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1. Introduction

Studying extreme events is relevant in numerous fields of statistical applications. For instance, one can think about hy-
drology, where it is of interest to estimate the maximum level reached by seawater along a coast over a given period, or
to study extreme rainfall at a given location; in actuarial science, a major problem for an insurance firm is to estimate the
probability that a claim so large that it represents a threat to its solvency is filed. The focus in this type of problem is not in
the estimation of “central” parameters of the random variable of interest, such as its mean or median, but rather in the un-
derstanding of its behavior in its right tail. The basic result in extreme value theory, known as the Fisher-Tippett—-Gnedenko
theorem (Fisher and Tippett [ 13], Gnedenko [17]) states that if (Y,,) is an independent sequence of random copies of a ran-
dom variable Y such that there exist normalizing nonrandom sequences of real numbers (a,) and (b,), with a, > 0 and
such that the sequence

1
— (max Y — bn>
a, \1<izn

converges in distribution to some nondegenerate limit, then the cumulative distribution function (cdf) of this limit has the
formy — G,, (ay 4+ b), witha > 0 and b, yy € R where

G (y) _ JEXp (_(1+VYy)7l/yY) lfVY 7’503ﬂd1+)/yy > 0,
WS | exp (— exp(—y)) ifyy =0.
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If the aforementioned convergence holds, we shall say that Y (or equivalently, its cdf Fy ) belongs to the domain of attraction
(DA) of G, with yy being the so-called extreme-value index of Y, and we write Fy € D(G,, ). The parameter yy drives the
behavior of G,, (and thus of Fy) in its right tail:

e if yy > 0, namely Y belongs to the Fréchet DA, then 1 — G,, is heavy-tailed i.e. it has a polynomial decay;
e if yy < 0, namely Y belongs to the Weibull DA, then 1 — G,,, is short-tailed i.e. it has a support bounded to the right;
e if yy = 0, namely Y belongs to the Gumbel DA, then 1 — G,, has an exponential decay.

This makes it clear that the estimation of yy is a first step when tackling various problems in extreme value analysis, such as
the estimation of extreme quantiles of Y. Recent monographs on extreme value theory and especially univariate extreme-
value index estimation include Beirlant et al. [2] and de Haan and Ferreira [10].

In practical applications, it may happen that only incomplete information is available. Consider for instance a medical
follow-up study lasting up to time t which collects the survival times of patients for a given chronic disease. If a patient is
diagnosed with the disease at time s, his/her survival time is known if and only if he/she dies before time t. If the patient
survives until the end of the study, the only information available is that his/her survival time is not less than t — s. This
situation is the archetypal example of right-censoring, which shall be the focus of this paper. An interesting problem in this
particular case is the estimation of extreme survival times or, in other words, how long an exceptionally strong individual
can survive the disease. A preliminary step necessary to give an answer to this question is to estimate the extreme-value
index of the survival time Y; this problem, which is much more complex than the estimation of the extreme-value index
when the data set is complete, has been investigated quite recently by Beirlant et al. [3] where asymptotic results for an
extreme-value index estimator using the data above a nonrandom threshold are derived in the context of the Hall model
(see Hall [20]), Einmahl et al. [12] in which the authors also suggest an estimator of extreme quantiles under random
right-censoring so as to provide extreme survival times for male patients suffering from AIDS, Beirlant et al. [4] where
maximum likelihood estimators are discussed, Sayah et al. [25] who focus on the heavy-tailed case and introduce a robust
estimator with respect to contamination and Worms and Worms [29] where the consistency of several estimators, coming
either from Kaplan-Meier integration or censored regression techniques, is studied. This situation should not be confused
with right-truncation, in which case no information is available at all when Y is not actually observed: a recent reference in
this case is Gardes and Stupfler [16].

Besides, it may well be the case that the survival time of a patient depends on additional random factors such as his/her
age or the pre-existence of some other medical condition. Our goal in this study is to make it possible to integrate such
information in the model by taking into account the dependency of Y on a covariate X. The problem thus becomes to
estimate the conditional extreme-value index yy (x) of Y given X = x. Recent papers on this subject when Y is noncensored
include Wang and Tsai [28] who introduced a maximum likelihood approach, Daouia et al. [8] who used a fixed number
of nonparametric conditional quantile estimators to estimate the conditional extreme-value index, Gardes and Girard [14]
who generalized the method of [8] to the case when the covariate space is infinite-dimensional, Goegebeur et al. [ 18] who
studied a nonparametric regression estimator whose uniform asymptotic properties are examined in Goegebeur et al. [ 19]
and Gardes and Stupfler [ 15] who introduced a smoothed local Hill estimator (see Hill [21]). All these papers consider the
case when Y given X = x belongs to the Fréchet DA; the case when the response distribution belongs to an arbitrary domain
of attraction is considered in Daouia et al. [7], who generalized the method of [8] to this context and Stupfler [26] who
introduced a generalization of the popular moment estimator of Dekkers et al. [11]. To the best of our knowledge, the only
paper tackling this problem when Y is right-censored is Ndao et al. [23]; their work is, however, restricted to the case when
Y is heavy-tailed. Our focus here is to devise an estimator which works regardless of whether or not the tail of Y is heavy.

The outline of this paper is as follows. In Section 2, we give a precise definition of our model. In Section 3, we define
our estimator of the conditional extreme-value index. The pointwise weak consistency and asymptotic normality of the
estimator are stated in Section 4. The finite sample performance of the estimator is studied in Section 5. In Section 6, we
revisit the medical data set of [ 12] by integrating additional covariate information. Proofs are deferred to Section 7.

2. Framework

Let (X1, Y1, Cy), ..., (Xu, Yn, Gy) be n independent copies of a random vector (X, Y, C) taking its values in E x (0, 00) x
(0, o0) where E is a finite-dimensional linear space endowed with a norm || - ||. We assume that for all x € E, given X = x,
Y and C are independent, possess continuous probability density functions (pdfs) and that the related conditional survival
functions (csfs) Fy(-|x) = 1 — Fy(:|x) of Y given X = x and F¢(-|x) = 1 — Fc(-|x) of C given X = x belong to some
domain of attraction. Specifically, we shall work in the following setting, where we recall that the left-continuous inverse
of a nondecreasing function f is the function z — inf{ly € R | f(y) > z}:

(M1)Y and C are positive random variables and for every x € E, there exist real numbers yy (x), yc(x) and positive
functions ay (-|x), ac(-|x) such that the left-continuous inverses Uy (-|x) of 1/Fy (-]x) and Uc(-|x) of 1/F¢(-|x) satisfy
Uy (ez[x) — Uy (tlx)

lim =D z) and lim
) @ oo ac(tlx)

Ue(izl)) ~Ueteho _
- Frcx
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for every z > 0, where

zv -1 ify £0
— i

D@ =1y Y (1)
logz ify =0.

Model (M) is the conditional analogue of the classical extreme-value framework for Y and C, see for instance [10, p.19].
In this model, for every x € E, the functions Uy (-|x) and Uc(-|x) have positive limits Uy (co|x) and Uc(oo|x) at infinity; the
functions x +> Uy (oco|x) and x +> Uc(ocol|x), which are such that

Uy (oo]x) = sup{t € R | Fy(t|x) > 0} and Uc(oolx) = sup{t € R | Fc(t|x) > 0}

are respectively called the conditional right endpoints of Y and C.

We assume that we only observe the random vectors (X;, T;, 6;) with T; = Y; A G and §; = Iy, <c;), where we denote by
s At the minimum of s and t. Suppose that the following condition holds as well:

(#¢) For every x € E, the distribution of T given X = x belongs to some domain of attraction £(G,, () and we have
either

e yy(x) > 0and yc(x) > 0;
e yy(x) <0, yc(x) <0and 0 < Uy(co|x) = Uc(oo|x) < 00;
e ¥y (x) = yc(x) = 0 and Uy (0o[x) = Uc(oolx) = 00

An unconditional analogue of hypothesis (#) is condition (7) in [12]. This hypothesis ensures that one works in an inter-
esting case regarding censoring: censoring in the extremes of the sample should be present to justify using an adapted
methodology, but not complete so that we can expect to recover information about the extremes of Y. For instance, any
situation in which the tail of Y is heavy and C is short-tailed, namely yy(x) > 0 and yc(x) < 0, is a so-called “completely
censored situation” in the extremes (see also [12]): clearly, high values of Y exceeding the right endpoint of C will be cen-
sored with probability 1 and this makes it impossible to recover anything about the right tail of Y. If on the contrary the
random variable Y is short-tailed and the tail of C is heavy, corresponding to the case yy (x) < 0 and yc(x) > 0, then we are
in an “uncensored situation” in which high values of T come from high values of Y with probability approaching 1 as the
sample size increases. In this situation, a methodology such as the one of [26] which does not account for the right-censoring
phenomenon will yield essentially the same results as an adapted technique provided the sample size is large enough.

As mentioned in [12], if (M) and () hold then T has conditional right endpoint Uy (c0|x) = U¢(oo|x) and conditional
extreme-value index

Yy (X)yc(x)

=R+ ®

with the convention yr(x) = 0 if yy(x) = yc(x) = 0. In other words, if FI (-]x) is the csf of T given X = x, there exists a
positive function ar(-|x) such that the left-continuous inverse Uy (-|x) of 1/Fr(-|x) satisfies

Ur(t: — Ur(t
Vz>0. lim T(tz|x) — Ur(t]x)

=D z).
e ar(e) @)

3. The estimators

To tackle the problem, we start by introducing an estimator of the conditional extreme-value index yr. For x € E and a
sequence h = h(n) converging to 0 as n — oo, we let N, (x, h) be the total number of observations in the closed ball B(x, h)
with center x and radius h:

Np(x, h) = ) Iixepny WithBx, h) ={x €E||lx—x'|| <h},

n
i=1

where I ; is the indicator function. The bandwidth sequence h(n) makes it possible to select those covariates which are close

enough to x. Given N,(x,h) =1 > 1,welet, fori = 1,...,1, (7;, 4;)) = (Ti(x, h), A;i(x, h)) be the response pairs whose
associated covariates X; = X;(x, h) belong to the ball B(x, h). Let 77 ; < --- < 77 be the order statistics associated with the
sample (77, ..., 77) - this way of denoting order statistics shall be used throughout the paper - and set forj = 1, 2:

) 1 K& )
M (6 ke b = = 3 [log(Tiis1.1) — l0g(Tiw ]

X =1
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ifky € {1,...,1— 1} and 0 otherwise. Define:
%,n(xv kX? h) = %,n,«l»(xv kX9 h) + ?T,n,f(xa ka h)
where ?T,H,+(X7 kx; h) = M,El)(xy kx» h)

-1

M 2

1 [Mn (xv kx»h):l

and Prn_koh)y=1—-|1-L— "1
T 2 MP (x. ky h)

2
if [M,gl)(x, ky, h)] #* M,Sz) (%, ky, h), with Pr 5 _(x, ky, h) = 0 otherwise. The estimator Pr ,(x, ky, h) is an adaptation of the

moment estimator of [11] to the presence of a random covariate; it follows from Theorem 1 in [26] that this quantity is a
pointwise consistent estimator of the extreme-value index yr(x) of T given X = x under mild conditions.

We then adapt an idea of [ 12] in order to obtain an estimator of yy (x). Given N, (x, h) = I,let Apy.p, ..., Ap.y be the order
statistics induced by the sample (77, ..., 77): Ajiy is the random variable associated with 77 ;. We define

~ 1
Pn(X. ke h) = 2= > A,

X =1
the proportion of noncensored observations among i_,+1,, ..., 7,y when ky € {1,...,1 — 1} and O otherwise. This
estimator is the adaptation to the random covariate case of the estimator p of [ 12]: we shall show (see the proof of Theorem 1)
that under some conditions, P, (x, ky, h) is a consistent estimator of y¢(x)/(yy (X) + yc(x)). Our estimator of yy (x) is then
Vr.n(X, ke, h)
5n (%, ky, h)
if P, (x, k¢, h) > 0 and 0 otherwise.

?Y,n(xa ka h) =

4. Main results
4.1. Weak consistency

We start by giving a pointwise weak consistency result for our estimator. To this end let n, = n,(n, h) = nP(X € B(x, h))
be the average total number of points in the ball B(x, h) and assume that ny(n, h) > O for every n. Let k, = ky(n) be a
sequence of positive integers, Fr y(-|x) be the cdf of T given X € B(x, h) and Ur j(-|x) be the left-continuous inverse of
1/F7.4(-|x). We introduce the functions p(-|x), p,(-|x) defined by

d d
th)=—P@=1,T<t|X= —Fr(t
p(tx) = —I( =t X)/dt r(t]%)

d d
and py(tx) = 2P =1T =t |XeBx h))/thr.h(tlx)

for every t > 0 such that the denominator is nonzero and p(x) = yc(x)/(yy(X) + yc(x)) otherwise. It follows from
Lemma 1 (see Section 7) that if (M;), (#) hold and yy(x) # O, then the first of these two quantities converges to the
positive limit p(x) as t — Ur(co|x) and from Lemma 2 that the second quantity is indeed well-defined. Assume that in the
case yy(x) = yc(x) = 0, the function p(-|x) also converges to a positive limit at infinity, which we denote by p(x) for the
sake of consistency. The function x — 1 — p(x) is understood as the conditional percentage of censoring in the right tail of
Y.Foru, v € (1, o0) such that u < v, we introduce the quantities

Ur p(t|x
w(logUr, u, v, X, h) = sup logM
tefu,v] UT(tlx)
and w(oUr,u,v,x,h) = s[up] !Ph(Ur,h(t|x)|x) — p(x)| )
telu,v

Our consistency result is then:

Theorem 1. Assume that (M) and (#) hold. For some x € E, assume that ny, — 00, ky — 00, ky/ny, — 0 and for somen > 0

U k
Mw (lo Ur, L,n}f”,x, h) — 0 asn— oo (2)
ar (ny/ky|x) (1 + n)ky
L 1+
and U, ————.,n, ", x, h 0 asn— oo. 3
“’(’” T Ak )ﬁ > ®)

Then it holds that Py (X, ky, h) LN yy(x) asn — oo.
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Conditions ky — oo and k,/ny — 0inTheorem 1 are standard hypotheses for the estimation of the conditional extreme-
value index. Moreover, condition n, — oo is necessary to make sure that there are sufficiently many observations close to
x, which is a standard assumption in the random covariate case.

We conclude this section by analyzing conditions (2) and (3). We assume that

(A1) Foreveryx € E, it holds that for all t € (0, Ur(ocolx)), fy (t|x) > 0 and fc(t|x) > O.
(A2) The functions yy and yc are continuous functions on E.

(A3) Forevery X’ € B(x, h) andr > 0, we have P(X € B(x', r)) > 0if nis large enough.
(A4) Foreveryy € R, the function Fr(y|-) is continuous on E.

Note that hypothesis (A;) implies that the csf Fr(-|x) is a continuous decreasing function on (0, Ur(oc|x)) and hypothesis
(A;) entails that the function yr is continuous. Hypotheses (As) and (A4) are technical conditions; see Proposition 1 in [26]
for analogues of these assumptions in the noncensored case. We can draw two consequences from this:

1. If yy(x) > 0and yc(x) > Othen yy(X') > 0, yc(x¥) > 0and yr(x) > 0 for x’ close enough to x. Corollary 1.2.10 in
[10, p.23] thus yields for n large enough and every X’ € B(x, h)

Vz>1, Urzlx) = 27%Ly, (z|x)
where for every X' € B(x, h), Ly, (:|x') is a slowly varying function at infinity, and
Vt >0, Fy(tl¥) = t 7"z (¢]x) and Fe(tlx) =t/ Lz (t]x)

where L, (-]x) and Lg, (-]x") are continuously differentiable slowly varying functions at infinity. Especially, if

by (t[x) SLLR (tx) L (1)
X)=t——y an X)) =
Y Lz, (tx) ‘ L. (tx)
then
vVt >0, fy(tlx)= |:1 _ bY(t|X/)i| Fy(t|x")
y(x) ¢
and fc(t|x/) = |: 1 _ bC(t|X/)] FC(HX).
yc(X') t

2. If yy(x) < 0and yc(x) < Othen py(x') < 0, yc(x) < 0and yr(x') < 0 for ¥’ close enough to x. Corollary 1.2.10 in
[10, p.23] yields for n large enough and every x’ € B(x, h) that

Vz> 1, Up(ool¥) — Up(zl¥) = 27% Ly, (z[x)

where for every x' € B(x, h), Ly, (:|x') is a slowly varying function at infinity and
V>0, Fy(Uy(ool) — ') = £/ L (¢fx)
and  Fe(Uc(oolx) — t7'[x) = £/7¢®L (tlx)

where L, (-|x) and Lg (- |x") are continuously differentiable slowly varying functions at infinity. In particular, if

L (tX) /
by(eh) = { Iz, () if Lz, (tx) > 0
0 otherwise
L () /
and be(tlx) = tm lfoC(t|X) >0
0 otherwise,

then, recalling that Ur (co|x’) = Uy (oc0|x’) = Uc(oco|x’) for every X' € B(x, h), one may write

Fy(tlx)
Ur(oolx’) — t

1
yr(X')

— be((Ur(oolx) — f)_llx/)]

vt € (0, Ur(oolx)), fy(tlx) = [— — by ((Ur(oolx) — t)_1|X')}

Fe(tlx')

and fe(t|x') = [— Ur(oolx) — ¢

o
Yc(X)
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In this framework, it is possible to reformulate the hypotheses in our main results in a more convenient fashion: let
Ky == [ny/(1 + n)ky, n;”] and assume that for some « € (0, 1]

sup [y (X) — ()| V [ye®) — yc(0] = 0 (h*) (4)
X' €B(x,h)
L /
and sup sup —— CUACLLY) =0 (h% (5)
2ekKy.y X' €B(ih) 1082 Ly, (z]x)

where we denote by s Vv t the maximum of two real numbers s and t. Then in case 1, if h* logny, — 0asn — o0, one has

Ur (ny/ky|x) ( ny 14 )
————w | logUr, ————,n," ", x, h | = O(h* log ny) (6)
ar (ne/ kelX) "+ ke "

see the discussion below Proposition 1in [26]. In case 2, if the conditional right endpoint Ur(oo|-) is such that

sup |Ur(oolx) — Ur(oo|x)| = O(h”) (7)
X' €B(x,h)

with 8 € (0, 1], then if
(/) 770

h*logn, — 0 and — 0 asn— 00 (8)
i Luy (/K |%)
one has
Ur (ny/ky|x 1y /ky) TV
Ma) (lOgUT, 7X7n;+n7x, h) :O(h" logn, v %}ﬁ) ; (9)
ar (ny/kx|x) (14 )k Ly, (nx/ kx| %)

see again the discussion below Proposition 1 in [26].
The next result gives bounds of this kind when considering hypothesis (3).

Proposition 1. Assume that conditions (My), (#), (A1), (A2), (A3), (A4) hold and that for some « € (0,1] and n > 0,
conditions (4) and (5) are satisfied.

1. In case 1 above assume that for x' close enough to x, |by(:|X')|, |bc(-|x")| are regularly varying functions at infinity with
respective indices py (X') /yy (X'), pc(x))/yc(X), that is

Iby ()] = £ OL, (tx) and - [be(t)] = 7¢O (@)X (10)

with the so-called conditional second-order parameter functions py, pc and the slowly varying functions Ly, (-|X), Lp. (:]x’)
satisfying, for some n > 0,

SU(ph) loy (X)) — py ()| V |pc(X) — pc(x)| = O (h*), (11)
X' eB(x,

H Ly, (t]x') ‘ Ly (£]X)
sup sup —— lo
teUr (Kx,p|x) X' €B(x,h) IOg t Lby (t |X) Lbc (t |X)

where Ur (K, ,|x) is the image of the interval K, ,, by the function Ur (-|x). If py(x) and pc (x) are negative, h* logny, — 0 and
the sequence

8n = |by (Ur (n/kx|X) [X)] V' [bc (Ur (/R %) X)]

converges to 0 then, for n > 0 small enough, one has, asn — oo:

H =0 (h%) (12)

My 14, o
w U, —,n, . x,h) =0 h*logn, v §,).
(Po T A+ k' ™ > ( g Ny n)
2. In case 2 above assume that conditions (7) and (8) are satisfied. Assume moreover that for x' close enough to x, |by (-|x)| and
|bc (+|x')| are regularly varying functions at infinity with respective indices —py (X') /yy (x') and —pc (x')/yc (X), namely
by ey = £SO (€)X and - be(tlx)] = £ 0L (1) (13)
with the conditional second-order parameter functions py, pc satisfying (11) and the slowly varying functions Ly, (-|x'),
Ly (-|x') being such that for some € (0, 1)
H Ly, (t|x')
sup sup —
telx,n X' €B(x,h) lOg t Lby (t|X)

‘1 Ly, (¢1X)
0
Ly (t1x)

] = 0(h*) (14)
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where J , == [(1 — n)[Ur(colx) — Ur (ny/ke|%)]171, 00). If py (x) and pc(x) are negative and the sequence
8n = |by (Ur(0olx) — Ur(ny/ke|%)) 1% V |bc ((Ur(00lx) — Ur(ny/kel%)) ' |%)]
converges to O then one has, asn — o0:

40 x, h) =0 (h*logny V &y,).

a)(poU —X __n
Ak

This result relates hypothesis (3) in Theorem 1 to the various functions involved in the usual parametrization of the
problem. It shall allow us to recover the optimal rate of convergence of the estimator, see Theorem 2 and the developments
below for details.

4.2. Asymptotic normality

To prove a pointwise asymptotic normality result for our estimator, we need to introduce a second-order condition on
the function Uy (-|x):

(M,) Conditions (M) and (#) hold and for every x € E, there exist a real number pr(x) < 0 and a function A7 (-|x) of
constant sign converging to 0 at infinity such that the function Uy (-|x) satisfies

) 1 Ur(tz|x) — Ur(t|x)
Vz >0, lim
t—>00 Ar(t]x) ar (t|x)

— Dy (Z)] = Hyr 0,010 (2)

where

z T
Hw(x),m(x)(z):/ -t [/ s"T(")‘lds] dr.
1 1

Hypothesis (M,) is the conditional analogue of a classical second-order condition, see for instance Definition 2.3.1 and
Corollary 2.3.4 in [ 10, pp.44-45]: the parameter pr(x) is the so-called second-order parameter of T given X = x. Note that
Theorem 2.3.3 in [10, p.44] shows that the function |Ar(-|x)| is regularly varying at infinity with index pr(x). Moreover,
as shown in Lemma B.3.16 p.397 therein, if (M) holds with yr(x) # pr(x) and pr(x) < 0if yr(x) > 0, then defining
gr(-|x) = ar(-|x)/Ur(+|x), a second-order condition also holds for the function log Uy (-|x), namely:

. 1 log Ur (tz|x) — log Uy (t]x)

Vz >0, lim —
t—o0 Qr(t]x) qr(tlx)

with yr _(x) = yr(x) A0,

Dy, (Z):| =Hy 00,0000 @)

pr(x)  ifyr(x) < pr(x) <0
pL(x) = yr(®)  ifpr(x) <yr(x) <0
T —yr(®) if0 < yr(x) < —pr(x) and £r(x) # 0
pr(x)  if (0 <yr(x) < —pr(x) and £r(x) = 0)or 0 < —pr(x) < yr(x)

where we have defined

br(x) = lim (Ur(flx) -

aT(f|X)>
yr(x)

and Qr(-|x) has ultimately constant sign, converges to 0 at infinity and is such that |Qr(-|x)| is regularly varying at infinity
with index p; (x). Note that Lemma B.3.16 in [ 10, p.397] entails that one can choose

Ar(t|x) if  yrx) <pr(x) <0
if  prx) <yr(x) <0
o0 — D 0 ) < —pr(x) and £r(x) £ 0
Qr(tlx) = ' Ur (t]x) or 0<yr(x)=—pr(
pr(x) Ar(e]x) if 0<yr(x) < —pr(x)and£r(x) =0
yr@) + pr(x) or 0<—pr(x) <yr®

with yr 4 (x) = yr(x) Vv 0. Besides, if yr(x) > 0and pr(x) = 0, then one has

. 1 log Ur (tz|x) — log Uy (t|x)
Vz >0, Ilim —logz| =0
t=00 Qr(t]x) qr(t]x)
for every function Qg (-|x) such that Ay (t|]x) = O(Qr(t|x)) as t — oo; especially, we can and will take Qr (-|x) = Ar(-|x) and
pr(x) = 0in this case.
We can now state the asymptotic normality of our estimator.
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Theorem 2. Assume that (M,) holds. For some x € E, assume that ny — 00, ky — 00, ky/n, — 0, «/ky Qr (ny/k|x) — 0 and
forsomen > 0

Ur(ny/k

,/k,(Mw (logUT, ni ny 7 x, h) —0 asn— oo (15)
ar (ny/ky|x) O+ )k

and +/k a)(p Uy, ———— (1+ TR ;+'7 X, h) — 0 asn— oo. (16)

Then if yr(x) # pr(x), it holds that

2
Vi [Prn (ke B) = 1y (%] SN N( [V()/r( )+ & )(1 —P(X))D

P2(x) p()

where we have set
YEX) +1 if yr(x) >0
Vrr(®¥) = 1 (1 —yr())*(1 — 2yr(x) (1 — yr(x) + 677 (%))
(1=3yr(x)(1 —4yrx)

if yr(x) <O.

Theorem 2 is the conditional analogue of the asymptotic normality result stated in [12]. In particular, the asymptotic
variance of our estimator is similar to the one obtained when there is no covariate. Besides, condition /k, Qr (1, /kx|x) — 0
asn — oo in Theorem 2 is a standard condition needed to control the bias of the estimator.

We conclude this paragraph by showing how Theorem 2 can be used to obtain optimal rates of convergence for our
estimator. We assume that E = RY, d > 1 is equipped with the standard Euclidean distance and that X has a probability
density function f on R¢ which is continuous on its support S, assumed to have nonempty interior. If x is a point lying in the
interior of S which is such that f (x) > 0, it is straightforward to show that (A3) holds and that

ny=n fwdu = nh*Vfx)(1+0(1)) asn — co
B(x,h)

with V being the volume of the unit ball in R, Set k = k,/(h®Vf (x)); it is then clear that k, = khVf (x) and that hypotheses
ny — 00, ky — ooandk,/n, — 0asn — oo are equivalent to kh¥ — ooandk/n — 0asn — oo.Ifkand h have respective
order n? and n~?, with a, b > 0, the rate of convergence of the estimator ¥y ,(x, ks, h) to yy(x) is then n®=*9/2, Under the
hypotheses of Theorem 2, provided that (A1), (A;) and (A4) hold, one can find the optimal values for a and b in the Fréchet
and Weibull domains of attraction:

e If yy(x) > 0 and yc(x) > 0, then under the Holder conditions (4) and (5), hypothesis (15) shall be satisfied if

v/ khih® log(nh®) — 0asn — oo. Besides, under assumption (10) and the Holder conditions (11) and (12), Proposition 1
gives that hypothesis (16) is implied by

Ve[ by (Ur (e /ke[0)[%)] V |be (Ur (ny/kel%)[0)]] = 0 asn — oo
or, equivalently,

ve®)py ®)/(yy ®)+yc (X))
N (k) Ly (n/kjx) — 0
n\ ¥y ®pc®)/(yy )+yc ()
and +khd <7> Lc(n/klx) — 0
k

asn — oo, where £¢(-|x) and Ly (-|x) are slowly varying functions at infinity. Recalling the bias condition +/kh?
Qr(n/k|x) — 0asn — oo, the problem is thus to maximize the quantity a — bd under the constraints a € (0, 1),

—bd >0,
a—b(d+2a) <0,
a—bd+2(1 —a)LWW__
) + ycx)
Yy (%) pc ()

—bd+2(1 —a) ———————
o b e =

and a—bd+2(1—a)pr(x) <O0.
Setting

,O(X) ‘= max (p_;_(x), Yc (X)pY(X) VY(X)IOC(X) ) -

W@ +ye® w4+ ye®)
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the constraints become a € (0, 1),a — bd > 0,
a—b(d+2x) <0 and a—bd+2(1—a)p(x) <O0.

The solution to this problem is

«_ —(d+20)p(Xx) b — —p(x)
T a—(d+20)p®X) T a—(d+20)p®X)
for which
0 — b = —2ap(x)

a—(d+2a)pkx)
The optimal convergence rate for our estimator in this case is therefore

n(a*—b*d)/Z — p~oP®/(@=(d+2a)p(x)

If yy(x) < 0and y¢(x) < 0O, then under the Holder conditions (4), (5) and (7), hypothesis (15) shall be satisfied if (see (8))

V khdh d Vv d(n/’<)7W(X) B
kh®h* log(nh®) — 0 and khi———h” — 0 asn — oo.
LUT (n/k|X)

Besides, under assumption (13) and the Holder conditions (11) and (14), Proposition 1 gives that hypothesis (16) is
implied by

V[ 1by (Ur (001%) — Ur (n/ke[%)) " X)] V [be ((Ur (00]%) — Ur (n/kel)) ™' [%)[] — 0
or, equivalently,

ny\ Yc®py ®)/ vy 0)+vc(®))
W(E) o ‘ Ly(n/klx) = 0

ry ®)pc(X)/ (ry ®)+yc (%)
and vk (,E) ‘ 7 Le(n/kix) — 0
K

as n — oo, where Lc(-|x) and Ly(-|x) are slowly varying functions at infinity. Recalling the bias condition

~kh®Qr(n/klx) — 0asn — oo, the problem thus consists in maximizing the quantity a — bd under the constraints
ae(0,1),a—bd >0,

a—b(d+2a) <0,
a—2(1—a)yr(x) —bd+28) <0,

vc (x) py (x)
—bd +2(1 — a) 22T )
a + 2( a)yy(x)—H/c(X) <
a—bd+2(1— 0D __,

w® + vy ~
and a—bd+2(1—a)pr(x) <O0.

Assume now that the functions yy and yc are at least as regular as Ur(oco|-), namely that 8 < «. In this case, since
yr(x) < 0, the constraints reduce toa € (0, 1), a — bd > 0,

a—bd+2(1—-a)pkx) <0
and a—2(1—a)yr(x) —b(d+28) <0

where

Ye@py(®)  pr(X)pcx) ) -
W +ye® w® 4y )
The solution to this problem is

p(x) := max (p} ),

T = —(d+2B)p(x) — dyr(x) and b — —px) — yr(x)
B—({@+2B)pX) —dyr(x) B—(d+2B)px) —dyr(x)
for which
O — b= —2Bp(x)

B—(d+2B)px) —dyr(x)
The optimal convergence rate for our estimator in this case is then
n(@=b*d/2 _ =B/ (B—(d+28)p(x)—dyr ()
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5. Simulation study

In this paragraph, we carry out a simulation study to get a grasp of how our estimator behaves in a finite sample situation.
We consider the case E = R equipped with the standard Euclidean norm and a covariate X which is uniformly distributed
on [0, 1] C E. Moreover, we let yy : [0, 1] — R and y¢ : [0, 1] — R be the positive functions defined by

2 1 1
Vx € [0, 1], wx) = 3 + 5 sin2rx) and yc(x) =5+ 3 sin(27x).

We shall now give details about the different models we use in this finite-sample study as far as the distribution of (Y, C)
given X = x is concerned.

5.1. The models

Fréchet-Fréchet case. Our first model is
vVt > 0, FY(HX) — (1 + tfp/yv(x))l/p and I?c(tIX) — (1 + tfp/yc(x))l/p

where the parameter p is chosen to be independent of x, in the set {—1.5, —1, —0.5}. In particular, Y and C given X = x are
Burr type XII distributed. In this case, Fy (-|x) and F¢(-|x) both belong to the Fréchet DA for every x € [0, 1] with respective
conditional extreme-value indices yy (x) and yc(x). Finally, the conditional percentage p of censoring in the right tail is such
that 0.86 < p(x) < 0.91 for all x € [0, 1]. We now examine the validity of the second-order condition (M;). Let us first
recall that if a continuous and strictly increasing survival function G is such that

G(t) =t (Cr +Dit”” + 0 (t7)) ast — oo
where y > 0, p < 0 and C;, D; are nonzero constants, it is straightforward to show that the inverse V of 1/G is such that
V(@) =27 (G + Dz’ +0(z°)) asz —»>
where G, D, are nonzero constants. The related distribution then satisfies the second-order condition with a second-order
parameter equal to p. Here, the function Fr(-|x) = Fy (-|X)F¢(-|x) is continuous and strictly increasing and

- 1
Fr(tlx) =t~/ (1 + —tr/7e® 4o (r"/m"))) ast — 0o
0

because yy (x) < yc(x), so that the second-order condition (M,) is satisfied in this example, with conditional second-order
parameter pr(x) = pyr(x)/yc(®) = pyy %)/ (yy (%) + yc ().
Weibull-Weibull case. The second model is

1
vt €[0,g(0)], Fy(tlx) = 7;((21//’;2(2))) . V=T ) V=g
t/g(x

— l" 2 1
and Fc(t|x) = M v1/Vc(X)*1(l _ v)1/yc(x)—1dv
21/ yc @) Jigo

whereI' : (0, c0) — R is Euler's Gamma function:
o0
Vz>0, T(2) :/ e 't*1dt
0

and the conditional right endpoint function g is defined by
Vxe[0,1], g(x)=1—c+8cx(1—x)

with ¢ € {0.1,0.2,0.3}. Here, given X = X, Y/g(x) is a Beta(1/yy(x), 1/yy(x)) random variable and C/g(x) is a
Beta(1/yc(x), 1/yc(x)) random variable. Especially, Y and C given X = x belong to the Weibull DA, with common conditional
right endpoint g(x), respective conditional extreme-value indices —yy (x) and —y¢(x) and the conditional percentage p of
censoring in the right tail being such that 0.86 < p(x) < 0.91 for all x € [0, 1]. To check that the second-order condition
holds, we notice again that if a continuous and strictly increasing survival function G is such that

CO)=©O -0 (Ci+D:i(0 — )" +0((6 —1)"7)) ast 16
where y, p < 0, C; and D, are both nonzero and 6 is a constant, it is easy to prove that the inverse V of 1/G is such that

0 —V(@)=2" (G +Dyz° +0(2°)) asz— oo
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where C,, D, are nonzero constants. The related distribution then satisfies the second-order condition with a second-order
parameter equal to p. Here, the function Fr(-|x) = Fy (-|x)F¢(-|x) is continuous, strictly increasing and

| R
hmwa@w—owm”c+r W(m+1}kaqp—;;yHmmO

T+ ®) 1T+ yc®)
ast 1 g(x), see the asymptotic expansion of the cdf of a Beta random variable in [2, p.68]. It is easy to see that
11—y ' 1_Vc_l(x)7é0
T+mw®) 1+ ycx)

except for two values of x which are approximately equal to x; = 0.1661 and x, = 0.3339. For x different from x; and x;, the
second-order condition (M) is thus satisfied, with conditional second-order parameter pr(x) = yr(x). When x € {xq, x5},
straightforward computations entail

Vx € [0, 1],

A=y '@ —y'®  A—y ') -y '®)
2(1+ 2y (%)) 2(1+ 2yc(x))

U—WWM—nw»P_r]Q :
i U+w®m+nﬂb} go) 1O

Fr(tlx) o (g(x) — ) /1® (1 n |:

ast 1 g(x); the coefficient before the [1—t /g (x)]? term can be shown to be nonzero for x € {x1, X}, so that the second-order
condition (M) is satisfied with conditional second-order parameter pr(x) = 2yr(X).

Gumbel-Gumbel case. The third model is
Vvt > 0, Fy(tlx) = Fc(t]x) = —————
y (t]X) = Fc(t]x) 1T exp@@)0)

where q is the function defined by

1
Vxe[0,1], qx)=1+ 3 sin(2wx).

In this model, g(x)Y and q(x)C given X = x have a common logistic distribution, which is an example of distribution belong-
ing to the Gumbel DA. Here the function p is constant equal to 1/2. To check that the second-order condition holds here, we
check instead the second-order von Mises condition (see [10, p.49]): remark that since Y and C have the same conditional
distribution, we have Uy (z|x) = Uy (1/z|x). This entails

zwmw+l_1(ﬁwu@w+0.

Ul T 2\ Uzl
Because Uy (z|x) = [q(x)]"!log(2z — 1) we get

zU{ (z]x) _ 1

Uz (z]x) 2124z — 1)

and we may thus apply Theorem 2.3.12 p.49 in [ 10] to obtain that the conditional distribution of T satisfies the second-order
condition (M,) with Ar(z|x) being the right-hand side of the above equation, yielding p(x) = —1/2 for every x.

To see how the estimator behaves in uncensored cases, namely when inference in the extremes is possible but the cor-
rection due to the presence of censoring is not needed, we also consider the three models below where the right tail of Y is
much lighter than that of C:

Gumbel-Fréchet case. In this model,
= 2 = - 1/p
Vt >0, Fy(tlx) = ——— and Fe(t|x) = (14 t°/7c®
y (£1%) T+ exp@®0) c(tlx) = ( )

where q(x) = 14 0.5sin(2wx) and p = —1. Here, given X = x, q(x)Y has a logistic distribution and C is Burr type XII
distributed.

Weibull-Fréchet case. Here,

— e X 1
Vt > O, Fy(t|X) = M UUVY(X)71(] _ U)]/W(x)71dy
P21/ () Jesgeo
and Fc(tlx) = (1+ t—p/yc(x))l/ﬂ

whereg(x) = 1—c+8cx(1—x),c =0.1and p = —1. Here, given X = x, Y/g(x) is Beta(1/yy (x), 1/yy(x)) distributed and
C is Burr type XII distributed.
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Weibull-Gumbel case. In the final model,

re/yw) ('

L2(1/yy (%)) Jesgeo
2

1+ exp(q(x)t)

whereg(x) = 1—c+8cx(1 —x),c =0.1and q(x) = 1+ 0.5sin(2mx). Here, given X = x, Y /g(x) is Beta(1/yy (x), 1/yy(x))
distributed and q(x)C has a logistic distribution.

V>0, Fy(tlx) = VO — )01y

and Fc(t|x) =

5.2. Selecting the tuning parameters k, and h

Our goal is to estimate the conditional extreme-value index yy on a grid of points {xq, ..., Xy} of [0, 1]. To this aim, two
parameters have to be chosen: the bandwidth h and the number of log-spacings k,. We adapt a selection procedure that was
introduced in [15]:

(1) For every bandwidth h in a grid {hy, ..., hp} of possible values of h, we make a preliminary choice of k. Let % j(k) =
Yv.n(X:, k, hj) and | - | denote the floor function: foreachi € {1,...,M},j € {1,...,P}andk € {gij+ 1, ..., No(x;, hj) —
qij}, where q;; = [Nn(x;, hj)/10] Vv 1, we introduce the set E;j = {')7,-,]»(5), telk—qij....,k+ q,-,]-}}. We compute
the standard deviation X j(k) of the set E; j  for every possible value of k and we record the number K; ; for which this
standard deviation reaches its first local minimum and is less than its average value. Namely, K;; = ¢q;; + 1if X is
increasing, K; j = Np(x;, hj) — q;j if X is decreasing and

Kij = min{k such that X j(k) < Xjj(k — 1) A Zjj(k+ 1)

1 Nn(xi,hj)—qi j
and X (k) < —————— 2-,(1)}
Y Na(xi, hj) — 243 2 %

I=q; j+1

otherwise, where we extend X ; by setting X ;(q; ;) = X ;(qij+ 1) and X ;(Nn(x;, b)) — qij+1) = X j(Na(Xi, by) — qi5).
We then select the value k; j such that 7 j(k; ;) is the median of the set E; j, Kij-
The main idea of the first part of this procedure is that, for a given point x; and a given bandwidth hj, the number

of order statistics is chosen in the first reasonable region of stability of the Hill plot related to the function k
?Y,ﬂ(xiv k! h)'

(2) We now se]lect the bandwidth h: let ¢’ be a positive integer such that 2¢' + 1 < P. Foreachi € {1,..., M} and
jelqd+1,....,P—q} letF; = {))71'.@(’(1"@), tefj—q,...,j+ q’}} and compute the standard deviation o;(j) of
F;j. Our objective function is then the average of these quantities over the grid {x1, ..., xy}:

1 M
() = - > 0il).
i=1

We next record the integer j* such that o (j*) is the first local minimum of the application j + o (j) which is less than
the average value of o. In other words, j* = q' + 1if o is increasing, j* = P — q’ if o is decreasing and

1 =
7 = min{jsuchthata() <o(— 1) ATG+ 1) and7(j) < pRA0)
P=2q I=¢'+1

otherwise, where we extend & by settingo (q¢)) = o (q'+ 1) anda(P — ¢ + 1) = 6 (P — q'). The selected bandwidth is
then independent of x and is given by h* = hjx.

In doing so, we require that h* be not too large, to ensure that the computation of our estimator is carried out only
using covariates which are close to x, and the estimation carried out for bandwidths in a neighborhood of h* is reasonably
stable. The selected number of log-spacings is thus given, for x = x;, by k;fi = ki j.

We choose here to estimate the conditional extreme-value index on a grid of M = 50 evenly spaced points in [0, 1].
Regarding the selection procedure, we test P = 25 evenly spaced values of h ranging from 0.05 to 0.25 and we set ¢’ = 1.

5.3. Results

We give in Table 1 the empirical mean squared errors (MSEs) of our estimator, averaged over the M points of the grid, for
N = 100 independent samples of size n = 1000, along with the minimal and maximal MSEs obtained. One can see that in
the Fréchet-Fréchet case, the MSE of our estimator increases as |p| approaches 0: this is not surprising since the conditional
second-order parameter of T, known to play a major role in the performance of the estimators of the extreme-value index,
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Table 1

MSEs associated to the estimator 7y in all cases. Between brackets:
minimal and maximal mean squared errors recorded.

Situation

Moment estimator yy

Censored cases

Fréchet-Fréchet model

p=-05 0.177[0.0138, 0.550]
p=-1 0.0639[0.0139, 0.170]
p=-15 0.0491[0.00563, 0.146]
Weibull-Weibull model

c=0.1 0.0451[0.00956, 0.138]
c=0.2 0.0505[0.0146, 0.165]
c=03 0.0494[0.0125, 0.137]

Gumbel-Gumbel model

0.0840[0.0172, 0.334]

Uncensored cases

Gumbel-Fréchet model
Weibull-Fréchet model

0.0352[0.00476, 0.102]
0.0375[0.00587, 0.144]

13

Weibull-Gumbel model 0.0364[0.00750, 0.0997]

is proportional to p in this case. The Weibull-Weibull case seems to show that the quality of the estimates does not depend
on the value of the common endpoint, and this could be expected as well since we know that how the estimator performs
should only depend on the value of the second-order parameter and of the censoring percentage in the extremes. Finally,
in the cases tested here, the estimator performs much better in the uncensored cases than in the censored cases at the
finite-sample level. Some illustrations are given in Figs. 1 and 2, where the estimates corresponding to the 5% quantile,
median and 95% quantile of the MSE are represented in each case for our estimator.

6. Real data example

In this section, we introduce a medical data set, provided by Dr P. ]. Solomon and the Australian National Centre in HIV
Epidemiology and Clinical Research; see Ripley and Solomon [24], Venables and Ripley [27] and the data set aids2, part of
the package MASS in R. In the context of extreme value analysis, this data set was considered by [ 12,23]. The data set contains
information collected after a follow-up study on 2843 patients diagnosed with AIDS before July 1st, 1991. Especially, for each
patient, the data set gives his/her age at the time of diagnosis and, if the patient died before the end of the study, his/her
date of death. There are only 89 female patients in this study, so we chose to retain the 2754 male patients of the data set.
Our variable of interest is the survival time Y of a patient which is randomly right-censored as is usually the case in such
follow-up studies. The covariate we consider is the age of a patient at the time of diagnosis. A scatterplot of the data is given
in Fig. 3.

Our first goal is to provide an estimate of the conditional extreme-value index of Y using our estimator. A look at the
scatterplot shows that data for patients aged either less than 20 or more than 65 when diagnosed with AIDS is very scarce,
so we focus on patients aged between x,;, = 20 and x,,x = 65. We use the selection procedure detailed in Section 5.2: the
bandwidth h is chosen among h; < - -- < hy5 where the h; are evenly spaced and

h; = 0.05(Xmax — Xmin) and  hys = 0.25(Xmax — Xmin)-

This leads us to choose h* = 3.75. The estimate of the conditional extreme-value index yy on 25 evenly spaced points in
[Xmin, Xmax] is represented in Fig. 4.

This estimate is only a first step in the assessment of the tail heaviness of the conditional distribution of Y given X = x,
however. A further interesting step is to estimate conditional extreme quantiles of this distribution, where the conditional
quantile function gy (-|x) is defined in terms of the generalized inverse of Fy (-|x):

gy (elx) = inf{t € R | Fy(t|x) < ¢&}.

Note at this point that gy (¢|x) is the (1 — &)-conditional quantile of Y in the usual sense. We propose an adaptation of the
extreme quantile estimator of [12], which is itself an adaptation of the classical extreme quantile estimator, see for instance

Theorem 4.3.1in[10, p.134]. We let Fy,n (-, h|x) be the straightforward conditional adaptation of the Kaplan-Meier estimator

for the csf of Y given X = x (see Beran [5]). Besides, given N, (x, h) = |, we set for k, € {1,...,1— 1}
?T,n.-}—(xs kx, h)(1 - ?T,nﬁ—(xv kxv h))

o(x, ke, B) = 71— —
n(X, ky, h) Ik, | 5 ke )

and 0 otherwise. An estimator of the conditional extreme quantile gy (¢]|x), where ¢ is a small positive number, is then

Qy.n(e, X, key h) = Tiog 1 4 (X, ke DD ek Gy,n(ﬂ—kx,z, h|X)/8>



14 G. Stupfler / Journal of Multivariate Analysis 144 (2016) 1-24

1.6 16
1.4 1.4
1.2 4 1290~
11 11 VT
\
0.8 0.8 Sooo ,
0617 /"~ 0.6 1 ; A
RPN - =3 -
0.4 1 NN R 0.4 ) TN
SN = \ M
0.2 4 0.2 Voo
0 0 Voo
!
0.2 0.2 -02 ! V/‘/
!
-0.4 -0.4 1 -0.4 y
R T e I 1 T e I |
0 01 02 03 04 05 06 07 08 09 1 0 010203 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
0 0 0
-0.21
_0,473 Nl
— BRI
0.6 ) \ B //
-0.84 | n N
VAV e
_1] Y ', /‘\/V«, N/
Vo
-1.2 -1.2 -1.2 Vo
Vi
-1.4 4 1.4 -1.41 1/
-16 -16 -16

0 01 02 03 04 05 06 07 08 09 1

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

1 1 1

0.8 4 0.8 081>~
0.6 0.6 . 0614 T
0.4 0.4 AN A 0.4 ] i
/ \ I \ A
0.2 4 N \ P 0.2 4 [ Vo 1 0.2 4 | Fa
o] A /\\ e /»\/\\ / ol e // \/ ! ol [N A\
[V Y FAY AT i \ -\ ~
2] VY ! —02 ]Sy Y/ V| -02] \ \ o~
;0 v - \/ ¥ \ A
0.4/ v -0.4 4 -0.4 \ ‘\\ N JAW
-0.6 A -0.6 A -0.6 =T
-0.8 | -0.8 A -0.8
-1 ———— -1 ———— e ———— -1 ————
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Fig. 1. Censored cases: the true function yy (solid line) and its estimator 7y (dashed line). Top row: Fréchet-Fréchet model, case p = —1. Middle

row: Weibull-Weibull model, case ¢ = 0.1. Bottom row: Gumbel-Gumbel model. Left: case corresponding to the 5% quantile of the MSE. Middle: case
corresponding to the median of the MSE. Right: case corresponding to the 95% quantile of the MSE.

if kk € {1,...,1 — 1} and O otherwise, where the function D was introduced in (1). In our case, we set h = h*; for

X € [Xmin, Xmax], the number of log-spacings k, is chosen by applying the first step of the selection procedure introduced in
Section 5.2.

We give some results in Fig. 5, where estimates of the extreme quantile curve x — Gy (¢, X, k¥, h*) are represented
for an exceedance level ¢ € {0.01, 0.005, 0.002, 0.001}. One can see in this figure that these estimates are fairly stable
for patients aged between 20 and 53 years and decrease sharply afterwards. This may be interpreted as a consequence
of immunosenescence, namely the deterioration of the immune system as age increases. This phenomenon is of course
especially critical in the case of AIDS, since HIV targets cells of the immune system; the significant effect of increasing age
on survival rates for AIDS has been shown numerous times in the medical literature, see e.g. Ripley and Solomon [24], Luo
etal.[22], Darby et al. [9] and Balslev et al. [ 1], among others. Besides, one can see that the estimate of the extreme quantile
curve for ¢ = 0.001 yields, in the range [20, 53], survival times around 13 years and as high as 16 years. This is in line
with Figure 1(b) of [ 12], which does not consider any covariate information and gives a value of this extreme survival time
between 15 and 19 years while using a different estimator of the extreme-value index.

7. Proofs

Before giving a proof of Theorem 1, we need some preliminary results. Lemma 1, which is essentially contained in [12],
gives a useful representation of p(x).

Lemma 1. Let Y, C be two independent positive random variables having respective survival functions Fy, F¢, respective pdfs fy,
fc and common right endpoint U(co) = Uy (oc0) = Uc(00). Define for t > 0

d d
)= —PY<CYACZt)/ -P(YAC<t
p(t) = - P(Y = _)/dt( =t
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Fig.2. Uncensored cases: the true function yy (solid line) and its estimator yy (dashed line). Top row: Gumbel-Fréchet model. Middle row: Weibull-Fréchet
model. Bottom row: Weibull-Gumbel model. Left: case corresponding to the 5% quantile of the MSE. Middle: case corresponding to the median of the MSE.
Right: case corresponding to the 95% quantile of the MSE.

Fig. 3. Scatterplot of the AIDS data: x-axis: age of the patient at the time of diagnosis, y-axis: survival time (in years).
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Fig. 4. AIDS data: estimator yy. x-axis: age of the patient at the time of diagnosis.
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Fig.5. AIDS data: estimation of the conditional extreme quantile of the survival time. Full line: level ¢ = 0.01, dashed line: level ¢ = 0.005, dashed-dotted
line: ¢ = 0.002, dotted line: level ¢ = 0.001. x-axis: age of the patient at the time of diagnosis, y-axis: survival time (in years).

whenever the denominator is nonzero, and p := y¢/(yy + yc) otherwise. Then one has

Fe(Ofy (1)
Fe(®fy () + Fy(D)fc(t)
whenever the denominator is nonzero. In particular, p(t) < 1 forevery t > 0.If moreover Y and C belong respectively to D(G,, )
and D(G,, ) and either

e yy >0andyc > 0;
e ¥y <0,y <0and0 < U(o0) < 00,

pt) =

then p(t) — past — U(00).
Lemma 2 is a partial generalization of Lemma 1 to the random covariate case.
Lemma 2. Assume that the functions (x,t) +— fy(t|x) and (x,t) +— fc(t|x) are continuous on E x (0, co). Then given
X € B(x, h), T has pdf
Fra(t1x) = EFc(tX)fy (t1X) + Fy ((X)fe (E1X) | X € B(x, h))
and we have
E(Fc(tX)fy (t]X) | X € B(x, h))
EFc(tX)fy (¢1X) | X € B(x, h)) + E(Fy (t|X)fc(t1X) | X € B(x, h))

whenever the denominator is nonzero. In particular, py(t|x) < 1 foreveryt > 0.

vt >0, pa(tlx) =
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Proof of Lemma 2. Remark that
Frptlx) =P(Y <C,Y <t|Xe€Bxh)+P(C=<Y,C=<t]|XeBkh).

The independence of Y and C given X and Tonelli’s theorem yields

t
P(Y<C,Y<t|XeBkxh) =E (/ Fe(zIX)fy (z)X)dz | X € B(x, h))
0

t
/ E (Fe(X)fy 2IX) | X € Bx, b)) dz (17)
0

t
and P(C<Y,C<t|XeBkxh) =E (/ Fy(zIX)fc(zIX)dz | X € B(x, h))
0

t
/ E (Fy (z|X)fc(zIX) | X € B(x, h)) dz.
0

The regularity hypotheses on fy and f- make it clear that both of the above integrands are continuous as functions of z, so
that Fr ,(-|x) has a continuous derivative which is

d — _
aFr,n(tIX) = E(Fc(t1X)fy (t1X) + Fy (t1X)fc(t1X) | X € B(x, h)) = fra(t]x). (18)

This is the first desired result. Moreover,
PE=1,T<t|XeBkxh)=PY<C,Y <t|Xe€B(x, h)).

From (17), we get

%p(a =1,T <t|X €Bx h) =E (Fc(tX)fy (tIX) | X € B(x, h)). (19)

Combining (18) and (19) concludes the proof. ®

We then state a couple of useful technical results. The first one gives the conditional distribution of the random pairs
(73, Ay).
Lemma 3. Given N,(x, h) = | > 1, the random pairs (7;, A;), 1 < i < |, are independent and identically distributed random

variables whose common distribution is that of (T, §) given X € B(x, h).

Proof of Lemma 3. The proof of this result is similar to that of Lemma 2 in [26]:if (1, ..., ;) € R'and (d1, ..., d)) € {0, 1}/,
then since the random vectors (X;, T;, 8;) have the same distribution, it holds that

I I
P (ﬂ{{fi < ti, Ai = d;}, Na(x, h) = l) = (r;)IP’ (ﬂ {T; < t;, 6; = d;, X; € B(x, h)})

i=1 i=1

< [] P& ¢Bwx hy).

i=I+1
The independence of the random pairs (X;, T;, §;),i = 1, ..., n entails that the above probability is
1 1 n
n
[[p( <t.6=di|X eBx h) x [(J []peieBe.m) [ Pre:¢Be, h))i| .
i=1 i=1 i=I+1

Since Ny (x, h) is a binomial random variable with parameters n and P(X € B(x, h)), the result follows. =

The next lemma, whose proof can be found in [26], is a pivotal technical tool for the proofs of Theorems 1 and 2.

Lemma 4. Let (S,) be a sequence of random variables. Assume that there exist a triangular array of events (Aj)o<j<; and a
sequence of non-empty sets (I,) contained in {1, . .., n} such that

e forevery n the Ay, 0 < | < n, have positive probability, are pairwise disjoint and

n
D P = 1;
1=0

e it holds that )., P(Ay) — 1asn — oo.
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If one has for every ¢ > 0

supP(|S,| > ¢|Ay) — 0 asn — oo,
lely

P
thenS, — 0asn — oo.

This result will be applied in the following way: remark that since N;, (x, h) is a binomial random variable with parameters
nand P(X € B(x, h)), it is a consequence of Chebyshev’s inequality that for all € (0, 1),

1-n Nn(xs h)
vV Nx E—

TNy
Ifl, =NN [(1 — n;1/4> Ny, (1 + n;1/4> nx] - this notation will be used in the remainder of Section 7 - then this entails

P
—1‘—>0 asn — oo.

ZIP’(Nn(x, hy=0)—1 asn— oc.

lely
The final lemma, contained in [26], makes it possible to understand a bit more about the asymptotic behavior of certain
random variables which appear in our proofs.

Lemma 5. Let W;, i > 1 be independent standard Pareto random variables, i.e. having cdf w — 1 — 1/w on (1, 00). Assume
that ny — 00, ky — oo and ky/ny, — 0asn — oo. Then for every ¢ > 0 it holds that

ky
supP | | =W, — 1
lely l

>s)—>0 asn — oo.

We may now prove Theorem 1.

Proof of Theorem 1. Write

1 . yr(x)
m |:(VT.n(X7 ky, ) — yr(x)) — ()

Following [ 12], we note that if V is a standard uniform random variable which is independent of (X, Y, C), then:

Ve, ke, h) — yy () = ®n(x, ky, 1) — p(x))] .

P(V < pn(TIx), T < to | X € B(x, h))

to
f Pr(E1X)fr n(t|x)dt
0
=P =1,T <ty | X € B(x, h))

so that given X € B(x, h), the random pairs (T, Iyy <p,(rjxy) and (T, &) have the same distribution. Consequently, if V;,i > 1
is an independent sequence of standard uniform random variables which are independent of the (X, Y;, i), then given
Nn(x, h) = |, it is a consequence of Lemma 3 that the distribution of (¥ (X, kx, h), Pn(X, ky, h)) is that of (7 n(x, ks, h),
Pn(x, ky, h)), with

k;
~ 1
Pn(x, ky, h) := F Z ]I{V[l—iJrl:I] <ph(Ti—i+1,110}

X =1

ifky € {1,...,1— 1} and 0 otherwise, where V1.5, . . ., Vi, are the order statistics induced by 77, . . ., 7;. Moreover, since
the V;, i > 1 are standard uniform variables independent of the (X;, Y;, G;), so are the V;;;, 1 < i < [ Introducing, given
N, (x, h) = |, the quantity

k.
_ 1<
Dn(X, ky, h) := F § Lvi <pn (7131410}
X =1

ifk, € {1,...,1— 1} and 0 otherwise, we obtain
~ d 1 —~ x) _
Yy ke, D) —py(X) = ————— [(yr,n(x, kx, ) — yr(x)) — m (Pn (%, ky, h) —p(X))] .
Pn(x, ky, h) p(x)

It is thus enough to show the consistency of 1 ,(x, ky, h) and p,(x, ky, h). The consistency of the former quantity is an
immediate consequence of Theorem 1 in [26]. To prove the consistency of p,,(x, ky, h), note that

_ By,
P, ke 1) = p(0) = [k" —p(x)] ~Su1+ Sz
X



G. Stupfler / Journal of Multivariate Analysis 144 (2016) 1-24 19

where
Ky
B, = Y Ivispw)» (20)
i=1
ky
Snt = Iy Y Livi<pco) (21)
i=1
n 1 kx
and Spp= ) ™ D i o) — Lvizpon | Tiacey=- (22)
I=ke+1 [ 7% i=1

As a consequence, By, is a binomial random variable with parameters ky and p(x) which is independent of Y, (x, ky, h) and
Tchebychev’s inequality entails

Pn(X, ky, h) — p(X) = —Sp1 + Sp2 +0p(1) asn — oo.
Further, for every ¢ > 0,
P(|Sp,1| > €) < P(Np(x,h) <ks) - 0 asn— oo
sothatS, 1 LN 0asn — oo.Besides, if W;,i > 1are independent standard Pareto random variables, then the distribution of

the random vector (77, . . ., 77) given N, (x, h) = | > 1is the distribution of the random vector (Ur (W1]X), . .., Ur.n(W)|x)),
see Lemma 3. Let n be so large that k, < infl,. The equality

VG, be [O, ]], E ‘H{Vga} — H[ng}| = |a — b|
valid for every standard uniform random variable V, entails for every [ € I,

1

E(ISnal [ Nax h) = 1) = -~
Kx

kx
> E(pn(Tiis1110) — pe)| INa(x, h) = )
i=1
kx

1
= Z E|pr(Ur,n (Wi—iy1,11%)[x) — p(x)].
1

ke &

Clearly, for every « > 0, if n is so large that

1y 1+ K
U 9 77 n’ 5h < =
“’(’“’ ANTEE TR )‘ 2
we have by Lemma 2 that
K
E(Su2| | Na(x, h) = 1) < 5 + ZSIupP({w,_W,, < /(1 + Mke} U Wy > n ). (23)
ely

Lemma 5 entails
k U
sup P(Wi—g,+1.1 < nx/(1+ n)ky) = supP (*XWI—kXH,l -1< —7> — 0 asn— oo,
lely lely N 1+n
and since the W; are independent standard Pareto random variables, we get
1 X
supP (W, > n,™") = sup [1 —(1=n"") ] <1-(1—n;tn)™ 250 asn— .
lely lelk
In other words
K
SUp P({Wio 1.1 < /(14 k) U (Wi > n = (24)
ely

for n large enough, so that combining (23) and (24), we find that E(|S; 2| | Na(x, h) = 1) — Ouniformlyinl € Iyasn — ooc.
According to Markov’s inequality, we have for every ¢ > 0

E(S Ny(x,h) =1
SUpB(IS,2] > & | Na(x, h) = I) < sup o2l [ @ 1) =
lely lely 3

— 0 asn— oo.

. P .
Lemma 4 then entails S, — 0asn — oo and the proof is complete. ®

We proceed by proving the pointwise asymptotic normality of the estimator.
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Proof of Theorem 2. Recall from the proof of Theorem 1 the equality

yr(X)
p(x)

- 1 ~
D ke h) — W () £ —————— | Frn(x, kes h) — y1(x)) —
pn(xv kxv h)

The asymptotic normality of 77 ,(x, ky, 1),

(B (%, ke, 1) — (X))] .

A d
Vi [Pra® ke, b) — yr ()] — N (0, V(yr(x))) (25)
is contained in Theorem 2 of [26]. We now recall the representation

_ By,
Pn(X, ke, h) — p(x) = ;
x

with By, Sp,1 and Sy, as in (20)-(22). Note that, from (21), one has for every ¢ > 0

- p(x)] - Sn,l + Sn,2

P(\kyISn1| > €) < P(Ny(x. h) < k) — 0 asn — oo

so that \/Elsn,ﬂ LN 0 asn — oo. Let n be so large that k, < infl,. Let further W;, i > 1 be independent standard Pareto
random variables which are independent of the V; and note that, from Lemma 3 and (22), one has given N, (x, h) = [ € I,:

kx
d 1
Sn2 = Zﬂ{v,q:h(umw, ) — Lyvispy =t Sy

xil

Further,

Syl < 2 k"H{Wz k1.0 <1/ (ke UWy >y ) + VA |: Z |H{V1<Ph(UT hWi—ipr 00} — H{V1<P(X>1|:|

i=1

x I JEEI
{”x/(]+77)’<xSWl—kx+],l§WI,l§”x+n}

Since the expectation of the second term on the right-hand side of this inequality is

kx

Z [0 U Wisisab010 = POOIL e s st

th

we may, for every ¥ > 0, bound it from above by

Ny K
k U, —————.,n H'",Xh < —
*w<p°T<1+>l x )‘2

for n sufficiently large. From (24) and Markov’s inequality, we get for every ¢ > 0

supP(v/kelSn2l > & | Na(x, h) = 1) <«

lely

if n is large enough. By Lemma 4, this entails +/kx|S 2| 5 0asn — oo Consequently

Vi [Ba( ke ) = p0)] = vkx [Bk

ky

Recall from the proof of Theorem 1 that By, is a binomial random variable with parameters ky and p(x) which is independent
of Pr.n(x, ky, h). Since

- P(X):| + op(1).

B
ki [kkx —p(x)] L N0, (1 = p)), =

asn — oo, the convergences (25), (26) and Slutsky’s lemma entail

Y ()
V(yrx) + (1—p®)

\/E [?Y,H(X! ky, ) — )/y(X)] —d> N < v

P2 (x)
asn — oo, whichis theresult. ®

The last lemma is the converse statement of Lemma 9 in [26]. It is necessary to prove Proposition 1.

Lemma 6. Let F be a csfon R and U be the left-continuous inverse of 1/F.
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1. If F is such that
VyeR, F¥) e€(0,1)=Vs§>0, F@y+38) <F®y)

then U is a continuous function on (1, 0o).
2. If F is continuous on R then U is an increasing function on (1, 0o).

Proof of Lemma 6. To prove the first statement, pick «g € (1, o0) and assume that U is not continuous at «g. In particular,
since U is left-continuous and nondecreasing,

lim U(xw) — U(ap) > 0.
Ct—)do

Dt>0(0
Then necessarily 0 < F(U(ag)) < 1/ag < 1. Moreover, the above inequality entails, since U is nondecreasing,
15§ >0, Vo > ag, U(e) > U(ag) + 6.
Using the definition of the function U, we obtain
1 1
== == <«
F(U(a))  F(U(ao) +9)

Vo > Op, O

Taking the limit o | aq gives F(U(ag) + 8) = F(U(ap)), which is a contradiction. 3
To show the second statement, assume that «, 8 are such that 1 < o < B and U(e) = U(B). Then since F is
right-continuous and nonincreasing, we get

FU@) = FUP) < ~ <+ < lim F(o).
B oo e

Hence F is not continuous at U(c), which is a contradiction.

Proof of Proposition 1. We start by considering case 1. For n large enough and for every X’ € B(x, h), one has

_ 1
Fe(tIX)fy (tIX) — ——G(t|x') = ry(t, x, X)G(t]x)
vy (X)

and Fy (t|X)fc(t]x) — LG(tlx/) =rc(t, x, X)G(t|x)
Yc(X)

with G(e|x) = =/ OOV (¢X) L (tlx),
1

W) )
, 1
and rc(t,x,Xx) = m — m
From Lemma 2, we obtain the equality
1 E(ry(t, x, X)G(t|X) | X € B(x, h))
_ Yy (%) E(G(tIX) | X € B(x, h))
Pultlx) = — 1 Edry (6, % X) + re (6, % X)1GEX) [ X € Bx, )
e e EG(IX) | X € B(x, b))

If we can prove that for n > 0 small enough

— by (t]x)

ry(t,x,x) =

— be(t|X).

sup sup (|by| V |bc])(t]x)) = O(h* logn, Vv 8,) — O (27)

teUr p(Kx,n|x) x' €B(x,h)

asn — oo, with Ur (Ky »|x) being the image of the interval K, , by the function Ur ;(-|x), then the fact that G(:|X) is
nonnegative shall entail

E(ry (t, x, X)G(t|X) | X € B(x, h)) ,
= sup sup |ry(t,x,x)|
E(G(t|X) | X € B(x, h)) teUr (Ke.y1%) X' €B(x,)
= O(h*logny Vv 8,)
E(re(t, x, X)G(t|X) | X € B(x, h)) /
sup sup |rc(t, x, x)]
E(G(t]X) | X € B(x, h)) teUr p(Kx,y|%) X' €B(x,h)
O(h* logny Vv 8,)

sup
teUr n(Kx,plx)

and sup
teUr n(Kx,plx)
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of which it is a direct consequence that

My
(1 4+ n)ky

which is the result. To this end, we start by noting that because (see Lemma 1.2.9 in [10, p.22])

Ur (ny/kxX) 1
—

ar(ne/kelx) — yr(x)

it is a consequence of (6) and of the mean value theorem that

Ur,n(z]x)

Ur(z|x)

n
® (p oUr, ——~—— nl* x, h) = 0(h* logny Vv 8,)

asn — oo,

— 1‘ — 0 asn— oo.
z€Ky.n

Using the fact that Uy (-|x) is regularly varying at infinity with index yr(x) > 0, we get for n large enough
Ur,n(Ky p1%) C Ur(Ky 291%).
This proves that for n large enough

sup sup (Iby| V |bc)(t|x) < sup sup (Iby| V |bc|)(t[X).
teUr p(Kx,nlx) x’ €B(x,h) teUr (Kx, 2 |%) X' €B(x,h)

Letting n > 0 be so small that condition (12) holds with 7, replaced by 27 and using this Hélder condition along with (11)
we deduce that

sup sup (Iby| V |bc)(t|x) = O | h"logn, v sup  [by(t]x)|V ~ sup [bc(t|x)] |-
teUr p(Kx,nlx) x’ €B(x,h) teUr (Kx,2,1%) teUr (Ky,2,1%)

Finally, Potter bounds for the regularly varying functions |by (-|x)| and |bc(-|x)| (see Bingham et al. [6, p.25]), both having
negative regular variation indices, entail

i |by (t]x)] lbe (t[X)]
1m sup sup Vv
n—00  teUr (Ky 2y 1X) |bY(UT(nx/kx|X)|x)| |bC(UT(nx/kx|x)|X)|

which yields (27) and the result in this case.
We now turn to case 2. We remark that

Fe(tlx)fy (t1x) + LG(rlx’) = ry(t, x, X)G(t|x)

Yy (%)
_ 1
and Fy(t|X)fc(t|X) + ——G(t|x') = rc(t, x, X)G(t|x)
Ye(X)
with
Lg, (Ur(colx’) — t)_llx/)LfC((Ur(OOIX/) -0 X)) ,
G(tlY) = (Ur (00lX) — £) VA G+ 1/yci)+1 if0 <t < Ur(cofx)
0 otherwise
and
1
ry(t,x, x') = — —— — by ((Ur(oolx) — ) '[x),
w® )
1 1
re(t,x,x) = — be((Ur(colx) — )7'IX).

ve®)  yc()
A particular consequence of this is, according to Lemma 2:
1 E(ry(t, x, X)G(t|X) | X € B(x, h))

Pa(tl) = w® E(G(IX) | X € BGx, 1)
h B 1 B 1 E([ry(t,x, X) + re(t, x, X)]G(Hx) |X € B(x, h)) .
w®  ye®) E(G(t|X) | X € B(x, h))

Define Iy v , = [Ur,n(n/(1 + n)klx), Ur(0olx’)). We shall now prove that

sup  sup (Iby| v [bc((Ur(oolx) — £)7'x') = O(h* logny Vv 8,) — 0 (28)

X' €B(x,h) tely v,
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asn — oo. The fact that G(-|X) is nonnegative shall then yield

w <P oUr, ﬁ nyt, x, h) =0(h*Vv sup sup (Iby|V [bc)((Ur(oolx) — )~ '[x)

X'eB(x.h) tely v
= 0 (h®logny Vv 8,)
which is what we want to prove. To this aim, remark that one has (see Lemma 1.2.9 in [10, p.22])
Ur(ne/kex)  Ur(ocolx)
ar(ny/kd) v
Using (9), it is a consequence of the mean value theorem that

[Ur(00]x) — Ur(ny/kel)17' (1 4+ 0(1)) asn — oo.

Ura(zlx) 1
Ur(z]x)

X

yr (%)
' = 0o(Ur(oolx) — Ur(ny/k|x)) = 0 [Zx] Ly (nx/ ky|X)

z€Kx,n
asn — oo. Especially, (7) and (8) entail that
Ur(co|x') — Ur n(ny/ (1 + n)ky|x)
X eB(x.h) Ur(0olx) — Ur (1ny/ky|x)

- A+n7"Y asn— oo.

The interval I, v, is therefore well-defined for all n large enough and X' € B(x, h), and there exists some constant " > 0
such that for n large enough

/ / — 1_77/
Ve B, €k S Urlook) =) 1e]""”:[uwx) Ur(na/k |x)’°°>'
T — UTUlx/ Ry

This proves that for n large enough

sup  sup (Iby| V [bc)((Ur(oolx) = 6)7X) < sup  sup (lby|V [bc])(z|x).

X' €B(x,h) tel v p Z€]y x' €B(x,h)
Conditions (11) and (14) then entail
sup  sup (|by| V |bc)((Ur(oolx) — t)7'X) = O | h* logn, v sup |by(z|x)| v sup |bc(z|x)|
X' eB(x,h) telx.x/yn z€]y ze]an/

We conclude by using Potter bounds for the regularly varying functions |by (-|x)| and |b¢(-|x)| to get

i by (t1%)]
imsup sup = < o0
n>oo e, by ((Ur(00lx) — Ur (/K %)) 1 [%)]
|be (€]X)]

and limsup sup : < 0
n>oo e, [be((Ur(00]x) — Ur (/K[ %) =1 %)

of which (28) is a direct consequence. ®
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