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1. Introduction

Let (X1, Y1), ..., Xy, Y,) be nindependent copies of a random pair (X, Y) such that their common density has a support
defined by S = {(x,y) € 2 x R; 0 <y < g(x)}, where £ is a compact subset of R%. The unknown function g is called the
frontier. We address the problem of estimating g. In [22], an estimator is introduced based upon kernel regression on high
power-transformed data. In the particular case where Y given X = x is uniformly distributed it is proved that this estimator
is asymptotically Gaussian with the minimax rate of convergence for Lipschitz continuous frontier functions. Compared
to the numerous extreme-value based estimators [15,16,19-21,23,34], projection estimators [29], or piecewise polynomial
estimators [32,31,27] this estimator does not require a partition of the support S. When the conditional distribution of Y
given X is not uniform, this estimator is still convergent [22, Theorem 1] but suffers from a strong bias on finite sample
situations [22, Table 1].

Under monotonicity assumptions, the frontier can also be interpreted as the endpoint of Y given X < x. Specific estima-
tion techniques have been developed in this context; see for instance [10,13,17] or [3,5,9,8] for the definition and properties
of robust estimators. Let us mention that all these techniques apply when there is no random noise in the data. In the pres-
ence of noise, a popular and efficient technique consists in using local maximum likelihood estimators; see for instance the
pioneering article of [2] and its semiparametric, kernel-based generalizations by [12,33,36]. Recently, Daouia et al. [7] have
shown that the estimation of the endpoint of Y given X < x may be reduced to the estimation of the endpoint of univari-
ate independent and identically distributed random variables. This result tends to indicate that the nature of the problem
addressed here is different.
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In this paper, an estimator based on a kernel regression on high order moments of the variable of interest Y is introduced.
More precisely, the estimator is given by

A1=l[((a+1)pn+1)w_(pn+1)fpn(")] 0
& () apn E(at1)pnt1(X) TLpy+1(X)

where (p,) is a nonrandom sequence such that p, — oo, a > 0 and
~ 1
Popa (0 = = > VP K, (x — Xi)
i=1

is a kernel estimator of the conditional moment m,,(x) = E(YP*|X = x). Classically, K is a probability density function on
RY, Ky, (u) = h;d K(u/hy) and (hy,) is a nonrandom positive sequence such that h, — 0. Note that jZ,, (x) is the empirical
counterpart of the moment pp, (x) = E(YP" K, (x—X)), itself a smoothed version of the conditional moment m,, (x), namely

iy () = f Kn, (x — £) m, (O£ (0) dt
2

where f is the probability density function of X. From a practical point of view, the use of a small window-width h;,, allows to
select the pairs (X;, Y;) such that X; is close to x while the use of the high power p,, gives more weight to the Y; close to g(x). It
appears therefore that our estimator would be sensitive to the presence of noise and especially of outliers. Nevertheless, we
notice that our estimator does not necessarily envelop all the data points, due to the fact that it is a difference of ratios of high
order empirical moments. This property makes our estimator more robust than Geffroy’s estimator [ 16] or the Free Disposal
Hull [10]. Moreover, similarly to [22], the kernel regression enables us to avoid the partitioning of S. Finally, we highlight
that, compared to the estimator suggested in the further work of [22, Section 6], our proposition (1) does not require the
knowledge of the conditional extreme-value index. Moreover, it benefits from an explicit formulation which is not the case
of estimators defined by optimization problems [18] such as local polynomial estimators [25,24,30].

The asymptotic properties of the estimator (1) are investigated under two different assumptions. The first one is
nonparametric, it is only assumed that

(NP) given X = x, Y is positive and has a finite right endpoint g (x).

We shall show in Section 3 that, under (NP), the estimator g,(x) converges in probability to g(x) without any parametric
assumption neither on the distribution of X nor on the distribution of Y given X = x. Remark that, although our estimator
2,(x) is based on a kernel regression, classical results do not apply (see for instance [ 14, Theorem 6.11]) since the condition
pn — oo induces technical difficulties. The second assumption is parametric, the cumulative distribution function of Y given
X = xis assumed to be given by

(P) Fiylx) =1—(1—y/g(x)*®, Yy € [0, g(x)].

Here, o (x) is an unknown positive function driving the behavior of the distribution tail of Y given X = x in the neighborhood
of its endpoint g(x). If «(x) < 1 then the density of Y given X = x tends to infinity as y — g(x) whereas it tends to 0 in the
case a(x) > 1. The intermediate case «(x) = 1 corresponds to the uniform distribution already investigated in [22] where
the density has a jump at the endpoint. In the general context of extreme-value theory (see for instance [ 11]), the conditional
distribution of Y given X = x s said to belong to the Weibull max-domain of attraction with conditional extreme-value index
—1/a(x).In Section 4, the estimator is proved to be asymptotically Gaussian under (P). As expected, the asymptotic variance
depends on the tail behavior of the conditional distribution of Y given X = x through the quantity «(x). Some simulations
are proposed in Section 5 to illustrate the efficiency of our estimator and to compare it with some estimators of the frontier
estimation literature, particularly the one of [22]. Auxiliary results are postponed to Appendix A and proved in Appendix B.

2. Construction of the estimator

To motivate the construction of our estimator of g(x), let us first focus on the parametric setting (P). Let x € §2 and
consider the conditional moment

My, (X) = Pn /°° tPr=F(t]x) dt = a(x) g7 (x) B(pp + 1, 2(x)) (2)
0

where F = 1 — F and B(x, y) = fol t*~1(1 — )Y~ dt is the Beta function. Therefore

1

1 () ) 5
Mp,41(X)  g(X) Pnt+1

which leads to the equation

- [((a+ Dp + 1)
gx)  apy

m X m,, (x
(a+1)pn( ) _ (pn + .1) pn( ) ]
Mg+ 1)py+1(X) My, 11(%)
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for all a > 0. On the basis of this result, the estimator of g(x) is built in two steps. First, the conditional moment m,, (x) is
replaced by its smoothed version p,, (), and we set
1 X X
_- Hat+1ypn (X) — (a1 Mp, (X) ] )
Ga(x)  apn Ha+1)py+1(X) Mpp+1(X)

Second, w,, (x) is estimated by the corresponding empirical moment 7i,,(x). Plugging 7i,,(x) in 1/G,(x) leads to the
expression (1) of the estimator 1/g,(x) of 1/g(x). In the sequel, it is assumed that

(K) the kernel K is bounded and its support is included in B, the unit ball of R?.

[((a +Dpn+ 1)

Note that (K) implies that Vq > 1, f 5 K9(u) du < oo. The following regularity assumptions are introduced.
(A7) The conditional survival function F (-|x) of Y given X = x satisfies
Jo Y 'F(g(x — hau) ylx — hyu) dy

i yp=1F (g(x) yIx) dy

(A2) fislocally Holder continuous with exponent 7y.
(A3) g is locally Holder continuous with exponent 7,.
(As) «islocally Holder continuous with exponent 7,,.

Vxe 2, sup — 1 — 0 asn— oo.

ueB

Note that assumptions (P), (A4) and log(p,) hi* — 0 imply (A;). Finally, for any real-valued function y on R, the oscil-
lation of y between two points x and x — h,u, u € B, is defined by

Al (x,u) = y(x — hyu) — ¥ (%).

3. Consistency

In this section, the consistency of g,(x) is established in the nonparametric context (NP). To this end, the first step is to
prove that (3) still holds, up to an error term, when my,, (x) is replaced by 1, (x).

Proposition 1. Let x € 2 such that f (x) > 0, and assume that (NP), (K) and (A1)-(As3) hold. If p, hi® — 0, then

MPH(X) 1
— = —(( 1)).
r 0 g0 T

This result is a straightforward consequence of Lemma 1. The second step consists in showing that i, (x) can be replaced
by its empirical counterpart 1, (x). In fact, defining for the sake of simplicity

1
M) = o [ P Fily dy @
0
where F; (y|x) := F(g(x) y|x), a slightly more general result can be established.

Proposition 2. Assume that (NP), (K) and (A1)-(As3) are satisfied. Let x € 2 such that f (x) > 0. If nmy p, (x) hﬁ — oo and
pnhi® — 0asn — oo, then
ﬁpn %)
Hpy (X)

=14 op(1).

Proof. Let,forall1 <j<n,
Y7 K, (x — X))
Uy = +——.
n pp, (X)
The desired result is then tantamount to 2}1:1 Unj £ asn — oo. Let us highlight that, for all n, the (Uyj)1<j<n are positive
independent random variables, and Z]';] E(Uyj) = 1. According to [6, Corollary 2, p. 358], it is enough to show that, for all
e >0, 2}1:1 E(Unjly,>e)) — 0asn — oo. Remark that the Uy; can be rewritten as
Vi K, (x = X))
v nMp, (x)
where
Pn
Y,

- max gPn(x — hyu)
ueB

Mp, (%)

and Mp,(x) = ——————.
max gPr(x — hyu)
ueB
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The (Uyj)1<j<n being identically distributed, it is equivalent to prove that, forall e > 0,

My %) EVa1 Kn, (8 — X)Ly Ky, x-X)zenMp, x)}) —> 0.

Let then ¢ > 0 and notice that
Vi1 Ki, (x — X) > en My, (x) < h? Vay Ky, (x — X) > enM,, (x) hd. (5)
The left-hand side of the second inequality is positive and bounded by maxga K. In view of Lemma 1(i), condition nmy j, (x)
hﬁ — o0 is equivalent to n hﬂ Mp, (X) /8P (x) — oo. Besides, p, h® — 0and (16) in the proof of Lemma 1(i) imply that
g™ (x — hyu)
ax=——
ueB gPn(x)

— 1

so that n M,, (x) hg — o0 asn — o0. As a consequence, the right-hand side of (5) goes to infinity, so that

My, o K = X0 g, i, 02y 0 1) = O

eventually, and the result is proved. O

As a consequence of the two previous results, we have the following.

Theorem 1. Suppose that (NP), (K) and (A1)-(As3) hold. Let x € §2 such that f(x) > 0.If nmy (a41)p, (X) hﬂ — oo and py, hye
— 0, then g, (x) N g(x)asn — oo.

Proof. Note that my (a41)p, (X) < My p, (%), which implies nmy , (x) hﬁ — 00. Thus, Lemma 1(ii) entails n mjy p,41(x) hg —
o0 and n My, (a41)pp+1(X) hﬁ — o0 asn — o0o. We can then apply Proposition 2 to rewrite the frontier estimator as

1 1 (%) (%)
— = [((a+ Dpa+ D (1 4 0,(1)) — (oo + D (14 0p(1) | (6)
&n(x)  apy Hia+1)py+1(X) Mppr1(X)
From Proposition 1, we have
Ppn®) 1 Betp®) 1
Upr1 (¥ g8(X) Karpr1(x)  gX)

as n — oo. Replacing in (6), the conclusion follows. O

4. Asymptotic normality

We now establish the asymptotic distribution of g,(x) under the assumption (P). The parametric model enables us
to compute a more precise asymptotic expansion of up,(x)/p,+1(x) than under the nonparametric assumption; see
Proposition 1.

Proposition 3. Let x € 2 such that f(x) > 0, and assume that (P), (K) and (A)-(A4) hold. If p, hy® — 0, then

) _ 1 [1 a(x)} O<hng hZ“)
o g0 | 1) TOUM L)

Proof. Remark that, retaining notations of Lemma 2, we have

Ly(pn + 1, %, 1) Af(x,u)  A%(x,u) hé  hpe
i R A — +o|—+ =
Ly(pn, x, 1) g(x) Dn n a

uniformly in u € B. Using the expansion of i, (x) provided by Lemma 2(ii) with ¢ = 1 then yields

A% (x,u) A8 (x,u)
Mp, (X) _ L |:1+ a(x) :| 1+ fBL"(p”’X’ u) [ o g® ]K(u)du 1o ﬁ hn®
Mppt1(X) (%) pnt+1 S5 Ln(Pn, %, u) K (u) du

n n

To conclude, from Lemma 2(i), L,(py, X, u) — 1as n — oo uniformly in u € B so that

o g
Jolatonxw) [ - g2 ks e
fB Ly (P, x, u) K(u)du B !

n
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which entails

Na
™ T [1 4 oW } +0 (h,ﬁ’g 4 I )
Mp1 (X)) g(x) pn+1 Pn

and completes the proof of Proposition 3. O

As a straightforward consequence, we obtain a control of the bias introduced by replacing my,, (x) by pp, (x). If p, h — 0,

then
1 1 e
= h,® ) 7
G g 10 ( s 7

Let us now turn to the random term.

Theorem 2. Suppose (P), (K) and (A;)-(A4) hold. Let x € $2 such that f(x) > 0.If np, it hd — oo and p, hy® — 0 then

o (X )<gn(x) 1) " (0’ ||I<||2V(a(x),a)>7 01— 0o
Gn(%) f@)

where va(x) = /npy /2! p/?2 L IKIZ = [,K?(x) dx and

(a + -l)ot(x)—H
2 (a + 2)a(x)+2

V(OZ(X), a) = M |:2—a(x)—2 .

—a(x)—2 a(x)
@ I'(a(x) 2 @+ }

Proof. Our goal is to prove that the sequence of random variables

W | f ! !
200 ik, | Ve, @ “()<gn(X> Gn<"))

converges in distribution to a standard Gaussian random variable. The first step consists to use Lemma 3 in order to
linearize &,(x):

£0(%) =[ D) + (M );,52)<x>+ (1+ @Pn ><ﬁ<“+””““(x) —1> ;,53>(x>] X Un.o(®)(1 + o(1)).
Mppt1(X) Pn+ 1) \ at1)pa+1(%)

Now, Proposition 2 yields

E0(X) = Una(®) [27X) 4+ 0p(57 () + 02(7 (%)] (1 + 0(1))

and to conclude the proof, it is sufficient to establish that

o) £V (%) S N (0, 1), (8a)
o () 22 (%) > N (0, Gy, (8b)
o) £P (%) > N (0, Cy), (8¢)

where G, and C; are positive constants. Note that in fact, (8b) and (8c) are stronger than what is necessary, but their proofs
are similar to (8a). In all the sequel, we set: Z\"" (x) = Y" ™ K, (x — X,), 50 that g, () = ]E(Z(” <D (x)). To prove (8a),
remark that g“n(])(x) can be expanded as the sum of mdependent and centered random variables: ;“,, n x) = Zk 1S m(x)

with
5(112()() - I:Z]En 1, 0)(x) Z;n 1, ”(x) Z/EH Ja+1, 0)(x) A , a+1.l)(x)] A;l)(x)’ 9)

A(]) (X) — I:a(l) (X) a(l) (X) a(l) (X) a(l) (X)]t ,

M ,,(X)
afﬁi( )=
Mpn+1(x)
(1) D) = ( apn > Mppr1(X)
Pnt+ 1) Rarip+1®)’
(1) (X) (1 + apn ) /“Lpn+12(x) I‘L(ﬂ+1)Pn (X)
pnt+1 N(a+1)pn+1(x)
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where A’ stands for the transposed matrix of A. In order to use Lyapunov’s central limit theorem (see e.g. [4, p. 312]), it
remains to prove that

L - (1)
W; |nk(x)| — 0 "

e

nk

apy ) Hppt1(X)
P+ 1) farnp+1(X)

as n — oo, which requires to control Var(gnl) (x)) and E|S" ) (x)|. The variance can be rewritten as

nvar(Z" (x)) = w(pn, pa)(x) — 2 (1 + w(Pn, (@ + 1)py) (%)

2 2

a My 11 (%)

+ (] + Pn > 5 Pntl w((a+ 1)py, (a+ Dpn)(x)
Pt 1) iasnypy41®)

where

Mespp+t x)
Mespp+t+1 %)

Mupyp+v (%) ] ‘

Mupp+v+1 (X)

w(sp, +t,up, + v)(x) = [—1, ] Mu(s, t, u, v)(x) [—1,

and M, (s, t, u, v)(x) is the 2 x 2 covariance matrix defined by

(n,s,t) (n,u,v) (n,s,t) (n,u,v+1)
M., v)(x):[E(Z Dx)ZM(x))  E@E™0 (x) Zeet (x)):|

E(z(n,s,t+l) (X) Z(n,u,v) (X)) E(z(n.s,t+1) (X) Z(n,u,v+1) (X))

Since Lemma 2(iii) provides an asymptotic expansion of the matrix .M, (s, t, u, v)(x), it is therefore sufficient to compute an
asymptotic expansion of figy,+¢ (X)/ thsp,+¢+1(X). Using Proposition 3 and tedious computations leads to

Var(g!"(x) = @ |K[3f ) I (a®) + 1) V(a(x), a) 2 (x) p @72 (1 4 0(1)). (11)

hd &
Now, focusing on the third moment, Holder’s inequality yields
P EISS 0P < 4Elaly®) 20 x) + a0 2"V 0 + 4Elal, (0 2T (00 + al3 0 2TV (o).

The next step consists in applying Lemma 4 to each term on the right-hand side of this inequality. To this end, let us consider
the functions

Hyow) =
H ) = a@u,

YW = ( ° )g“’”"@)i“ A
pn+ 1 Hia+1)py+1(X)

ap fpp () @(u
Hya () = — (1 ot )g"”" () P
Pn + 1 .u’(lH-l)Pn-F] (X) a+ 1

and note that there exist two sequences of measurable functions (x,,1) and (xy,2) uniformly convergent to 0 on [0, 1] such
that

IHY )| + xn, 1(y>
Pn
IHS )] + an(V):|

max al300 + 6!}00 8¢ — by y] < IHBWIA - ) +

o) a _ 1
max (x) +a,50)g(x —huy| <
g% (x)

n

PH“)@)m y+

Since gr (x)upnﬂ(x)//L(aH)an(x) — (a4 1)*® asn — oo, the functions H(]),] € {0, 1, 2, 3} are bounded on [0, 1],
uniformly in n, and thus Lemma 4 entails that

EIS{Y () = 02 g* (x) p,*® 3 hy 2. (12)

—a(x) hd

Combining (11) and (12), convergence (10) follows from the condition n p, — o0 and therefore (8a) holds.
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Proofs of (8b) and (8c¢) are similar since {rfz) and ;,1(3) can be rewritten as

D = %Z (209w, 2 0] [a% 00, aBw ]

k=1
1< t
O (x) = - Z I:Zlgn,aJr].O)(X)’ Zlgn.aJr],l)(X)iI [ ) (x), a<3) (x)]
k=1
with clear definitions of the sequences a (x) i=0,1,j=2,3.Applying Lemma 4 with
H () =
H,E,zf W = a@,
Hppt1(X)
Mot pnt1(®)
Pppt1 () a(u
Ha+np1(®)  a+1

Hyo(w) = g% (x)

H (1) = g™ (x)

yields IEIlS,S’;)1 @ = 0om 3 g (x) p,*® > h2), j = 2, 3. Lyapunov’s central limit theorem then gives the convergence.
Theorem 2 is therefore established. O

From the expansion
& (%)
Gn(x)

the asymptotic normality of g, (x) centered on the true function g(x) is readily obtained.

8n(0) — g(x) = Ga(®) [ - 1] + [Gn(®) —g®)],

d+2ng

Theorem 3. Suppose (P), (K) and (Az)-(A4) hold. Let x € €2 such that f(x) > 0.1f np,“* hd — oo, np,“¥** hy, -0
and npy*® K421 5 0, then
X K||?2V(x(x),a
o (X )<gn() 1>1>N<0, K115V (a(x) ))7 s 1 — oo,
(€9) fx)
Let us note that n p; “® h? — oo and n p, *®*? 22" _, 0imply that p, h/® — 0.Besides, if we assume that o has greater

—a(x) hd

regularity than g, namely n, > 7,, then the hypotheses necessary to apply Theorem 3 can be reduced to np, — 00

—a(x)+2 hd+2ng

and np, — 0.Letx € £ such that f(x) > 0 and note that the sequences

_ _ d
hy(x) = Sg(x) Th 1/(d+nga(x) and p,(x) = £n+’78 nhe/ (d+nga(®)

can be chosen to check the assumptions of Theorem 3, where (¢, is an arbitrary sequence of positive real numbers tending
toO0such thatn~%e, — Oforall § > 0. With such choices, the rate of convergence v, (x) of the estimator is then n"s/@+7¢x)
up to a g, term. In the uniform case (that is, when « is a constant equal to 1), the rate of convergence of the estimator is then
n"e/(@+1g) up to the factor e, which is also the rate of convergence for the Parzen estimator studied in [22, Theorem 2]. Let
us note that this rate of convergence has been shown to be minimax by [27] for a particular class of densities with a L! risk.
Clearly, the rate of convergence is a decreasing function of the dimension d of the covariate X. This is often referred to as
the “curse of dimensionality” effect for nonparametric estimators. This problem may be overcome using semi-parametric
dimension reduction techniques; see for instance [28].

The asymptotic variance of the estimator also involves the multiplicative factor V(«(x), a). The choice of an “optimal”
value for a by minimization of V («(x), a) is a difficult task since it depends on the unknown value of «(x). One can observe
in Fig. 1 that, for a(x) < 2, V(x(x), -) is a decreasing function and thus large values of a should be preferred.

However, both statements above require a precise knowledge of the function x — «(x), which is often unrealistic. In
view of these remarks, it may be of interest to estimate «(x). From (3), the following estimator is considered:

:upn %) _ 1]
Mpn+1 (%) ’
and its weak consistency is established under the same assumptions as in Theorem 3.

67n(x) =@n+1 |:gn( ) ———

Proposition 4. Under the assumptions of Theorem 3, &, (x) = a(x) + Op(pn/vn(X)).
Proof. Define
W, (X)
ap(x) = (Pn+ 1) |:Gn(x)p - 1]

I"l’Pn"“1 (X)
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Fig. 1. Graphs of the functions a — V («, a). Solid line « = 1.25, dashed line « = 1.75, dashed-dotted line « = 2, dotted line &« = 2.25.

and let us focus first on the random term

o~ (2)
20 @) — an(x)) = () | [E0(0) — Ga] &L _ G0 ot ® | G ) g gy
Hppt1(X) Hpp+1(X)  pp,+1(X)

n
with notations of Lemma 3. Recall that, from Proposition 1, pp, (X)/ftp,+1(x) — 1/g(x), from Proposition 2, ptp, (X) /1, (X)

% 1and from (7), Gy (x) — g(x) asn — oo so that

V(%)

n

~ 1 "
(0 (x) — an(®) = va(x) | (8n(¥) — Ga(x)) [ + Om(l):| —g(X)i(l +op(1) | .
g() Mppr1(X)

Besides, applying Theorem 2 yields v, (X)(g,(x) — Gn(x)) = Op(1). Now,
o’®  w®

Pps1(X) [hpy+1(X) Una(X)

vp (%) Up,q(X) ;;1(2)(") = 0p(D),

from (21) and since uy 4(x) ;“,1(2) (x) is asymptotically Gaussian (see (8b)). As a preliminary conclusion, we have

vn(X)
(an (%) — an(x)) = Op(1).

n
Turning to the bias term, (7) and Proposition 3 yield

Na
n

an(X) = a(x) + (pn + 1O (hﬁg + ’;

) = a(x) + o(pn/va (),

n

which completes the proof. 0O

Meanwhile, the density function f (x) can be estimated with the classical kernel estimator:
~ 1<
Fa0 = — 3 Ky (= X0,
i=1

Since [35], it is well-known thatﬁ(x) AN f(x) when n hg — 00. By plugging @, (x) andﬁ(x) in the asymptotic variance of
Theorem 3, classical arguments thus yield the following.

Corollary 1. Under the assumptions of Theorem 3,

| h® (& d ,
v (%) T (g(x) - 1) — N (0, [K[3), asn— oo.

Pointwise confidence intervals for the frontier may then be built using this result.
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5. Numerical experiments

The behavior of the proposed frontier estimator is investigated on different situations. In particular, we examine the case
d = 1 where X is uniformly distributed on £2 = [0, 1] and the case d = 2 where X = (X;, X3) is uniformly distributed on
2 =0, 1%

- Let us first focus on the case d = 1. Three frontiers are considered:

1+ exp (—60 (x — 1/4)%) ifx € [0,1/3],

1+ exp(—5/12) ifx €11/3,2/3],
B0 = Sexp(—5/12) — 6exp (—5/12)x ifx € ]2/3.5/6].

6x —4 ifxe ]5/6,1],

(1 1 1 64 1\
gz(x)_<1—0—|—sm(nx)> E—Eexp — (x—5> ,

00 = —2x(1 -0,

Note that g; is continuous but not differentiable at x = 1/3,x = 2/3 and x = 5/6 while g, and g3 are infinitely
differentiable.

In the parametric setting (P), two different models for the function « (x) are considered: a constant function o (x) =
1.25and a3 (x) = 1.25 4+ 0.5| cos(2x)|.

In the nonparametric setting (NP), the simulated model is given by

F(ylx) = C0(1 — y/g3 ()™ + (1 = C)) (1 — y/gs ()P4 vy e [0, g3(¥], (13)

with C(x) = ¢ + sin(2wx)/16 and c € {1/8, 3/8,5/8, 7/8}. Let us highlight that (13) can be seen as a “contamination”
of the parametric model (P): the smaller c is, the larger the contamination is.
The uniform kernel is chosen

1
K(x) = 51[71,1](?0

with associated bandwidth h™ = 25 (X)/n!/(+e=) and pi™ = n!/(+ex) /, /log(n), where n = 500 is the sample size,
o (X) is the empirical standard deviation of X and as, = maxg o < 00 since « is continuous and £2 is a compact subset
of R. These sequences are chosen to check the hypotheses of Theorem 1. Note that the multiplicative constant & (X) has
been suggested by [22], whereas the constant 2 was empirically chosen. An alternative approach would be the selection
of the bandwidth by cross-validation. Hardle and Marron [26] have shown that this method is asymptotically optimal for
the regression function estimation. Establishing a similar result for the estimation of conditional moments of high order
is an open problem.

- In the case d = 2, we limit ourselves to a unique model
gx,y) =14+ 3g1(x)y/20, and «(x,y) = 1.25+ 0.5| cos(2mx) sin(2my)|,

the kernel being
1
K(x,y) = 21[71.1]471,1](& »),

with bandwidth b = 4./5(X1) & X%2) /n"/@t#=) and p{™ = n!/@te) /., /log(n). The sample size is fixed to n = 1000.

Our estimator is compared to the two estimators proposed by [22,16]. Let us recall that, similarly to g, (x), Girard and Jacob’s
estimator [22] is based on a kernel regression on high power transformed data. On the contrary, the estimator in [16] is
based on the extreme values of the sample and does not involve any smoothing. For Girard and Jacob’s estimator, we set
h® = 45 (X)//nand p& = /n/log(n) ifd = 1,and h¥ = 4/5(X1) 5 (X)/n'/* and p& = n'/3//log(n) when d = 2.
The L'-errors associated to each estimator are computed on 500 replications of the initial sample of size n and the minimum,
maximum and mean L'-errors are reported in Table 1. Note that for the moment estimator, these results were obtained with
a = 15, the constant a having been chosen after intensive simulations.

It appears that, in all the considered situations, our moment estimator yields better results than both the estimators of
[22,16]. For a fixed frontier, all the estimators perform better on the situation o(x) = «(x) than on the situation a(x) =
o> (x). This behavior is a consequence of a, (x) > a1(x): as «(x) increases, the simulated points tend to move away from the
frontier g(x). This phenomenon is illustrated in the case d = 1 in Figs. 2 and 3. On each of the upper panels the best situation
is represented, i.e. the replication that yields the smallest L'-error for g, in Table 1. Similarly, the worst situation is depicted
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Table 1
Mean L!-errors and [minimum, maximum] L!-errors associated to the estimators in the different situations.

Situation Moment estimator Girard-Jacob estimator Geffroy estimator

Case d = 1, model (P)

a(x) = o

Frontier g; 0.082[0.051,0.117]  0.089[0.052, 0.135] 0.107 [0.058, 0.168]
Frontier g, 0.045[0.032,0.070]  0.047 [0.031, 0.078] 0.050 [0.029, 0.089]
a(x) = a(x)

Frontier g; 0.109 [0.073, 0.179] 0.162 [0.093, 0.241] 0.169 [0.087, 0.248]
Frontier g, 0.064 [0.042, 0.088] 0.067 [0.037, 0.099] 0.072[0.041, 0.115]

Cased = 1, model (13)

c=17/8 0.055[0.032,0.101]  0.108 [0.070, 0.157] 0.107 [0.067, 0.174]
c=5/8 0.058[0.032,0.101]  0.116[0.076, 0.161] 0.112 [0.069, 0.154]
c=13/8 0.063[0.030,0.111]  0.127[0.083, 0.171] 0.122 [0.062, 0.177]
c=1/8 0.070[0.037,0.136]  0.137 [0.086, 0.190] 0.131[0.085, 0.194]
Case d = 2, model (P) 0.036[0.024,0.058]  0.146 [0.105, 0.195] 0.176 [0.124, 0.213]

on the lower panels, i.e. the replication that yields the largest L!-error for g, in Table 1. In all cases, g, is superimposed to the
frontier g. Finally, we show in Fig. 4 some 95% pointwise confidence intervals obtained thanks to Corollary 1 for the frontier
g1 with a(x) = a,(x) and a parameter a = 3, in both the best situation (top panel) and the worst situation (bottom panel).
These intervals are globally satisfactory.

When d = 2, scatter plots (g(X;), 2(X;)),i = 1, ..., nare represented in Fig. 5, g being either our moment estimator or
Girard and Jacob’s estimator. The best and worst situations are depicted for these two estimators. It appears that the points
associated to the moment estimator are closer to the line y = x than the points associated to Girard and Jacob’s estimator.
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Appendix A. Auxiliary results
First, some results on the moments w,, (x) and my p, (x) are provided; see (4) for a definition.

Lemma 1. Suppose that (NP), (K) and (A1)-(A3) hold. Let x € §2 such that f(x) > 0. If p, h® — 0, then

(1) pp, () = f (%) gP" (x) My p, (X) (1 + 0(1));
(i) My p, (X) = My p,41(X) (1 4+ 0(1)).

The next result of this section is technical: it provides precise expansions of the smoothed moment E(YP" K;f’” (X —x)) when
Pn — 00, hy, — 0and for all ¢ > 1. It will be useful for the proof of our next lemmas and of Theorem 2.

Lemma 2. Suppose (P), (K) and (A;)-(A4) hold. Forallq > 1,u € B,n € N\ {0} and x € £2 such that f(x) > 0, let
f(x — hgu) I'(@(x — hyu) + 1) AR (x, )
FGO T + 1) [” "
E(YP Kyl (X — X))
f ) gPn(x)

Ly(pn, X, u) = — log(py) A7 (x, U)]

An(q; Dn, X) = hg(Q7l)

If pahy® — 0, then

(i) Ly(pn, x, u) — 1asn — oo uniformlyinu € B;
(ii) forallg > 1,

g 2
Anld P X) an(pn,x, w12 (L(x’ ”)> K%(u) du
a(X)B(pp + 1, a(x)) B 2 g(x)

1 AY , h”g h’}a
- 7fL“(p“”" w21 1 6~ ) + o) + 11Ky du+ 0 [ B4 )
Pn Js 2 Pn p;

(iii) moreover, there exist §1, §; € R such that for allq > 1,
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Fig. 2. Cased = 1and a(x) = «;: the frontier g; (solid line) and its moment estimate g, (dotted line) with a = 15. Top: best situation, bottom: worst
situation.

g 2
An(@,pnsX) /Ln(me’ 4) I (An(x, u)) K9 du
M@+ Dp*® Jp P 2\ g
1 Ay (x, u)
- — /Ln(p,,,x, u)T [a(x — hau) + o (x) + 1] K9(u) du
n JB
—i /K"(u)du+o(p;2).
n B

Our next lemma consists in linearizing

g(x)
1K1l

appearing in Theorem 2.

En(x) =

7f(x) ) (X) (L _
Ve®,a " \g® Gk

1

)
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Fig. 3. Cased = 1and a(x) = a,(x): the frontier g; (solid line) and its moment estimate g, (dotted line) with a = 15. Top: best situation, bottom: worst
situation.

Lemma 3. Suppose (P), (K), (A2)-(A4) hold and let x € $2 such that f (x) > 0.If p, — oo then

aw=[§%w{ﬁw“”—05%m+0+-”")(Tmm“w—w)fqumawm+mm
ﬂpn—H(X) pn+ 1 M(a+1)pn+1(x)

where vy (x) = 0, (%) — (%),

Dy = @0+ |14 TP |04
& ) = ¢, ()+[ +pn+l &7 ()
. Mpn(x)
with ;Q)(x) = —Vp,(X) + ———vp,+1(X),
" g Mppi1 ) T
Hpp+1(X) Mpp+1(X) o (%)
() = — LSy, (x) — SR e ()
M(a+1)Pn+1(X) H’(a+])pn+1 (%)
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0.5
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0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
X

Fig.4. Cased = 1and a(x) = a,(x): the frontier g; (solid line), its moment estimate g, (dotted line) with a = 3, and 95% pointwise confidence intervals
for g; obtained via Corollary 1 (dashed-dotted lines). Top: best situation, bottom: worst situation.

o0 — 1 1 P vn (%)
P T Ak D) + D Fe V), ) grx)

Finally, the following result provides an asymptotic bound of the third-order moments appearing in the proofs.

and

Lemma 4. Suppose (P), (K), (A2)-(A4) are satisfied and p, h'® — 0asn — oo.Letk € N, (bnj)nen(o},0<j<k € Randx € RY
such that there exist m € N and sequences of measurable functions (H,j), 0 < j < m, uniformly bounded on [0, 1] with

<Z n;,:y) —y".

Jj=0

Vy e [0, 1] max meg(x—h u)y
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Fig. 5. Case d = 2: pairs (g(X;),2(X;)),i = 1, ..., n associated to Girard-Jacob estimator (4) and to the moment estimator (¢) with a = 15. The solid
line has equation y = x. Top: best situation, bottom: worst situation.
Let us consider
1 k )
Sn(0) =~ D b YP Ky, (x — X)).
j=0
Then E|S, (x)|> = O(n> g% (x) p, “* " h ).
Appendix B. Proof of the auxiliary results
Proof of Lemma 1. (i) Recall that
Up, (X) = /f(x — hyu) g7 (x — hpu) My p, (x — hyu) K () du.
B
First, (Ay) yields
f nf
X — hyu An(x,u grh
supf( n)_1‘= n( ) < f I'n 0. (14)
ueB | f(x) ueB | f(X) f®)
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Second, (A3) entails

A8 (x, u)
gx)

Dn SUp

ueB

gx)

7,
s | £l
= Pn = N
ueB

} = O(pahy®) (15)

so that the hypothesis p, h¢ — 0 gives
| [g”” (x — hyu) AR (x, u)
oo |22/
gPn(x) g(x)

uniformly in u € Basn — oo. Finally, setting

]:pnlog[l—i- ]:O(p,,hzg)—>0 (16)

1
b= [y oy,
0
one has my p, (x) = pn I, (), and (A;) yields
I, (x — hau)

Iy, (%)

asn — oo. Collecting (14), (16) and (17), the dominated convergence theorem therefore gives (i).
(ii) Pick ¢ > 0. The integral I, (x) is rewritten as

1 1—¢ pn—1F.

1= Y F(ylx) dy

Iy (9 = / PE Gl dy | 14 20
1 [i_. ¥~ 1F1(ylx) dy

—1‘—>0 (17)

ueB

’

with
_ oy Ry 1—e
Ty Romdy T LT Rk dy

1—¢

e pn—1 — :
[]1722] fll—s/z Fi(ylx) dy

IA

1-¢/2

pn—1
s :I — o0 asn — oo, we therefore get

Because [

1
Ip, (%) 2/ Yy IF (vlx) dy(1 4 o(1)).
1

—&

Since

1 1
_ — 1
15/ y”"‘1F1cv|x>dy/f YFi(ylx) dy < ——
1—¢ 1—¢ 1—¢

forall ¢ > 0, one has Iy, (x)/Ip,+1(x) — 1asn — oo. Hence, my p, (x)/m1 p,+1(x) — 1asn — oo, which completes the
proof of (ii). O
Proof of Lemma 2. (i) Let us introduce
fx—hou) IM'a(x —hu) + 1)
fG) Iak)+1)

Since f and « are continuous at x and I” is continuous on (0, c0), one has Q,(x, u) — 1asn — oo, uniformly inu € B.
Moreover, since hﬁg pn — 0, we have

Qu(x,u) =

na/ng | 10g Pyl
pga/ng

suplog(py) | 4% (x, W] < e | log pul = e [P |
ueB

It was already proved that sup,; pn |AS(x, u)] — 0asn — oo; see (15). As a conclusion, L,(p,, x,u) — 1asn — oo,
uniformly inu € B.
(ii) By the definition of the Beta function,

An(q, Pns %) _ /Qn(x 4) F'(pa+1+ak) gPr(x—huu)
a(®Bpn+1,0(x)  Jp T T(pp+14ax—hw)  gha(x)

K9(u) du. (18)
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Recall now that for all z > 0, one has

dt

1
log I'(z) = ( — 7> logz —z +

10 27[ al‘Ctall t z
2 2 0

ezm -1

(see Formula 6.1.50 p. 258 in [1]). Using the mean value theorem, simple calculations then yield

T'(pn+ 1+ a(x)
I'(pn + 1+ a(x — hyu))

AT (x, u)
2

n

Na
(1+a(x—hnu)+a(x)))+0<};12 ), (19)

= exp(— log(pn) A7 (x, 1)) (1 -

uniformly in u € B. Besides

(e — h) A8 (x, u)
£ (x) _exp[p”1°g<l+ £(0) )]

A8 (x, u A (x, 1)\’ h,
:exp|:p,, n( )] 1—p—"< n( )> +o| = (20)
g(x) 2 g(x) Pn
uniformly in u € B. Replacing (19) and (20) in (18) gives the first desired expansion.
(iii) Now, according to [37], for all ¥ and ¢, there exist two real numbers 81 («, t) and &, (k, t) such that

I'(x+«) e S1(k, 1) Sa(k, 1) l
rax+o |:l+ x T2 +O<x2>i|'

Consequently, setting §; = §1(1, a(x) + 1) and §, = §>(1, x(x) + 1), we have

_ 81 P 1
Bon + 1, 2(9) = I'(@() ;e [1 phyh, (2>] |
p 2 p

n n

Replacing in the expansion (ii) and remarking that, from (i),

8 8 1
/Ln(pn,x, w)— K4(u) du = %f](q(u) du+o <—2>
p pa Js p

B n n
yields (iii). O
Proof of Lemma 3. Let us first remark that, from Lemma 2(i) and (iii) with ¢ = 1,
M1 () = FX) (@) + 1) "+ (0 p,“ (1 + (1)),

leading to

g [ f®
100 tna) = - [ 01+ (1), (21)

and therefore

_ .up,.+l(x) un,a(x) ) 1 _ 1 )
§an(x) = ot 1 apy (Tg}(X) G0 (1+0(1)). (22)

Besides,

atr1pn @) L@t Dpa+1X) — Hiar1ypn ) Eat1pat1(X)
H(atpnt+1X) Lo+ 1)pp+1(X)
ﬁpn (%) Mpp+1 (%) — Mpy (%) ﬁp,ﬁ—l x)

1 1
N — ((@+Dpa+1
@ (gn(x) cn<x)> ((@+ Dpn 1

=t 1) =
" Mpy+1 (%) Mpy+1 (%)
=: D" (x) — DY (x)
with
(@+Dpa+1 n 1) w n (%)
DV (x) == - el Ay V(a+1)p, (¥) — Ralal/h V(at1)pa+1(X)
Mt Dpn+1X)  Larnpp+1(X) M(a+1)py+1(%)
Dot 1 pp,1(®) Ppn (X)
D@ (x) = — ST, () — P, ()
Mppt1(X)  Wpps1(X) Hppt+1(X)
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which leads to

an—o—l(x) ~D(1)(X) _ (1 n apn ) /'L(a+1)lln+1(x) ~§'(3)(X)
pn+ 1 " Pn+1) Barnpper ) "
Hpy+1(X) DD (x) = _ﬁpnﬂ(x) D).

pnt+1 Mppr1(X)

Replacing in (22) concludes the proof of Lemma 3. O

Proof of Lemma 4. Conditioning on X yields

! E
n3 Jpd

1 [ k _
E b, ;YPn +i
n*h2 Jp ; "

Now, given {X = x — h,u}, we have W,,(x, u) :=

3
EIS,(x)® = \x = | fw)dv

k
D by YP K, (x — )
j=0

3
‘X =x—hyu | K3@)f(x — hyu) du.

Y .
Fo—hD) < 1. Setting

g% (x — hyu)

ca(x) = (m+ 1)? sup |Hp;]® - max
(%) ( ) [0.11? [Hnp na) 2 (x)

0<j<m
neN\{0}

which is a bounded sequence, Holder’s inequality entails, given {X = x — h,u},

k

4
E bn,j an J
i=0

3 3

k
= g¥"(x — hyut) WP (x, 1) Y by Wi(x, u)g (x — hyu)

j=0
m 1 )
< MMM Y Z W (w1 — Walx, w)> ™.
j=0 Dn
It is therefore sufficient to prove that, for allj € {0, ..., m}, uniformly in u € B,

E(W,P" (x, 1) (1 = Wa(x, ))*™ P |X = x — hyu) = O(p, “ @~ "),

Because for all A, i > 0, the function

d
¥, ®) = p Y (=" Ly <wpwn @)

is Lebesgue ® P(:|X = x — h,u)-integrable, Fubini’s theorem gives
1
. d N
EW2Pr (x, u) (1 — Wy (x, w)* ™ |X = x — hyu) = / = [y (1 = y)*™ D] Fy(yIx — hyu) dy
o day

since, given {X = x — h,u}, W, (x, u) has the survival function F; (-|x — h,u). To conclude, notice that if (s,) is a real sequence
tending to infinity such that s, hi® — 0asn — oo and £ > 0, we obtain following (19) and [37]

1
/ Y=y T dy = B(sy + 1, €+ (e — hau) + 1) = 0G5, 77
0

uniformly in u € B. Since F1 (y|x — hyu) = (1 — y)*®~f some quick computations then show that
EWP (x, u)(1 = Wy (x, ))*™ 71X = x — hyu) = O(p, *®~Cm=¥)

uniformly in u € B, which ends the proof of Lemma 4. O
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