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1. Introduction

In a host of statistical signal processing and machine learning methods, distances between covariance matrices are
regularly sought for. These are notably exploited to estimate centroids or distances between clusters of data vectors
mostly distinguished through their second order statistics. We may non exhaustively cite brain graph signal processing and
machine learning (from EEG datasets in particular) which is a field largely rooted in these approaches [12], hyperspectral
and synthetic aperture radar (SAR) clusterm% [7,25], Patch -based image processing [15], etc. For random independent
p-dimensional real or complex data vectors x; °, .. xna, a € {1, 2}, having zero mean and covariance matrix Cg, and for
a distance (or divergence) D(X, Y) between covariance matrices X and Y (or probability measures associated to random
variables with these covariances), the natural approach is to estimate D(Cy, C;) through the “plug-in” substitute D(C1, Cz)
For well-behaved functions D, this generally happens to be a consistent estimator as ny,n, — oo in the sense that
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D(&l, @z) — D(Cq, G;) almost surely as ny, n, — oo while p remains fixed. This is particularly the case for all subsequently
introduced distances and divergences.

However, in many modern applications, one cannot afford large n, (a € {1, 2}) values or, conversely, p may be
commensurable, if not much larger, than the n,’s. When n,, p — o0 in such a way that p/n, remains away from zero
and infinity, it has been well documented in the random matrix literature, starting with the seminal works of Marcenko
and Pastur [17], that the operator norm ||Ca — (|| no longer vanishes. Consequently, this entails that the aforementioned
estimator D(Cl, Cz) for D(Cy, Cy) is likely inconsistent as p, ny, n, — oo at a commensurable rate.

This said, it is now interesting to note that many standard matrix distances D(Cy, C) classically used in the literature
can be written under the form of functionals of the eigenvalues of C; ¢, (assuming at least C; is invertible). A first
important example is the squared Fisher distance between C; and C, [8] given by

Z In%(1(C;1Cy))

with || - || the Frobenius norm, X3 the nonnegative definite square root of X, and In(X) = Uln(A)UT for symmetric
X =UAUT (and (-)" the matrix transpose) in its spectral composition. This estimator arises from information geometry
and corresponds to the length of the geodesic between C; and C, in the manifold of positive definite matrices.

Another example is the Bhattacharyya distance [6] between two real Gaussian distributions with zero mean and
covariances C; and C,, respectively (i.e., (0, C;) and N(0, G3)), which reads

Di(C1, Go)* = — [In(C, 2C2C

1 1 1 1
DB(C], Cz) = — Indet *[C] + Cz] — — Indet C1 — — Indet Cz
2p 2 4p 4p
which can be rewritten under the form
1 1 1
Dg(Cy, G) = — Indet(l, + C;1C;) — — Indet(C71G,) — = In(2
B(C1, &) 2 (L +C'G) 1 (12)2()
12

1
— > In(u(C'G)) — 5 In2).

1 p
=— Y In(1+1(C7'Q) —

In a similar manner, the Kullback-Leibler divergence [5] of the Gaussian distribution A/(0, C;) with respect to (0, C;)
is given by

1 _
Dy = Ztr(c 6,) — 7+ —plndet G 'G) = § MGG — 7+—§ In(A(C;'G)).
More generally, the Rényi divergence [4] of N(0, () w1th respect to A(0, Cq) reads, fora e R\ {1},
1T 1L
DY =———- In(a+(1—a)A(C'G)) +7 In (A(C;'G)) (1)
R 2(a — 1)p; ( ’ Z

(one can check that lim,_.1 D§ = D).

Revolving around recent advances in random matrix theory, this article provides a generic framework to consistently
estimate such functionals of the eigenvalues of C° 1¢, from the samples in the regime where p, n, n, are simultaneously
large, under rather mild assumptions. In addition to the wide range of potential applications, as hinted at above, this novel
estimator provides in practice a dramatic improvement over the conventional covariance matlrix “pllug—in" approach, as

we subsequently demonstrate on a synthetic (but typical) example in Table 1. Here, for Cl_ ECZC]_ 2 (having the same
eigenvalues as C ’1C2) a Toeplitz positive definite matrix, we estimate the (squared) Fisher distance Dp(C;, C»)? (averaged
over a large number of realizations of zero mean Gaussian x »s), for n; = 1024, n, = 2048 and p varying from 2
to 512. A surprising outcome, despite the theoretical request that p must be large for our estimator to be consistent,
is that, already for p = 2 (while nq, n, ~ 103), our proposed estimator largely outperforms the classical approach; for
ng/p ~ 10 or less, the distinction in performance between both methods is dramatic with the classical estimator extremely
biased. Our main result, Theorem 1, provides a consistent estimator for functionals f of the eigenvalues of C;° ¢, under
the form of a complex integral, valid for all functions f : R — R that have natural complex analytic extensions on
given bounded regions of C. This estimator however assumes a complex integral form which we subsequently express
explicitly for a family of elementary functions f in a series of corollaries (Corollaries 1 to 4). Distances and divergences of
practical interest (including all metrics listed above) being linear combinations of these atomic functions, their resulting
estimates follow from merely “linearly combining” these corollaries. Table 2 provides the mapping between distances and
functions f. While Corollaries 1-3 provide an exact calculus of the form provided in Theorem 1, for the case f(t) = In?(t),
covered in Corollary 4, the exact calculus leads to an expression involving dilogarithm functions which are not elementary
functions. For this reason, Corollary 4 provides a large p approximation of Theorem 1, thereby leading to another (equally
valid) consistent estimator. This explains why Table 1 and the figures to come (Figs. 1 and 2) display two different sets of
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Table 1
Estimation of the Fisher distance Dg(Cy, C;). Simulation example for real xE”) ~ N(0, C;) (top part) and complex xE") ~ cN(0, C;) (bottom part),

1o .
[C, 2GoC, 21y = 0.3, ny = 1024, n, = 2048, as a function of p. The “£” values correspond to one standard deviation of the estimates. Best
estimates stressed in boldface characters.

p 2 4 8 16 32 64 128 256 512
Di(Cy, G)? 0.0980 0.1456 0.1694 0.1812 0.1872 0.1901 0.1916 0.1924 0.1927
Proposed est. 0.0993 0.1470 0.1708 0.1827 0.1887 0.1918 0.1933 0.1941 0.1953

Theorem 1, xga) € RP + 0.0242 + 0.0210 + 0.0160 + 0.0120 + 0.0089 + 0.0067 + 0.0051 + 0.0045 + 0.0046

Proposed est. 0.0979 0.1455 0.1693 0.1811 0.1871 0.1902 0.1917 0.1926 0.1940
Corollary 4, xE") eRP + 0.0242 + 0.0210 + 0.0160 + 0.0120 + 0.0089 + 0.0067 + 0.0051 + 0.0045 + 0.0046

Classical est. 0.1024 0.1529 0.1826 0.2063 0.2364 0.2890 0.3954 0.6339 12717
XEG) e RP + 0.0242 + 0.0210 + 0.0160 + 0.0120 + 0.0089 + 0.0068 + 0.0052 + 0.0048 + 0.0056
Proposed est. 0.0982 0.1455 0.1691 0.1811 0.1877 0.1901 0.1917 0.1922 0.1924

Theorem 1, XEG) ecr + 0.0171 + 0.0145 + 0.0114 + 0.0082 + 0.0063 + 0.0046 + 0.0037 + 0.0028 + 0.0028

Proposed est. 0.0968 0.1441 0.1675 0.1796 0.1861 0.1886 0.1903 0.1913 0.1931
Corollary 4, xE”) e CP + 0.0171 + 0.0145 + 0.0114 + 0.0082 + 0.0063 + 0.0046 + 0.0037 + 0.0028 + 0.0028

Classical est. 0.1012 0.1515 0.1809 0.2048 0.2354 0.2873 0.3937 0.6318 1.2679
xE‘” eCr + 0.0171 + 0.0146 + 0.0114 + 0.0082 + 0.0064 + 0.0047 + 0.0038 + 0.0030 + 0.0034

Table 2

Distances and divergences, and their corresponding f(z) and related atomic functions.

Metrics f(z) Required atomic functions

z In(z) In(1 + s2) In%(z)

D? In%(z) X

Dg -1 ln(z) 1 ln(l +2z)— 11n(2) X X

Dy *Z -5 ll’l(Z) -3 X X

D mln(a—i—(l —a)z)+ 11n(z) X X

estimates. In passing, it is worth noticing that in the complex Gaussian case, the estimators offer a noticeable improvement
on average over their real counterparts; this fact is likely due to a bias in the second-order fluctuations of the estimators,
as discussed in Section 5.

Technically speaking, our main result unfolds from a three-step approach: (i) relating the limiting (as p, nq, n; - o0
with p/n, = 0(1)) eigenvalue distribution of the sometimes called Fisher matrix C C2 to the limiting eigenvalue
distribution of C; 1¢, by means of a functional identity involving their respective Stleltjes transforms (see definition in
Section 3), then (ii) expressing the studied matrix distance as a complex integral featuring the Stieltjes transform and
proceeding to successive change of variables to exploit the functional identity of (i), and finally (iii) whenever possible,
explicitly evaluating the complex integral through complex analysis techniques. This approach is particularly reminiscent
of the eigenvalue and eigenvector projection estimates proposed by Mestre in 2008 in a series of seminal articles [18,19].
In [18], Mestre considers a single sample covariance matrix C setting and provides a complex integration approach to
estimate the individual eigenvalues as well as eigenvector projections of the population covariance matrix C; there, step
(i) follows immediately from the popular result [23] on the limiting eigenvalue distribution of large dimensional sample
covariance matrices; step (ii) was then the (simple yet powerful) key innovation and step (iii) followed from a mere
residue calculus. In a wireless communication-specific setting, the technique of Mestre was then extended in [11] in a
model involving the product of Gram random matrices; there, as in the present work, step (i) unfolds from two successive
applications of the results of [23], step (ii) follows essentially the same approach as in [ 18] (yet largely simplified) and step
(iii) is again achieved from residue calculus. As the random matrix C Cz may be seen as a single sample covariance matrix
conditionally on Cl, with C1 itself a sample covariance, in the present work, step (i) is obtained rather straightforwardly
from applying twice the results from [23,24]; the model C 1C, is actually reminiscent of the so-called multivariate F-

matrices, of the type Cl 1C, but with C; = G, extenswely studied in [3,22,32]; more recently, the very model under
study here (that is, for C; # C;) was analyzed in [28,31]. Step (i) of the present analysis is in particular consistent with
Theorem 2.1 of [31], yet our proposed formulation is here more convenient to our purposes.

The main technical difficulty of the present contribution lies in steps (ii) and (iii) of the analysis. First, as opposed
to [11,18], the complex integrals under consideration here involve rather non-smooth functions, and particularly complex
logarithms. Contour integrals of complex logarithms can in general not be treated through mere residue calculus. Instead,
we shall resort here to an in-depth analysis of the so-called branch-cuts, corresponding to the points of discontinuity of
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——— Classical approach, Cy, C; unknown — - — - Classical approach, C known, C» unknown
Proposed approach, C;, C, unknown, Theorem 1 Proposed approach, C;, C, unknown, Corollary 4
— — — - Proposed approach, C; known, C, unknown, Theorem 1 — - — - Proposed approach, C; known, C, unknown, Corollary 4
10! T T 10! T T —

Relative error

I I L1l [ R R
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Fig. 1. Estimation of the squared Fisher distance D(C;, C,). Relative estimation error for xga) ~ N(0, C) with [C; 2 GC, 21 = .311; (left) ny = 256,
n, =512, and (right) ny = 1024, n, = 2048, varying p.

10? T T

——— Classical approach, Cy, C; unknown
- — — - Classical approach, C; known, C, unknown

5 Proposed approach, Cy, C> unknown, Theorem 1

E 100 Proposed approach, Cy, C> unknown, Corollary 4

g - — - - Proposed approach, C; known, C, unknown, Theorem 1
% - — — - Proposed approach, Cy known, C; unknown, Corollary 4
o~

1072
TR | [ |
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p
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Fig. 2. Estimation of the squared Fisher distance Dﬁ(G, C,). Relative estimation error for xﬁ") ~ N(0, G) with [C; *G,C, 1y = .3l L] =
varying p.

the complex logarithm, as well as to the conditions under which valid integration contours can be defined. Once integrals
are properly defined, an elaborate contour design then turns the study of the complex integral into that of real integrals. As
already mentioned, in the particular case of the function f(t) = In?(t), these real integrals result in a series of expressions
involving the so-called dilogarithm function (see e.g., [30]), the many properties of which will be thoroughly exploited to
obtain our final results.

A second difficulty arises in the complex contour determination which involves two successive variable changes.
Working backwards from a contour surrounding the sample eigenvalues to reach a contour surrounding the population
eigenvalues, one must thoroughly examine the conditions under which the expected mapping is achieved. The scenarios
where p > ny or p > n, notably lead to non-trivial contour changes. This particularly entails the impossibility to estimate
some functionals of the eigenvalues of C;° 1¢, under these conditions.

The remainder of the article presents our main result, that is the novel estimator, first under the form of a generic
complex integral and then, for a set of functions met in the aforementioned classical matrix distances, under the form
of a closed-form estimator. To support the anticipated strong practical advantages brought by our improved estimators,
Section 4 concretely applies our findings in a statistical learning context.

2. Model

For a € {1, 2}, let x(la), .. .,x%? € RP (or CP) be n, independent and identically distributed vectors of the form

1
xga) = C2 5(5“) with )?Ea) € RP (respectively CP) a vector of i.i.d. zero mean, unit variance, and finite fourth order moment
entries, and C, € RP*P (respectively CP*P) positive definite. We define the sample covariance matrix

A

1
Co= anxJ, Xo =X, ..., X9,
a

» g

We will work under the following set of assumptions.

Assumption 1 (Growth Rate). For a € {1, 2},

(i) denoting ¢, = %, ¢a < lTand ¢g — ¢ € (0, 1) as p — oo. The reader must here keep in mind that c, is a function
of p; yet, for readability and since this has little practical relevance, we do not make any explicit mention of this
dependence. One may in particular suppose that ¢, = ¢° for all valid p.
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(i) limsup, max(||Ca‘1||, ICqll) < oo with || - || the operator norm;

(iii) there exists a probability measure v such that v, = %Zle Ski(cl_lcz) — v weakly as p — oo (with A;(A) the
eigenvalues of matrix A and 8, the atomic mass at x). Here again, in practice, one may simply assume that v = v,
the discrete empirical spectral distribution for some fixed dimension p.

The main technical ingredients at the core of our derivations rely on an accurate control of the eigenvalues of 61’ 162.
In particular, we shall demand that these eigenvalues remain with high probability in a compact set. Item (ii) and the
finiteness of the 2 + ¢ moments of the entries of X; and X, enforce this request, through the seminal results of Bai
and Silverstein on sample covariance matrix models [1,23]. Item (ii) can be relaxed but is mathematically convenient, in
particular to ensure that p, = % Zf:] Sx,-(ﬁl &) has an almost sure limit, and practically inconsequential.

Item (i) deserves a deeper comment. Rlequesting that p < ny and p < n; is certainly demanding in some practical
scarce data conditions. Yet, as we shall demonstrate subsequently, our proof approach relies on some key changes of
variables largely involving the signs of 1 — ¢; and 1 — ¢,. Notably, working under the assumption ¢; > 1 would demand
a dramatic change of approach which we leave open to future work, starting with the fact that C;° is no longer defined.
The scenario c; > 1 is more interesting though. As we shall point out in a series of remarks, for some functionals f having
no singularity at zero, the value ffdvp can still be reliably estimated; however, dealing with f(t) = In(t) or f(t) = In?(t),
unfortunately at the core of all aforementioned distances and divergences D, Dg, Dy;, and Dy, will not be possible under
our present scheme.

3. Main results
3.1. Preliminaries

For f some complex-analytically extensible real function, our objective is to estimate

1 p
/fdvpﬂ Vp = B Z]:a?»i(Cl_lCz)
i=

from the samples xE”'s and xgz)'s in the regime where nq, n,, p are all large and of the same magnitude. In particular,

given the aforementioned applications, we will be interested in considering the cases where f(t) = t, f(t) = ln(tg,
f(t) = In(1+st) for some s > 0, or f(t) = In*(t). Note in passing that, since C; 'C, has the same eigenvalues as C; 2G,C, ?
(by Sylvester’s identity), the eigenvalues of C;° 1¢, are all real positive.

It will be convenient in the following to define

1< i ,
m=2D 8 M=ME'G). 1sisp
i=1

By the law of large numbers, it is clear that, as ny, n, — oo with p fixed, u, 25 vp (in law) and thus, up to some support
boundedness control for unbounded f, f fdp, — f fdvy 2% 0. The main objective here is to go beyond this simple result
accounting for the fact that ny, n, may not be large compared to p. In this case, under Assumption 1, u, # v and it is
unlikely that for most f, the convergence f fdp, — f fdvy 2% 0 would still hold.

Our main line of arguments follows results from the random matrix theory and complex analysis. We will notably
largely rely on the relation linking the Stieltjes transform of several measures (such as v, and ;) involved in the model.
The Stieltjes transform m,, of a measure u is defined, for z € C \ Supp(u) (with Supp(u) the support of ), as

ma(z) = / dpu(t)

t—z

which is complex-analytic on its definition domain and in particular has complex derivative m/ (z) = [ 44 For instance,

(=2
i =37 o =3y" _a "()=3"P 4
for a discrete measure p = Y i, o8, mu(z) =Y i, Tz and m),(z) = > i, Gi?

3.2. Generic results
With the notations from the section above at hand, our main technical result is as follows.

Theorem 1 (Estimation via Contour Integral). Let Assumption 1 hold and f : C — C be analytic on {z € C, R[z] > 0}. Take
also I' C {z € C, N[z] > 0} a (positively oriented) contour strictly surrounding U;;Supp(up) (this set is known to be almost
surely compact). For z € C \ Supp(u,), define the two functions

0p(2) =z 4 c12°my,(2),  Yp(z) = 1— o — cazmy, (2).
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Then, the following result holds
z (z (z z
27“ 1»[fp(z) @p(z) 1,[fp(z) C
Proof Idea From Cauchy’s integral theorem, f fdvy can be related to the Stieltjes transform m,, through the identity
f fdvp = 27r1 56r f(z)m,,(z)dz for I', a contour surrounding the eigenvalues of Supp(v,). The idea is to connect the
population-related m,, to the sample-related m,,. We proceed here similarly to [28] by applying twice the results
from [23], thereby implying two complex variable changes. A notable difference to [28] is that, in the process, we need
to track “backwards” the images of the contour I" (from the theorem statement) by the induced variable changes. The

conditions c{°, ¢5° € (0, 1) are here fundamental to ensure that I” is indeed mapped onto a contour I';, enclosing Supp(vp)
with no extra singularity (such as 0). O

Remark 1 (Known C;). For C; known, Theorem 1 is particularized by taking the limit c; — 0, i.e.,

1 z 1 1/’,;(2) Yp(z) as.
f =5 ﬁf (wn) (E B mm) o 0
p

p i= Tt cz)
simplification, leading up to

1 -1\ as,
[fdvp  2mic ﬁf (m,;,,(z)) My (2)2d2 = 0

where [i, = caup + (1 — 2)d is the eigenvalue distribution of %XZTCﬁXZ (and thus my,(z) = camy,(z) — (1 — 2)/2).
Letting g(z) = f(1 /z) and G(z) such that G'(z) = g(z), integration by parts of the above expression further gives

/fd i 7{ G (~mp,(2)) dz =% 0.

For instance, for f(z) = In%(z), G(z) = z(In*(z) — 2In(z) + 2).

where now m,,(z) = and my, (z) = 157p ﬁ Basic algebraic manipulations allow for further

P =T (e G-

Remark 2 (Extension to the c; > 1 Case). Theorem 1 extends to the case ¢c; > 1 for all f : C — C analytic on the
whole set C with f(0) = 0. For f defined in 0 with f(0) # 0, one can obviously write [ fdv, = f(0)+ [(f — f(0))dv, and
apply the result to f — f(0). This excludes notably f(z) = In*(z) for k > 1, but also f(z) = In(1 + sz) for s > 0. Yet, the
analyticity request on f can be somewhat relaxed. More precisely, Theorem 1 still holds when ¢, > 1 if there exists a
I' as defined in Theorem 1 such that f is analytic on the interior of the contour described by (¢ /v )(I"), where ¢ and
are the respective almost sure limits of ¢, and 1, (see Appendix A for details). The main issue with the case ¢, > 1, as
thoroughly detailed in Appendix C, is that, while I' C {z € C, i[z] > 0}, the interior of (¢/v )(I") necessarily contains
zero. This poses dramatic limitations to the applicability of our approach for f(z) = In*(z) for which we so far do not
have a workaround. For f(z) = In(1 + sz) though, we will show that there exist sufficient conditions on s > 0 to ensure
that —1/s (the singularity of z — In(1 + sz)) is not contained within (¢/v )(I"), thereby allowing for the extension of
Theorem 1 to f(t) = In(1 + st).

3.3. Special cases

While Theorem 1 holds for all well-behaved f on I, a numerical complex integral is required in practice to estimate
f fdvy. It is convenient, when feasible, to assess the approximating complex integral in closed form, which is the objective
of this section. When f is analytic in the inside of I', the integral can be estimated merely through a residue calculus.
This is the case notably of polynomials f(t) = t*. If instead f exhibits singularities in the inside of I', as for f(t) = In*(t),
more advanced contour integration arguments are required.

Importantly, Theorem 1 is linear in f. Consequently, the contour integral calculus for elaborate functions f, such as
met in most metrics of practical interest, can be reduced to the integral calculus of its linear components. Table 2 lists
these components for the distances and divergences introduced in Section 1.

In the remainder of this section, we focus on the integral calculus for these atomic functions f.

Corollary 1 (Case f(t) = t). Under the conditions of Theorem 1,
/tdvp(t)—(l —c1)/tdp,,,(t) 25 0.

and in the case where c; — 0, this is simply [ tdvy(t) — [ tdu,(t) = 0.
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As such, the classical sample covariance matrix estimator f tdup(t) needs only be corrected by a product with (1—c¢;).
This results unfolds from Theorem 1 via a simple residue calculus.

Corollary 2 (Case f(t) = In(t)). Under the conditions of Theorem 1,

]—Cz

/ln(t)dvp(t) - [/ In(t)dpp(t) — L i — e +

In(1 —cz)] 2% 0.
C1 C

When ¢; — 0, [ In(t)dvy(t) — [f In(t)dpp(t) + -9 1n(1 — ¢) + 1] 00

]

Note that for f(t) = In(t) and ¢; = c3, the standard estimator is asymptotically p, ny, np-consistent. This is no longer
true though for c¢; # ¢, but only a fixed bias is induced. This result is less immediate than Corollary 1 as the complex
extension of the logarithm function is multi-valued, causing the emergence of branch-cuts inside the contour. We evaluate
the integral here, and in the subsequent corollaries, by means of a careful contour deformation subsequent to a thorough
study of the function In(¢,(z)/v,(z)) and of its branch-cut locations.

Corollary 3 (Case f(t) = In(1+st)). Under the conditions of Theorem 1, let s > 0 and denote ko the unique negative solution

op(x)
tol+s e = 0. Then we have

/ln(l + st)dvy(t) — [“ te—aq (( Gto-aq ) i sko( — o) + / In (1 - %) dup(r)]
0

C1C2 1 —c1)(c2 — sciko) C2

a.s.
— 0.

In the case where c; — 0, this is simply

/1““ +st)dvp(t) — [(1 + sk + In(—swo))/cz + f In (1 t/ko) dup(t)] 2%0.

The proof of Corollary 3 follows closely the proof of Corollary 2, yet with a fundamental variation on the branch-cut
locations as the singularities of In(1 + s¢,(z)/¥,(2)) differ from those of In(g,(z)/v,(2)).

Remark 3 (Limit when s — oo and s — 0). It is interesting to note that, as s — 00, ko behaves as —(1 — c;)/s. Plugging
this into the expression above, we find that
1-c 1-c
2 In(1 — ;) — !
C2 C1

fln(l + st)dvp(t) — In(s) ~5—00 fln(t)d,u,,(t) + In(1 —¢y)
therefore recovering, as one expects, the result from Corollary 2.

Checking similarly the case where s — 0 demands a second-order expansion of k. It is first clear that xo must grow
unbounded as s — 0, otherwise there would be a negative solution to v,(x) = 0, which is impossible. This said, we then

find that xo ~ —m + Hﬁ%% P, i+ o(1). Plugging this into Corollary 3, we find

1
5 / In(1 + st)dvp(t) ~50 (1 — C1)/ tdpy(t)
therefore recovering the results from Corollary 1, again as expected.

Remark 4 (Location of ko). For numerical purposes, it is convenient to easily locate «(. By definition,

. 1 — ¢ — caromy,, (ko)
0= )
—=S(1 + c1romy,, (ko))

Along with the bound —1 < xm,,(x) < 0, for x < 0, we then find that
—(s(1=¢1)) ' <Ko <O.

As such, ko may be found by a dichotomy search on the set (—1/(s(1 — ¢;)), 0).

Remark 5 (The case c; > 1). For f(t) = In(1 + st), Theorem 1 and Corollary 3 may be extended to the case ¢c; > 1,
however with important restrictions. Precisely, let £~ = inf{Supp(u)} for u the almost sure weak limit of the empirical
measure (p, and let X~ = limyy,- %, for ¢(z) = z(14c7°zm,(2)) and ¥(z) = 1 — ¢5° — c5°zm,,(z) the respective almost
sure functional limits of ¢, and . Also redefine g in Corollary 3 as the smallest real (non-necessarily negative) solution

to1+ sgi(&)) = 0. Then, for all s > 0 satisfying 1+ sx~ > 0, we have the following results

(i) Theorem 1 holds true, however for a contour I" having a leftmost real crossing within the set («xg, ©™);
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(ii) Corollary 3 extends to

/ln(l + st)dvy(t) — [

4a.s.
—> 0.

C1+C — 106 ln( €1+ C — 106 )
€162 (1 = c1)lez — scikol

1
+ —In|—sko(1 —c1)| + / In
(%)

t
1- KO‘ dup(t)]

For instance, for C; = Gy, i.e,, C]’1C2 = I,, we have

2
[e¢] o0 00 ~00 oo [o0] 00 ~00
_ (1—,/c1 +¢3° =] cz) = 11—/ +c5° —c°¢
)

= 1—c® - 1—c®

so that x~ < 0 when ¢3° > 1; so, there, Theorem 1 and Corollary 3 hold true as long as

0<s<(1—ci’o)/(,/cf°+cz°°—c§’°c§’°—1). (2)

It is clear from the second part of the remark that, as c3° increases, the range of valid s values vanishes. Perhaps
surprisingly though, as c{° 1 1, this range converges to the fixed set (0, 2/(c3° — 1)) and thus does not vanish.

As opposed to the previous scenarios, for the case f(t) = In?(t), the exact form of the integral from Theorem 1 is non-
trivial and involves dilogarithm functions (see its expression in (B.4) in the appendix) which originate from numerous
real integrals of the form f In(x — a)/(x — b)dx appearing in the calculus. This involved expression can nonetheless be
significantly simplified using a large-p approximation, resulting in an estimate only involving usual functions, as shown
subsequently.

.
Corollary 4 (Case f(t) = In(t)). Let 0 < 5 < --+ < np be the eigenvalues of A — % and 0 < &1 < -+ < &

.
the eigenvalues of A — «/Xni where . = (Aq, ..., AP)T, A = diag()), and /A is understood entry-wise. Then, under the
conditions of Theorem 1,

/ 2(¢)dvy(t) [ Zln (1—c) )+2w{(AZ)TM(AZ)+(AZ)Tr}

€162

2 nT 1—0¢
- (A7) N1, -2 5

where we defined Ab the vector with (A ), =bj—a;and, fori,je{1,...,p}, ri=

i-1-m(3t) ()
. y L,
M; = 71 FRny S EF] N = o o L#E
ﬁ , 1= )Tl , 1=1].

a.s.

%mz((] — )1 - cz))+(Ag)Tr” 250

In((1—cq)4;)
)\.'

and

In the limit c; — O (i.e., for C; known), this becomes

p
/ln (t)dvy(t) |: Zln %Zln(ki) — % (A/{\)Tle
i=1

1
2 {2 (1 —c)+ (A?)Tq}] 2% 0
with

A ln(i’:)—()\i—kj)
5 L, In()
Qj = 1 (=22 1#) and g = )Vl .
. i
o s 1=1

4. Experimental results
4.1. Validation of theoretical results

This section presents experimental verifications, completing Table 1 in Section 1. In all cases presented below, we

consider the squared Fisher distance (i.e., the case f(t) = In%(t)) between C; and C,, where C : C2C is a Toeplitz matrix
with entry (i, j) equal to .3/, Fig. 1 displays the normalized estimation error (i.e., the absolute dlfference between genuine
and estimated squared distance over the genuine squared distance) for xga) real NV(0, Cp), for varying values of the size
p of C; and G, but for ny and n; fixed (n; = 256 and n, = 512 in the left-hand display, n; = 1024, n, = 2048 in the
right-hand display); results are averaged over 10 000 independent realizations. We compare the classical ny, n,-consistent
estimator to the proposed ny, n,, p-consistent estimators obtained from both Theorem 1, or equivalently here from the
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eiogv 2 « Class 1 (proposed) eigv 2
Class 2 (proposed) .t y -
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Fig. 3. First and second eigenvectors of K for the traditional estimator (red circles) versus the proposed one (blue crosses); (left) random number
of snapshots n;; (right) ny =--- =ny_; =512 and n, = 256.

closed-form expression (B.4) from the appendix, and from Corollary 4. We also add in dashed lines the distance estimate
for C; a priori known.

It is seen from the figures, provided in log scale, that the relative error of the standard n;, n,-consistent approach
diverges with p, while the error of the proposed estimator remains at a low, rather constant, value. As already observed
in Table 1, the large-p approximation formula from Corollary 4 even exhibits a better behavior than the exact integral
expression from Theorem 1 in this real Gaussian setup.

In the same setting, Fig. 2 subsequently shows the performances in terms of relative error for simultaneously growing
ni, ny, p, with a constant ratio p/ny = 1/4 and p/n, = 1/2. As expected from our theoretical analysis, the proposed
estimators display a vanishing error as n, n,, p — oc. The standard estimator, on the opposite, shows a high saturating
relative error.

4.2. Application to spectral clustering

In this section, we develop a practical application of our theoretical findings to the machine learning context of kernel
spectral clustering [26]. In several application domains, such as in brain signal processing [21] or hyperspectral imaging [7],
the relevant discriminative data “features” are the population covariance matrices of the data vectors (p-sensor brain
activities, p-frequency spectra). Classification in these contexts is thus performed by comparing the population covariance
distances for each data-pair. Not being directly accessible, the population covariances are classically substituted by their
sample estimates. We will show here that this method has strong limitations that our proposed improved distance
estimates overcome.

Specifically, we consider m = 200 data X, ..., Xp to be clustered. Datum X; is a p x n; independent generation of n;
independent p-dimensional zero mean Gaussian samples X; = [x({), cees xﬁl’i)] € RP*Mi Half of the samples have covariance
E[xj(l)x}’)T] = E[nliXiX,-T] = (; (they will be said to belong to class 1) and half have covariance C, (they belong to class 2).
For clarity, let us say that E[xj(l)x](')T] =, fori <m/2 and E[x](')xj(-')T] = (, for i > m/2. We then define the kernel matrix
K € R™™ by

1.
K; = exp (—EDF(Xi, xj)z)

with Dy either the classical (naive) estimator of Dr or our proposed random matrix-improved estimator. The purpose
of spectral clustering is to retrieve the mapping between data indices and classes. It can be shown (see e.g., [27] but
more fundamentally [9] for large dimensional data) that, for sufficiently distinct classes (so here covariance matrices), the
eigenvectors v; and v, of K associated to its largest two eigenvalues are structured according to the classes. Thus, the
classes can be read out of a two-dimensional display of v, versus vy. This is the procedure we follow.

A fundamental, but at first unsettling, outcome arises as we let ny = --- = ny,. In this case, for all tested values of p
and m, the eigenvectors of K for either choice of Df are extremely similar. Consequently, spectral clustering performs the
same, despite the obvious inaccuracies in the estimations of D by the classical estimator. This result can be explained from
the following fact: spectral clustering is of utmost interest when C; and C, are close matrices; in this case, the classical
estimator for Dr is systematically biased by a constant, almost irrespective of the covariance (since both are essentially
the same). This constant bias does affect K but not its dominant eigenvectors.

This observation collapses when the values of the n;’s differ. This is depicted in Fig. 3. The left display provides a scatter
plot of the dominant eigenvectors v, versus vy of K under the same conditions as above but now with n; chosen uniformly
at random in [2p, 4p], with p = 128, m = 200, C; = I, and [C,]; = .05""7!. There, for the classical estimator, we observe a
wide spreading of the eigenvector entries and a smaller inter-class spacing. This suggests poor clustering performance. On
the opposite, the well-centered eigenvectors achieved by the proposed estimator imply good clustering performances. In a
likely more realistic setting in practice, the right display considers the case where n; = --- = n,,_; = 512 and n,, = 256.
This situation emulates a data retrieval failure for one observation (only half of the samples are seen). In this scenario, the
classical estimator isolates one entry-pair in (vq, v3) (corresponding to their last entries). This is quite expected. However,
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more surprisingly, the presence of this outlier strongly alters the possibility to resolve the other data. This effect is further
exacerbated when adding more outliers, which are not displayed here. This most likely follows from an adversarial effect
between the outliers and the genuine clusters, which all tend to “drive” the dominant eigenvectors.

5. Concluding remarks

As pointed out in the introduction, the series of estimators derived in this article allow the practitioner to assess a
large spectrum of covariance matrix distances or divergences based on sample estimators when the number nq, n, of
available data is of similar order of magnitude as the size p of the individual samples. For instance, the Rényi divergence
(1) between N(0, C3) and A(0, C;) can be expressed as a linear combination of the estimator of Corollary 3 with s = 177“
and of the estimator of Corollary 2. In particular, the results from Corollaries 1-4 are sufficient to cover all matrix distances
and divergences discussed in the introductory Section 1. For other distances involving “smooth” linear functionals of the
eigenvalues of C; 1¢,, the generic result from Theorem 1 can be used to retrieve (at least) a numerical estimate of the
sought-for distance or divergence. As exemplified by kernel spectral clustering in Section 4.2, applications of the present
estimators to specific contexts of signal and data engineering at large, and specifically to the areas of statistical signal
processing, artificial intelligence, and machine learning, are numerous. Further note that, while only proposed for metrics
involving the eigenvalues of C,° 1c,, the methodology devised here can be flexibly adapted to distances based on the
eigenvalues of other matrix models, such as C;C,. This encompasses the Wasserstein distance between two centered
Gaussian as well as the Frobenius distance.

The analysis of the slope in the log-log plot of Fig. 2 of the relative error for the proposed estimator reveals that,
for fixed ratios p/n; and p/n,, the error behaves as p~!, or equivalent as ”1_1 or nz_l. This suggests that, as opposed to
classical n-consistent estimators for which optimal fluctuations of the estimators are usually expected to be of order

n‘%, the proposed ny, n,, p-consistent estimator exhibits a quadratically faster convergence speed. This observation is in
fact consistent with previous findings, such as [29] which demonstrated a central limit theorem with speed p~! for the
eigenvalue functional estimators proposed by Mestre in [18]. This is also reminiscent from the numerous central limit
theorems of eigenvalue functionals derived in random matrix theory [14,20,31] since the early findings from Bai and
Silverstein [2]. This fast convergence speed partly explains the strong advantage of the proposed estimator over standard
large-n alone estimates, even for very small ratios p/n, as shown in our various simulations.

For practical purposes, it would be convenient to obtain a result similar to [29] in the present context, that is a central
limit theorem for the fluctuations of the estimator of Theorem 1. This would allow practitioners to access both a consistent
estimator for their sought-for matrix distance as well as a confidence margin. This investigation demands even more
profound calculi (as can be seen from the detailed derivations of [29]) and is left to future work.

Also, recall from Table 1 that the estimator from Theorem 1 has a much better behavior on average in the complex
Gaussian rather than in the real Gaussian case. This observation is likely due to a systematic bias of order O(1/p) which
is absent in the complex case. Indeed, the results from [31] show that the difference p(m,,,(z) — m,(z)) satisfies a central
limit theorem with in general non-zero mean apart from the complex Gaussian case (or, to be more exact, apart from the
cases where the xga)'s have complex independent entries with zero mean, unit variance, and zero kurtosis). Coupling this
result with [29] strongly suggests that the proposed estimators in the present article exhibit a systematic order-p~! bias
but in the complex Gaussian case. As this bias can likely be itself estimated from the raw data, this observation opens
the door to a further improvement of the estimator in Theorem 1 that would discard the bias. This would not change the
order of magnitude of the error (still of order 1/p) but reduces its systematic part.

A last important item to be discussed at this point lies in the necessary condition n; > p and n, > p in the analysis.
We have shown in the proof of Theorem 1 (in Appendices A and C) that the requirements ¢c; < 1 and ¢; < 1 are both
mandatory for our estimation approach to remain valid on a range of functions f analytic on {z € C, R[z] > 0} (which
notably includes here logarithm functions). Yet, as discussed throughout the article, while n; > p is mandatory for our
proof approach to remain valid, the constraint n, > p can be relaxed to some extent. Yet, this excludes functions f that
are not analytic in a neighborhood of zero, thereby excluding functions such as powers of 1/z or of In(z). More advanced
considerations, and possibly a stark change of approach, are therefore demanded to retrieve consistent estimators when
p > n for these functions. If one resorts to projections, dimension reductions, or regularization techniques to obtain an
invertible estimate for C;, one may even allow for p > ny, but this would dramatically change the present analysis. As
such, the quest for nq, n,, p-consistent estimators of the matrix distances when either n; < p or n, < p also remains an
interesting open research avenue.

Appendices

We provide here the technical developments for the proof of Theorem 1 and Corollaries 1-4.

The appendix is structured as follows: Appendix A provides the proof of Theorem 1 following the same approach as
in [11], relying mostly on the results from [23,24]. Appendix B then provides the technical details of the calculi behind
Corollaries 1-4; this is undertaken through a first thorough characterization of the singular points of ¢, and v, and
functionals of these (these singular points are hereafter denoted A;, n;, ¢; and «;), allowing for a proper selection of the
integration contour, and subsequently through a detailed calculus for all functions f(t) under study. Appendix C discusses
in detail the question of the position of the complex contours when affected by change of variables. Finally, Appendix D
provides some analysis of the extension of Theorem 1 and the corollaries to the c; > 1 scenario.
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Appendix A. Integral form

A.1. Relating m, to m,,

We start by noticing that we may equivalently assume the following setting: (i) x(ll), cee, x%]]) € RP are vectors of i.i.d.
. . . . 1. - .
zero mean and unit variance entries; (ii) x(f), . x%) € RP are of the form sz) = Cixgz) with XEZ) € RP a vector of i.i.d.

S U
zero mean and unit variance entries, where C = C, *GC, .
1

A i 1. 1 1 .
Indeed, with our initial notations (Section 2), C; 'C; = rl]—lq 2X:X[ ¢, 2 %CZZXZXZTCZ2 (here X, = [X", ..., %)), the
- - _1 1.1 _1
eigenvalue distribution of which is the same as that of the matrix (%xle)(%cl 2C2 XX, CC, %) and we may then
1), (2)s

_1 _1
consider that the x? ;'s have covariance C = C, 2 GC, 2 without altering the
spectra under study.

We then from now on redefine C, = nlaXaXaT with X, = X7, ..., U] € RP*™ for x*) given by (i) and (ii) above. With
(2hs and study the spectrum of 61‘162, which is the same as that

i

s actually have covariance I,, while the x

these definitions, we first condition with respect to the x
Ala a1 Ala a1 I DO |
of C2C;'C2. A useful remark is the fact that C2C; 'C} is the “inverse spectrum” of C, 2C;C, 2, which is itself the same
spectrum as that of %X]T G, X, except for n; — p additional zero eigenvalues.
Denoting [1,1;1 the eigenvalue distribution of nl]xfﬁglxl, we first know from [23] that, under Assumption 1,as p — oo,

-1 as.  ._ ~_
i, — @', where i

function) solution to

tde; (1)
m;-1(z) = —z—i—cf"/ 527()
1 + tmﬂ—l (Z)
with &, the almost sure limiting spectrum distribution of C, and mg, its associated Stieltjes transform; note importantly

that, from [23] and Assumption 1, & has bounded support and is away from zero. Recognizing a Stieltjes transform from
the right-hand side integral, this can be equivalently written

_(_ ce B e B 1 -
mﬁ_l(z)_< z+m~71(z) mﬁ1(z)2m¥{1( mﬁ1(z))> ’ (A1)

1

is the probability measure with Stieltjes transform m;-1 defined as the unique (analytical

Accounting for the aforementioned zero eigenvalues, ;i~' relates to p~!, the (a.s.) limiting spectrum distribution
of C{1/2C1C2_1/2, through the relation 2i=! = ¢u' + (1 — ¢{*)§ with 8 the Dirac measure at x and we have

mz-1(z) = c7°m -1(z) — (1 — c{°)/z. Plugging this last relation in (A.1) leads then to

i W

m - (z/(1 = ¢ = c°zm,-1(2))) = m,—1(2) (1 — ¢° — ¢°zm,,-1(2)) . (A2)

Now, with the convention that, for a probability measure 6, 6~ is the measure defined through 6~ ([a, b]) =
11

0 ([E’ 5]), we have the Stieltjes transform relation m,—1(z) = —1/z — my(1/z)/z%. Using this relation in (A.1), we get
zmy,(z) = (z 4 ¢°2°m,(2))me, (z + ¢°2°my,(2)) = p(2)me, (¢(2)) (A3)
where we recall that ¢(z) = z(1 + ¢°zm,(z)). It is useful for later use to differentiate this expression along z to obtain

, 1 mu2)+am,(2) >_L<_ vz ) Al
(p(2)) = o) (7%2) Mg, (9(2)) ) = 0\ ) Mg, (9(2)) | - (A.4)

We next determine m, as a function of v. Since 62 is itself a sample covariance matrix, we may apply again the results
from [23]. Denoting &, the almost sure limiting spectrum distribution of %XZTCXL we first have

-1
d
)= (-zeer [ 00} as)

(1—c3°)
z

Similar to previously, we have the relation mgz(z) = "M, (z) — which, plugged in (A.5), yields
m, (=z/(czme,(z) — (1 = ¢§°))) = —mg,(2) (°zme,(2) — (1 — 5°)). (A6)

Relations (A.3) and (A.5) will be instrumental to relating f fdv to the observation measure 1, as described next.
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Remark 6 (The case c; > 1). The aforementioned reasoning carries over to the case cz > 1. Indeed, smce Eq. (A.1) is now
meaningless (as the support of & contains the atom {0}), consider the model C (Cz + eI ) = C Cz + eC ! for some
small ¢ > 0. Then (A.3) holds with now &, the limiting empirical spectral dlstrlbutlon of G, + elp. Due to &, Eq (A.5) now
holds with mg,(z (z) replaced by m‘5 (z+¢). By continuity in the small ¢ limit, we then have that (A.3) and (A.6) still hold in
the small ¢ limit. Now, since C WGy +el b)) — C Cz = 8C1 ! the operator norm of which almost surely vanishes as ¢ — 0
from the almost sure boundedness of limsup, ||C’ . we deduce that u, — w defined through (A.3) and (A.6), almost

surely, also for ¢5° > 1.

A.2. Integral formulation over m,

With the formulas above, we are now in position to derive the proposed estimator. We start by using Cauchy’s integral
formula to obtain

[0 =5 ¢ semizz

Iy
for I, a complex contour surrounding the support of v but containing no singularity of f in its inside. This contour is
carefully chosen as the image of the mapping w — z = —w/(c°wmg,(w) — (1 — ¢5°)) of another contour I, surrounding

the limiting support of &,; the details of this (non-trivial) contour change are provided in Appendix C (where it is seen
that the assumption ¢;° < 1 is crucially exploited). We shall admit here that this change of variable is licit and that
I, c{zeC|Nz] >0}

Operating the aforementioned change of variable gives

dw (A7)

fro- I (sramimen ) male) (oPm, (@) + (1 - )
V= —
Fsz

21 cPomg,(w) — (1 —c5°)

where we used (A.6) to eliminate m,.

To now eliminate mgz and obtain an integral form only as a function of m,, we next proceed to the variable change
Ut o=¢eU)=u+cu m#( u). Again, this involves a change of contour, which is valid as long as I%, is the image by
@ of a contour I, surrounding the support of u, which is only possible if ¢ < 1 (see Appendix C for further details).
With this variable change, we can now exploit the relations (A.3) and (A.4) to obtain, after basic algebraic calculus (using
in particular the relation um,(u) = (—=¢(u) + 1 — ¢3°)/c5°)

_ p(u) 1 / /
/ fdv = Tm f<m> ) PV W — Y] du

_ 1 (rp(u)> ¥ (u) [rp/(u) W(u)] - 1 (w(u)> [w/(U) W(u)]
=—Q¢ f - du — — ¢ f - du.
2 Jr, P \yw)) & Lew) v o 2m Jr, \v)) o) v

Performing the variable change backwards (u — z = ¢(u)/v¥(u)), the rightmost term is simply

1 )\ [¢'(u) Y'(u) 1 o)\ ¥ (o) 1 f(z)
— — du=— du=— —d =0
)/ (w(u)) [go(u) w(u)] Sl <w<u>> o) (w(u)) b A
since I, C {z € C | %[z] > 0}. Note in passing that, if I, were to contain 0 (which occurs when ¢3° > 1), then an

additional residue equal to —(1 — c5°)f(0)/c5° would have to be accounted for; this justifies the need to impose f(0) = 0
in Remark 2. We thus conclude that

1 u u '(u "(u
/fdv_i f<¢(>)w;)[<p()_w()}du
21 yw)) o Lew)  y(u)
as requested. It then remains to use the convergence v, — v and m,,, 2% m,,, along with the fact that the eigenvalues

6(162 almost surely do not escape the limiting support i as p — oo (this is ensured from [ 1], Item List (ii) of Assumption 1
and the analyticity of the involved functions), to retrieve Theorem 1 by uniform convergence on the compact contour (see
also [11] for a similar detailed derivation).

Remark 7 (Case C; Known). The case where C; is known is equivalent to setting c7° — 0 above, leading in particular to
m,, = mg, and to the unique functional equation

m, (z/(1 = ¢5° — c5°zm,,(2))) = my(z) (1 — ¢5° — ¢5°zm,(2)) .

In particular, if C; = C,, this reduces to —m,,(z)(z — ¥(z)) = 1 with ¥/(z) = 1 — ¢§° — c5°zm,,(z), which is the functional
Stieltjes-transform equation of the Marcenko-Pastur law [17].
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Appendix B. Integral calculus
To compute the complex integral, note first that, depending on f, several types of singularities in the integral may
arise. Of utmost interest (but not always exhaustively, as we shall see for f(t) = In(1 + st)) are: (i) the eigenvalues 4; of
CflCz, (ii) the values n; such that ¢,(n;) = 0, (iii) the values ¢; such that v,(¢;) = 0.

In the following, we first introduce a sequence of intermediary results of interest for most of the integral calculi.

B.1. Rational expansion

/ ’
At the core of the subsequent analysis is the function zzz; — m;) vxiiz), As this is a mere rational function, we first

obtain the following important expansion, that will be repeatedly used in the sequel:

¢,(2) 1#[,(2)) Yp(2) (1 c1+6— c1c2> P 1 11—l c+6—cc < 1
_ [ - B.1
<<ﬂp(2) Vp(z) ) p €162 Z zZ—2 * G z * €162 Z (B.1)

z—n
= = 2T

This form is obtained by first observing that the A;'s, n;’s and 0 are the poles of the left-hand side expression. Then,
pre-multiplying the left-hand side by (z — ;), z, or (z — »;) and taking the limit when these terms vanish, we recover the
right-hand side, using in particular the following estimates, which easily entail from the definitions of ¢, and ¥:

a A A c1 A7 , a A
wp(z) = — —200—+A+— + O(Ai — z), ¢)(2) = ———= +0(1),
P bz T T p ey P p (i—2p
€2 A €2 (&) A , Cy Ai
)= -2 M 2, 2 + 00k — 2), p)=—2_2 o)
’ phi—z P ’ p;&-—ki ' P p (hi—2)

in the vicinity of A;, along with y¥(n;) = Cl“ﬁ% and ¥,(0) =1 — c».
From this expression, we have the following immediate corollary.

Remark 8 (Residue for f Analytic at A;). If f o(¢, /) is analytic in a neighborhood of A;, i.e., if f is analytic in a neighborhood
of —(c1/c2)Ai, then A; is a first order pole for the integrand, leading to the residue

Rest = (~x ) [ Eae 1],

C1C2 p

B.2. Characterization of n; and ¢;, and ¢/,

First note that the 5; (the zeros of ¢,(z)) and ¢; (the zeros of ,(z)) are all real as one can verify that, for J[z] # 0,
Slep(2)130z] > 0 and I[y,(2)13[z] < 0.

Before establishing the properties of ¢, and 1, in the vicinity of »; and ¢;, let us first locate these values. A study of
the function M, : R — R, x — xm,,(x) (see Fig. B.4) reveals that M, is increasing, since x/(A; —x) = —1+ 1/(A; —x),
and has asymptotes at each A; with limyy,, Mp(x) = oo and limyy,, Mp(x) = —oo. As a consequence, since ¢,(x) = 0 &
My(x) = —% < —1, there exists exactly one solution to ¢,(x) = 0 in the set (A;, Aj;1). This solution will be subsequently
called n;. Since Mp(x) — —1 as x — oo, there exists a last solution to ¢,(x) = 0 in (A,, 0o), hereafter referred to as 7,.
Similarly, ¥,(x) = 0 & My(x) = (1 — ¢;)/c; > 0 and thus there exists exactly one solution, called ¢; in (A;_1, A;). When
x — 0, Mp(x) — 0 so that a further solution is found in (0, A1), called ¢;. Besides, due to the asymptotes at every A;, we
havethat &1 < Ai<m <& < -+ < 1.

As such, the set I" defined in Theorem 1 exactly encloses all #;, A;, and ¢;, fori =1, ..., p, possibly to the exception of
the leftmost ¢; and the rightmost 7,, as those are not comprised in a set of the form [Ai;1, A;]. To ensure that the latter
do asymptotically fall within the interior of I", one approach is to exploit Theorem 1 for the elementary function f(t) = 1.
There we find that

1 1 (w{,(Z) wp(2)> Up(2) ) as,

m,(z)dz — —
&)

— 0.
21 Iy 21 r

op(z)  Yp(2)

The left integral is easily evaluated by residue calculus and equals —1 (each A,-(Cl_lcz), 1 < i < p,is a pole with
associated residue —1/p), while the right integral can be computed from (B.1) again by residue calculus and equals
-1+ Cﬁ?%(p — #{n; € I'°}) with I'° the “interior” of I". As such, since both integrals are (almost surely) arbitrarily
close in the large p limit, we deduce that #{n; € I"°} = p for all large p and thus, in particular, 5, is found in the interior
of I'. To obtain the same result for ¢;, note that, from the relation y,(z) = Cl“@% — %pr(Z) along with the fact that
%@ v
op(2) Yp(z)
1 -1 (tp{,(Z) w;(z>> op(2) | as

— m,(z)dz — — dz — 0.
2w Jp, 21 Jr \op(2)  ¥p(2)) 24

is an exact derivative (of In(¢,/v,)), the aforementioned convergence can be equivalently written
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Fig. B4. Visual representation of x +— My(x) = xm,,(x); here for p = 4, ny = 8, n, = 16. Solutions to My(x) = —1/c; (ie, n's) and to
Mp(x) = (1 = cz)/c; (ie, &’s) indicated in red crosses. Green solid lines indicate sets of negative ¢,/v,.

ﬁ,,>[]; wp >0 op <0 ;¢1,>[]
Pp>01 by <0 Pp >0 Dy >0

G A i

Fig. B.5. Visual representation of the signs of ¢, and v, around singularities.

Reproducing the same line of argument, with an expansion of (4 (; %Z;)% (B.1), the same conclusion

arises and we then proved that both ¢; and 75, along with all other gl S and n;’s, are asymptotically found within the
interior of I".

One can also establish that, on its restriction to R™, ¢, is everywhere positive but on the set Ule(k,-, n;). Similarly, ¥,
is everywhere positive but on the set Ule(g“i, Ai). As a consequence, the ratio ¢,/ is everywhere positive on R* but on
the set Ule(g,», n;). These observations are synthesized in Fig. B.5.

In terms of monotonicity, since ¥,(x) =1 — ¢, f ﬁdup(t), Yy is decreasing. As for ¢,, note that

2 2 g1 1— o)
gal/,(x):l+2C1/ti—Xd,up(t)+C1/(tiix)zdp,p(t):/t ( (‘:f‘;;( QX D)

Since ¢; < 1, we have 1 —¢; > (1 —¢1)% and therefore ¢ (x) > [(t — (1 —c1)x)?/(t — x)*du,(t) > 0, ensuring that ¢, is
increasing on its restriction to R.

Showing that x — ¢,(x)/v,(X) is increasing is important for the study of the case f(t) = In(14-st) but is far less direct.
This unfolds from the following remark, also of key importance in the following.

Remark 9 (Alternative form of ¢, and ). It is interesting to note that, in addition to the zero found at z = 0 for g,
we have enumerated all zeros and poles of the rational functions ¢, and v, (this can be ensured from their definition as
rational functions) and it thus comes that

[Tz —m) [T.Gz-5) g [Tz —m)
=(1— —_— = s =(1-— —_— . B2
pp(z)=(1-c1)z P ) Yp(2) T ) ) (1—cy)z ) (B.2)

where the constants 1 — ¢; and 1 unfold from ¢,(x)/x = 1 —c¢; and Y,(x) > 1,asz =x € R — oo.

A further useful observation is that the »;’s are the eigenvalues of A — ﬁﬁT/(p —n,), where A = diag({k,—}f:1) and

A= (M,...,Ap)". Indeed, these eigenvalues are found by solving
T
AN A
0 = det (A _ VA —xz,,) — det(A — xI,)det (1,, (A=) ff )
p—m —-—m

p
«/XT(A—XI 1«/>>—det(/1—x1)< —nlz Ai )

1‘1’

= det(A — xIp) (1 —

p—m

which, for x away from the A; (not a solution to ¢,(x) = 0), reduces to - Zl 17 " =1- % which is exactly equivalent

to my,,(x) = —C]ix, i.e., gp(x) = 0. Similarly, the ¢;’s are the eigenvalues of the matrix A — ﬁﬁT/nz.
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2 L
1 -
1 Az

‘ 0| ¢ 1 & 1 GAzmp Ga A1 M
-0.5 0 5 1 15 2 2.5 -

-1+

_2 o

real crossings of I’

Fig. B.6. Example of visual representation of ¢,/v¥, : R — R, X = ¢p(x)/¥,(x); here for p = 4, n; = 8, n, = 16. In green solid lines are stressed
the sets over which ¢,(x)/y,(x) < 0 (which correspond to branch cuts in the study of f(z) = In*(2)). Possible real crossings of the contour I" are
indicated, notably showing that no branch cut is passed through when f(z) = In*(z).

These observations allow for the following useful characterization of ¢, /v,:

det (zl, — A — —-Vavh
% _ (1) (@ o ) = (1-c1)2 (1_’”"2 Mrm=pb 57 ( A+ — ff) ﬁ)
Vp(2) det(zlp—A—}-E«/X\/X) ny(ny — p)

after factoring out the matrix in denominator from the determinant in the numerator. The derivative of this expression

) (‘/"’(z)> (1—cl)(1+n‘+n2 Pt Q(A—II)QJX).

Yp(z) ny(ny —

forQ = (zl, — A+ - ff —1, Since A — iff is positive definite (its eigenvalues being the ¢;’s), on the real axis
the derivative is greater than1—c¢; > 0 and2 the function x — ¢,(x)/v¥,(x) is therefore increasing. Fig. B.G displays the
behavior of ¢, /v, when restricted to the real axis.

Since we now know that the contour I” from Theorem 1 encloses exactly all n;’s and s, it is sensible to evaluate the
residues for these values when f(z) is analytic in their neighborhood.

Remark 10 (Residue for f Analytic at n; and ¢;). If f is analytic with no singularity at zero, then the integral has a residue
at n; easily found to be Res(n;) = f(0)(c1 + ¢ — c1¢2)/ca. Similarly, if f(w) has a well defined limit as |w| — oo, then no
residue is found at ¢;.

As a consequence of Remarks 8 and 10, we have the following immediate corollary.

Remark 11 (The case f(t) = t). In the case where f(t) = t, a singularity appears at ¢;, which is nonetheless easily treated
by noticing that the integrand then reduces to

f <¢p(z)> (tp{,(Z) B w;,(z>> Up(2) _ 9p(2)  Yp(2)ep(2)

Yp(2) op(z)  Yp(2) C B G CYp(2)
and thus, with ¥,(z) = (z — &)¥,(&) + 0((z — &)*), we get Resy)— (&) = CW;(;) = —¢i(c1 + ¢ — ¢162)/c2. Together
with Remarks 8 and 10, along w1th the fact that I" encloses all »; and A, fori=1,...,p, we then find
c1+¢ —cc
A
2 i=1
Noticing that ), ¢; = tr( ff =(1—cy/p))_; Ai» we retrieve Corollary 1.

B.3. Development for f(t) = In(t)

The case f(t) = In(t) leads to an immediate simplification since, then, In det(@l’lfz) =1In det(@z) In det(Cl) one
may then use previously established results from the random matrix literature (e.g., the G-estimators in [13] or more
recently [16]) to obtain the sought-for estimate. Nonetheless, the full explicit derivation of the contour integral in this
case is quite instructive and, being simpler than the subsequent cases where f(t) = In?(t) or f(t) = In(1 + st) that rely
on the same key ingredients, we shall here conduct a thorough complex integral calculus.
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branch cut

Fig. B.7. Chosen integration contour. The set I{’ is the disjoint union of the segments [¢; + & + 071, A, —e +0%1] and [& + &+ 071, A — & + 071,
Similarly the set IiD is the disjoint union of the segments [A; +¢& + 071, n; — & + 071] and [A; +& + 071, n; — & + 0~1]. The sets I{*, If and I,.E are the
disjoint unions of semi-circles (in the upper- or lower-half complex plane) of diameters ¢ surrounding ¢;, A; and n; respectively.

For z € C, define first f(z) = In(z) where In(z) = In(|z|)e!¥®#), with arg(z) € (—, 7]. For this definition of the complex
argument, since ¢,(x)/v¥,(x) is everywhere positive but on Ule(g“i, n;), we conclude that arg(¢p(z)/v,(z)) abruptly moves
from 7w to —7 as z moves from x + 071 to x + 071 for all x € Uf:1(§,-, n;). This creates a set of p branch cuts [¢;, n;],
i=1,...,p as displayed in Fig. B.6. This naturally leads to computing the complex integral estimate of ffdv based on
the contour displayed in Fig. B.7, which avoids the branch cuts.

This contour encloses no singularity of the integrand and therefore has a null integral. With the notations of Fig. B.7,
the sought-for integral (over I") therefore satisfies

o-f S ([ Lo ffo])

We start by the evaluation of the integrals over IB and I,.D, which can be similarly handled. To this end, note that, since
arg( ) moves from 7 to —m across the branch cut we have

1 1 )‘i_"2 (pp(X)) ( (pp(X)> i| (‘P{;(X) W;(’O) I;013()()
_ - 1 —In( - - d
21 Jip 27 Sy [ n ( Yp(X) tm—in Yp(X) L op(x)  Ypx)) *

[ <<p;,(x) v ) i,
N ite (Pp(X) 1/’11( ) (&) ’

We first exploit the rational form expansion (B.1) of (

) _ Yy (z))u/p(x to obtain the integral over IB

op(2) Yp(z)

1 1 c Cy — C1C i— A e
1 =(,_M) Z“ i| 4 1n ‘
21 Jip p €162 pri L Aj G — A

1—c Ai 1+ —cqC b Ai — n;
+ 2 In2i + 1 2 162 Zln i — 1 +o(e)
() Gi €162 &i — 1

The treatment is similar for the integral over I Wthh results, after summation of both integrals, to

1 1 — 1 — i
1 :<7_c1+cz Clcl)Zl ‘ Czlnﬂ
2m1 1BulP p C1C2 C2 &i

1+ —C1c; i
+ — In + In ’ + o(e).
(a1) Z Cz —nj &i — i

J#

Note here the asymmetry in the behavior of the integrand in the neighborhood of ¢; (4¢) and 7n; (—e); in the former edge,
the integral is well defined while in the latter it diverges as In & which must then be maintained.
Summing now over i € {1, ..., p}, we recognize a series of identities. In particular, from the product form (B.2),

Yoy,

p .
:ZmL(’) :m<i‘” )
, (1—c)h (1 —¢c)

j=1
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ﬂz)

Zln——llmln | =—In((1-c)1-c)
i z—>0 (1—c1)z

Zln

i=1

. ) ’ (;”)/)
I SR e e e e

i1 jAi Cl_rb

As such, we now find that

C1 1+ — 10
= + Ine
21 Z/,BU,D <c2 1-— c1)> C1Cy b

- - )
R YC R (R A p'“(cﬂ_c]) Zln(> +o(e).

C C1C6 1 —C]

The diverging term in In ¢ is compensated by the integral over IiE. Indeed, letting z = n; + e, we may write
1 ln <¢p( )) <go{,(2) B w;(2)> v,
2mt Up(2) ) \ep(2)  ¥p(2)) c

- o Tl (i — mj + e€)
_ i i6 J=
27162 |:[ /‘f :| tn ((1 1) + €€”) P (i — ¢ + ge?)

_ aqto—o l—cz p 1+ —C10

P €162 L i
e“do.
- i + cel? — )\j i _|_ 86'6 Z i + celd —

To evaluate the small ¢ limit of this term, first remark importantly that, for small ¢, the term in the logarithm equals

i (M — )
(1—c;)—" LlyiCni = ge + o(e)
i — Gi [ Lju(ni — &)
the argument of which equals that of 6. As such, on the integral over (i, 0), the log term reads In|-| 4+ 10 + o(e), while
on (0, —), it reads In|-| — 10 + o(e ) With this in mind, keeping only the non-vanishing terms in the small ¢ limit (that

is: the term in In¢ and the term in ) leads to

1 In (‘Pp(z)> <§”p(z B 1pp(z)> W(z)dz _atae-ao e 4 & to—at sz) (m)‘ + o(e)

2m1 Yp(z) wp(z)  Yp(2) G C1C2 C1C2 P

/
where we used the fact that lim,_.¢ Ee% (%’;) (ni +ee?) = (%) ().

We proceed similarly to handle the integral over Il.C
(z '(z
1 ln<¢p( )) (wp( ) Yl )) \p(z)dz
271 Yp(2) ) \op(z)  Vp(2))

- o Ll (i =y + e€)
_ X i6 J
chz |:/ ./— :|ln ((1 c1)(Ai +ee”) ’.’: i =+ ee?)

1 _ ato-ao - ato-ac
c1¢ (=1 i
177912 160 129 e’9d9.
; Ai + €é! —)\.j )\ + et

Here, for small ¢, the angle of the term in the argument of the logarithm is that of

P )+ <1// ) (Ai)ee? 4+ o(e) = —E—]Ai tee (pw - 1) + o(e).
P 2

Yy G 102
That is, for all large p, the argument equals 7 + o(¢) < 7w uniformly on 8 € (0, 7) and —7 + o(¢) > —m uniformly on
6 € (—m,0); thus the complex logarithm reads In|-| + 19 + o(¢) on (i, 0), while on (0, —7), it reads In|-| — 16 + o(&).

Proceeding as previously for the integral over If , we then find after calculus that

R (%(Z)) (‘ﬂé(z) B 1/f{;(z)> v, _ (ﬁ to-ae 1) n (ﬁxi> _
2m1 1€ Yp(2) op(z)  Yp(2) G C1C2 p C2
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>0 9, >0 ©p <0 Sy >0 ep>0" 9, >0 - @ <0 S op >0
>0 1 1, <0 by >0 Cy >0 Pp>0 1 P, <0 Uy >0 Sy >0
: o : : = :
Gi Ai ki T Gi Ri Ai i

Fig. B.8. Visual representation of the signs of ¢, and v, around singularities for the function f(t) = In(1+ st). Left: case where «; > ;. Right: case
where k; > A;.

Note that this expression is reminiscent of a “residue” at A; (with negatively oriented contour), according to Remark 8,
however for the function In |-| and not for the function In(-), due to the branch cut passing through ;.

The final integral over IiA is performed similarly. However, here, it is easily observed that the integral is of order O(¢ In ¢)
in the small ¢ limit, and thus vanishes.

Finally, summing up all contributions, we have

27‘[1% ZZT[’I (/,A /,; /Ic /ID /,E)
ci(l—c) In((1 —¢1)(1 - c2)) a,
=1 - |
n( - >+ - Z n
€1+ C—C162
_Clc2<plnl—c1 Zlnx, Zln 1—¢ n,)

1 C1+C— 162
=—In(1— —1In((1—c¢;)(1— In A; In
n( C2)+C n((1—cr)(1— ) Z L — Z ( )

2

'1_
,Zlm, 2 In(1 = cy) — - (1 —¢p)

1

Yp(x) )_

where in the last equality we used, among other algebraic simplifications, the fact that Zle ln(%) = limy_q ln(m =

—In(1 — ¢y). This is the sought-for result.

B.4. Development for f(t) = In(1 + st)

The development for f(t) = In(1 4+ st) is quite similar to that of f(t) = In(t), with some noticeable exceptions with
respect to the position of singularity points.

A few important remarks are in order to start with this scenario. First note from Fig. B.5 and the previous discussions
that the function z — In(1 + s¢,(z)/¥p(2z)) has a singularity at z = «;, i = 1,..., p, for some «; € (¢;, ;) solution to
1 + spp(x)/Yp(x) = 0 (indeed, @,(x)/y,(x) is increasing on (&;, n;) with opposite asymptotes and thus «; exists and is
uniquely defined). In addition, In(1 4 s¢p(z)/¥,(2)) has a further singularity satisfying 1+ s¢,(x)/v¥,(x) = 0 in the interval
(—00, 0) which we shall denote «q.

A few identities regarding «; are useful. Using the relation between ¢, and v, we find in particular that

1 1+ 6 — 6 Ki 1+ —ci6 Ki C 1+ — 16
(k) = = A . (pts )( >:7,
P ) T+ag Vilk ) ~14+ a4 Vit Stn ¢
With the discussions above, we also find that
P p
(Pp(z) i:1(z — ki) i 1(2 — Kj)
1+s =(1—a)sz—k)mp v V(@) +s¢p(2) =s(1— 1)z —ko)=p— ———- (B.3)
Vp(2) Lz-m b iz =)
Note now importantly that A; > C‘ is equivalent to —f)\, —1 which is also ¢p(Ai)/Vp(Ai) < @p(ki)/¥p(ki); then, as
@p/Yp is increasing, A; > Ccls is equlvalent to A; < ;. On the opp051te for A; < Cc—l we find A; > «;. As such, to evaluate the

contour integral in this settmg, one must isolate two sets of singularities (see ing B.8): (i) those for which «; > X; (which
are all the largest indices i for which A; > CZS) and (ii) those for which «; < A;. This affects the relative position of the
branch cut with respect to A; and therefore demands different treatments. In particular, the integrals over I? and IP may
be restricted to integrals over shorter (possibly empty) segments. Nonetheless, the calculus ultimately reveals that, since
the branch cut does not affect the local behavior of the integral around A;, both cases entail the same result. In particular,
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in case (i) where A; > «;, recalling (B.1), one only has to evaluate
/ ( ) w;(x)> Volx)
Cite p(%)  Yp(x) &)

_/ (1 C]+C2—C1C2)Zp: 1 +1—C21+C1+C2—C]C22p: 1 dx
g+e \P 16 = X — A c X 16 P X —nj

P
€1+ ¢ —C162 n;j 1-0
+ In + In
C1C Z < )\j C

j=1
In case (ii), subdividing the integral as f;\f: + ffi’: brings immediate simplification of the additional terms in A; and
thus the result remains the same.
The integral over II-C is slightly more delicate to handle. In case (i), in the limit of small ¢

1 p
=EZIH

j=1

Ki—}nj
Li— A

Gi—
Ci—

Ki —1)j
Ki—)»j

—In

Ki
—|+ .
. o(e)

i

. C C C Cr) — C1C :
TesP 0t ee) = 1— sS4 es (p; _ 1> e’ + ofe)
Yy C2 G 102

the angle of which is 0 + o(¢) uniformly on 6 € (—m, ] (since 1 — S%Aj > 0). As such, for all small ¢, the sum of the
integrals over (—z, 0) and (0, ir] reduces to the integral over (—, 7], leading up to a mere residue calculus, and

LI (1 +s‘p"(z)) (‘p‘,’(z) _ w‘;(z)) @y, 1 (1 - sﬁki) (M - 1) +oe).
2m1 Jie () ) \ep(z)  ¥p(2) ) 2 €162 p

In case (ii), 1 — s%ki < 0 and thus the angle of 1+ si—”(ki + ge?) is close to 7; for @ € (0, ), this leads to an argument

equal to w 4+ o(¢) < m and for 8 € (—mx, 0) to an argument equal to —m + o(e) > —m. All calculus made, we then find
that in either case (i) or (ii)

1 z (z o(z z c c+cg—cc 1
— @ In (1 —1—5%( )) (fpp( ) - 1/fp( )) ¥l )dz = ln’l —slk,-’ <]+212 - ) + o(e).
2m1 Ji¢ U(2)) \wp(2)  ¥(2)) C2 €16 p
As in the case of f(t) = In(t), the integral over If‘ is of order o(e) and vanishes. As a consequence, summing over
ie{l,...,p}, we find that

1 R —Csz:lnfciJrclJrCz—QCzi(ln’&—m m K:-W)
2m1 p” f C:—?n Q ‘= (o]w) =1 i — A Ki — Aj
1+ 06— 1 L C1
(8202 NS -S| + o).
( €162 p); O

Before reaching the final result, note that, from (B.3),
1< A 1 1
Z Z lki — :72111 <l+s(ﬂp( 1))
= P 1gi — L Vp(A) ) A — ko (1 —c1)s

1< 1<
~-Y'n 1—C15A,-‘ — ~ 3" In(k — ko) — In((1 — ¢1)s)
pj:l @ pj:l

and similarly

Zl

1]1

1+532(0)
Zl #ﬂ( = —In(—(1 — ¢1)sko)
—( )

= P C 1—C1) 1—;&
Using now (B.3) (right), we find that

p 1—s9 2 _ 1ﬁp( )+ ‘/’p( ) -
23 _ c1s _ as as _ €1+C0 —CG
Zln<1_52,q)_zln<cz, =In =In

i=1 (1—C1)($—Ko) 5C1(1—C1)(%—K0)

€1+ — 16
(1 —cp)

s
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Combining the previous results and remarks then leads to

1 €14 ¢ —cic €146 —cic 1-c 1<
L S ”m( 1727 " >+ 2ln(—sxg(l—C1))+ln((1—Cl)s)—i-fZln(Ai—Ko)
2m Jr €162 (1 —c1)(c2 — sciko) C p

im1
C1+C— 16 C1+C— 16 Ai
= 1 71 1-— | .
€162 n<(1—C1)(C2—SC1K0)> n (=siol1 - )+PZ n( K )

i=1 0

This concludes the proof for the case c; > 0. In the limit where ¢; — 0, it suffices to use the Taylor expansion of
the leftmost logarithm in the small ¢, limit, i.e., In(co(1 — ¢1) + ¢1) ~ In(cz(1 — ¢1)) 4+ ¢1/(c2(1 — ¢1)) and In(cy(1 — ¢1) —
sciko(1 — c1)) ~ In(c2(1 — ¢1)) — scixo/Co.

B.5. Development for f(t) = In?(t)

The function f(t) = In?(t) is at the core of the Fisher distance and is thus of prime importance in many applications.
The evaluation of the complex integral in Theorem 1 for this case is however quite technical and calls for the important
introduction of the dilogarithm function. We proceed with this introduction first and foremost.

B.5.1. The dilogarithm function

The (real) dilogarithm is defined as the function Li,(x) = — fox{ln(l —u)/u}du for x € (—oo, 1]. The dilogarithm function
intervenes in many instances of the evaluation of the contour integral of Theorem 1, through the subsequently defined
function F(X, Y; a). This function assumes different formulations depending on the relative position of X, Y, a on the real
axis.

Xlnx—a)

Lemma 1 (Dilogarithm Integrals). We have the following results and definition
. [a . [a 1 5
X.Y>a>0) = F(X, Y: a) = Li (?) — L (?) 5 (0700 = 1n(v)]

/ x_a) = F(X.Y: a) = —Li <X)+L12(Y>+ln<);)ln(—a)

Xln(a—x) (X (Y
(a>X,Y,0&XY > 0) / ———dx=F(—X,-Y; —a)= —le(a>+L12<a>+ln( )ln(a)
Y

X

(X,Y>0>aq)

X
(X,Y > 0) / de =F(X,Y;0)= 11112(x) - 11nz(y).
vy X 2 2

Lemma 2 (Properties of Dilogarithm Functions [30, Section I-2]). The following relations hold

(x <0) Liy (1) + Liy(x) = 1 In?(—x) — —
X 2

(0 <x<1) Lip(1—x)+ Liz(x) = —In(x)In(1 —x) + %

0<x<1) Liz(1—x)+Liz<1—1>=—11n2(x)
X 2
x<lexkl) Liz(x+s):Liz(x)—81n(l_x)+82(1_x)1n(1_x)+x~|—O(83).
X 2(1 — x)x2

B.5.2. Integral evaluation

As in the case where f(t) = In(t), we shall evaluate the complex integral based on the contour displayed in Fig. B.7.
The main difficulty here arises in evaluating the real integrals over the segments IiB and I,P.

Again, we start from Eq. (B.1). In particular, the integral over IiB reads

i In2 (¢p(z)) ((pl/](l) . 1//;,7(2)) ll’p(z)dz
2m1 Jip p(2) ) \w(2)  ¥(2))

_, /* n (_ ¢p(x)> (w;<X> _ 'ﬁ;(x)> v
Gite v \ep(x) %N/ o
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Ai—e
:2/ (ln(l—q )+ In(x E In(x — ;) + E In(n; — x) + In(n; — x) E lnx—;“,)—E ln;,—x)
Gite

I<i I>i I<i I>i

X

(1_C1+C2—C1C2>i 1 +1—C21+C1+C2—C1C2i
p 16y e X —Aj G X 16y o X — 1

Note that we have chosen to write the logarithms in such a way that every integral is a well-defined real integral.
Using now the fact that

X In(x — X In(a —
f X = @) e — FX —b.Y — bra— b). / (0= %) e — Fb—X.b— Y1 b—a)
y X—0b y X—b

which we apply repetitively, and very carefully, to the previous equality, we find after simplification and addition of
the contributions from I,.D, which is treated together with I along with those from IlA, IIC and IE (details are provided in
Supplementary Material)

i In2 (‘Pp(z)> <¢1;(Z) B Wé(@) 1//p(Z)dZ
21 r wp(z) (pp(z) WP(Z) G

p
_C1+C2—C1C2|:

> {In? (1= cr)m) — In? (1= c)rp)}
C1Cy

i=1

. i . é'l
+2) {Ll (1—f)—u (1——>+L1 (1—'1>—L1 (1—)}
e 2 X 2 X 2 u 2 u

p
_1-a |:1n2(1 — &)= I’(1—cp)+ Y _ {In* () — In? (G)}}

c
2 i=1

—% 2 )y {Liz(1—)‘:>—uz<1—>} Zln (1= c)ri) (B.4)

1<i,j<p

which provides an exact, yet rather impractical, final expression for the integral since the expression involves the
evaluation of O(p?) dilogarithm terms which may be computationally intense for large p.

At this point, it is not easy to fathom why the retrieved expression would remain of order O(1) with respect to p.
In order to both simplify the expression and retrieve a visually clear O(1) estimate, we next proceed to a large p Taylor
expansion of the above result. In particular, from the last item in Lemma 2, we perform a (second order) Taylor expansion
of all Liy(1 — X) terms above in the vicinity of A;/A;. This results in

. AT o . AT s AN 0
%:L12<1 xj) L12<1 Aj>+uz<1 n;) le(l m) (AN M(AY) + 0,(1)
IS (128 Cy (1= ) = — L any
. izj:uz (1 xj> Li (1 Aj) = p(A{) N1, + 0,(1)

with A’;, M and N defined in the statement of Corollary 4. With these developments, we deduce the final approximation
A e (_ (pp(Z)> (w;,(Z) B w;(2)> (),
271 Jr Vp(2) ) \op(2)  ¥p(z))

_8tae-aa ((AZ)T M (a7)+ Y U= R - A — m))

c1Cy i i

2 1
= (A N+ ST (1 - e

1—

G

-2

( I (1- ¢ — S o’ (1—c1>+Z ni— &) (“>+op(1).

For symmetry, it is convenient to finally observe that In(1 — ¢1) Y ;(ni — &i)/Ai ~ In(1 — ¢1)Y_; In(ni/ &) = — In?(1 = ¢q);
replacing in the last parenthesis provides the result of Corollary 4 for ¢; > 0.
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zdv(t)

Fig. C.9. Variable change z — °(z) = z +¢5° [ = for ¢;° < 1 (left) and ¢5° > 1 (right). Sy is the support of the probability measure 6. For
0 < w_ = w(z_) < infs,, the pre-image z_ is necessarily negative for c5° > 1.

To determine the limit as c; — 0, it suffices to remark that in this limit n; = A; + %A,- + o(c1) (this can be established
using the functional relation ¢,(n;) = 0 in the small ¢; limit). Thus it suffices to replace in the above expression the vector
n — ¢ by the vector n — A, the vector ”Jﬁ%(n — 1) by the vector %k, and taking c; = 0 in all other instances (where
the limits for c; — 0 are well defined).

Appendix C. Integration contour determination

This section details the complex integration steps sketched in Appendix A. These details rely heavily on the works
of [24] and follow similar ideas as in, e.g., [11].

Our objective is to ensure that the successive changes of variables involved in Appendix A move any complex contour
closely encircling the support of 1 onto a valid contour encircling the support of v; we will in particular be careful that the
resulting contour, in addition to encircling the support of v, does not encircle additional values possibly bringing undesired
residues (such as 0). We will proceed in two steps, first showing that a contour encircling w results on a contour encircling
&, and a contour encircling &, results on a contour encircling v.

Let us consider a first contour /%, closely around the support of &, (in particular not containing 0). We have to prove
that any point w of this contour is mapped to a point of a contour I, closely around the support of v.

The change of variable performed in (A.6) reads, for all w € C \ Supp(&;),

—w _ —1
—(1 =¢5°) + c°wmg, (o) mgz(w)

z=z(w) =

where we recall that §2 = ¢5°&; + (1 — ¢3°)do. Since Qs[w];‘s[mé(w)] > 0 for J[w] # 0, we already have that J[z]3[w] > 0
for all non-real w.

It therefore remains to show that real w’s outside the support of & project onto properly located real z’s, i.e., on either
side of the support of v. This conclusion follows from the seminal work [24] on the spectral analysis of sample covariance
matrices. The essential idea is to note that, due to (A.5), the relation z(w) = —l/mgz(a)) can be inverted as

1 tdv(t tdv(t
wzw(Z):———i—c;O/L:z—i-c?/ U(t).
mg, 1+ tmg, 1-¢

In [24], it is proved that the image by w(-) of z(R \ Supp(&;)) coincides with the increasing sections of the function
w® : R\ Supp() = R, z — w(z). The latter being an explicit function, its functional analysis is simple and allows in
particular to properly locate the real pairs (w, z). Details of this analysis are provided in [24] as well as in [10], which
shall not be recalled here. The function ° is depicted in Fig. C.9; we observe and easily prove that, for ¢3° < 1, any two
values z_ < inf(Supp(v)) < sup(Supp(v)) < z, have respectively images w_ and w, satisfying w_ < inf(Supp(&;)) <
sup(Supp(&2)) < wy as desired. This is however not the case for c5° > 1 where {z_, z,.} enclose not only Supp(v) but also
0 and therefore do not bring a valid contour. This essentially follows from the fact that (¢,/v,)(0) is positive for c5° < 1
and negative for ¢5° > 1.
The same reasoning now holds for the second variable change. Indeed, note that here

s 1 1
o =u(1+c®um,(u))=1u (] —c - Tmﬂ—l (ﬂ)) =—m; (a) .

Exploiting (A.1) provides, as above, a functional inverse given here by

1 d -
u=uw)= (; + c?of fit?)

and the analysis follows the same arguments as above (see display in Fig. C.10 of the extension to u°(w) = u(w) for all
w € R\ Supp(§2)).
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Fig. C.10. Variable change u°(w) = (i +c f [lmdéz(t))’1 for c5° < 1 (left) and c5° > 1 (right). Sy is the support of the probability measure 6.

Appendix D. The case ¢;° > 1

Allowing for ¢3° > 1 brings along some key difficulties. First recall from Appendix C that, for a contour I" surrounding
Supp(u), if ¢5° > 1, the image (¢/v )(I") necessarily surrounds Supp(v) U {0}, while for ¢;° < 1, 0 is excluded from
the interior of (¢/v )(I") if O is not contained within I". This implies that, if f(z) has a singularity at z = 0, the relation
[fdv(t) = 5= f(wwr)f(z)mv(z)dz no longer holds. For f(z) a polynomial in z, e.g., for f(z) = z, this poses no problem,
thereby implying the validity of Corollary 1 for all ¢5° > 0. For f(z) = In(z)* (k > 1) and similarly for f(z) = 1/z, to the
best of our knowledge, there is no recovering from this technical difficulty. Notably, for f(z) = In*(z), one cannot pass
a closed path around Supp(v) U {0} without crossing a branch cut for the logarithm. This problem is reminiscent of the
simpler-posed, yet still open problem, consisting in evaluating X tr C~! based on samples, say, X1, ..., x, ~ N(0, C), for
p > n. While a consistent so-called G-estimator [13] does exist {or all p < n, this is not the case when p > n.

The case f(z) = In(1+sz) is more interesting. As the singularity for In(1+sz) is located at z = —1/s < 0, one can pass
a contour around Supp(v) U {0} with no branch cut issue. However, one must now ensure that there exists a contour I
surrounding Supp(u) such that the leftmost real crossing of (¢ /v )(I") is located within (—1/s, inf{Supp(v)}). This cannot
always be guaranteed. Precisely, one must show that there exists u~ < inf{Supp(u)} such that 1 + s(¢/¢¥)u~) > 0.
In the case ¢° < 1 where (¢/¥)(0) = 0, the increasing nature of ¢/ ensures that for all u= e (0, inf{Supp(u)}),
14 s(¢/¥)(u~) > 1 and the condition is fulfilled; however, for c5° > 1, it is easily verified that (¢/v)(0) < 0. As a
consequence, a valid u~ exists if and only if 1 + slimyyingsuppy(@/¥)(u) > 0. When this condition is met, a careful
calculus reveals that the estimators of Corollary 3 are still valid when ¢3° > 1, with additional absolute values in the
logarithm arguments (those were discarded in the proof derivation of Corollary 3 for ¢5° < 1 as the arguments can be
safely ensured to be positive). This explains the conclusion drawn in Remark 5. For generic v, inf{Supp(u)} is usually not
expressible in explicit form (it can still be obtained numerically though by solving the fundamental equations (A.3) and
(A.6), or estimated by min;{)\;, A; > 0} in practice). However, for v = §y, i.e,, for C; = C,, [28, Proposition 2.1] provides
the exact form of inf{Supp(xt)} and of m,(z); there, a simple yet cumbersome calculus leads to limyinf(supp(uy (9/ V¥ Nu) =
(1 — /e 45 —c°c5°)/(1 — ¢§°), which completes the results mentioned in Remark 5. Pursuing on the comments
above on the estimation of tr C~!, the fact that there exists a maximal value for s allowing for a consistent estimate of
f In(1 + st)dv(t), and thus not of f In(t)dv(t) which would otherwise be retrieved in a large s approximation, is again
reminiscent of the fact that consistent estimators for })tr(C +sI,,)*1 are achievable when p > n, however for not-too small
values of s, thereby not allowing for taking s — 0 in the estimate. This problem is all the more critical that p/n is large,
which we also do observe from Eq. (2) for large values of c;.

Appendix E. Supplementary data
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmva.2019.06.009.
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