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1. Introduction

In order to find change points in regression models, it is popular to investigate the partial sums of the least-squares
residuals. A non-parametric test (as for instance a test of Kolmogorov-Smirnov type) can then be applied to the limit process
of the partial sums in order to test whether a change point does or does not occur. This technique can also be used to check
asymptotically for linear regression. Note that MacNeill [12,11] and Bischoff [2,3] studied this residual partial sum process
(RPSP) for univariate response and univariate experimental region whereas Xie and MacNeill [16] as well as Bischoff and
Somayasa [4] investigated the case of univariate response with a multivariate experimental region. In this paper, we consider
linear regression models with multivariate correlated responses for each design point of a univariate experimental region.

In Section 2, we describe in detail the regression model under consideration in this paper. It is a regression model with
multiple correlated responses. Moreover, we formulate the linear regression model under the null hypothesis. In Section 3,
we present our main result: the p-dimensional RPSP for a regression model with p-variate response. We use these results to
attack the change-point problem in the case of linear profile data (in econometrics also known as “panel data”, see Section 4)
and establish a size «-test in Section 5. Mahmoud et al. [13] proposed a modification of a likelihood ratio test (LRT) for the
case of simple linear regression with normally distributed error terms and showed in a simulation study that this test is
superior to other competing control charting approaches (F-test by Mahmoud and Woodall [ 14] and a Shewart-type control
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chart by Kim et al. [10]). For these approaches, an exact specification of the alternative hypothesis is necessary as opposed
to our procedure. Furthermore, by asymptotic considerations our method does not need assumptions about the distribution
of the error terms. In contrast, the approach of Mahmoud et al. [ 13] heavily depends on the normal distribution. This is also
shown in our simulation study (Section 6). The paper ends with a conclusion in Section 7. Proofs can be found in the last
section.

2. Regression model with multiple correlated responses

In this paper, we consider a compact interval [a, b] € R as the experimental region. Without loss of generality, it is
assumed [a, b] = [0, 1] in the following. In practice, one has to decide a change-point problem by the information of data
coming from an experimental design with a finite number of design points. To be able to carry out asymptotic considerations,
we consider a triangular array of design points:

O0<tp1<tpar<- - <tpgm=<1 meN
Moreover, we suppose an equidistant design (i.e. tyy x = % fork =1, ..., m)to simplify notations. At a first glance let m be
fixed, that is we have m distinct design points. Later we are interested in large sample results, i.e. m — oo. In each design
point, we observe p responses. Let the vector of responses in t,, ; be denoted by Y® = (v{¥, ..., v)T € RP. As usual, we
consider an element x € R? as a column vector and let x" be the corresponding row vector. For Y®, k = 1, ..., m, the true
regression model is given by

T .

YO = gT(tne) +2®", withEz® =0, Covz® = ¥, (1)

whereg" = (g, ... ,8) : [0, 1] — RP is the true, but unknown vector of regression functions. For technical reasons, we

assume that g is of bounded variation (i.e. g € BV ([0, 1], RP)), which is no restriction in practice. Furthermore, 0 € RP? is
the vector with components equal to 0 and X is a positive definite p x p matrix. In the application of our results to panel
data below, X will be known. Let

T T
y® tm,1 g (tm1) z®
Y = : , Ty = : , gT(rm) = : , Z = :
ym’ tm.m g7 (tmm) zm’
We assume that Z, ..., Z™ are independent. Hence, we get the following regression model for the response when the

design 7, is used:

Y=g"(tn) +Z, withEZ=0, Cov(vec(Z")) =1, ® . (2)

Thereby I, is the m x m identity matrix, “®"” denotes the Kronecker-Product and “vec” is the well-known vec-operator
(cf.[7, Ch. 16]).

Letf1,...,fs : [0,1] — R bed € N linearly independent functions in C([0, 1]) N BV ([0, 1]), which are known, where
C([0, 1]) := C ([0, 1], R) is the space of continuous real-valued functions on [0, 1]. We are interested in testing whether
model (2) is a linear regression model, that is whether the null hypothesis

g (tm) = (i(tm), ... . fa(tm)) I’ with I" € R¥*P unknown parameter matrix (3)
holds true. Hence, if the null hypothesis (3) is true, then we have the linear regression model

Y = (fi(tn), ... fa(tw) [ +2Z, withEZ =0, Cov(vecZT)) =1, ® ¥

and I' € R¥*? unknown parameter matrix. (4)
Let W := [f1, ..., fg] be the linear subspace spanned by fi, . .., f;. Then, we can formulate the above test problem by
Hy:geW, j=1,...,p (5)

against the alternative

Hi:Jje(l,...,p} withg &W. (6)
Putting WP .= W x --- x W, Egs. (5)-(6) are equivalent to

Ho:gz(gh...,gp)-rewp vs. Hi:g ¢ WP, (7)
Under the null hypothesis (5), we have for allj € {1, ..., p}

8(tm) € [fi(Tm), ..., fa(tm)] = Wi <R", (8)
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where “W,, < R™” means that W), is a linear subspace of R™. We can reformulate Eq. (8) according to
g(Tm) EWE =Wy X+ Xx Wy <RTPP=R" x ... x R,
We assume that m is large enough that the vectors f;(ty), . . ., fs(t;) are linearly independent and so form a basis of Wj,.
Furthermore, for m large enough, we have g(t,,) & W5 in the case g ¢ WP. Consequently, we can decide the original test
by
Ho : g(tm) € WP vs. Hq:g(tm) & WE.
Note that the space of real m x p-matrices is a Hilbert space endowed with the inner product (A, B)gmxp = Z};

(a¥, b9)gm = trace(ATB) forA = (a'V,...,a®),B = (D, ..., bP) € R™P, Thereby (-, -)gm is the Euclidean scalar
product in R™.

3. Residual partial sum process

Let [, := L%([O, 1], 1) be the Hilbert space of real functions on [0, 1], which are square integrable with respect to the
Lebesgue measure A. As usual L, is furnished with the inner product (h, E)Lz = f[o 1 hhdx, h, h € L.
Then L = {h : [0,1] — R | [, hThdk < oo} = L, x --- x L, endowed with the inner product (h, ﬁ)Lg =

P (h ), = [l hThdx forh = (hy, ... hp)T,h = (hy,...,hy)T € L5, is a Hilbert space. Furthermore, WP =

[fi, ..., fa) is a linear subspace of I5, where fi, . . ., f; are known functions, see Section 2.
In order to test the hypotheses (7), we investigate the partial sums of the p-dimensional residuals in model (3). For that
we use the partial sum operator Ty, which embeds a vectora = (ay, ..., a,) ' € R™ in the space C([0, 1]) by
a1 Lmz
Tn || : || @=D_a+mz—mzD)aym 1, z€l0,1]
am i=1

where |z| := max{Z € Z | Z < z} and Z?=1 a; = 0. The partial sum operator Ty, embeds R™? = R™ x --- x R™ in the
space C([0, 1], RP) = C([0, 1]) x --- x C([0, 1]). We define Tnx, with the help of Ty, For this, let A € R™P beam x p
matrix with columns aV, ..., a®, then
T R™P  — C([0,1]) x --- x C([0, 1])
TPl A b Tagp@@ = (Ta@)@), ..., Ta@) (@), z<0,1].

Note that T, and so T «p, is a linear mapping.
In the following, we make use of the vector-valued version of the Donsker theorem (see [8]).

Theorem 1. Let (§;);5, be ani.i.d. sequence of random variables with values inRP andE&; = 0, Cové; = X, X positive definite.
Then

T T
1 5
—E’l/szXp 2B withm — 00,

vm Er

. . . . . s , D
whereas BP is the p-dimensional Brownian motion with independent components and “— " means weak convergence.

The residuals of the linear model (2) are correlated and by that they do not fulfill the ii.d. assumption of the
preceding theorem. Hence, we cannot directly use this vector-valued version of the Donsker theorem to establish the
p-dimensional RPSP.

For a mappingh : [0, 1] — R, we define in the following h(z,,) as above (i.e. h(t,,) = (h(tm,l), ey h(tm,m))T € R™)and
t
sp:[0,1] = R withs,(t) = / h(z)dz, te][0,1].
0

The function s, is also known as the signal coming from h.
The functions gj, f; are of bounded variation and consequently Riemann integrable. Furthermore, the design 7, is uniform

(i.e. tmr = % fork =1, ..., m)and so we obtain for m — o0,

1
ETm (gi(tm)) —> s inC([0, 1) forj=1,....p (9)

%Tm (fitm)) —> s inC([0, 1) fori=1,...,d. (10)
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Putting Wy, := [sy,, ..., sy, ] the test problem (7) is equivalent to
Ho:sg € Wh :=Wye x -+« x Wy vs. Hy:sg & Wh (11)
where sg == (Sg, . .., sgp)T. Wy, is a linear subspace of

F=3'={s,:[0,1] > R|hely},
the reproducing kernel Hilbert space (RKHS) of the one-dimensional Brownian motion (see [3]), which is furnished with the
inner product (s, ;)% = (h, h), (sy, s; € #). Analogously
HP = {sp 1[0, 1] > RP |hel)} =H x - x H
is the RKHS of the p-dimensional Brownian motion. W, is a linear subspace of #”, where #? is furnished with the inner
product
p

shr Spae =Y _( Sty Siy)ae = (R I)p _/ h" hdx
= [0,1]
for sp = (Sny»-- - Sn,) "> 55 = (5,5 - - .,s,:lp)T € HP.

Note that F#? is also a linear subspace of C([0, 1], RP). Bischoff [3], see also [4], showed that there exists a projector
pry, : C([0,1]) — Wy which coincide with the orthogonal projector onto Wy, in # if pry,, is restricted to #.
Consequently,

{C([O,l])x~-xC([0,1]) o Wy X - X Wy
wk, -

12
(u1, ..., up)T > (Prw,, (U1, . ..., Pry, (up))T (12)

is the corresponding projector for the multivariate case. For a subspace U, we denote in the following, by U~ the orthogonal
space and by pry (resp. pry. = id — pry) the orthogonal projector onto U (resp. U ). With this notation, the least-squares
residuals of the linear model under Hy given in Eq. (4) can be expressed by pr,pL Y)=Y - pry» (Y). Now we are in the

position to state our main result.

Theorem 2. Let f1, ..., f; € C([0, 1]) be known, linearly independent functions with bounded variation, WP := [fy, ..., f4I?,

Wi = [fi(tm), - - -, fa(wa) 1P and Wy, = [s7,, ..., 55, 1P.
Consider model (2) under the null hypothesis, i.e.

Y = (fi(tm), ....faem) T +Z withEZ =0, Cov(z") = x,zV ... zMiid.
and I' € R™P unknown parameter matrix.

Then we have for m — oo,

1 __4p T o
ﬁz Tonxp (er#L(Y)> — Plypt ("), (13)

where BP is the p-dimensional Brownian motion.
The proof of this theorem can be found in the last section of this paper.

Note that we do not make any assumptions about the distribution of the error terms Z(V, ..., Z(™- except for the mean
value and the covariance matrix.

4. Linear profile data

In this section, we show that a change-point problem for linear profile data can be described by the linear regression
model introduced in Section 2. We get this result by a two-step procedure: first, we estimate the parameter vectors for each
profile. In the second step, we analyze these estimates by a linear model with multiple correlated responses under the null
hypothesis that the profile data have no change point.

In practice, it is of common interest to test whether all of a fixed number m, say, of independent samples follow the same
known linear model. To be more precise let

w9 = XY 4+ €0, BY e RP unknown (14)
be the true linear model for eachj € {1, ..., m}, where

(A1) X € R™P is the corresponding design matrix of explanatory variables with rank(X) = p < n, and
(A2) €9 is the vector with i.i.d. components e(’) e e,g’) having mean 0 and variance o2
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Model (14) is called the “jth linear profile” and the aim is to test

Hop =gV == p™. (15)
For that we estimate 8% by the least-squares estimator BY. With our assumptions (A1)-(A2), we have B9 = (X"X)™!
X"W9 with

E (B@) — 89 and Cov (B@) =2 (X'X) ' = ¥ (16)

In case o2 is unknown, our proposed procedure can also be used by replacing o2 with a consistent estimator for o2 under
Hy (see Section 5). So we can assume that without loss of generality, X' is a known positive definite matrix. Furthermore

BM, ..., B™ are independent since the different samples
w®, .., W™ are assumed to be independent.
T pOT g7
LetY = : be the m x p matrix containing the least-squares estimations and let Z := : . Specifying the
B(m)T 3(m)T - /3T
notation of Section 2, we have d = 1 and put f; = 1 where 1 is the constant mapping identical 1,i.e. 1(t) = 1 € R for all
t € [0, 1]. Furthermore I" = BT e R P.If (15) holds true, then using the above notation we have the linear regression
model
Y =fi(tn)[ +Z withEZ =0, Cov(vecZ™)=1,® X% (17)
and I'" = B € RP unknown parameter vector.

Thereby fi (1) =: 1, € R™ is the vector whose components are all equal to 1.
Conversely, if (15) is false, then a change point occurred and (17) does not hold. Therefore, we can test hypothesis (15)
by checking the linear model (17), see Section 5.

5. Test for linear profile data

As already mentioned in Section 4, model (17) is a specific form of model Eq. (4) with d = 1 and f; = 1. Consequently,
we have W = [1] and 54 (t) = f[o f 1dA = tfort € [0, 1]. Furthermore, as already mentioned in an example by Bischoff [3],
pry; (W) (t) = (u(1) —u(0)) - t foru € C([0, 1]) and t € [0, 1]. Consequently, projection (12) can be written as

o fcao Ry w,
Pw sl ue) () —u(0) -id()
whereas id(t) = t for all t € [0, 1]. Under the null hypothesis “g(-) € WP”, the residual partial sum limit process (cf.
Theorem 2) is given by prypL (BP) = B, the so-called standard p-dimensional Brownian bridge on [0, 1]. An intuitive one-
H
dimensional test statistic is the maximum of the Euclidean norm of the p-dimensional process. To be more precise, let

1 1/2 T
Run(£) = ﬁxf/rmx,, (pryp o) ©, tefo. 1.

Then, our proposed test statistic is maxXeo, 1 [|[Rm (t) [|re-

On http://www.ku-eichstaett.de/mgf/statistik/Forschung/R.en you can find a way how to compute the proposed test
statistic in a convenient way using R [15].

Because of the “Continuous Mapping theorem”, see [ 1], we have the following convergence under Hy:

D
IRmllze —> IBgllze  for m — co. (18)

Note that the limit process is the well-known Bessel bridge. In order to check (17), we apply a test of Kolmogorov-Smirnov
type to the Bessel bridge and we get an asymptotic size a-test, @ € (0, 1), by

Reject Hy <= sup |[Ru(t)||rr > kg.
te[0,1]

Thereby k, > 0 is a constant such that & (sup;¢(g 1 IB®P(t)|lge > ko) = . Note that for given «, the corresponding value
k. can be explicitly calculated by the formula (see [9, Eq. (3.21)]):

2
p—2 |:)/;2 n]
(Vﬂ n) - exp Lt 21
00 2

4
P B |ler < k) =
(max [1Be”llzr < ka) 5D

r() NoR []p/Z (V¥-“)]2
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where I"(-) is the gamma function, /-2 is the modified Bessel function of the first kind and y,_  is the positive zero of
2 2
Jp2,n=12,....
2
Note that in case the model under study is not correct, the RPSP for large enough m is approximatively given by

pr, » L (B?) + drift-term.
WJ{’

For such a result, a consistent estimation for the variance is needed under the alternative. There are several possibilities
for such estimations, see, for instance, Hall and Marron [6] and the papers cited by Dette et al. [5]. Dette et al. [5] give a
comparison of estimations for the variance. They point out that such estimations can be bad for a finite sample and a good
choice of the estimator heavily depends on the true regression function. For our simulations under alternatives we apply,
however, the usual variance estimator of the linear model. So we underestimate the power by our simulations on the one
hand, but on the other hand we have not to assume any further knowledge on the regression function under the alternative.

6. Simulation study

We present simulations concerning the change-point situation in the case of linear profile data (see Section 4) for our
proposed method (residual partial sum method: RPSM, see Section 5) and for the LRT developed by Mahmoud et al. [13].
For our analysis, we used R [15].

In the following, we use in principle the same simulation conditions as Mahmoud et al. [13]. So we have, by using the
notation of Section 4, m independent profiles, each of size n = 10 with a polynomial regression having p parameters (i.e.
p = 2 means straight line regression). The design matrix for each profile is assumed to be

1 0 0 ... o
1 02 022 ... 020!

X=1. € RV,
1 18 1.8 ... 18!

We set the variance o2 := 1 and the significance level for the test to « := 0.04, as in [13]. Consequently, we get with (19)
for the critical value of our proposed test k, = 1.622751.
For the error terms, we simulate three different distributions: normal, lognormal and gamma (each standardized).

6.1. Number of profiles m fixed

In this section, we only consider the case of a straight-line regression (i.e. p = 2) and two cases for m: 20 and 10. All
results in this section are based on 1000 runs.

6.1.1. Situation under Hy
Our simulations for m = 20 profiles show that the LRT do not meet the significance level in case we have non-normal
distributed error terms. The significance level « = 0.04 can only be achieved by the normal distribution:

e normal distribution: relative number of rejection = 0.037
e lognormal distribution: 0.757
e gamma distribution: 0.465.

So, the LRT heavily depends on the assumption of normally distributed errors, as even stated by Mahmoud et al. [13].
Consequently, for the lognormal and the gamma distribution the LRT cannot be applied. In contrast to that, our proposed
RPSM is a distribution-free method. It achieves the significance level for all distributions under study (see Fig. 2).

6.1.2. Comparison under alternatives: normal error terms

For the normal distribution, we compare the power of LRT with the power of RPSM. The types of shifts alternatives
investigated in our simulation for the m = 20 profiles are sustained step shifts, as in [13], taking place after sample mg with
mp € {10, 15, 18, 19}. In particular, the following step shifts in the parameters were considered:

T ; o _ o
1. shifts in the intercept from 1to 1+ }Lﬁ =1+ ‘/(;TO and

2. shifts in the slope from 1to 1 + Sﬁ =1+ Jiiom0%
(for a definition of Sxyx see [13])

with A, 8§ € {0,0.5, ..., 5}. Each value is based on 1000 runs.

Our comparison of RPSM and LRT in the normal distribution case leads to the results presented in Fig. 1. Consequently,
in the case of normally distributed error terms, RPSM is similar to LRT if the change point occurs in or near the
middle of profiles. Otherwise, LRT is superior. However, the proposed test by RPSM can be improved by a weighted test
procedure.
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RPSM —— RPSM ——
LRT 7 LRT ~=°~°
0O 1 2 3 4 5 0o 1 2 3 4 5
‘m=2‘0, md = 15‘ : ‘m=2‘0, md = 15‘ :
1.0 ]
+0.8 7
0.6 7
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7] L0.2 :/_) 4
S o
= 0.0 > A
% L E 1.0
€ L S 0.8 | +
E o
L 0.6 =
= 0.4 - =
L 0.2 4 e H
L 0.0 4 e S S SR
— T T T T T T T L s e e L e e o L
01 2 3 4 5 01 2 3 4 5
lambda delta

Fig. 1. Power of RPSM and LRT with normal distributed error terms by a change in the intercept (left) and slope (right) in mo.

6.1.3. Comparison under alternatives: non-normal error terms

In the non-normal case, Fig. 2 shows the power for m = 10 (with change point after profile my = 5, 8,9) and m = 20
(with mg = 10, 15, 18, 19) profiles. Again we investigate the case of a change point in the intercept term as well as in the
slope term, see Section 6.1.2. Our proposed method fulfills the conditions for a size a-test and the power increases for larger
shifts. To be more precise, RPSM has the largest power, when the change point my occurs in the middle of the m profiles and
power decreases as mg tends to the edge of its domain {0, 1, ..., m}. Furthermore, RPSM leads to moderate results already
form = 10 and mg = 5, 8, 9 (pictures in the lower row). As our asymptotic is in m — oo, power increases from m = 10 to
m = 20 (see also Section 6.2).

In order to have a feeling about the variation of the value of our test statistic, we also present in Fig. 3 boxplots of the
test statistics for the case m = 10, my = 5 and m = 20, mg = 10 together with the reference value k, = 1.622751. Each
value in both Fig. 2 and Fig. 3 is based on 1000 runs. The boxplots for all the other parameters look similar and are therefore
omitted here.

6.2. Asymptotic considerations

In this section, we present simulation results for m — 00, our asymptotic in Theorem 2. By this we want to give a
feeling about the accuracy of the approximation by the asymptotic distribution. For that, we simulated values for m =
10, 20, 30, ..., 200 profiles and p = 2, 4, 8 as well as different values for n, whereby the number of simulation runs was
4000.

Quality of the limit process. The plots shown in the left column of Fig. 4 indicate that for n = 10 fixed and p large (i.e. p = 8),
the significance level « = 0.04 (dotted line) can hardly be achieved. This is due to the fact that a polynomial regression with
p = 8 parameters for n = 10 observations is an over-fitted model. If the ratio of parameters per profile p to the number of
observations per profile n is more natural, then the «-level can be achieved for moderate values of m. This can be seen by
the right column of Fig. 4, where we have chosen n = 5p.

Power. Since the significance level « cannot be achieved for n = 10 and p near n (see preceding section), we only investigate
the case n = 5p in this section. All data points are based on 4000 runs.

In Fig. 5 we considered the case of a small change in the intercept (i.e. A = 1) after profile my := L%J form = 10,
20, ...,200.Thereby |z] := max{Z € Z | Z < z} for z € R as above.

7. Conclusion

We established the asymptotic distribution of the multivariate RPSP in a regression model with multivariate independent
response variables YV, ... Y™ ¢ RP in Theorem 2.

We used this result in order to decide the change-point problem in the case of linear profile data, where each profile has
the same design matrix X. To be more precise, our proposed method can be used to test

Ho: ,3(1) — /3(2) —_ .= lg(m)

where B9 e RP is the unknown parameter vector of the jth linear profile (j = 1, ..., m). The method under consideration
is an asymptotic size «-test, whereby the asymptotic is for m — oo.
We studied our RPSM in a simulation study and compared it with the modified LRT by Mahmoud et al. [13]:
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e In contrast to the RPSM, the LRT does not achieve the significance level for m = 20 and p = 2 in the case of Gamma or
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Fig. 2. Power of RPSM by a change in the intercept (top) and slope.

log-normally distributed error terms.

e The LRT was in Mahmoud et al. [13] only presented for the case p = 2, whereas our procedure can also be applied to

larger values of p. RPSM needs, however, the same design matrix X for each profile.

e In the case of normally distributed data, we can compare LRT and RPSM: if the change point occurs in the middle of the
profiles, the LRT performs slightly better than RPSM. Otherwise, if the change point is near the boundary of its domain,

the LRT is superior to RPSM.

e RPSM can be implemented in statistical packages using standard procedures. Consequently, the implementation is quite

fast.

e The RPSM leads to good (power) results for all the three distributions under study.
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Fig. 3. Values of the test statistic (RPSM) by a change in the intercept.
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Fig. 4. Quality of the limit process (situation under Hy).
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Fig.5. Asymptotic power for n = 5p and mo = | 5 ] by a small change in intercept (A = 1).

e Even for small m (i.e. m = 10, 20), the RPSM performs already well if the ratio of the number of parameters per profile
p to the number of observations per profile n is not too large.
For the change point problem in the case of linear profile data with the same design matrix X, we recommend the RPSM
when the error distribution is unknown.
8. Proofs

In order to prove the results given in Section 3, we have to introduce some further notation.
Consider the space Wy, = [fi(tm), ..., fa(tm)] given in (8), which is a linear subspace of R™. With Wy, 5 = T (Wp)
and

W) s =W X -+ X Wy 5, wehave Wy 5 = Tpyp(WP).

Furthermore W, ,, is a linear subspace of Ty, (R™P) and consequently also a subspace of the RKHS #”. Consider the
following inner product on Ty, (R™P):

(Tnxp(A), Tixp(B)Ymxp = m - (A, B)gmxp forA, B € R™7,

which is the multivariate analogous to the univariate case considered by Bischoff [3]. Lemma 3.1 in [3] states that fora € R™,
we have

T (Prw,, (@) = Prr,,w,y (Tn(a)).
Consequently, for a matrix A € R™*P,
Tosep(Pryp )" = prr, ey Tmsp@)) = Pryge  (Tip(A) 1) (20)
holds true. With this, we get for the response variable Y = g(t;;) + Z and for the associated residuals in Theorem 2
TPy t (V) = T ()T = P, ) (Tap(V)7)

=Pt (Tmsp(¥) 7). (21)
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In case u and (u;;)men are real continuous functions on [0, 1] with u,,, —> uin C([0, 1]), [3, p. 5] proved that
Prw,, 0 (Um) —> pry,, (W). (22)
Since the corresponding projections pr,» ” and pryp are defined component wise, the following lemma is an immediate
consequence of (22). "
Lemma 3. Let u, (Upy)men € C([0, 1], RP) with u,, converges to u in C([0, 1], RP) for m — oo; then,

Prw? , (Uup) — Py, (u) inC([0, 1], RP) for m — oo.

Now we are in the position to prove our main result (Theorem 2):

Proof. We have Y = g(ty,) +Z with Cov (vec(Z")) =1, ® Z.Letc = (c1,...,¢) " € RPandh = (hy, ..., hy)T € W) 4.
Then, one gets

p
cTpryp () =" Gprw, , () = pr, , (c"h).
. =
This leads to
Apry,p ﬂ(h) =pryr (Ah) forany A € RP*P,

Consequently, we have under Hy in connection with (21):

[R— T [ —— T
T T (Prag ) = T e (pryg @)
1
= ﬁz 1/Zprwﬁwl (Tmxp@) ")
1
= prwp RL (\/mﬂl/z mep(Z)T> . (23)

Since Z fulfills the conditions of the vector-valued Donsker theorem (Theorem 1), we have

1
— X T @7 2B form — oco.

J/m
Applying the “Continuous Mapping theorem” [1], one gets for m — oo with Lemma 3, that the RPSP (23) converges weakly
topr, L (BP). This proofs the theorem. O
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