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1. Introduction

Many statistical, financial and genetic problems require estimates of the inverse population covariance matrix which are
often constructed by inverting the sample covariance matrix. Nowadays, the modern scientific data sets involve the large
number of sample points which is often less than the dimension (number of features) and so the sample covariance matrix
is not invertible. For example, stock markets include a large number of companies which is often larger than the number of
available time points; or the DNA can contain a fairly large number of genes in comparison to a small number of patients.
In such situations, the Moore-Penrose inverse or pseudoinverse of the sample covariance matrix can be used as an estimator
for the precision matrix (see, e.g., Srivastava [ 15], Kubokawa and Srivastava [7], Hoyle [6], Bodnar et al. [4]).

In order to better understand the statistical properties of estimators and tests based on the Moore-Penrose inverse in
high-dimensional settings, it is of interest to study the asymptotic spectral properties of the Moore-Penrose inverse, for
example convergence of its linear spectral statistics (LSS). This information is of great interest for high-dimensional statistics
because more efficient estimators and tests, which do not suffer from the “curse of dimensionality” and do not reduce the
number of dimensions, may be constructed and applied in practice. Most of the classical multivariate procedures are based
on the central limit theorems assuming that the dimension p is fixed and the sample size n increases. However, it has been
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pointed out by numerous authors that this assumption does not yield precise distributional approximations for commonly
used statistics, and that better approximations can be obtained considering scenarios where the dimension tends to infinity
as well (see, e.g., Bai and Silverstein [2] and references therein). More precisely, under the high-dimensional asymptotics
we understand the case when the sample size n and the dimension p tend to infinity, such that their ratio p/n converges to
some positive constant c. Under this condition the well-known Marchenko-Pastur equation as well as Marchenko-Pastur
law were derived (see, Marcenko and Pastur [8], Silverstein [14]).

While most authors in random matrix theory investigate spectral properties of the sample covariance matrix S, =
1/n Z};l y,y,.T (here yq, ...,y denotes a sample of i.i.d. p-dimensional random column vectors with mean vector 0 and
covariance matrix X,), Pan [10] studies the differences occurring if S, is replaced by its centered version S, =1 /n ZL] (yi—
y)(yi —¥)" (here y denotes the sample mean of y;, . . ., y,). Very recently, Zheng et al. [17] have clarified this issue using a
substitution principle but it is still not clear if the same method is applicable to the Moore-Penrose inverse of the centered
sample covariance matrix. Corresponding (asymptotic) spectral properties for the inverse of S, have also been recently
derived by Zheng et al. [16] in the case p < n, which correspond to the case ¢ < 1. The aim of the present paper is to
close a gap in the literature and focussing on the case ¢ € (1, o). We investigate the differences in the asymptotic spectral
properties of Moore-Penrose inverses of centered and non-centered sample covariance matrices. In particular we provide
the limiting spectral distribution and the central limit theorem (CLT) for linear spectral statistics of the Moore-Penrose
inverse of the sample covariance matrix.

In Section 2 we present the Marchenko-Pastur equation together with a Marchenko-Pastur law for the Moore-Penrose
inverse of the sample covariance matrix. Section 3 is divided into two parts: the first one is dedicated to the CLT for the LSS
of the pseudoinverse of the non-centered sample covariance matrix while the second part covers the case when the sample
covariance matrix is a centered one. While the limiting spectral distributions for both sample covariance matrices are the
same, it is shown that the asymptotic distribution of LSS of the Moore-Penrose inverse of S, and S, differ. Finally, some
technical details are given in the Appendix.

2. Preliminaries and the Marchenko-Pastur equation

Throughout this paper we use the following notations and assumptions:

e For a symmetric matrix A we denote by A;(A) > --- > A,(A) its ordered eigenvalues and by FA(t) the corresponding
empirical distribution function (e.d.f.), that is

)4
@) = % > 1A < 6,
i=1

where 1{-} is the indicator function.

e (A1) Let X, be a p x n matrix which consists of independent and identically distributed (i.i.d.) real random variables with
zero mean and unit variance. )

o (A2)For the latter matrix X, = (X,»j)i}:j::j; we assume additionally that E(X;;"®) < oo for some § > 0.

e By

1
Yn = ng Xn
we define a p x n observation matrix with independent columns with mean vector 0 and covariance matrix X,.! It is

1
further assumed that neither £?2 nor X, are observable.
o The centered and non-centered sample covariance matrix are denoted by

1 _ _ 1 -
Sn E(Yn - le)(Yn - yIT)T = EYHY; — ny

1 1 1 1
Si=-Y.Y] = -E2X,X!%Z,
n n

where 1 denotes the n-dimensional column vector of ones andy = 1/n Z?:] yi. The corresponding e.d.f.’s are given by

FSr and FS», respectively.
o The Moore-Penrose inverse of a p x n matrix A is denoted by A* and by definition must satisfy the following four criteria
(see, e.g., Horn and Johnsohn [5])
(i) AATA = A,
(ii) ATAAT = AT,
(iii) AAT is symmetric,
(iv) ATA is symmetric.

1 We could easily include the population mean vector into the model but it will only make the formulas for weak convergence more complex not the
analysis itself.
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It is worth pointing out that the generalized inverse considered recently by Bodnar et al. [4] does not satisfy the
conditions (iii) and (iv) presented above. If the matrix A has a full column rank then the matrix AT A is invertible and
the Moore-Penrose inverse obeys a simple representation given by

At =@ATA) AT, (2.1)
e For a function G : R — R of bounded variation we introduce the Stieltjes transform

+oo 1
mg(z) = f k—dG(k); zeCh={zeC:3z>0}.

00 —

Remark 1. Although assumption (A2) requires the existence of moments of order 4 + §, we suspect that the results of this
paper also hold under the existence of moments of order 4. For a proof one would have to use truncation techniques as
provided by Bai et al. [ 1] for the matrix 1/ nYIY,,. These extremely technical details are omitted for the sake of brevity and
transparency.

Below we introduce three important results from Bai and Silverstein [3], which are used as key lemmas throughout the
paper.

Lemma 2.1 (Rank Inequality. Theorem A.43 of Bai and Silverstein [3]). Let A and B be two k x k-dimensional symmetric matrices.
Then,

A _ B 1
IF? — FPlloo < Trank(A— B), (2.2)
k
where ||f|looc = supy |f (x)| is the usual supremum norm of a functionf : R — R.

Lemma 2.2 (Marcenko-Pastur and Silverstein’s Equations. Theorem 4.3 of Bai and Silverstein [3]). Assume that (A1) holds,
p/n — ¢ € (0, +00) and that F=n converges weakly to a cumulative distribution function (c.d.f.) H. Then the e.d.f.s FY/™nYs and

FY/™nYn converge weakly almost surely to some deterministic c.d.fs F and F, respectively, whose Stieltjes transformations satisfy
the relation

me(2) = —1Z;C +emp(2), (23)

where mg(z) is the unique solution of the following equation

+o0
me(z) = / dH (@) . (2.4)

oo T(d—c—czmp(2)) —z

Lemma 2.3 (Weak Convergence of Stieltjes Transforms. Lemma 9.11 of Bai and Silverstein [3] or Lemma 1.1 of Bai and
Silverstein [2]). Assume that

(i) (A1) and (A2) hold.
ii) p/n — c € (0, +00) asn — oo.
(iii) X, is nonrandom symmetric and positive definite with a bounded spectral norm and the e.d.f. H, = F*" converges weakly
to a nonrandom distribution function H.

Then the random process
Mn(z) = p(rnF1/n\{n\{;1r (Z) - an (Z)) = n(mF1/nynTyn (Z) - mﬁn (Z))

with F, (F,) being a finite sample approximation of F (F) (see, Section 3 for details) forms a tight sequence on any positively
oriented contour C, which contains support of F, for n large enough, and converges weakly to a Gaussian process M (-) with
mean and covariance functions given by

+oo t2(mp(2))3
¢Je <1+rmF<z>>3dH(t) mg(z1)me(z2) 2
EM(z) = > and Cov(M(z1), M(z;)) = 2 = = R
+oo  t2(mE(2))? mr(z1) — me(z 1— 22
<1 B Cf 00 (1+tmf(2))2 dH(t)) ( £@) a 2))

In this paper we are interested in the asymptotic properties of the empirical distribution function and linear spectral
statistics of the eigenvalues of the Moore-Penrose inverse of the matrices S, and S,. Actually, the limiting spectral
distributions of both matrices coincide because they differ only by a rank one perturbation. This is shown in the following
Lemma 2.4.
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Lemma 2.4. Let §n+ andS;" be the Moore-Penrose inverses of centered and non-centered sample covariance matrices, respectively,
then

\]

St +
P> — P flog < . (2:3)

=

Proof. We obtain for the rank one update of the Moore-Penrose inverse (see Meyer [9])
STVY' (S + (S)*YY' (S)) y' S’y sriwTst

yr Sy F " !
With the notationu = S/yandv = (Sn+)237 the difference of the Moore-Penrose inverses can therefore be rewritten as
follows

Si=@ -y =8/ - (2.6)

T T T
S+_§+:uv tvu  uwv au”
" " u'u (uTu)?
1 I:llTll T { ulvy1/2 u'u 1/2}{ u'vy 1/2 u'u 1/2]T]
= —|—w —(—) u—v[— — ) u—v(—
u'uluTv <uTu> (uTv) (uTu) (uTv>
1 1
= =w' — —ww', 2.7)

u'v u'u

Thus, the difference S — §,T is a matrix at most of rank 2 and the rank inequality of Lemma 2.1 yields the estimate (2.5). O

We now study the asymptotic properties of the e.d.f. of the spectrum of the Moore-Penrose inverse of the sample
covariance matrices S, and S,,. As a consequence of Lemma 2.4 and equality (2.1) the asymptotic properties of the e.d.f.
of both Moore-Penrose inverses can be studied concentrating on the matrix

St = (1/nY, YD) =[] (/Y = 1/nY,(1/0Y] Y,) 2Y]

together with the corresponding e.d.f. FSt . Indeed, because My v (2) tends almost surely to the solution of the
Marchenko-Pastur equation we obtain the following result.

Theorem 2.1. Assume that (A1) holds, p/n — ¢ € (1,00) asn — oo and that F** converges weakly to a cumulative

distribution function (c.d.f.) H. Then the e.d.f. FSt converges weakly almost surely to some deterministic c.d.f. P whose Stieltjes
transformation mp satisfies the following equation

m (Z)—_l Z_C*]+/+OO dH(T)
P Ty e 2zTCEmp@) + 1) =1

Proof. LetS, = UnDnU,T be the eigenvalue decomposition of the matrix S, then

m g+ (2) = %tr [(wpu)t —2)7"] = %tr [0 —21)']

p—n< 1>+n1 u 1
p z)  pn m(/nY Y)Y —z

n 1 n
=(1- E Tz + BmFu/nv,Tyn)—] (2). s

The last two equalities follow from the fact that the spectrum of the matrix S; differs from that of (1/ nYnTYn)*l by exactly
p — n zero eigenvalues. For the Stieltjes transform My =1 (2) in this expression we get

1< 1
My )1 (Z) = - S =11 T N
F(1/n¥n Yn) n Z )\’i 1(]/nYnTYn) —z

i=1
1 & L(1/nY]Y,)

nz = x(1/nY]Y,) — 1



164 T. Bodnar et al. / Journal of Multivariate Analysis 148 (2016) 160-172

1 11 Z 1
z  Z2ng L(/nY]Y,) -1

1 1 1
= 7 ?mFl/’IYIY” Z /) (2.9)
Combining the identities (2.8)and (2.9) provides an equation which relates the Stieltjes transforms of FS% and F'/"™¥a ¥n thatis
1 nl
m.st (2) = 77 E;mFl/”YIVH(l/Z)' (2.10)

It now follows from Lemma 2.2 that as p/n — ¢ > 1 the e.d.f’s F/™aY¥n and F1/™nY¥i converge weakly almost surely to
non-generate distribution functions F and F with corresponding Stieltjes transforms satisfying the equation
1—-c¢
me(z) = R + cmg(z).

Consequently, we have from (2.10) almost surely

Mgt @ — mp(2) = — ¢ (e~ 1) + amp(1/2)
2—c! ~ me(1/2)
z z?

asn — oo, where mg(1/z) is the Stieltjes transform of the limiting distribution F of the e.d.f. of S,;, which satisfies Eq. (2.4),
namely

+oo dH(7)
m (1/2)2/ . (2.11)
' —00 t(l—c—cim‘”(;/z))—g

Thus, z(c™! — 2 — zmp(z)) = mr(1/z) must satisfy the same Eq. (2.11) which implies

; +oo dH(7)
z(c7' =2 —zmp(2)) :/ = .
o T (1 — e fZZfzmp(Z))) _ %

After some simplification the result follows. O

Corollary 2.1. If ¥, = oI, and the assumptions of Theorem 2.1 are satisfied, then the e.d.f. of S, converges weakly almost
surely to a deterministic distribution function P with Stieltjes transform

1 (1 PV 1o? +/(1/z — co? + 02)2 — 4/202)

mp(z) = ——
p(@) z 20%c

Moreover, the limiting distribution is given by
P=(1-c"N8 + v(x)dx

where 3, denotes the Dirac measure at the point a € R and

At =1/x0/x—27h
V(x) = C‘l\/ . Smaix .oxerghall

0, otherwise,

with Ay = 02(1+ /) and A_ = 0%(1 — /c)2.

3. CLT for linear spectral statistics

For a (random) symmetric matrix A with spectrum A;(A), ..., A,(A) we consider the linear spectral statistic

A +00 A 1 b
e = [ stodrtw = - Y su@)
—00 p i=1
where g : R — R is a given test function. In the next two sections we will investigate the asymptotic properties of FSt
§+
and F," .
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3.1. Linear spectral statistics of S

In the following discussion we consider the random function

"
Ga(x) = p(FS" — P})(x),

where P} is a finite sample proxy of the limiting spectral distribution P of S Note that the function P} is constructed simply

by substituting p/n for ¢ and H,, = F*" for H into the limiting distribution P.

Theorem 3.1. Assume that

(i) (A1) and (A2) hold.
(ii) £ = c € (1,00) asn — oo.
(iii) The population covariance matrix X, is nonrandom symmetric and positive definite with a bounded spectral norm and the
e.d.f H, = F* converges weakly to a nonrandom distribution function H with a support bounded away from zero.
(iv) g1, ..., g are functions on R analytic on an open region D of the complex plane, which contains the real interval

[0, lim sup Amax(Z, D)/ (1= V0)?].
(v) Let e; denote a p-dimensional vector with the ith element 1 and others 0, and define
ki(z) = e V2 (mp(1/2)Z, + 1) 2} e,
Xi(2) = e/ T2 (me(1/2) %0 + D72, %e;
as the ith diagonal elements of the matrices
=21/ + DR 5 me(1/2) 2 + DR,

respectively. The population covariance matrix X,, satisfies

lim — Zx,(z1>x,<z2> =hi(z1,2)

n—oQo

Jim — ; ki(2) Xxi(z) = ha(2)

then
+00 +00 T > T
(/ &1 ()dGy(x), .. ., / gk(X)dGn(X)) — (Xg» o0 Xg)
—00 —00
where (Xg,, ..., Xg,) ' is a Gaussian vector with mean

+oo t2(mp(1/2))
1 5 cf” o dH ()
E(Xg) _ g() 00 (1+tmg (1/2)) dz

2ni f 22 oo t2(mp(1/2))2 2
(1= /T T o)

+ 15()(1;171_3 7{ 8@ cm2Vh@ (3.1)
T

z2 +oo t2(mp(1/2))?
T—cfg (+tmg (1/2))2 dH (t)

and covariance function

g(z)g(z)  mp(1/z)mp(1/z2)
Cov(Xg,, X, — — — 3 z1dz;
2w 2z (mp(1/21) — mp(1/2,))
E(X )—3 8z )g(Z)
7§ 7{ L (me(1/20)mE(1/2:)h1 (21, 22)) dz1dz,. (3.2)
The contours in (3.1) and (3.2) are both contained in the analytic region for the functions g1, . . ., g and both enclose the support

of P for sufficiently large n. Moreover, the contours in (3.2) are disjoint.

Proof. The proof of this theorem follows combining arguments from the proof of Lemma 1.1 of Bai and Silverstein [2] and
Theorem 1 of Pan [10]. To be precise, we note first that Mty Yo (z) converges almost surely with limit, say m(z). We also

observe that the CLT ofp(mFS;r (z) — mp(2)) is the same as of —n(mFl/m{nT‘,n (1/z) — m£(1/2~))/z2 and proceed in two steps
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(i) Assume first that E(Xfl) = 3. By Lemma 2.3 we get that the process
n
_Zﬁ(myl/nVnTVn (1/2) - mﬁ(l/z))

defined on an arbitrary positively oriented contour € which contains the support of P; for sufficiently larger n converges
weakly to a Gaussian process with mean

+oo t2(mp(1/2))
1 ol (g (1/2))3

Nz too (2(mE(1/2))2 2
and covariance
2 mp(1/z)mp(1/2) 2

223 (me(1/20) —mp(1/22))° @1 = 2%

dH(t)

In order to obtain the assertion of Theorem 3.1 we use again the argument made at the beginning of the proof and the
following identity

*© 1
f g(x)dG,(x) = T %g(:/:)mcn (2)dz, (3.3)
o0 i

which is valid with probability one for any analytic function g defined on an open set containing the support of G, if
n is sufficiently large. The complex integral on the right-hand side of (3.3) is over certain positively oriented contour
enclosing G on which the function g is analytic (see the discussion in Bai and Silverstein [2] following Lemma 1.1).

Further, following the proof of Theorem 1.1 in Bai and Silverstein [2] we obtain that ( f g21(x)dG, (%), ..., f g(x)dG, (x))T
converges weakly to a Gaussian vector (Xg,, ..., Xg,) -

—~
—
=

=

In the case E(Xf]) # 3 we will use a result proved in Pan and Zhou [11], more precisely Theorem 1.4 of this reference.
Here we find out that in the case E (X{‘l) # 3 there appears an additional summand in the asymptotic mean and
covariance which involve the limiting functions h;(z1, z) and h,(z) from assumption (v), namely for the mean we obtain
the additional term

EX) —3 c(me(1/2))*hy(2)

z2 oo t2(mp(1/2))?
T-c f—oc (1+tmg (1/2))? dH(¢)

and for the covariance

EX%)—3
= (me(1/z0me (1/2)h1 (21, 2))
217,
These new summands arise by studying the limits of products of E (X{‘l — 3 and the diagonal elements of the matrix

(Sp — 1/zI)~! (see, Pan and Zhou [ 11], proof of Theorem 1.4). Imposing the assumption (v) we basically assure that these
limits are the same.

The assertion is now obtained by the same arguments as given in part (i) of this proof. O

Aversion of Theorem 3.1 has been proved in Zheng et al. [16] for the usual inverse of the sample covariance matrix S, .

It is also not hard to verify the CLT for linear spectral statistics of §; in the case ¢ < 1 with the same limit distribution.
Theorem 3.1 shows that in the case ¢ > 1 there appear additional terms in the asymptotic mean and covariance of the linear
spectral statistics corresponding to S;'.

In general, as we can see, the results on the limiting spectral distribution as well as the CLT for linear spectral statistics
of S, follow more or less from the already known findings which correspond to the matrix 1/ nYnTYn. In the next section we

will show that the general CLT for LSS of the random matrix S; is different from that of S;'.
3.2. CLT for linear spectral statistics of §n+

The goal of this section is to show that the CLT for linear spectral statistics of the Moore-Penrose inverse §n+ differs from
that of S;7. In order to show why these two CLTs are different consider again the identity (2.6), that is

SS =S, -y =S — SiV' S+ SIS | VIS oo
mo " ¥ (Sh)2y G o
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We emphasize here the difference to the well known Sherman-Morrison identity for the inverse of a non-singular matrix
S,, that is

S ]nyS 1
1 STy -1 —1

=S, — =S _}_7 34
S -9 =5+ (34)

(see, Sherman and Morrison [ 13]). Note that it follows from the identity

1 171

1-y'Siy=1- ITYT(l/f)Y(l/nYTY) 21//mY'Y1=1— — =0,
n

that the right-hand side of the formula (3.4) is not defined for the Moore-Penrose inverse in the case p > n.
Now consider the resolvent of S,T, namely

. -1 1 1 - 1 1 !
R(z :<S+—zl) =(st— —w' + —ww' —zI =A@ — —w' + —ww' ) ,
@ " Toulvy + u'u @ u'v + u'u
where we use (2.7) and the notations u = S}y, v = (S})*y and A(z) = S; — zl and
e UTV 1/2 . . uTu 1/2
" \uTu u'v

to obtain the last identity. A twofold application of the Sherman-Morrison formula yields the representation

T -1 T —1
1 ! (A(Z) uTvW ) uTu (A(Z) uTvW )
-
R(z) = <A(z) — ?vw ) — .
T+ fow' (A(z) - ﬁwT) w
1 T —l T —1
uTv 1(Z)VVTA ](Z) (A(Z) — W ) uTu (A(Z) uTvW )
=A"'(2)+ 1 T yTAT 5 (3.5)
— oV (2)v 1+ WT (A(Z) _ —WT> w
Taking the trace of both sides of (3.5) we obtain the identity
1 T 1
vIA2(z)v w' ( (o) + A A (z()z,,)) w
pm gt (2) = tr(R(2)) = pm g+ (2) + (3.6)

uvV—VTA IV T TA-1 _WwTA—l@v)? ’

(2) ulu+wlA™ @Ow + F= 50
which indicates that the CLTs for linear spectral statistics of Moore-Penrose sample covariance matrices of S, and §n+ might
differ. In fact, the following result shows that the last two terms on the right-hand side of (3.6) are asymptotically not
negligible.

Theorem 3.2. Let G, (x) =p(F Sv (g) — Py (g)) and suppose that the assumptions of Theorem 3.1 are satisfied, then

+00 5 +o0 » T
(/ gl(x)dGn(x),...,/ gk(x)dGn(x)> RN

o0 o0
T, ) ,
where (Xg,, ..., Xg,) isa Gaussian vector with mean

oo 2(mg(1/2))°
E(X,) = 1 reg@ e e/ HO &z

27i | 22 oo 2(mp(1/2))2 2
(1= 23 Grmpaazmp HO)

EXi) —3 g@)c(me(1/2))°hy(2) 1 [ g m(1/2)
O 2mi oo 2(m(1/2))? i 2 om (1/2) & G7
_ LAmeG/2)” F
1 Cffoo (1+tmp (1/2))? dH(¢) -
and covariance function
2(z)g(z)  mp(1/z0)mi(1/2)
Cov(Xg,, X, ey = = 702104z,
T 3z (me(1/21) — mp(1/22))
E(X )—3 8z )g(Z) .
f f a1/ 20me (/2 21, 22) derde (38)
The contours in (3.7) and (3.8) are both contained in the analytic region for the functions g1, . . ., g and both enclose the support

of P; for sufficiently large n. Moreover, the contours in (3.8) are disjoint.
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Before we provide the proof of this result we emphasize the existence of the extra summand in the asymptotic mean.
It has a very simple structure and can be calculated without much effort in practice. Indeed, the last integral in (3.7) can be
rewritten using integration by parts in the following way (see, Appendix A.1 for detailed derivation)

1 g(z) mp(1/2)

 2mi z2 mp(1/z2)
where mg(1/x) = lim,_,, mg(1/2z) for x € R and the interval (a, b) contains the support of P.

On the other hand, the asymptotic variances of the linear spectral statistics for centered and non-centered sample

covariance matrices coincide. For a discussion of assumption (v) we refer to Pan [ 10, Remark 2], and other references therein.

b
dz = _% / g'(x) arg{mg (1/x)}dx, .

Proof of Theorem 3.2. The proof of Theorem 3.2 is based on the Stieltjes transform method and consists of a combination
of arguments similar to those given by Bai and Silverstein [2] and Pan [ 10]. First, by the analyticity of the functions g1, . . ., g
and (3.3) it is sufficient to consider the Stieltjes transforms of the spectral e.d.f. of sample covariance matrices. Furthermore,
recall from (3.6) that the Stieltjes transform of the e.d.f. of §n+ can be decomposed as the sum of the Stieltjes transform of
the e.d.f. of S} and the additional term

-1 Ta-1 2
vIA~2(2)v w' (Afl(z) + Auirv(iwrl‘uz()zv)) w
5a(2) = o — - e o (3.10)
uv—v A2V yTu4+wTA Z2)w + (w 2)v)

u'v—viA-T(z)v

involving sample mean y and S;. Thus, it is sufficient to show that this random variable converges almost surely on
C*t = {z € C : 3z > 0} to a nonrandom quantity as p/n — ¢ > 1 and to determine its limit. As a result, Theorem 3.2
follows from Slutsky’s theorem, the continuous mapping theorem and the results in Bai and Silverstein [2] and Pan and
Zhou [11].

It is shown in Appendix A.2 that the function &, in (3.10) can be represented as

1 V'Y + 220,(z) + 220/ (2)

zZ) =—-— — 3.11
5n(2) z 1+ 2zy7y + 226,(2) (3.11)
where the function 6, is given by
1.+ 11 _ _
0, (2) = —;yTy—I— 2511((1/11\{;\{,1) T—zD'1,. (3.12)

As a consequence, the asymptotic properties of &, can be obtained analyzing the quantity

() %11((1/n¥1vn)—1—z1>-11n

1
——tr {(1/nY, Y,)(1/nY, Y, — 1/z2D""1/n1,1, }
z
1 1 _
=--- Z—ztr{(l/nYIYn —1/z21)7'0,},
where we use the notation @, = l/nlnlnT. It now follows from Theorem 1 in Rubio and Mestre [12] that
'tr{(l/nYnTYn —1/z)7'@,) —xn(l/z)' 50 as.,

where x,(1/z) is a unique solution in C* of the equation

1+ 1/2x,(1/2) c -1
i ot (/D14 2,1

Note that tr (®,) = 1and that Theorem 1 in Rubio and Mestre [ 12] is originally proven assuming the existence of moments
of order 8 + §. However, it is shown in Bodnar et al. [4] that only the existence of moments of order 4 + § is required for this
statement.

In order to see how x,(1/z) relates to mg(1/z) we note that due to assumption (iii) Hy, 2 H asn — oo and, thus,
Xn(1/z) — x(1/z). This implies

*®  1dHy(T) _)C/” tdH (1)

B T L
+1/z = —tr (x,(1/21 + % 1) —C/ o X(1/2)T + 1’

xn(1/2) p —eo Xn(1/2)T + 1

which leads to
(o]

T -1
x(1/2) = —(1/2 — cﬁw de(r)) .
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The last equation is the well-known Marchenko-Pastur equation for the Stieltjes transformation mg(1/z) of the limiting
distribution F. Because the solution of this equation is unique we obtain

x(1/z) = me(1/2).

As a result we get the following asymptotics for 1+ zy 'y + z%6,(z) asn — oo

o me(1/z
1+2y'y+2%0,(z) — _me/2) as.,
z
which ensures that
me(1/2)\’ ml.(1/z) a
(TR M ms )
gn(z) > —— — - = _ _ 7z = —=— d.S. (3-13)
Z — mg(1/2) z me(1/z) z2mp(1/2)

z

forp/n — ¢ € (1, 400) asn — oo. The assertion of Theorem 3.2 now follows taking into account the argument made at
the beginning of the proof and (3.13). O

Acknowledgments

The authors greatly appreciate the comments and suggestions of Professor Christian Genest, two anonymous referees and
the associate editor. Also, we would like to thank M. Stein who typed this manuscript with considerable technical expertise
and Y. Nemish for his assistance. The work of H. Dette was supported by the DFG Research Unit 1735, DE 502/26-2.

Appendix

A.1. Derivation of (3.9)

We select the contour to be a rectangle with sides parallel to the axes. It intersects the real axis at the points a # 0 and b
such that the interval (a, b) contains the support of P. The horizontal sides are taken as a distance y, > 0 from the real axis.
More precisely, the contour € is given by

e={a+iy:lyl <yo}U{x+ivo:x€[a,bl}U{b+iy: |yl <yo}U{x—iyo:xe€labl} (A1)
so that (a, b) contains [0, lim sup,,_, o Amax (2, BYA¢! —ﬁ)z] and is enclosed in the analytic region of function g. We calculate
the four parts of the contour integral and then let y, tend to zero. First, we note that
1 m(1/2)
2 me(1/2)
Then using integration by parts the last integral in (3.7) becomes

(1
— i @Mdz = ﬁ %g(z)d(ln me(1/2))

27i z2 mp(1/2)

d
o In(me(1/2)) = —
4

= —i, %g/(z) Inmg(1/2)dz
2mi

1
= ~2mi fg’(z) (ln Ime(1/2)| + iarg(mﬁ(l/z))) dz, (A.2)

where any branch of the logarithm may be taken. Naturally extending the Stieltjes transform on the negative imaginary axis
and using z = x + iy we get

* dF(L)
meci/a)| =| [ ES

o0 2 2
/ CdEQY) / dF(A) _X + v (A3)

=172 .
|Z|2 4

Next we note that any portion of the integral (A.2) which involves the vertical side can be neglected. Indeed, using (A.3), the
fact that |g’(z)| < K and (5.1) in Bai and Silverstein [2] for the left vertical side we have

K

Y0
o (In|mp(1/(a + iy))| + |arg(me(1/(a + iy)))|) dy
—Yo

K Y0 a2 2
— <ln +¥ + 71) dy
2n |yl

—Yo

IA

2mi

1 Yo
L / g/(a+iy) Inme(1/(a + iy))dy‘
Yo

IA
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5 Yo a2 +y2

= In dy + Kyg
T Jo
K 2+ a2

= — (yo In Yota Yo + 2a arctan(yo/a)> + Kyo, (A.4)
s Yo

which converges to zero as yo — 0. A similar argument can be used for the right vertical side. Consequently, only the
remaining terms

1 b 1 b
_ﬂ/ 5[g/(x—i-iyo)]ln|m£(1/(x+iyo))|dx—5/ N [g'(x + iyo) | arg[mp(1/(x + iyo)) Jdx

b

‘1 b
- 3 [g'(x = iyo) ] In |mg(1/(x — iyo))|dx — o / N [g'(x — ivo) ] arg[me(1/(x — iyo))]dx

have to be considered in the limit of the integral (A.2). Similarly, using the fact that
sup |Sh(x +iy)| < Kly| (A5)

x€la,b]

for any real-valued analytic function h on the bounded interval [a, b] (see equation (5.6) in Bai and Silverstein [2]), we obtain
that the first and the third integrals are bounded in absolute value by O(y Inyy 1) and, thus, can be neglected. As a result
the dominated convergence theorem leads to

‘l b
g' (@) (Injmp(1/2)] +iarg(m£(1/z)))dzm__;0_;/ g’ (x) arg[mg(1/x) ]dx, (A6)

- 2mi

which proves (3.9).

A.2. Proof of the representations (3.11) and (3.12)

For a proof of (3.11) we introduce the notations
i 1 . _ (uTv)l/Zu
(utv)1/2” u'u
Then
1
W
and we obtain for (3.10)
a'A%(2)a
1—aTA1(2)a
(b—a)T (A_z @) + A—2(z)aa’ A~ 1(2)+A~ 1 (z)aaTA=2(2) + aTA—Z(z)am—l(z)aaTA-l(z))) (b — a)

b—a,

&n(2) =

1-alA-1(z)a (1—aTA1(z)a)2

1+ (b—a)TA-1(z)(b — a) + (-2 A l@a?

1-alA~1(z)a
A tedious but straightforward calculation now gives
a"A?@)a+a A @)atb —a) A (2)(b — a) + 2 AEAb) Al
1—aTA'(@a+ (1—aTA'(2)a)(b—a)TA 1(z)(b—a) + (b —a)TA1(2)a)?
B (1—a"A"(2)a)(b—a)TA%(z)(b—a)
1—a"A'@a+ (1 —-aTA'(a)b—-a)TA1(2)(b—a) + ((b—a)TA"1(2)a)?
2(b—a)'A%(2)ab —a)"A ' (2)a + aTA_Z(?f ;(Tb;ﬁ:z?; 2nr
1—aTA'(@a+ (1 —aTA1(2)a)(b—a)TA1(z)(b—a) + ((b—a)TA1(2)a)?
a'A2(2)a{b"A"'(2)b} —b"A2(2)b+2a"A%(2)b
1+bTA~'(2)b—2aTA(2)b —aTA"'(2)a{bTA~'(2)b} + (aTA~'(2)b)?
a'A '(2)a{b"A2(2)b} — 2a"A2(z)b{a"A"'(2)b}
1+bTA-'(2)b—2aTA~(2)b —aTA~'(2)a{bTA~'(2)b} + (@TA~!(2)b)?
a'A2(2)a{b"A"'(2)b} —b"A2(2)b{1 —aTA ' (2)a} + 2a"A2(z)b{1 — a"A"'(2)b}
(aTA-1(2)b — 1)’ + bTA-1(2)b{1 —aTA~ ' (2)a} '

Sn(z) =

(A7)
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Now note that &,(z) is a non-linear function of the quantitiesa’ A=!(z)a,a’ A=2(z)a,b"A"1(z)b,b"A%2(z)b,a’ A" (2)b
and a" A~2(z)b, which can easily be expressed in terms of y and S;". For example, we have

1 _ i}
a'A'(z)a = WYT(S;)Z(S; —zI) 1(S;T)ZY
1 ) _ _
= ey (VST (S —z14+zD)(S; —zD)7(S])%Y)
1 _ _ _ _ _
= e V' S’y +2y" (S5 — 2+ 2D — 2D 7' (S)%Y)
n

o VSV +2y S+ 22y (SF —2) 7 (S — 21+ 2D)S] )
y Sy
1 _ o _ Teto _ _ _
= 7% (V' S’y +2y (S YV+22¥'S y+2°y (5§ — 2D 7S — 21 + 2D)y)
n
1 _ o _ T _ _1-
= ——- (VS Y+23 )+ + 22y y+ 2y SF —2D)7y),
y Sy
where the last equality follows from the fact thaty 'S,y = 1.1In a similar way, namely adding and subtracting zI from S;" in
a sequel we obtain representations for the remaining quantities of interest

a'A2(a= e (V' Sy +22+32°y 'y +42°y ' (S —z2D) 7'y + 2y (S — 2D 7%y)
n
VT (ST)3v
_ y Sy T _ -
b'A'@b= """ (14+2zy' y+25§' (S —zD)7 'y
V' (S)%y)? ( " )
bTA2@b= LDV G5 4 0gTst a4 25T — ) %)
¥ Sy
a'A ()b = oo (S’T(SDZ)—’ +z4+2°y'y+ 2y (S — Zl)qy)
y'(Sn)%y
a'A%(2)b = (14225"'y+ 32y (] —z2) 'y + 22y ' (S —zD)%y).

y'(Sh)%y
In the next step we substitute these results in (A.7). More precisely introducing the notations
@) =y (S§ —2D7'y,  an=1/§" ()},
we have 6, (z) = %On @=y" (S — zI)~%y and obtain for &,(z) the following representation
o2 (o + 22 + 322y "y + 42%0,(2) + 2%0,(2)) (1 + 2y 'y + 2260,(2))
0222(1 4+ 2§ Ty + 2260,(2))? — a2z(oty ' + 2 + 22§ Ty + 2360,(2)) (1 + 2§y + 226,(2))
N o2z + 220,(2) + 220, @) (e, ' +z + 22 'y + 236,(2))
a22?(1+ 2§y + 2260, (2))* — a2z(an ' + 2+ 22YTy + 230, (2)) (1 + 2§ 7§ + 226,(2))
2022(1 + 22y "y + 32%6,(2) + 2%0,(2))(1 + 2§ 'y + 220,(2))
222(1+ 257y + 226,(2))? — a2z(on | +2 + 22§ TY + 226,(2) (1 + 257§ + 226,(2))
o (142§ +2°6,@)) (e, = 22 (Y'Y + 226,(2) +2%6,(2))))
B —anz(1+2y7y + 2204(2))
a;z(§'y + 2200(2) + 2°6,(2)) (o, ' +2(1 4 2§y + 2°6,(2)))
+ — .
—0nz(142yTy +2%0,(2))
In order to simplify the following calculations we introduce the quantities
V(@) =142y +2°0,(2): Uy () =¥'Y + 226,(2) 4+ 2°6,(2),
which lead to

&n(2)

&n(2) =

a2y (2) (o — 22(2) + &2z (@) (@) + 2(2))
—anZYn(2)
a2y (Yn@) +295@) Y@ +295@)
—ZYa(2) - 29 (2)
1 Y@ 1 §'y+220,(2) +2°6,(2)
z Y@z 142y §+226,2)
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Finally, we derive the representation (3.12) 6, (z) using Woodbury matrix inversion lemma (see, e.g., Horn and Johnsohn [5]):
On(2) =§'(S; —2D'y
=5 (1/nYa(1/nY]Y,)2Y] —21) 'y

1 1 1 -1 .
=y _;1—2—21/nYn(Y,TY,1)—1 (I—;(YnTY,,)_1) Y Y)Y )y

1. 1. B 1 A\! I
= —;yTy—z—zyTl/nYn(l/nYnTYn) 1([—;(1/nYnTYn) 1) (1/nY, Y)Yy
1+ 11+ T Ty \—1 1 Ty y—1y—1 Ty y—1 T
=-y y—z—251n (1/nY, Y,)(1/nY, Y,) (I—;(l/nYnYn) ) (1/nY, Yn) " (1/nY, Y1,
1. 11 1 A\!
= —zYTy— 2—2511 (l— ;(1/nY;1rYn) 1) 1,

1 11
—=y'y+ —=1, (/YY) " —zI)"'1,.
z zZn
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