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1. Introduction

Order statistics have received considerable attention in the literature since they play an important role in many areas
including reliability, data analysis, goodness-of-fit tests, statistical inference, outliers, robustness, and quality control. Let
Xin < Xo.p < -+ < Xy.p denote the order statistics arising from random variables X1, X5, .. ., X;. In the reliability context,
Xn—k+1:n denotes the lifetime of a k-out-of-n system. In particular, the parallel and series systems are 1-out-of-n and n-out-
of-n systems, respectively. A lot of work on order statistics has been done in the case when the underlying variables are
independent and identically distributed (i.i.d.); see [12,7,8] for more details. Studies of order statistics from heterogeneous
samples began in early 1970s, motivated by robustness issues. After that, a lot of work has been done on order statistics from
single-outlier and multiple-outlier models. Balakrishnan [6] synthesized developments on order statistics arising from inde-
pendent and non-identically distributed random variables. One may also refer to [15,25] for some reviews on various recent
developments.

The variability of order statistics has been studied by a number of authors including David and Groeneveld [ 11] and Arnold
and Villasefior [5]. Let Xy, ..., X, be independent exponential random variables with hazard rates A1, ..., A,, respectively,
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andYy, ..., Y, beii.d. exponential random variables with common hazard rate A. Let X;., and Y;.,,, fori = 1, , n,denote the
correspondlng sets of order statistics. Then, intuitively, X;., should exhibit more variability than Y;,,. This has been partially
confirmed in the literature. For example, Sathe [23] proved that if A = X, where A = Zl 1 Ai/n, then

Var(xk:n) = Var(yk:n)-
This result has been partially improved by Khaledi and Kochar [13] that if A = b= (]_[?zl )Li)l/n, then

Var(Xpn) = Var(Ynn). (1.1)

More recently, Kochar and Xu [16] further improved this result by showing that (1.1) holds if A > A*, where
-1
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It needs to be noted that A* < i < A [16]. It can be seen that all existing results in the literature require certain conditions
on the parameters for the comparison of variabilities of order statistics from heterogeneous and homogeneous samples.
It turns out that Lorenz ordering is quite suitable for the purpose of this comparison; see, for example, [2,5,18]. For order
statistics from the same exponential distribution, Arnold and Nagaraja [4] showed that, fori < j,

(n —i + ])E(Yi:n) = (m _j + 1)E(Yj:m) — Yj:m fLorenz Yi:na (1-2)
where <|,.en; means the Lorenz order defined formally in Section 2. Kochar and Xu [ 16] showed further that X,., > orenz Yan
without any restriction on the parameter A. This result states that the variability of largest order statistic from heterogeneous

exponential samples is larger than the one from homogeneous exponential samples in the sense of Lorenz ordering. As a
direct consequence of this result, the coefficient of variation (defined in Section 2) y, has the following lower bound:

11

i=1
However, due to the complicated form of distributions of order statistics from independent and non-identical variables,

an analogous result for general order statistics has remained as an open problem. In this paper, we solve this problem by
showing precisely that

Xk:n > Lorenz Yien
fork = 1, ..., n. This result does finally confirm that the variability in heterogeneous exponential samples is always larger
than that in homogeneous exponential samples. Consequently, a sharp lower bound for the coefficient of variation of order
statistics from heterogeneous exponential random variables can be readily obtained as

Z(n—l—i—l)z/zn—l—i-l

i=1
The rest of this paper is organized as follows. Section 2 introduces some pertinent notation and stochastic orders. The
Lorenz order between order statistics from heterogeneous and homogeneous random samples is studied in Section 3,
wherein the above stated general result is established. Finally, in Section 4, we mention some applications of the estab-
lished result to reliability analysis and auction theory.

yxk:n Z

2. Preliminaries

In this section, we recall some stochastic orders that will be used in the sequel. Let the random variables X and Y have
distribution functions F and G, survival functions F = 1 — F and G = 1 — G, respectively.

Definition 2.1. X is said to be smaller than Y in the star order, denoted by X <, Y (or F <, G), if the function G™'F(x) is
star-shaped in the sense that G™'F(x)/x is increasing in x on the support of X.

Definition 2.2. X is said to be smaller than Y in the convex order, denoted by X <. Y, if

El¢(X)] < E[¢(Y)]
for all convex functions.
Definition 2.3. Let X and Y be non-negative random variables having finite positive expectations. Then, X is said to be
smaller than Y in the Lorenz order, denoted by X <iorenz Y (0r F <[orenz G), if

x_ Y

EX ~EY’
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The Lorenz order is closely connected to the so-called Lorenz curve, which is used in economics to measure the inequality
of incomes. The Lorenz curve Ly, corresponding to X, is defined as

JYF Y (w)du
S F=1uydu’

where F~'(u) = sup{x : F(x) < u}. Then, the Lorenz order defined above can be equivalently defined in terms of the Lorenz
curve as

X =Lorenz Y < LX(p) = LY(p)s pE [0, 1]

Itis well-known thatif EX = EY,thenX < Y <= X <{gen; Y. However, if E(X) # E(Y), those orders are not equivalent.
It has been shown in the literature [ 18, p. 69] that

Lx(p) = € [0, 1],

X< Y = X <porenz Y = vx =< v,

where yx = 4/Var(X)/E(X) denotes the coefficient of variation of X.
It needs to be mentioned that the star ordering and Lorenz ordering are both scale invariant. A detailed discussion of
these orders can be found in [18].

Definition 2.4. X is said to be smaller than Y in the usual stochastic order, denoted by X <, Y, if F(x) < G(x) for all x.

For a thorough discussion on various stochastic orders, one may refer to [24].
We shall also use the concept of majorization in our discussion. Let {x(y, ..., X(;)} denote the increasing arrangement of
the components of the vector x = (x1, ..., Xy).

Definition 2.5. The vector X is said to majorize the vector y, denoted by X >, y, if

; .
2 <ZY<»
forj=1,....,n—land [, x5 = > iy Vi

For extensive and comprehensive details on the theory of the majorization order and its applications, we refer the reader
to [19].

3. Lorenz ordering of order statistics

In this section, we study the variabilities of order statistics from heterogeneous and homogeneous exponential samples.
We first present some lemmas, which will be used in the sequel.

The following lemma, due to Lefévre and Utev [17], presents a sufficient condition for the closure property of Lorenz
ordering under convolution.

Lemma 3.1. Let {X;,i=1,...,n}and {Y;,i =1, ..., n} be two sequences of independent random variables such that
Xi = Lorenz Yiv
and
EX;
—=c, i=1, ,n
EY;

for some constant c. Then,
n n
in 2 Lorenz Z Yl
i=1 i=1

The following lemma discusses the mixture of Lorenz order, which is also of independent interest.

Lemma 3.2. Let X1, ..., X, be non-negative independent random variables with respective distribution functions Fy, . . ., F,. Let
Y be another non-negative random variable with distribution function G. If X; >[oren, Y fori =1, ..., n, then

n
F= Z piFi = Lorenz G,
i=1

where p;’s are positive weights such that Z?:] pi=1.
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Proof. Assume that X(®) has the mixture distribution F, where © is a discrete random variable with P(® = 6;) = p;. Then,
we may represent X; as X (6;), which is independent of ®. We, therefore, need to prove that

X(@) = Lorenz Y,

X(0) = MY.
EY

It is enough to prove that

X(®
ELF (X(©)] = E [f (%Y)]

for all convex functions f. Note that
n n
EIX(©)] = ) pEX6)] = ) _ pitsis
i=1 i=1

where ; = E[X(6;)]. Hence, it is equivalent to proving that

S pELS (X@))] > E [f (Z;;Myﬂ . 3.1)
p
Since X (6;) >1orenz Y, it follows that
X(6) Y
MI X EY!
ie.,
wiY
EIf (X(6))] > E [f ( o )} |

Therefore, we have

n n wiY
;PiE [f X)) = ;P;E [f ( Y ﬂ : (3:2)

Since f is a convex function, using Jensen’s inequality, we have

Xn:piﬂi
)]35 == (33)

Combining inequalities (3.2) and (3.3), inequality (3.1) follows immediately. ®

. wiY
;PiE |:f ( =

Remark 1. Xu and Balakrishnan [26] showed a similar result that if the density function g of G is such that g(e*) is log-
concave,and X; >, Y fori=1,...,n, then

n
F= ZpiFi >, G,
i=1
where >, denotes the star ordering. It is known that star ordering implies the Lorenz ordering. Thus, Lemma 3.2 presents a

weaker result without any restriction on the density function.

The following lemma gives a sufficient condition for comparing convolutions of random variables in terms of Lorenz
ordering.

Lemma 3.3. Let {X;,...,X,} and {Yy, ..., Y,} be two sets of i.i.d. random variables and X; 2 Y1, where 2 means equality in
law. Let = (o, ..., ay) and B = (B4, ..., Bn) be two sets of positive constants. If
@ > 5(n771) > > @ (34)

Cm -1 am)’
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then
n n
Z ﬂiYi = Lorenz Z O[,'X,',
i=1 i=1

where o and B are the ith smallest elements of o« and B, respectively.

Proof. Since the Lorenz ordering is scale invariant, the required result is equivalent to proving that

n
> BiYi
=1

o

aiX;

Il
_

= Lorenz
i

-

n
> Bi
i=1
Since both sides have the same means, it is enough to prove that
n n
Bi o
Yi Zcx

n n
=1 3" B; =1 Y g
i=1 i=1
From the result in B.1.b of [19, p. 188], (3.4) implies that
B«

n =m

Z,Bi ;ai

i=1

1

Xi. (3.5)

Therefore, the required result in (3.5) follows immediately from Theorem 3.A.35 of Shaked and Shanthikumar [24,
p.129]. =

Remark 2. Itis easy to see that thei.i.d. assumption in Lemma 3.3 can be relaxed to exchangeability by using Theorem 3.A.35
of Shaked and Shanthikumar [24, p. 129]

Pdltanea [22] proved that order statistics can be represented as a convolution of two independent random variables as
stated in the following lemma.

Lemma 34. Let S = {Xy, ..., Xy} be aset of independent exponential random variables with respective hazard rates A, . . ., Ap.
Fori=1,...,nlet SY =S\ {X;}, and X;., and X,Efll_l denote the kth order statistics from S and SU with distribution functions

Fi.n and F,EL], respectively. Then, the (k + 1)th order statistic from S is the sum of two independent random variables X,., and
Z), with distribution function

; A kin—1-
i=1

"o
Fev1:n = Frin % (Z Zle[:L—l )
i=1

where “x” denotes the convolution, and A = ZL] Ai.

Now, we are ready to establish our main result presented in the following theorem.

Theorem 3.5. Let Xy, ..., X, be independent exponential random variables with respective hazard rates Aq, ..., A, Let
Y1, ..., Y, beiid. exponential random variables with common hazard rate A. Then,
Kien = Lorenz Yien- (3.6)

forallk =1,...,n.

Proof. The proof is based on mathematical induction and proceeds as follows involving four steps.

Step 1: for k = 1 and all n > 1, the assertion holds since both X;., and Y;., are exponential random variables.

Step 2: assume that (3.6) holds for some positive integer k and all n > k. Then, it is enough to prove that (3.6) also holds true
fork+ 1andn > k + 1. Let F, 9 be the distribution function of the kth order statistic from an i.i.d. exponential sample of

k:n
size n with common hazard rate a > 0. The induction assumption implies

[i] )
Fk:n—l ZLorenz Fk:n—l
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forn>k+4+1landy > 0,i=1,...,n From Lemma 3.2, it follows that
n
Moo
> SR > torens Fin s (3.7)
= A

F(V)

«n_1 1 the distribution

where Y1, % ,E'L_] is the distribution function of the random variable Z defined in Lemma 3.4, and
function of random variable U, , which is independent of X;.,. Hence, (3.7) can be written as

Zk Z1orenz Uy -
Since there is no restriction on the parameter y, we may choose a proper y, say ¥y, such that
EZy = EUy,. (3.8)
Then, by using Lemmas 3.1 and 3.4, we have
X1 + Zk Z1orenz X1:n + Uy
that is,
Xi+1:n ZLorenz X1:n + Uy -
In the following step, we will prove
Xi:n + Uyy Z1orenz Yt 1:n- (3.9)

Then, the required result follows from the transitive property of Lorenz ordering.
Step 3: since U, is the kth order statistic from an exponential sample of size n — 1, it can be rewritten as

U. — Vi I Vi

T (- Dn (n—k)y
where Vy, ..., V; are i.i.d. standard exponential random variables; see, for example, [3]. Similarly, Yj. 1., can be represente

here V,, . . ., Vi, are i.id. standard exponential rand iabl f ple, [3]. Similarly, Y., be rep d
as
W, Wit
Viptn = — 4 oo
Y (n — kA

where W;’s are i.i.d. standard exponential random variables. Thus, it suffices to prove that

k Vi k+1 i
Xin + Y ——— > —
T:n ; (Tl — 1)}/0 — Lorenz ; (Tl — it 1))\

Note that X;., can be represented as Vj.1/ A, where Vj is a standard exponential random variable, which is independent

ofVi,...,Vi,and A = Zf‘zl Ai, and so we need to prove that
k k+1
Vi Vi1 Wi
— > —_ 3.10
; (n—l)]/() A Lorenz; (n—1+ 1))\ ( )
If A > nyy, then
1 1 1
- ===,
AT (n—Ty n =Ky
and hence
1 1 1 1
Ky _ M—k-Dy _ o O=Dr _ 24
1 = 1 = = 1 = 1
(n—k)A (n—k—1)A (n—1)x na

where the last inequality follows from the assumption that A > ny,. According to Lemma 3.3, (3.10) follows immediately.
Hence, all that is left is to verify that A > ny.

Step 4: we now prove A > ny, by contradiction, by first assuming that yp > A/n = . It is known from Corollary 2.1 of
Kochar and Rojo [14] that if yy > A, then

Zy Zst Uyg .
However, from (3.8), we have EZ; = EU,, . Hence, it follows from Theorem 1.A.8 of Shaked and Shanthikumar [24] that
Z 2 U,.

We shall now invalidate this result.
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IfZ, £ U,,, then

n
)\. .
> Z’F,Eji_l(r) =F1 (&) vVt>o0. (3.11)
i=1
Let us denote A = (Aq, ..., Ay) and

W)= > hiyrhy, k=1,....n

1<ij<--<ig<n
Then, we have (see, for example, [9])

Fll

kin—1

) =s' Mtk +o(th), t—o0,
where
s = s\ (A

Similarly, we have (see [3])
n—1
FoO () = ( ‘ )V&‘f" +o(th, t—o0.

From (3.11) and the assumption that y, > A, it then follows that

n
AP i) n—1\ , n—1\ -,
E —S. (A) = > A
AS"() k Yo = k ’

i=1

n—1>1 "\ ki g .

—sp (A) = A~ (3.12)
(") %
It can be seen that (see [22])

n—1\"' ¢~ A (il k17 -1
‘ Zx%m=mm>x,
i=
where
1

n -1 k+1
mkH:((k—}-l) 5k+1()~)> , Jj=1,...,n.

Thus, (3.12) implies that
Mip1 = A,

which obviously contradicts Maclaurin’s inequality [21]. Hence, we should have y, < A.
Upon combining Steps 1-4, the proof gets completed. ®

In terms of Lorenz curves, Theorem 3.5 states that the Lorenz curves of order statistics from i.i.d. exponential samples are
always upper bounds for those from independent heterogeneous exponential variables. In particular, it should be pointed
out that the Lorenz curves of order statistics from i.i.d. exponential samples are independent of the hazard rate . This point
can be easily argued by noting that the star order is preserved under the formation of order statistics from i.i.d. samples (see
Theorem 4.B.15 of [24]). In Fig. 1, we have plotted the Lorenz curves of X,.3 from exponential random variables X1, X, and
X3 with parameters (0.05, 0.5, 2) and (0.05, 2, 6), respectively, and the Lorenz curve of Y5.3 from i.i.d. exponential random
variables Y7, Y, and Y3 with common parameter A.

Using Theorem 3.5 and (1.2), we readily obtain the following result.

Corollary 3.6. Let Xi,...,X, be independent exponential random variables with respective hazard rates Aq, ..., An. Let
Y1, ..., Yy beiid. exponential random variables with common hazard rate M. Then, for i < j,

Xi:n = Lorenz Yj:m

i 1 J 1
=i+ DY ———<m—j+1Y ——.
k:1”_k+1 kzlm—k—l—l
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Fig. 1. The upper bound for the Lorenz curves of the second order statistic from three heterogeneous independent exponential variables.

As a direct consequence of Theorem 3.5, we also obtain the following result for general sample spacings.

Corollary 3.7. Let Xi,...,X, be independent exponential random variables with respective hazard rates Aq, ..., An Let
Y1, ..., Y, beiid. exponential random variables with common hazard rate A. Then,

Xk:n - Xl:n = Lorenz Yk:n - Yl:n
forallk=1,...,n

Proof. From Lemma 3.4, it is enough to prove that

)
Z F,E'll 1 = Lorenz Fk:n—] .
From Theorem 3.5, we have
()
Fk n—1 ZLorenz Fk:n—]

and so the required result follows immediately from Lemma 3.2.

4. Some applications

In this section, we present two applications of the results established in the last section.

4.1. Reliability analysis

The lifetime of a k-out-of-n system can be represented as X,_i+1.,. Reliability engineers are not only interested in
controlling the mean life of a system, but also its variability. One important issue is in designing a system with less variability,
subject to given mean life constraints. This naturally leads to Lorenz order comparisons [5]. In this case, Theorem 3.5 leads
to the following insight with regard to k-out-of-n systems.

Proposition 4.1. The k-out-of-n system with homogeneous exponential components has a smaller variability than any k-out-of-n
system with heterogeneous exponential components.

The following result provides a sharp lower bound for the variability of the lifetime of an (n — k + 1)-out-of-n system.

Proposition 4.2. Let X4, ..., X, be the lifetimes of independent exponential components. Then,

Z(n 1+1)2/Zn—1+1

i=1

VXin >
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Proposition 4.2 can be used to develop a simple test for the heterogeneity of exponential samples, for example. The null
hypothesis is that the system is composed of the same type of components. Then, we may formulate the hypothesis testing
problem as

k

Hoiy = Z(n—H—l)z/Zn—l—l—l

i=1

versus

k

etV > Z(n—l—{—l)z/zn—l—}—l

\

where y is the population coefficient of variation of the (n — k 4+ 1)-out-of-n system. Note that y can be estimated from the
sample as

.S
V= Fa
where S is the sample standard deviation and X is the sample mean of the available system lifetime data. The distribution
of 7 based on large/small samples has been extensively discussed in the literature; see, for example, [1] and the references
contained therein. The null and non-null properties of this test procedure can be studied in more detail, which we hope to
do in a future work.

4.2. Auction theory

It is well-known that asymmetries (heterogeneities) among bidders are widespread in auction markets. One important
question is how the differences in bidders’ distributions of valuations affect their behavior, and in turn their profits.
Unfortunately, the effect of asymmetries on the auctioneer’s revenue has not been well understood. Here, we briefly explain
how the asymmetries affect the revenue in the second price auction. The second price auction is an auction mechanism that
the bidder who submitted the highest bid is awarded the object being sold and pays a price equal to the second highest
amount bid.

Maskin and Riley [20] showed that the revenue ranking between the second price auction depends generally on the
kind of asymmetries among bidders. Cantillon [ 10] proved that, under some suitable conditions, the expected revenue from
heterogeneous auction is larger than that from homogeneous auctions in the second price auction. It is well-known that, in
the second price auction, bidding one’s own valuation is a dominant strategy.

Let Xy, ..., X, be n bidders’ valuations. Then, the revenue of the auctioneer in this setting is equal to X,_1.,; see, for
example [20,10]. In this case, Theorem 3.5 leads to the following insight into the effect of asymmetries.

Proposition 4.3. Let Xy, ..., X, be independent exponential random variables. Then, for the second price auction, the bidders’
payoffs from the asymmetric auction always possesses larger variability.
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