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1. Introduction

In this paper, we consider dual model-free variable selection with two groups of variables x € R? andy € RY. As a
popular tool for multivariate analysis, classical variable selection aims at identifying important variables among x for the
prediction of y. Most existing variable selection methods are model-based, and consider selecting important predictors
under a given parametric or semi-parametric model. Variable selection methods in linear regression include LASSO [17],
SCAD [5], the adaptive LASSO [22], and the Dantzig selector [1]. Variable selection in semi-parametric models have been
studied in [7,14,18]. In multivariate association studies with two sets of random vectors, popular methods such as canonical
correlation analysis (CCA) [6] focus on reducing the dimensionality for both sets of variables, where the role of the predictor
and the response is not important. This viewpoint motivates us to consider dual variable selection, where the goal is to
simultaneously identify the important variables among x for the prediction of y and the important variables among y for the
prediction of X.

Unlike model-based procedures in the literature, our proposal is model-free and does not require assuming specific
models between x and y. Existing model-free variable selection methods all focus on selecting important variables among
x for the prediction of y. See, for example, [9,11,12,21]. The aforementioned model-free variable selection methods are
closely related to sufficient dimension reduction [2]. An important link between sufficient dimension reduction and
model-free variable selection is elucidated in [21], where popular sufficient dimension reduction methods such as sliced
inverse regression (SIR) [10], sliced average variance estimation [4], and directional regression [13] are used to construct
corresponding model-free variable selection procedures.

To achieve dual model-free variable selection, we demonstrate that CCA can be viewed as a valid sufficient dimension
reduction procedure under suitable conditions. There is an important difference between CCA and popular sufficient
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dimension reduction methods such as SIR: CCA maintains the symmetry between x and y while SIR does not. We follow Yu
etal.[21] and develop CCA-based model-free variable selection procedures. Unlike the procedures proposed in Yu et al. [21]
that select important variables among X, the symmetry in CCA provides a unique opportunity to perform dual variable
selection among both x and y simultaneously.

The rest of the paper is organized as follows. We review SIR-based trace test for variable selection in Section 2. The general
framework for dual model-free variable selection is introduced in Section 3. CCA-based trace test for dual variable selection
is developed in Section 4. Numerical studies are performed in Section 5 and we conclude the paper with some discussions
in Section 6. All the proofs are relegated to the Appendix.

2. Review of SIR-based trace test

Letx = (Xq,... ,Xp)T andy = (Yy,..., Yq)T. Without loss of generality, assume E(x) = 0 and E(y) = 0. Denote
X = (X1, ey Xee1, Xet1, - Xp) T fork € {1,...,p}. To test the importance of the kth predictor X, we may consider
the following hypotheses

Ho*  y X | X vs. HX iy x| X g, (1)

where 1l means independence and X means no independence. The hypothesis 7—[5" 1y 1l x | x_y above implies that X;
is not important for the prediction of y in the presence of all the other predictors. Hypotheses (1) are known as the marginal
coordinate hypotheses [3]. Once we have a valid test for (1), sequential procedures such as forward selection, backward
selection and stepwise regression can be designed in parallel to the classical procedures in linear regression. For example,
Li et al. [ 12] consider backward selection through the marginal coordinate test proposed in [3], while forward selection and
stepwise regression through the trace test are discussed in [21].

Since [3], different tests for (1) have been proposed in the literature. Most tests have the same flavor as the original
marginal coordinate testin [3], suchas[16,19,20]. Yuetal. [21] introduce a novel family of trace tests, which can be combined
with various sufficient dimension reduction methods. In the following, we first review SIR as a sufficient dimension reduction
method, and then we revisit the SIR-based trace test for (1).

Classical sufficient dimension reduction aims to find 8 € RP*? with the smallest possible column space such that
yl x| ﬁTx. The corresponding column space is known as the central space for the regression of y on x, and is denoted
by Syx. Let =y = var(x) and let {J;, ..., Jy} denote a measurable partition of @y, the sample space of y. Under the linearity
condition that E(x|8"x) is linear in 8" x, we know from [10] that

E(Z|y 6]}1) € E;/Zsy\x, (2)

wherez = 2;1/2)( is the standardized version of x. Define z-scale SIR kernel matrix as MSR = ZgzlnhE(zw e JWET(zly € Jn),
where 7, = Pr(y € J;). From (2), we know

Span(MS]R) < E;/Z‘Sy\m (3)

where Span denotes the column space.
Let =, = var(X_y)and z_; = Z,ik/zx_k. Similar to M*R, we define M} = ZhH:]nhE(z_kly € JNET(z_tly € Ji). Yu
etal. [21] consider

8% = tr(MPR) — (M), (4)

where tr denotes the trace. Yu et al. [21] provide the asymptotic distribution of §® under 74, *, where §3® is the sample
version of 83} Because 57 = 0under 74, in (1), 1, * is rejected if 3 is larger than a threshold determined by its asymptotic

distribution under null.

3. The principle of dual model-free variable selection

Denote Zx = {1, ..., p} as the full index set for x. Define the active set .A for the regression of y on x as
A = {k € Zx : y depends on x through X;}. (5)
Similarly, let Zy = {1, ..., q} denote the full index set for y, and the active set 5 for the regression of X on y be defined as
B = {j € Zy : x depends on y through Y;}. (6)

Letx4 = {Xix : k € A} andyz = {Y; : j € B}. We have the following result.
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Proposition 1. The following three conditions are equivalent, and all are implied from the definitions of A in (5) and B
in(6).

(i) ylx|[x4andy L X |yz;
(i) y AL x [ xqandy 1L X4 | Y5;
(iii) yp lLx | x4 andy 1L X | y5.

Let & denote the empty set. It follows from Proposition 1 that A = & if and only if B = @. We remark that Proposition 1
is parallel to Proposition 1 in [8], where the dual central spaces for sufficient dimension reduction are studied.

The goal of dual model-free variable selection is to identify .4 and B without assuming specific models between x and y.
Letxr = {Xx : k € F}and yg = {Y; : j € G}, where F C Iy is the working active set for x and g C I is the working active
set for y. Motivated from part (i) in Proposition 1 and the marginal coordinate hypotheses (1) in Section 2, we consider the
following dual marginal coordinate hypotheses

HF"[Q] :yl x| xrandy 1L X |yg vs. Hf g1, VUAX|Xrory L Xx|yg. (7)

If# 19

of the smallest possible 7 and the smallest possible G such that #

n(7)is true, then obviously we have A C Fand B C G.We can thenrecover .4 and B by looking for the combination
7191 i not rejected.

4. CCA-based trace tests and dual model-free variable selection

We have reviewed in Section 2 that SIR-based trace test can be used to test the marginal coordinate hypotheses (1). To
test the dual marginal coordinate hypotheses (7), where the roles of x and y are symmetric, we need a dimension reduction
method that maintains the symmetry between x and y. In Section 4.1, we introduce CCA as a dual sufficient dimension
reduction method. In Section 4.2, we study CCA-based trace tests for selecting variables among either X or y. In Section 4.3,
CCA-based test for the dual marginal coordinate hypotheses (7) is developed. In Section 4.4, we propose a sample level
algorithm for dual model-free variable selection.

4.1. CCA for dual sufficient dimension reduction

Recall that z = = /’x is the standardized version of x. Let w = =y Y 2y be the standardized version of y, where
>y = var(y). Define kernel matrices

M = E(zw )E(wz') and M = E(wz")E(zw"). (8)
Givenx € RP andy € RY, the £th pair of canonical covariates (u, v,) is defined as u, = aZx and v, = be, such that
var(u,) = var(vg) = 1and cov(uy, vy)is maximized.For ¢ > 1,u, and vz satisfy the additional constraints that cov(u,, u,) = 0
and cov(ve, vy) = Oforallk < £.1tis well—known thatthea, = =4 12 c;, where ¢, is the eigenvector corresponding to the
£th largest eigenvalue of M. Similarly, b, = Ey d(, where d; is the £th eigenvector of M. Denote Syx and Syyy as the dual

central spaces for the regression of y on x and the regression of X on y, respectively. The next result states that matrices M
and M are closely related to sufficient dimension reduction.

Proposition 2. Suppose E(X) = 0 and E(y) = 0. Assume B is the basis for Syjx and n is the basis for Syy.
(i) If E(x|B"x) is linear in B7x, then Span(M) € 2y/%Syx:
(ii) If E(yly"y) s linear in Ty, then Span(M) C 5,/*Syy.

The assumptions made in this pr }JOSIUOH are common in the sufficient dimension reduction literature. Proposition 2
1mp11es that the column space of =, M can recover the central space for the regression of y on X, while the column space
of &y ">M can recover the central space for the regression of x on y. It follows that a, € Syix and by € Syjy. We remark that
the conclusions in Proposition 2 bare close resemblance to (3) about the SIR-based kernel matrix M°R,

4.2. CCA-based trace tests for marginal coordinate hypotheses

We consider two sets of marginal coordinate hypotheses in this section, both of which are related to (7). The first set is

Toyllx|xg vs. H iy x|xg. (9)
Hypotheses (9) include (1) as a special case, as X becomes x_, when we take # = {1,...,k—1,k+ 1, ..., p}. The second
set is

Hy iy ALxlyg vs. M ylx|yg. (10)

While hypotheses (9) can be used for selecting important variables among x, hypotheses (10) are useful for selecting
important variables among y.
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First we focus on the CCA-based trace test for (9). Let 3y, = var(Xr)and zx = 2;;/ 2x;. Motivated by the SIR-based
trace test, we consider

5_r = tr(M) — tr(Mz), (11)

where M» = E(zxw' )E(wz;). We remark that §_ = is constructed as the trace difference of two z-scale CCA kernel matrices,
which has the same flavor as §3® in (4).

Let 7 be the complement of 7 in Z, and denote 3y . = var(xz). Define Sy . jx» = Ex,c — EXreX})3; E(XFX ) and
Vxpc iy = XFe — E(XFcXJ)S, 1X7. Then we have
Proposition 3. Suppose E(Xzc|X7) is a linear function of Xr. Then

(i) 6_x = tr{E;;E o EVx e |xfyT)2,7]E(WIFC et
(ii) 6_» = Ounder H :y LLX | X%

The assumption made in this proposition is common in the model-free variable selection literature, and it is satisfied
if X is normal. The first part of Proposition 3 provides the explicit formula to calculate §_ . The second part states that if
X rc is unimportant for the prediction of y given X, then 6_» becomes zero. Yu et al. [21] have shown that S,fm = 0if X
is unimportant for the prediction of y given x_j. Our result here is more general as ¢ can contain more than one variable.
Denote 3_; as the sample version of §_ . We reject HOF if 3_; is too large. The asymptotic distribution of 3_; under HOF is
provided in Corollary 1 in the Appendix. _

Next we introduce the CCA-based trace test for (10). Let =y, = var(yg) and wg = 2;;/ ZYQ. Denote Mg =

E(wgz")E(zw(,) and consider

879 = tr(M) — tr(My). (12)

Let G be the complement of G in Zy and denote Xy . = var(yge). Define Sy _cy; = Sy, — E(Yoey§ ), E(Yoy e ). Let

Pyoelye = Yo — E(ygcyg)E;glyg. Parallel to Proposition 3, we have

Proposition 4. Suppose E(ygc|yg) is a linear function of yg. Then

(1) 879 = {2y iy By ey X B ERYy g )
(ii) 79 = Ounder #y'' 1y 1 x | yg.
g1

Let §-9 be the sample version of §-9. We reject H if $9 is too large.

The asymptotic distribution of §=9 under Hgg] is provided in Corollary 2 in the Appendix.

4.3. CCA-based trace test for dual marginal coordinate hypotheses

In this section, we develop a test for ”HOF‘[Q] cy x| xrandy 1l x | yg versus the alternative ”Haf‘[g] YU X | XF
ory Y X | yg. From the definition of M = E(zw " )E(wz") and M = E(wz' )E(zw") in (8), we have tr(M) = tr(M). Recall
My = E(zxw')E(wz}.) and define M9 = E(zw, )E(wgz " ). It is easy to see that tr((MY) = tr(Mg). Hence §~¢ in (12) becomes

879 = tr(M) — tr(MC). (13)

We have seen that §_» = tr(M) — tr(Mx) in (11) can be used to test H : y 1L X | X5, and §79 in (13) can be used to test
?—L([)g] 1y 1L x| yg. This motivates us to consider
8-% = (M) — (M%), (14)

where M%. = E(zzw/,)E(Wgz ). Note that 6-% in (14) include §_» and §~9 as special cases. If we take F = Iy, then §_%
becomes §~9. On the other hand, §_% reduces to §_» when we set G = Iy.

The symmetry between z and w in the definition of M and M allows tr(M) to simultaneously capture the regression
information between y and x as well as the regression information between x and y. This is a unique feature of the
CCA-based trace test, as tr(M°R) in (4) only captures the regression information between y and x. Parallel to Propositions 3
and 4, we have

Proposition 5. Suppose E(xzc|Xz) is a linear function of Xz and E(ygc|yg) is a linear function of yg. Then

(i) 8-% = tr{z;;c xr B e Y Dy TEWY o)) + tr{Z;g]C wo E(y e |ygx;)2{;E(Xf}’;gc )
(ii) 8-% = Ounder #7191y I x | X7 andy 1L x| yg.
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Let {(x, yV), ..., (x™, y™)} be aniid sample. Let X = n -1 T‘_ 0 x0 = xO_x, and Sx =n 1YL x0T, Similarly
lety =1y y, §0 = y“) —¥,3y =L OO, =n"13 L XOF)T, and En(yx ") = “Z FOERO)T.
Then M = 3 1/2 (xyT)zA:fEn(yxT)i;l/z. Similarly one can calculate

M. = 5, 2B (x2y5)3y, SEn(ygx )51/,

Then the sample version of §~¢ % in (14) becomes
879 = tr(M) — tr(M%).

We conclude this section with the asymptotic distribution of §-9 % under Hy’ 7191 Assume |F| = p1 and |G| = qq, where ||
denotes cardinality.

Theorem }.]Suppose E(x) = 0, E(y) = 0, E(Xzc|Xxz) is a linear function of xz and E(ygc|yg) is a linear function of yg. Then
under H; 19!,

L
S g_- ~ ZTZXZZ(I)
=1

as n — oo, where ~ means convergence in distribution, L = pq — p1q1, Xf(l) is independent chi-square with one degree of
freedom forall £ € {1,...,L}and 7y > --- > 77 are the eigenvalues of Q, and the exact form of €2 is provided in the Appendix.

The asymptotic distribution in Theorem 1 needs to be estimated in practice. Speciﬁcally, let € be the sample estimators
of @,andlet 7; > --- > 7, be the eigenvalues of 2. Denote { = (71,...,7,)" € R"and let & € R"*" consist ofiid x2(1)
realizations. Then the N elements of Z¢ become realizations of the approx1mate asymptotic distribution of nd=9 7 under null.
The proportion of these N elements greater than né,i become the approximate p-value. For a given 51gmf1car1ce level o, we

reject HOF 19T if this p-value is smaller than «. We use N = 500 in our numerical studies.

4.4. Algorithm for dual model-free variable selection

Let {(x(V, yM), ..., (x™, y')} be an iid sample of {x € RP, y € R%}. We devise a sample-level algorithm for dual model-
free variable selection in this section. From the development in Section 3, we have seen that the active sets .4 and B can
be recovered by the smallest possible 7 and the smallest possible G such that Hof 19V s not rejected. This motivates us to
consider the following joint backward selection procedure.

1. Initial step. Set 79 = {1, ..., p}and g“” = {1, ..., q}. Let  be the pre-specified significance level.

1.1 Foreachi € {1, ..., p},denote ]—‘ ) as the index set where i is removed from 70, andlet 0i,(0) be the approximate
© (g
FHg S .
p-value from testing H, ™ against its alternative.

1.2 Foreachj € {1,...,q}, denote g(oj) as the index set where j is removed from ¢%, and let g, o) be the

) : FO0 )
approximate p-value from testing #,, " against its alternative.

1.3 Let ko) = arg MaX,c(;..p+q10:(0) ad 00) = MaXieqt, . piq1Qu(0)- If 00) = @ and ko) < p, then set ) = F*
¢ = g, and go to Step 2.1f gg) > « and ko) > p, then set FV = 0, g1 = g
0(0) < @, then stop the algorithm and return 4 = 7%, 5 = g(0.

0)
—k)’

ko)—p)? ,and go to Step 2. If

2. Iteration step. At the beginning of the ¢th iteration, let 79 and G\) be the working index sets. Assume | 79| = py

and |69 = qqe).
2.1 Foreachi € {1,..., py)}, denote 7'*) as the index set where the ith element of 7*) is removed from 7, and
O 1g
g S .
let oj (¢) be the approximate p- value from testing HO ! against its alternatwe
2.2 Foreachje {1,..., qu} denote g ) as the index set where the jth element of ') is removed from G'*), and let
70,160
Opoy+ir(0) be the approximate p-value from testing #,, 7" against its alternative.

2.3 Let ki) = arg max,c(q, .. Doy Cu(0) and o) = MAaXie(1,...py+antQuie) If 0y = « and ki) < pe), then
set FIHD = ]:(—Zz(z)' g+ = G\, and repeat Step 2. If o)y > o and ki) > pe), then set FFD = FO
gle+l) = g(g{)km _pey)»and repeat Step 2.1f o) < o, then stop the iteration and return A=FY 3=g",

In the initial step, we first testy Il X | X_; against its alternative for eachi € {1,..., p}. Then we testy 1L x | y_; for
eachj € {1, ..., q}. The corresponding p-values are denoted as g, (o) for ¢ € {1, ..., p + q}. The maximum p-value o) is

then compared to «. If (o) is smaller than «, then g, (o) < « forany ¢ € {1,...,p + q}. Thus we rejecty 1L x | x_; for any
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Table 1
Frequencies of rejecting 7191 pased on 1000 repetitions.
Model 1 Model 2
a =0.01 o = 0.05 a=0.1 a =0.01 o = 0.05 a=0.1
F=1{3,4,¢=(1,2} 1 1 1 0.007 0.033 0.085
F={1,2},¢6=(3,4} 0.007 0.044 0.093 1 1 1
ie{l,...,p},andwerejecty LL x | y_;foranyj € {1, ..., q}. Hence we estimate the active sets by 7% and ¢(?). In the case

with gy > «, the least significant element, which is indexed by k), can be removed from the active sets. For k) < p, we
update F by removing the least significant element, which corresponds to an element in X. For k) > p, the least significant
element corresponds to an element in y and we only update g

In the ¢th iteration, we start from working index sets 7 and ¢{*). Note that % is not rejected from the last
iteration, as we only go to the ¢thiterationif o,—1y > «.Inanother word, the £th 1terat10n is needed only when 7=V or gt~
is updated. Parallel to the initial step, after removing one element at a time from either 7() or G*), we test the dual marginal
coordinate hypotheses ( ) and get p-value g, (o) for v € {1, ..., pe) + qeo}. The maximum p-value o,y is then compared to
a.If ogy < «, then 79 and ¢¥) cannot be further reduced. We stop the iteration and estimate the active sets by 7 and
g, Otherw1se we go to the next iteration, where either 7 or G{¥) is updated by removing the least significant element.
Note that in each iteration, we are testing the conditional independence between x and y, and our procedure asymptotically
controls the type-I error rate at the significance level «.

FO,160

5. Numerical results
We use synthetic data in Section 5.1, and a real data analysis is considered in Section 5.2.

5.1. Simulation studies

Letx = (Xy,... ,XP)T be multivariate normal with mean 0 and covariance matrix 3y = (oj), where oj; = o=l for
1 <i,j < p.Similarly, let e = (1, €2, . . ., €) T be multivariate normal with mean 0 and covariance matrix £, = (6;), where
0 = 0=l foralli,j € {1, ..., q). The error € is independent of x. Then we generatey = (Y1, ..., Yq)T from the following
two models:

Model 1: Yi=€e,Ya=6,Y3=€3, Yy =X + X5 + €45
Model 2: Y, = E‘O‘SX?' + sin(X4) +€,Yr, = X33 + X4+ €, Y3 =€3,Y4 = €4.

In both models, we set p = 5 and ¢ = 4. In Model 1, we set 0 = 0 and & = 0.5. The active set for the regression of y on x
is A = {1, 2}. Due to the nonzero correlation among the ¢’s, we cannot determine 3 by evaluating the forward regression
between y and x. Instead we calculate E(x | y) = (0, 0, 0, 4Y,/11 — 2Y3/11, 4Y,/11 — 2Y3/11)T, and thus the active set for
the regression of x ony is B = {3, 4}. More details are provided in the Appendix. In Model 2, we set o = 0.5 and 6 = 0. We
have A = {3, 4} and B = {1, 2} as the result of 6 = 0.

First we evaluate the performance of the CCA-based trace test for the dual marginal coordinate hypotheses (7). For user-
specified F and G, we test Hf 1] y x| xf andy Il x | yg versus the alternative w9 YU X|XFory X |yg.
Based on 1000 repetitions, the frequencies of g F.[9] being rejected are reported in Table 1. Fix sample size n = 300 and take
a € {0.01, 0.05, 0.1}. We consider two combinations of 7 and G. When 7 = (3,4} and ¢ = {1, 2}, HOF 197 does not hold
for Model 1. We see from Table 1 that H(f'[g] is always rejected regardless of the « value. When F = {1, 2} and G = {3, 4},
yl x| XFandy 1L x | yg for Model 1. We see that the frequencies of rejecting H]: 197 are close to the corresponding
nominal level. The results for Model 2 are reversed. The first combination of F and G now corresponds to the Type-I error,
and the frequencies are close to the nominal level. The second combination of 7 and G corresponds to the estimated power,
which is 1 for all « values.

Next we investigate the performance of the joint backward selection algorithm proposed in Section 4.4. For each i €

{1, ..., 1000}, denote the estimated active sets of the ith repetition as .4; and B;. We define the over-fitted frequency (OF),
the correctly-fitted frequency (CF), and the under-fitted frequency (UF) as
1000 1000

OF = 1000~" Z (ACANBCB) - 1A= ANB=56)}. CF=1000") 1A= A)1(B=5),
i=1

and UF = 1—CF—OF, where 1denotes the indicator function. The average model size is defined as MS = 1000~ 121000 (| Ai|+

|Bi]). Based on 1000 repetitions, we report UF, CF, OF, MS together with the frequencies of each variable being selected.

The variable selection results for Model 1 is summarized in Table 2. We fix « = 0.05 and take n € {100, 300, 700}. We
see that the variable selection performance improves as n increases. For n = 300 and n = 700, the unimportant variables X3,
X4, Xs, Y1 and Y; are selected with very low frequencies; the important variables X1, X3, Y3 and Y, are selected with frequency
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Table 2

Variable selection results for Model 1 based on 1000 repetitions.
n X4 X, X3 X4 Xs Y: Y, Ys Ys UF CF OF MS
100 1 1 0.01 0.01 0.02 0.02 0.04 0.15 1 0.85 0.13 0.02 3.25
300 1 1 0.01 0.01 0.01 0.01 0.02 0.9 1 0.1 0.86 0.04 3.96
700 1 1 0.02 0.02 0.02 0.02 0.03 1 1 0 0.94 0.06 4.1

Table 3

Variable selection results for Model 2 based on 1000 repetitions.
o X X, X3 X4 Xs Y: Y, Ys A UF CF OF MS
0.01 0 0 1 0.99 0 0.99 0.99 0 0 0.03 0.96 0.01 3.97
0.05 0.01 0.01 1 1 0.02 1 1 0.02 0.02 0 0.95 0.05 4.08
0.1 0.02 0.03 1 1 0.03 1 1 0.05 0.03 0 0.9 0.1 4.17

1 or frequency close to 1; and the average model size is close to 4. We also note that the frequency of correctly-fitted model
becomes close to 1 — o with n = 700.

Table 3 summarizes the variable selection results for Model 2. We fix n = 300 and consider ¢« € {0.01, 0.05, 0.1}.
Our backward algorithm works well at all nominal levels. The important variables X3, X4, Y1 and Y, are selected with high
frequencies, the unimportant variables X;, X5, Xs, Y3 and Y, are selected with low frequencies, and the average model size is
close to 4. As expected, @ = 0.01 leads to smaller models and « = 0.1 tends to result in larger models. Again, the frequency
of correctly-fitted model is close to 1 — a.

5.2. Real data analysis

Beta-carotene and retinol are well studied chemical compounds in the human plasma. Several studies suggest that low
levels of both compounds in plasma are associated with increased risk of an array of diseases such as cancer, cardiovascular
disease, and cataracts. To determine the role of dietary habits and other health related metrics in plasma concentrations
of beta-carotene and retinol, [15] did a cross-sectional study with 12 personal characteristics and dietary metrics for
315 patients with nonmelanoma skin cancer. After removing three categorical variables, we consider x = (X1, ..., Xo)".
The response variables are y = (Y7, Y>)T, where Y; is the plasma concentration of beta-carotene and Y5 is the plasma
concentration of retinol. After exploratory data analysis, we remove six observations with extreme values and get n = 309.
We apply our proposed dual variable selection procedure from Section 4.4 with significance level « = 0.05, and end up with
A=1{1,2,6,8} and B = {1, 2}. This suggests that to further study the multivariate associations between dietary habits and
the plasma compound concentrations, we can focus only on six variables X1, X5, Xg, Xg, Y1 and Y, instead of the original x
andy.

To demonstrate the effect of variable selection on canonical correlation analysis, we first calculate the first two pairs of
canonical covariates (u;, v1)and (uy, v,) based on the original data, where x € R? andy € R?. Then we calculate the first two
pairs of canonical covariates (ily, ¥1) and (i, v;) based on the reduced data, where x ; € R* and Xz € R?. The plots of the
canonical covariate from the original data versus the corresponding canonical covariate from the reduced data are provided
in Fig. 1. The scatterplots are close to the dotted 45 degree line, suggesting that the canonical covariates before and after the
data reduction largely agree with each other. This implies that the reduced data keeps the canonical information from the
original data.

6. Concluding remarks

In this paper, we propose the CCA-based trace test for the dual marginal coordinate hypotheses and study the asymptotic
properties of the resulting test statistic. The validity of the asymptotic test is justified through simulation studies. Based
on this novel test, we design a joint backward selection algorithm for dual model-free variable selection. The finite-sample
performance of the proposed test and the variable selection algorithm are very promising. The dual variable selection and
feature screening in the case of diverging p and q is worth future investigation.

Appendix

Proof of Proposition 1. The proof is similar to Proposition 1 in Iaci et al. [8], and is thus omitted. O

/

Proof of Proposition 2. For part (i), note that Span(M) = Span{E(zw")}. Pluginz = 2;1 ’xand w = Egl/zy, and all we

need to prove becomes

Span{s, 'E(xy" )} = Span{=, /?E(zw ")} C Syx = Span(B). (A1)
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Fig. 1. Scatterplots of the canonical covariates from the original data versus the canonical covariate from the reduced data.

From the law of iterated expectations and the fact thaty 1L x | 8" x, we have

E(xy") = E{xE" (y|x)} = E{xE" (y|8 ' x)}. (A2)
From the property of conditional expectation and the assumption that E(x| 8" x) is linear in 8" x, we have

E{XE'(yIB %)} = E{E(xIB"x)y "} = =xB(B" =xB) "' B E(xy"). (A3)
(A.2) and (A.3) together lead to

5 Exy") = BB =xB) ' BTE(XY"). (A4)

(A.1) follows from (A.4) and proof of part (i) is done. Proof of part (ii) is similar to the proof of part (i), and is thus omitted. O

Proof of Proposition 3. For part (i), assume X € R and Xrc € RP2 withp; +p, = p.Letx = (x;, x;c )". Define C and D

as
I 0
C:( mT » ) and D:(E(’;T 20 )
—E(X]:CX]:)EX}_ Ip, X rC|XF

Then €x = (X7, Y5 x,-) - €3xC" = Dand =, = C'D~'C. It follows that

tr(M) = tr {=; "E(xy )%, 'E(yx ")} = tr {C"D'CE(xy )=, 'E(yx ")}
S 0 Exzy') ) o
=tr {( 0 2_] ) <E(}’xﬂ leyT)) Ey] (E(yx;)’ E(y},;(r}—c\x]_— ))}

X zc |[XF
. S Exry )=y E(yx ) Ser EXEY D] EWPy xy)
Z;;_C |xF E(}’x]_.c |x]:yT )E;l E(yx;) E;}]_C |xF E()’x]__c |x]:yT )2;1 E(Y}’I}.C [xF )

= tr{= By D) WD) + (8] B YDy BV cxs))-
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Together with tr(Mz) = tr(=, E(xFy )=, 'E(yx})), we get

§_p = tr(M) — tr(M£) = tr{= | o Era e ¥ OHEY EWPx o)) (A5)

For part (ii), the assumption that E(X zc |X ) is a linear function of X implies E(Xzc |X7) = E(Xzc x})z;;x;. It follows that

E{E(x;cx;)E;;x;yT} = E{E(x7<[x7)y"} = E{x=E" (y|xr)}. (A.6)
Under Hof 1y 1L x | X#, we have E(y|x) = E(y|x#). Thus

E(xr<E"(yxr)} = E(xzE(y|x)} = E(Xzcy"). (A7)
The definition y, ey = XFe — E(x;cxf)z X7 together with (A.6) and (A.7) leads to E(y, elxzY T) = 0. It follows from
part (i) that §_» = O under % . O

Proof of Proposition 4. The proof is similar to the proof of Proposition 3, and is thus omitted. O

Proof of Proposition 5. For part (i), assume yg € R% and yge € R% with q; +q, = q.Lety = (yg.y..)". Define Kand O as

I 0
K= " 1 and 0 = (239 5 0 )
(YQCYQ >IN P Ygelyg

Then Ky = (y/, yy cwe) szKT =0and x;' = K'0"'K. Thus

tr(Mz) = tr {=, L E(xzy " )=, "E(yx )} = tr {=; ' E(xy " )K O 'KE(yx ")}
=1 0 E(ygxX)
=t 5! (By L Eory ) (08 g ( T
{ g’ Ygclye 0 3y o) \E(PygeyoXs)
= tr{S, EXrYg ) Sy  EYVeX )} + tr{S X yy 0 )8y o B0y e iyo X))
= tr((M%) + tr{zygc o Eygeive x;)z;; E(x;y;gc wo )b

Together with (A.5) from the proof of Proposition 3, we get the desired result in part (i).
For part (ii), we have seen that y 1l x | x» leads to E(y, eixY T) = 0 from the proof of Proposition 3. Following

similar steps, we can show thaty 1l x | yg leads to E(yygc ‘ygxf) = 0. It follows from part (i) that §~ g = 0 under

HF[Q] vyl x|xrFandy l x|yg. O
We need Lemmas 1 and 2 before we prove Theorem 1. Let X = n~ ') [ 1x@, f(g = x(}) — X7, and 3, =
n 1 ®DE)T. Similarly we define §© and x(') Let En(XrXJc) = n~'y L 1~(') x0T ;A/x')ﬂle = x(') — En(X7cX})

o x(}),andE (Y}’xfdxf)—n Iy ol )| Define

) :{ (M E(yxf)zx;x(jf’} [(i(;lf &)z E(XFXL)}

and we have the following result.

Lemma 1. Suppose E(x) = 0, E(y) = 0, and E(X =< |X ) is a linear function of Xx. If y 1L X | X, then
En(Y7x,c ) Z n® +0,(n~")

where the first term on the right-hand side is of order Op(n‘l/z).

Proof of Lemma 1. From the definition of p, rclxr ANd Yy _ |5, we have

xF [xF

En(Y7x e ixr) — EOVPA e i) = {En(¥X ) — E(¥X )} — [Enfyx )35 En(X X o))
— E{yx -5, EX X o)} (A.8)
Because E(x) = 0 and E(y) = 0, it can be shown that

n

1
En(¥X5e) = EVX3e) = = D (§(&)" — E(yxz)) + Op(n 7). (A9)
i=1
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The asymptotic expansions of 2 and E (x;x;c) are, respectively,

. 1 [ (i) ot _ _
5 -n) = -5 ) L > {x(})(x(}))T — zxf}} !+ 0p(n"")and (A.10)
i=1
1 (i)~
En(Xrxe) — E(kexe) = = ) {xg(xg )T - E(x;x;c)} +0,(nY). (A11)
i=1

Egs. (A.10) and (A.11) together lead to
1 Ea(xxe) — B ExrX o) = Z = % { 20 (i(}))TZ;;E(x;x;C)] +0,(n7). (A12)
It follows from (A.12) that

. 1« i [t
En{yX5- 55 En(X X 5o )} = EYXE S EXeXG)) = — ) BV )R, K {(x&’ﬁc)T &) sy E(x;x;a}
i=1

1<
+ Z{y<'>(x< — E(yX e )} 5 LE(X X e )

+0,(n7"). (A13)
Eqgs. (A.8), (A.9) and (A.13) together lead to

n

_ 1 (i) (i -
En(Y P pepnr) = En(¥Xe) = EnlyX RS En(XeX o)} = — ) [ym(xgz )T = ¥R = B X )

i=1
— By} )55 15 “’{(f&c) — @) = Bxo} | + 0y

n

1 i )
) [y 2;;x(})][(x(F)c)T &) 11-:(xijﬂ)}+o,,( n, (A.14)

which is the desired result O

150

~() <(0) ~ () (i) ST
W) Pyl eye = oo — Ea¥oe¥E)S Vg, and Bk Py ) = 7L XS

Similarly, let E (ygygc) =n"YL Vg (Vge

(ilg;;c o )T. Define

A0 = &0 — By 99 | {307 - G = Ewoyd)|
and we have

Lemma 2. Suppose E(x) = 0, E(y) = 0, and E(ygc|yg) is a linear function of yg.If y L X | yg, then
E (xfyygclyg ZA')+O N

where the first term on the right-hand side is of order Op(n~"/2).

Proof of Lemma 2. The proof is similar to the proof of Lemma 1, and is thus omitted. O

Proof of Theorem 1. Recall that |F| = pq, |F| = p2, 1G] = q1, 16| = 2, p1 + p» = pand q; + ¢ = q. Let
$1 = vec(Sy CEWP e VB nr) € BT ¢y = ved S "By 1y )%y Ly, € RI%, and v = (¢1. 607,
where vec denotes vectorization. Then we have 87 lﬁTl/I At the sample level, let 1/r = ((i)l , ¢2 )7, where &51 =
vec{ﬁ:;l/zEn(yﬁIﬂ |x;:)ﬁ:;]_l-gx]:} and ¢, = vec{ﬁ:;;/zE (xfyygc‘yg )E;glc/‘zyg}. Then we have

59 =9 9. (A.15)

Under Hof’[g], we havey 1l x | xz. It follows that E(yy,;C |X.F) = 0and ¢, = 0. Together with Lemma 1, we have

1< o
= EZvec{E;”ZH“)E 2 Y40, (A.16)

X zc|XF
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where the first term on the right-hand side is of order O,(n~'/?). Similarly, we have y 1L X | yg under #;" 72191 1t follows that
E(x;y;gc yo) = 0and ¢, = 0. Together with Lemma 2, we have

a 1 . — i —-1/2 —
b= Zvec{zx;/zmzyg{wg} +0,(n7 Y, (A.17)
i=1

where the first term on the right-hand side is of order Op(n‘l/z). It follows from (A.16) and (A.17) that

V= %Z"(“ +0,(n7"), (A.18)

—-1/2
X]:E‘X]—'

, T
),vecT(z:;;/zA“)Z:_”2 )} e R

(i) _ T (51— 1/24(0)
2 _{vec (2, 'IIVs Yoo Vg

with E(#) = 0 and L = qp, + p1q2 = pq — p1q:. As a result of (A.18), we have

Vg — N0, ) (A.19)
asn — oo, where © = E{#V(9))T}. Egs. (A.15) and (A.19) lead to the desired result. O

N AT A

As a special case, S:Jgf reduces to§_» whenwe setG = Zy. Thend_r = ¢1T¢1 andd_r = ¢, ¢;. It follows from (A.16) that

¢, =n"30 9V +0,(n 1), where 3 = vec{zgl/zn@z;f]ﬁx;} € R”29, Thus \/n ¢, ~ N(0, T), where T = E{#{(#{")T}.
The asymptotic distribution of §_ is summarized in the next result.

Corollary 1. Suppose E(x) = 0, E(y) = 0, and E(x =< |X ) is a linear function of X». Then under HOF Yyl x| Xz,

p2q
nd_z Y pext(1)
e=1
asn — oo, where Xf(l) is independent chi-square with one degree of freedom for £ € {1, ..., paq}, and p; > --- > pp,q are the
eigenvalues of T.

12¢ —-1/2

(nyQC lyg )EYQC Iy b e R,
and §9 = ¢3 ¢ with ¢, = vec{Sy"’E (xyygc ) vo C‘yg} Similar to (A.17), it can be shown that ¢; = n~' 3" 9% +
Op(n‘l), where ﬂg) = vec{E;l/zA(’ ;16@ }. Thus f¢3 ~ N(0, T),where Y = E{ﬂ(')( ) }. The asymptotic distribution
of §-9 is summarized in the next result.

Slmllarly,8 9 becomes §~9 when we set 7 = T,.Note that §—9 = ¢3 ¢; with¢; = vec{x=,

Corollary 2. Suppose E(x) = 0, E(y) = 0, and E(ygc|yg) is a linear function of yg. Then under H[g] yil x|y,

Pq2

9y wexZ(1)
=1

asn — oo, where Xez(l) is independent chi-square with one degree of freedom for £ € {1, ..., pq2}, and w; > --- > wyg, are
the eigenvalues of Y.

Derivation of B for Model 1. Let

1 5 25 .125 00000
5 1 5 25 00000
Te=|5 5 1 5| MMH=1549 9900
125 25 5 1 1100 0
Becausey = Hx + €, we have
1 5 25 125 r4/3 —2/3 0 0
B o s 1 5 s =23 3 —23 o
Sy=H5H +%.=1 55 5 1 ‘5| ad 2=\ o 53 4733 211
125 25 5 3 o 0 —2/11 4/11
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It follows that
R o v, 2, — Vs
0.0 0 1\ 53 53 _2/3 o Y 2Ya — Y3
_ -1y, - - 2 _ =
Exly)==n=y y=10 0 0 00 5" 53 4733 211 |vs|=11| °©°
0 0.0 011 0o —2/11 4/11 | |v. 0
0 00O 4 0

Thus we have B = {3, 4} for Model 1. O
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