.990 0.997 1.000 0.999 0.991
Table 2
Frequentist coverage of Bayesian equal-tailed 95% credible intervals for p and » by using the SAR model.
p=1 p==6
n=0.2 n=1 n=2 n=>5 n=0.2 n=1 n=2 n=>5
p =0.05
0 Reference 0.949 0.907 0.869 0.825 0.949 0.907 0.879 0.842
Jeffreys-rule 0.960 0.937 0.908 0.871 0.940 0.965 0.973 0.969
n Reference 0.998 0.948 0.819 0.503 1.000 0.964 0.830 0.489
Jeffreys-rule 0.999 0.964 0.855 0.519 1.000 0.992 0.941 0.593
p=0.12
0 Reference 0.982 0.929 0.873 0.804 0.978 0913 0.866 0.778
Jeffreys-rule 0.984 0.960 0.921 0.860 0.962 0.993 0.990 0.979
n Reference 0.998 0.957 0.924 0.858 0.998 0.966 0.924 0.834
Jeffreys-rule 0.999 0.970 0.936 0.876 1.000 0.993 0.965 0.849
p =025
0 Reference 0.976 0.973 0.973 0.968 0.992 0.985 0.983 0.976
Jeffreys-rule 0.975 0.971 0.973 0.967 0.987 0.966 0.962 0.962
n Reference 0.962 0.969 0.976 0.978 0.979 0.980 0.987 0.987
Jeffreys-rule 0.961 0.964 0.974 0.977 0.988 0.979 0.981 0.980

0.05, 0.12, or 0.25 and four different values of n: 0.2, 1, 2 and 5. 3000 replications are generated for each combined choice
of p and n and the equal-tailed 95% credible intervals are computed for p and n with two different models: CAR and SAR
models.

From the simulation results in Table 1, as a CAR model is used, performance for the reference and Jeffreys-rule priors is
reasonable for p and it is reasonable for  when 7 is not too large whether p = 1 or p = 6. When 7 is large, the performance
for both priors for 7 is sometimes bad. Overall, based on simulated results, the performance of the two priors is similar.

Based on the simulation results in Table 2, when a SAR model is applied, the performance for the reference and Jeffreys-
rule priors is reasonable for p and it is reasonable for n when 7 is not too large whether p = 1 orp = 6. When 7 is
large, the performance for both priors for 7 is sometimes bad and the performance for the reference prior is worse than the
Jeffreys-rule prior.

Another way of making comparisons is to present the coverage probabilities. Here we only make the graphs of the
coverage probabilities for both p and n when the CAR model is applied. Similarly we can make these graphs under the
SAR model. In Fig. 1, both the performance between Jeffreys-rule and reference priors is very similar and the Jeffreys-rule
prior is a little better than reference prior when p is close to the upper boundary of the interval A, 1. InFig. 2, the performance
for both two priors is almost identical, and they do better jobs when 7 is close to zero or p is close to }L;l.

In Fig. 3, the reference prior performs better than the Jeffreys-rule prior when p is close to zero and A, !. Especially when
p is close to zero, the performance of the reference prior is almost perfect, but the performance of Jeffreys-rule prior is better
in other cases. In Fig. 4, overall, the reference prior performs better than the Jeffreys-rule prior. On the other hand, when
p = 0.05 and n = 0.2, its performance is much worse for both p and 7.
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Fig. 1. The coverage probabilities of p under the reference and Jeffreys-rule priors whenp = 1.
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Fig. 2. The coverage probabilities of  under the reference and Jeffreys-rule priors whenp = 1.
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Table 3

Summaries of the marginal posterior distributions (2.5% quantile,
median, 97.5% quantile) for small-scale-variation parameters
(p, m, 80): 1974-1978 Data by the reference prior.

k=0 k=1 k=2
P 0.142 0.885 —0.990
Cl [—0.322,0.187] [—0.989, 0.899] [—0.999, 0.997]
n 0.220 0.064 0.009
S0  954.04 1141.16 1228.87
B1 1602 1.601 1.594
B 0.036 0.036 0.036

This study is too limited to build that the reference prior overall generates references with a satisfactory frequentist
coverage, but our simulation study does provide some evidence that the Jeffreys-rule prior can be very inadequate based on
the frequentist coverage.

4.2. Real data analysis

For illustrative purposes, we consider one problem for the 1974-1978 data analyzed by [5]. The dataset consists of the
number of SIDS and live births from July 1, 1974 to June 30, 1978 for each of 100 counties of North Carolina and the county-
seat locations. SIDS is defined as the sudden death of any infant 12 months old or younger that is unexpected by history
and remains inexplicable after an adequate postmortem examination. Because one county (Anson County)’s standardized
residual is unacceptably high, it is dropped in our analysis and therefore there are 99 observations (counties), i.e., n = 99.
The details of the dataset can be found in [5].

Neither [5] nor [16] considered nugget effects in their CAR model for this example. As pointed out, the nugget effects
cannot be ignored for spatial data. Therefore, we consider the following CAR model with nugget effects for the transformed
data. In this sense, the proposed model generalizes the traditional CAR model by including nugget effects. The model is given
by

y=XB+e,
where y = D~'2y, X = D~'/?X and & is assumed to be N(0, oI, + 81(I, — pC)~") and € = (&) with & = C(k)d}

ifj € N; and ¢; = 0 otherwise. Here dj; is the Euclidean distance between the ith and jth county seats, k = 0, 1, or 2,
C(k) = (min{dyj : j € Nj,i = 1,..., n})* and N; is the set of neighborhoods for the ith county: j € N; if dij < 30 miles.

D= diag(ml_l, e, m;l) where m; is the number of live births.y = (y1,...,y,) and
1000s;\ /2 /1000(S; + 1)\ '/
Yi= +\— )
m; m;
where S; is the number of SIDS.
1 Xs5;
1 Xs» Bo
X = ’ =
o B (m) :
1 X5

where X; ; is the (Freeman-Tukey transformed) nonwhite live-birth rate, defined by

1000&; \ /2 1000(@; + 1)\ /?
o= (00 ()

m; m;

and ; is the number of nonwhite live births.

In this example, a ratio-of-uniforms method, which can be found in [20], for sampling p and # from its marginal posterior
distribution, is used for simulation. This method is quite efficient in terms of computation. Because the expected value of
parameters could not exist when the reference prior is applied, we report these estimates by quantiles in Table 3.

We conclude that p is not significantly different from 0 based on the confidence intervals for three cases. The nugget
effects do exist for three cases, so the measurement error cannot be ignored. The estimate of regression coefficients (8; and
B>) is very stable, which is similar to the results obtained by Cressie and Chan [5] and Ren and Sun [16].

5. Summary and comments

In this paper, we propose an objective Bayesian analysis method for autoregressive models with nugget effects, which
include both CAR and SAR. The reference priors and Jeffreys priors, including the Jeffreys-rule and various independence
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Jeffreys priors, are developed for these models. The properties of these priors and resulting posteriors are studied. Based on
the simulation study, the exact reference prior is recommended as the default prior.

Berger et al. [11] found that both the independence Jeffreys and reference priors failed to yield proper posteriors,
while [14] considered the model in [11] with multi-dimensional separable correlation functions involving several param-
eters and found that these commonly used objective priors, which include independence Jeffreys and the usual reference
priors, all yield proper posteriors under very general assumption. Recently, Ren et al. [17] studied the model for spatially
correlated data with measurement errors and found that these commonly used noninformative priors fail to yield proper
posteriors. They introduced a noise-to-signal ratio as a new parameter in verifying the posterior propriety. On the other
hand, we also need to introduce a signal-to-noise ratio as a new parameter, as detailed in our current paper. All of these
results show the complications of using objective priors in spatially correlated data.

Appendix A. Lemmas

Lemma 1. Assume that a;and b;,i = 1, 2, ..., n(> 2) are real numbers.

n Zaibi - (Z ai) (Z bi) = Z(ai —a;)(b; — b)), (37)
=1 i1 =1

i<j

n n 2
n Zai2 - (Z a,») = Z(a,- - a)?, (38)
i=1 i=1

i<j

n n n 2
Z a? Z 2 — (Z aibi) = Z(aibj — ajby)’. (39)
i=1

i=1 i=1 i<j

Proof. For n = 2, one can easily verify (37) holds. Suppose that (37) holds for n = k — 1. For n = k, the left side of (37) is
equal to

k—1 k=1 k—1 k—1 k=1 k-1
k—1) Z aib; — (Z ai) (Z bi) + (k — Dagby, + Z aib; — ay Z b; — by Z a;
i1 P i1 i1 1 i1

i=
k=1
= Y (ai—a)bi—b)+ Y (@ —a)b;—by).

i<j<k—1 i=1
(38) is a special case of (37) when a; = b; for all i. (39) can be similarly verified. O
Lemma 2. Suppose that Ais n x n positive definite and X is an n x p matrix with full column rank. Then, there exists an n x (n—p)
matrix T satisfying

() TX=0andT'T = I,_,.

(ii) B = T'AT is n — p diagonal with positive diagonal elements.
(i) TB™'T' = A7 —A"IX(X'A"IX)" XA~
Lemma 3. For any positive constants a, b, ¢, ¢, ¢ and s, the following integral
a b S1
x+c 1
/' / ( + 1}’> dxdy.
0 Jo \x+ay/) &+o)y

is finite if and only if s < 2.

The following lemma gives another expression of | X%(p, 1, 1)|, which is used in the proof of Proposition 8.

Lemma 4. The determinant of X%(p, n, 1) is given by

|Z%(p, . 1)| = h*[H|, w0
where
tr{Ro(I, — p€) "' tr{RE(y — pO)T"IC) tr{Re(l — pO)"IC)
H = tr{Ré(In - pc)ihi]c} tr(Ré) tr(RG) ’ (41)

tr{Rc(l, — pC)""'C}  tr(R¢) n—p

and H is nonnegative definite.
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Proof. Noting that G = I, + n(I, — pC)~"", we have g—ﬁ = hn(, — pC)~""Cand (I, — pC)™" = %(G — I,). With some
algebra, we have

3G\ 2 2
tr (RG;T) = W’n’tr {Re(I, — p€) "' C}”,
0
1
tr {Ro(ly — pO) "} = < tr (Re(G — 1),
n
—h G —h—-1
tr {Rc(I, — pC) Rc% = htr {RG(G — I)Rc(I, — pC) C} ’
3G
tr <RG7> = hntr {RG(In - pc)ih71c} ’
ap
1
tr {Ro(l, — p€) ™"} = L {Re(G — 1)}

Therefore, | X3(p, n, 1)| is equal to

tr {[Ro(l, — p©)"'C}* 1 {Ro(G — L)Ro(I, — p€) "¢} tr {Ro(l, — pC) "'}
*lx tr {RG(G — I,))? tr {R(G — 1))
* * n— p

Noting that tr (RG) = n — p and RcGR; = R, one can obtain the expression for | X3(p, n, 1)| in (40).
Since R; > 0, both G — I, and A are positive definite and C is symmetric, and G — I,, A and C commute, one can obtain
tr {Rc(G — I,)AC}? > 0. By the Schwarz inequality (see, for example, Theorem 6.3.1 at p. 62 of [7]), we have

tr(R2(G — I,)AC) = tr [RG{Ré/ (G — I,)ACR) 2}]

IA

tr(R2)tr [{Ré/z((; — I)ACRY*YR* (G — In)ACRé/Z] .
The last trace in the above inequality is the same as the first element in H. By the relationship between determinants of H
and X%(p, n, 1), we have |[H| > 0. By the equivalent condition for a symmetric matrix to be nonnegative definite, which is

that the determinant of every principle submatrix of this matrix is nonnegative (see, for example, Theorem 14.9.11 at p. 252
of [7]), one can obtain that H is nonnegative definite. O

Appendix B. Proofs
B.1. Proof of Proposition 1
The logarithm of the likelihood function (11) is

n n 1 1
l=——1log(27) — —logdy — = log |G| — — (y — XB)G '(y — XB).
5 0g(2m) 5 1088 — 5 og |G| 2500' B'G (y—XB)

Denote (u; u, ... u,) by U, where u; are the eigenvectors of C. We obtain

. n n ’
G:Udlag<l+7,...,1+7>u.
(1= xp)" (1= Anp)"
Thus, we have
0G A A
% _ hudiag L/ ull v
dp (1—=21p)+D (1= Ayp)+D

By using the following facts:

a1o |Ag| = tr A”aA and 8A”— Al aA Al
g O8I =\ R gt aa’e T TR \Gg™ )

where Ay is a positive definite matrix whose elements are differentiable with respect to 6, one can obtain

al 1 le 1 3G
— =——tr (6= — Yy —-XPB6 '—Gc (y —Xp).
op 5 ( 3p> + 2300' B op y—XB)
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With the following facts:

EX'AX) = tr(AY) + w'An,
cov(X'AX, X'BX) = 2tr(AXBX) + 4u/AXByu,

where X ~ N(u, X¥) and suppose A, B are symmetric matrices, one can obtain

a1 106\ (hp)? & 22
E(ap) _2”<G %) T2 Z(l—x,-p)Z{Hm—xip)"}Z'

i=1

Similarly,

0G . 1 1 ,
— = Udiag REREE . U'.
an (1—=21p) (1= 2np)

Thus, we obtain

al al 1 G 3G hy & Ai
E(——):w(@ 1—0”—):—"2 ' —.,
dp on 2 dp Iy 2 & A—=hp)n+ Q0 —2rip)"

N> 1 G\’ 1< 1
S RSERTPRI N P N
an 2 an 24~ {n+ 1 —-rp)"

The rest of the elements in the Fisher information matrix can be found easily or similarly.

B.2. Proof of Proposition 2

By Lemma 1, one can obtain

n n n 2
[Z2(0, M| = (Z(Aihnaibi)z) (Z bf) - (Z Aihnamf)
i=1 i=1 i—1

= (h)* Y (hiaibib; — Ajajbjbi)*.

i<j

(14) then follows. Note that

n n n
Z()\iaibi)z Z riaib? Z Aia;b;
i=1 i=1 i=1

n n n
Z3(0.m DI = ()* | rab? Y02 Y by

i i=1 i=1
n

Z kiaib,- Z bi n

i i=1

275

If the last column is multiplied by — Y i, A;a;b;/n and — Y, b;/n is added to the first and second columns, respectively,

then with the first two equations in Lemma 1, one can obtain that

(h )2 Z()\,‘a;bi — )\jﬂjbj)z Z()»,'a,‘b,' — Ajajbj)(bi — bj)
Ui i<j i<j
[Z3(p,n, DI =
3 n Z()\,‘a;bi — )\jajbj)(b,’ — bj) Z(b, — bj)z
i<j i<j

(hﬁ)z * 2
= Z {(Miaib; — Aja;b;) (b — b)) — (Araxby — Mjaiby) (b; — by)}*,

where the last equation is obtained by the third equation in Lemma 1. Since

A1 = 1p)" = 25(1 = xp)H!
hi — Aj ’

k,-a,-b,- — Ajajbj = ()\i — Aj)aiajbibj {7) +

(1= xp)" = (1= Ap)"

bi - bj = ()\i — kj)pbibj Y 5
i

(15) then holds.
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B.3. Proof of Proposition 4

We only prove the result for the ordering {8, (p, 1), 8o} in Part (a). The proofs of the rest are similar. Let [pf, o 1, [0k, 0¥ 1,
[65.. 851, and [B}, By be the compact sets so that as k — oo, [of, p/1 — (A7, A7 h), [nk, 01 — (0, 00)[85,, 85,1 —
(0, 00), and [ﬂ,ﬁ, B,[f] — RRP. In the following steps, we use the Fisher information matrix of X(p, 1, 89, B) given in Eq. (12)
and the results in Lemma 2.11in [6] and follow [ 1] reference prior algorithm. First, we construct the conditional prior § given
(0, n, B) on [8(L)k, 53’,(],

( | ) ey l
(8o | o, ,B (o' (¢4 .
k\90 2 3(2) 80

Next, we can construct the conditional prior for (p, n) given B on [pf, oy 1 x [0k, nf ],

1 (% 3Z3(p.1. ) 112
mr(p, n | B) o< exp 5 1. log =—————m(8o | p, B) dbo ¢ < |X3(0,n, D|/*,

§ 552
(13 283

where we use the fact | ¥3(p, n, 80)| = | X3(p, 1, 1)|/8§.
Last, we can construct the prior of 8 within each compact set:

1ok o gl Zae.n, o)l IX'GTX]
mk(B) o exp */ / / log T (.1 | B0 | pn, B)dpdso b oc 1.
2 )b Jul S, 51Z3(0, 1, 80)]

Finally, for some interior point of (o, 10, S00, By) of (0, 1, 80, B), the joint reference prior is

R . (B (o, n | B)k(So | 0,1, B)
" (p, n, 8, B) = lim
k=00 1k (Bo) (00, Mo | Bo)7k (800 | Lo, M0, Bo)
The result then follows.

1
o —|Z3(p, n, DIV2
8o

B.4. Proof of Proposition 6
Let U = (uju;, ... u,), where u; are the eigenvectors of C. Denoting diag(11, A2, ..., Ay) by A, we have U'CU = A, so
we obtain
U'GU =l + 1, — pA) "} = (I — pA){nly + (I, — pA) ") 124,

and the conclusion for |G~!|. Note that X = QR (the so-called QR decomposition), where Q is an n x p column orthonormal
matrix and R is a p x p upper triangular matrix. Thus,

IX'G¢7'X| = 0(]Q'¢™'Q|) = 0(|Q'UAU'Q)). (42)

Ifu; € C(X), thenu; € G(Q).One canfind ty, ..., t, in €(Q) such that uy, t,, ..., t, are orthonormal. Thus, denoting
(uq t, ... t;) by Q% one can find a nonsingular p x p matrix T such that Q = Q*T. With some algebra, we have

ey (10
vv=(5 o)

By (42), we have
(1= 2p)"
n+(1—21p)

where Ay = (I,_; — pA) " {nlh—1 + (I_1 — pA2)"}"!, and A, = diag(A,, ..., An). The rest for [X'G~'X| can be easily
obtained.

IX'G7'X| =0(Q*'UAUQ*) =0 ( |Q’A2(z|> :

)b . . )t
Ifu; € C(X), the elements involving % are always the linear combination of all %, i=1,2,...,nand
- M
_a.0h
at least one coefficient of —-1=%2_ s not zero.

n+(1—=xip)h
When p < 0, we have

A=mp)"  _ A=dap)" _  _ (A=p)
N+ —=xp)" " n+0—=2p)" = T 41— o)

iyt s ~ . S .
Denoting U’X and % by X and A;, respectively, and considering the function
M

fii, Az, ..., An) =R,
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one can find that this function is nondecreasing for each Xi. Thus, we have

where
1~11 = diag(}:l’ 5\2, cee 5»2), 112 = diag(il, Xm cee Xn)~
Ifu; € @(X), from the proof for | X'G~'X|, one can obtain the following

U'RU = <0 (44)

A; - Azé’«iAzd’)—]QAz) ’
and (43) becomes

0
<URgU < (

0
( A (ly—q — Q(Q’ér](z’)) Al — Q(Q/Q)‘lé/)) '

The result then follows.

Let X' = (x; X*'). Ifu; ¢ €(X), then X*'X* must be nonsingular. If not, then one can find a p x p nonsingular matrix V
such that

(0 X*) = X*V.

X is a full column rank matrix, so is X. Thus, we have the first element in XV must be not zero and all other elements in the
first column are zero, so we can find a p x p nonsingular matrix V* such that

= 10
- () %),

From this, we will see that u; € € (X). This contradicts! One can obtain

X'A1X)7! = (axi®, + 7 XX
A (X X)) (X X*) 7!
Ay + MaX (X X)) 1xy

1{ x/ gk —1
— 1 (XX — (45)

Ay
With some algebra, one can obtain U’RU is greater than or equal to
Ty KidoX (X X*) 71X
e +)~L1x/] (X*'X*)~1x, _Xz +)~\1x’1(X*’X*)*1x1
T da X (X X*) 1%y

— A Vot — X* (XXX +
Ay + )\.1x1(x* X*)_]Xl

T X (X X)X, (XX ) 71X
5\2 + X]X/l (X*/X*)—lxl

As p — A7, A1/Aa — 0,50 (32) holds. The proof is then complete.

B.5. Proof of Theorem 1
(a) We divide the integral interval into the following four parts:

(A7, 01 x (0, My], (A7, 0] x [My, 00), [0, A, 1) x (0, M;], and [0, A, '] x [M;, 00).

Assume both u; and u, are in C(X). Note that the third and fourth integral intervals are similar to the first two, so we only
verify whether it is integrable at the first and second integral intervals. By Remark 2, we have the limiting behavior of 7/
given in (35). With the transformation

t=(1-np), (46)
we obtain dp = t'/f~1/(hx;)dt. Thus,

_ (h—2)/2
J n(1—A1p)
' (p, Mdp dn x // dpdn
/ /(.All,mx(o,ml] o7t oxomy) {n+ (1 — ryp)t}3/2
n
x " __drdy
//(‘o,ux(o,zw]] t12(n 4 t)3/2

[
0’6 - tdn.
o1xom) L2+ 02 (n+1)3/2
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For the first integration, we have

1 172 M. + )12
// 17(1“1,7:2 M’V’ldt_z udt_z’
O.11x M) EV2(n 4 £)1/2 t1/2 t1/2

1/2

R . _ A . . t1/2 1 . . A
is finite since t is integrable in (0, 1]. Since D02 < T by Lemma 3, the second integration is integrable.

Therefore, the Jeffreys-rule prior is integrable for the first integral interval.
For the second integral interval, from Remark 2, we have

7.[]( ) (1- }\lp)h/z_l
PN xS

It is easy to see that it is integrable. The result then follows. When u; ¢ € (X), from Remark 2, for the first integral interval,
we have

0 1 (1= )"
A=+ A =ap)" 1=rip n+0 =1t
With the transformation given by (46), we have

1—2A h—1
// ( 10) =Ry = // —dtdn
orhoxom 1+ (1 —2A1p) ©1x@OMm;] 1M+t

By Lemma 3 again, the function # is integrable, but

u; & C(X). The same result holds when u,, ¢ C(X).

(b) From Propositions 3 and 4, we will see that each of these priors is either proportional to |X5(p, n)|
| X5(p, n, 1)|/2. By Proposition 7, the results then follow.

(c)As p — Al_l, by Corollary 1 and Remark 2, we have

n(1—rp)"*!
4+ 1 =220 + )32
The rest proof is similar to Part (a). The result then follows. The proofs for the rest parts are similar.

7 (p,n)

m is not integrable. Therefore, 7/ (o, ) is improper when

1/2 or

Lusa(p, 13 )70 (0, 1) o

B.6. Proof of Proposition 8

Case 1: p — )\1_1 and n — 07 or fixed. By Proposition 5, we get

_ 2 \*
| Z5(p.n. D] < (n = p)tr{Rs (I, — pC)~"tr (RGB,OG) - (47)
N2
If u; € G(X), with the expression of R¢ given in (44), we have both tr{R;(I, — pC)™"}? and tr (RG%G) are not involved
in the element 1 — A1 p, so the right-hand side of the above inequality is continuous and is bounded by some positive value
forall p € (A;", 0].
Next, we assume that u; ¢ C(X). Denote that A, = diag(a’;, ce a’;) and B, = diag(b,, ..., b,), where g; and b;,i =

2, ..., nare defined in Proposition 2. Defining

R, = A, 'B, — A} 'B,X*(XV'A; 'B,X*) " 'X*'A; "By,

¢ =X, (X"A;'B,X*) %y,

a = A;'BX*(XVA; 'B.X*) "%,
where X* is defined in the proof of Proposition 6, one can find that

b 1 —o/
URU = ——— "+ by c

a';' +bic | —« TRA + aa’
1

= yD,
where
by 1 —a
= = 0, D = — .
4 a'+byc (-06 ¥ 'Ra +0wt/)
Since a’} > b; > 0and c > 0, we obtain 0 < ¥ < 1. Based on the above expression of R, one can obtain that
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where
o1 = A2a2™Vy2 £ 20,d" 2 AT Ay + tr(RAALTY " A)?
+ 2y Ay A RAAYT Y Mg + 2 (AT A )2,
o = M@y 4 nd Ty e A+ dly 2 AT Age + tr(RAALR A, T A)
+ 2y ARAAT Ay + e Ay AT A e,

013 = )\.1(1};+1)/ + tr(RAA;H/hAz) + yoc/A;H/hAza,

Oy = afhyz + 2aqy2a’A2a + fT(RAAz)z + Zyd,AzRAAza + )/Z(Ol/Az(x)z,
033 = dly + tr(RaAy) + y o Aget,
033 =N —P.

1

As p — A7 and n — 0" or fixed, it can be found that some terms in o;; are bounded. For example,

2(h+1 1+1/h
o1 = )\%(11( + )]/2 + 2)»1(1’11+1]/2(¥/A2+ / Ay + cqq,
where cq; is bounded. Thus, with some algebras, one can obtain that

12500, 0, D] o< (naiTy)2.

—h
—, we have

Noting that y = — 21—
& Y n+(c+Da

na;

12500, 0, D] ¢ | ————
3 n—e—(c—i—l)alh

Since min (1, %) < % < max (l, %) , for any positive numbers of ¢; and ¢, we get

772

(1= 0% n+ (1 — 2p)hp?
Case 2: n — oo. By Lemma 4, we have
s« —h— 2
|Z5(p, m, DI < (n— p) tr {Re(I — p€) "'} tr(RY).

Similarly, ifu; € C(X), the right hand side of the above inequality does not contain the element 1 — A p, so we get a positive
constant ¢’ such that

tr {Re(I, — p€) "'}’ < ¢ tr(BD),

[X%5(p, 1, D]

tr(RY) < c'tr(B3).

Note that tr(B2) o n~2. Thus, | Z%(p, 1, 1)] o n%;
Assume that u; ¢ C(X). By
C/
tr {Rq(I, — C*’HC2<7,
(Roth = pOC} < o oo

tr{Rc}* < c'tr(G™?),

and tr(G~2) o 2, one can obtain the result.
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