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1. Introduction

The functional brain network refers to the coherence of the brain activities among multiple spatially distinct brain regions.
It plays an important role in information processing and mental representations [ 12,44], and could be altered by the status of
one’s disease. Recent work [18,31,46] showed that patients with neurological diseases (such as Alzheimer’s disease and the
Autism Spectrum Disorder) have different functional networks compared to the controls. As a result, reliable and efficient
inference on functional brain networks will benefit the study of these diseases. The goal of this research is to infer the
functional networks of the brain region using neuro-imaging data.

Recent advances in neuro-imaging technologies provide great opportunities for researchers to study functional brain
networks based on massive neuro-imaging data, which are generated using various imaging modalities such as positron
emission tomography (PET), functional magnetic resonance imaging (fMRI), and electroencephalography (EEG). In a neuro-
imaging experiment, the scanner records the brain signals at multiple points in time at each location (or voxel) in the three-
dimensional brain, leading to a four-dimensional imaging data structure. In a typical fMRI study, the number of voxels can
be up to 200,000 and the number of imaging scans over time ranges from 100 to 1000. In the light of the brain function and
the neuroanatomy, the human brain can be partitioned into about 100-200 anatomical regions and each region contains
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approximately 200-4000 voxels. Such high dimensionality and complexity of the data pose great challenges on the inference
of the whole brain network.

Due to the ultra-high dimensionality of voxel numbers (up to 200,000), direct inference on the network of voxels is
extremely resource intensive and computationally expensive. More importantly, the primary interest focuses on the network
inference at the region level rather than at the voxel level. To this end, [3] examines the functional connectivity of a particular
brain region, called seed region, by correlating the seed region brain signals against the brain signals from all other regions.
Although this method yields a clear view of the functional connectivities between one region of interest (the seed region)
and other regions [10,19], it fails to examine the functional network on a whole brain scale. Alternatively, [50] proposed
to form meshes around a seed voxel by regressing p functionally nearest neighbor voxels on the seed voxel, where the
number of regressors p is determined by minimizing Akaike’s final prediction error [1]. Then two voxels are considered
as functionally connected if one serves as a functional predictor for the other. The number of all connected voxel pairs
between two anatomic regions is treated as the dependence measure between these two regions. Although this method
successfully provides a functional network among anatomic regions, no inference results are provided on what level of
connectivities should be regarded as significant. Another commonly used method [28,29] is to summarize one statistic (such
as the largest principal component of voxel signals) in each region and then study the dependence between these statistics.
Commonly used measures of dependence include the covariance matrix or the Gaussian Graphical model; see [29,37,46,51].
Since only one statistic is summarized in each region, the dependence among these summarized statistics sometimes fails
to characterize the functional connectivities between brain regions.

In this article, we propose a new method to estimate the region level functional connectivity for each individual. Instead
of summarizing one statistic in each region, we utilize multiple statistics such that the region wise brain connectivity
information can be adequately captured. These statistics can be viewed as functional components of the region. The
correlation matrix between the components in two regions is used to measure the dependence between these two regions.
We assume that two regions are functionally connected if and only if at least one pair of components is correlated between
these two regions.

We then concatenate these functional components region by region. No region level functional connectivity implies
that the covariance matrix (or equivalently its inverse) of the concatenated components has a block-diagonal structure.
Numerous examples in the existing literature confirm this is a reasonable assumption; see [11,29,42]. Thus, to construct a
functional network of brain anatomic regions, we test whether the correlation matrix of two regions has a block diagonal
structure.

Previous literature for testing a high-dimensional covariance/correlation matrix include testing whether the covariance
matrix is proportional to the identity matrix [9,15,17,32,34,43], and testing whether two covariance or correlation matrices
are equal [13,14,33,34]. To the best of our knowledge, no existing methods have been published to address whether high-
dimensional covariance matrix has block-diagonal structure. However, ideas from published work can be borrowed to
construct test statistics for our problem. There are mainly two types of existing test statistics: one is a chi-square statistic
which is based on the sum of squared sample covariances, and the other is the extreme statistic based on the largest absolute
self-standardized sample covariance. In general, the chi-square statistical test performs better when the alternative network
is dense and the extreme statistical test performs better when the alternative network is sparse. In imaging studies, the
network of functional components is usually sparse. Therefore, we will use an extreme type of statistical test.

This paper is organized as follows. In Section 2, we introduce the notation and define the testing hypotheses. Section 3
presents two procedures to control type I error for each hypothesis and a multiple testing procedure to control the family-
wise error rate. We will discuss their theoretical properties in Section 4. One of the procedures involves estimating sparse
regression coefficients. The estimators are discussed in Section 5. We will demonstrate the numerical performances of our
procedures in Section 6. In Section 7, we apply the proposed procedures on resting-state fMRI data from subjects with
and without autism spectrum disorder (ASD), and compare the functional networks of anatomic regions between cases
and controls. The neuro-imaging results reflect the clinical characteristics of ASD. These methods are further discussed in
Section 8.

2. Model and hypotheses

In fMRI studies, blood-oxygen-level dependent (BOLD) signals are collected at a large number of voxel locations for
n scans. The standard preprocessing steps applied to BOLD signals include motion correction, slice-timing correction,
normalization, and de-trending or de-meaning procedures [23,35,52], and then the signals are clustered based on their
voxel locations mapping to the existing anatomic regions. After clustering, the signals are summarized into functional
components to reduce the dimension of voxels and eliminate the redundancy of high coherent signals. One way to summarize
the functional components is to perform principal component analysis (PCA) in region s to extract the first gs principal
components. Alternatively, independent component analysis (ICA) can be performed to extract q; independent components.
The choice of summarizing method depends on the distribution of the processed signals; see [2,41].

For each patient, assume that g; functional components are summarized in region s. Each functional component is of
length n, containing replications of signals across n scans. Let X s ; be the kth scan of the ith component in the sth brain
region, after removing the temporal-correlation between the scans. These components can be treated as independent across
scans.
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Denote by Xis = (Xks1,---»Xksq) the vector of functional components in region s of scan k, and by 7y =
corr(Xg s, Xi.¢) the correlation matrix between region s and region t. To test whether region s and region t are functionally
connected, we set up the hypotheses:

Ho,st Xy = 0 VS. H],st Y 7é 0. (1)

Arejection of Hg g implies that regions s and region t have significant functional connectivity. The goal is to test g s with
controlled type I error, and also to perform multiple testing on g s simultaneously to control the family-wise error rate.

The difficulty of this testing problem lies in the large number of parameters and relatively small number of replications.
First, the number of summarized functional components in each region may increase with the number n of scans. Second,
the number of total region pairs p(p — 1)/2 usually exceeds n. Therefore, we need to address the high-dimensional challenges
in testing a large number of them simultaneously.

3. Testing procedures

To test Ho s, We propose two procedures to fit different distribution assumptions on the functional components.
Therefore, neither of them can universally outperform the other. We further develop a multiple testing procedure to control
the family-wise error rate (FWER) for testing { Ho s : 1 <s < t < p} simultaneously.

3.1. Test I: Marginal dependence testing

The first procedure is based on the Pearson correlation between the components in two regions. Denote by the pairwise
correlation py jj = corr(X s i, Xk ¢ j). Then the null hypothesis Hg o : T5 = 0isequivalent to H o : MaxXq<i<g,1<j<q | Pst.ijl =
0. A straightforward approach is to check whether the sample correlation between two regions is close to zero. Denote the
Pearson correlation between the ith component in region s and the jth component in region t by py j, i.e.,

A

A~ A A 1/2
Pst.ij = Ust,ij/(o'ss,iiatt,jj) s
where

n

I I . 1 _ .
Xsi= - ;Xk,s,i, Xij= - ’X]:Xk,t,j, Osejj = =~ ’X]:(Xk,s,i — Xs,i) Xkt — Xej)-
— K= K=

The test statistic is defined as

T3 = n max pj ; — 21n(g,q0) + In{in(g,q.)- 2)

With mild conditions (details in Section 4), under Hg g, Ts(tl) asymptotically follows the Gumbel distribution
F(x) = exp{—n V/? exp(—x/2)}. (3)

To control type I error at level «, we reject Ho g if Ts([” exceeds the (1 — «)th quantile of F(x), i.e., Ts(tl) > (g, With

G« = —In(7r) — 2In{In{1/(1 — a)}]. (4)

We would like to point out the intrinsic differences between our test statistic and the statistics proposed by [ 14] and [13].
First, [ 14] proposes to test whether two covariance matrices are equal, and [13] proposes to test whether two correlation
matrices are equal, and whether a correlation matrix is equal to the identity matrix. These two papers address different
problems, and therefore their methods cannot be applied directly to our paper. Second, both [14] and [13] used self-
standardized sample covariance (or correlation) as the test statistics, while our paper standardizes the sample covariance by
its null variance. Our statistic not only has optimal theoretical properties under weaker conditions, but also performs better
numerically.

3.2. Test II: Local conditional dependence testing

The alternative testing procedure is based on the Pearson correlation between the residuals of local neighborhood
selection in two regions. In region s, we regress other q; — 1 variables on Xj ¢ ;,

Xk,s,i = Qs i + X]Ig,fiﬂsﬁi + Ek,s,is (5)

where X; ; _; is the vector of X ; by removing the ith component. In region t with t # s, we build up a similar regression
model, viz.

Xiej = o j+ X,It,_jﬂ[.j + &kt (6)
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Let pqstij = corr(egs,i, €kr,j) be the correlation of the error terms in two models. Clearly, the null hypothesis #gy is
equivalent to
HO,st : IT}?X pa,st,ij =0.

We therefore develop a testing procedure to test if the correlations o, s ; are all zero. If the coefficients f;; and B ; in
models (5) and (6) were known, we would know the value of each realization of the errors gy s ; and i j, and center them
as Exye = Ekwe — Eve With &, ¢ = ZZ=1€/<,v.z/n- (v, £) = (s,i)or (v, £) = (t,j). Based on models (5) and (6), the centered
realization of the error &, ¢ could be expressed as

Bkt = Koo — Xoe) = Koot — Xo.-)) Bugn (v, €) = (s, i) or (v, £) = (t, ). (7)

Consequently, the Pearson correlation between &  ; and & ; ; would be

- Gp Ot
Pe,st,ij = — E )1/2 ,

k= Us ss, ii0%, ttjj

where

&s,st,ij:*E 8k518kt1s Usssu— § gkgp Oett]]— E 8k[j

Unfortunately in practice, the coefficients in (5) and (6) are unknown. However, the coefficients can be well estimated
by existing methods, such as Lasso or Dantzig selector. Suppose “good” coefficient estimators B, ; and B, ; exist. (This notion
is made more precise in Section 4, where we also address how to obtain “good” coefficient estimators.) Then the centered
error term & , ¢ can be estimated by

Broe = Kiwe — Xoe) = Kot — Xo ) Byys (v, €)= (s, 1) or (v, £) = (£, ). (8)
Consequently, we calculate the Pearson correlation based on & s ; and & j,

. N A A 12

Pe,stij = Us,st,ij/(as,ss,iiatt,jj) ,

where

1 o 1 o
N ~ ~ N 2
Og st,ij = E E Ek,s,i€k,tjs  Og,ss)ii = H § Ek.s.iv O'e ttjj = § 8k tj
k=1 k=1

As for Test I, we construct the test statistic as follows:

¥ =n max P25t — 21n(qsqc) + InIn(qsqy ).

Under certain conditions (discussed in Section 4) and Ho,st» T, s(tz ) also follows the Gumbel distribution defined in (3). Therefore,
to control type I error at level o, we reject Ho g if Ty, &> d«, Where q,, is the (1 — «)th quantile of F.

3.3. Family-wise error rate control

Considering the standard space of the brain [39] and the commonly used brain atlas (the Automated Anatomical
Labeling [49] regions), the number of region pairs in the whole brain is over 4000, which is much larger than the number
of scans (typically of the order of 200). This provides motivation to develop a solution to correct for multiplicity when
constructing the functional connectivity network of the whole brain. We propose procedure (9) to test { 7—[0 st : 1 <s<t<
p} simultaneously and control the family-wise error rate (FWER). The procedure can involve either Tst or TSI , depending
on the assumption of the dependence structure of local voxels. Our findings show that to control FWER at level «, we only
need to adopt a higher threshold. The adjusted testing procedure is as follows:

RejeCt Host <> Vl§s<[§p Ts[ > 2 ll'l{ (P - ])/2} + Qa» (9)
for b = 1, 2. The threshold depends on the desired FWER «, and the total number of region pairs p(p — 1)/2.

4. Theory

In this section, we derive the null distributions of the statistics on which Tests I and II are based. We also examine the
power and the optimality properties of the proposed tests. Furthermore, we prove that the multiple testing procedure (9) is
able to control FWER.
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For the remainder of the paper, unless otherwise stated, we use the following notation: for a vectora = (ay, ..., a,)" €
RP, denote by |al, = (_}_,a?)"/? its Euclidean norm; for a matrix A = (a;) € RP*9, define the spectral norm A, =
Zm _1|AX|, and the Frobenius norm ||Al|r = (Z 2)1/2' for a finite set A = {ay, ..., as}, card(.A) = s counts the number
of elements in A; for two real number sequences (an) and (by), write a, = O(b,) if |a,| < C|b,| hold for a certain positive
constant C when n is sufficiently large, write a, = o(b,,) if lim,_, a,/b, = 0, and write a, < b, if c|b,| < |a,| < C|b,|, for
some positive constants ¢ and C when n is sufficiently large.

Also assume the number of variables in all regions are comparable, i.e., g; < --- < g,. Let o = max(q;, ..., qp), and
assume X 4, ..., Xy, are independently and identically distributed for each region v.

4.1. Asymptotic properties of Test |

Denote by 7,y = (Puu,ij)g, xq, the correlation matrix of X ,. For X , ;, denote by rf:i) the number of other components in
region v non-negligibly correlated with X; ,, ;, viz.

1 _
rl) = card{j : pu 5l > (Ingo) ™70, j # 1),
where «y is a positive constant. For a positive constant pg < 1, define
D = (i : |pyy.iil > po for somej # i}.

Thus, D(U” contains index i such that Xy , ; is highly correlated to at least one other component in region v.
We need the following conditions:

(C1.1) For region v = s, t, there exists a subset M, C {1,...,q,} with card(M,) = o(q,) and a constant g > O
such that for all y > 0, max;. Mcr( o(q}). Moreover, assume there exists a constant 0 < po < 1 such that
card{D{V} = o(q,).

Condition (C1.1) constraints the sparsity level of non-negligible and large signals. It specifies that for each region v, for
almost all components i within the region, the count of non-negligible |p,, ;| is of a smaller order of g’ . The condition is
weaker than the commonly seen condition which imposes a constant upper bound on the largest eigenvalue of X,,. In
fact, if Amax(Zpy) = 0{q} /(Ingo)' ™}, maxq<i<q, rfj],) = o(q}). Additionally, Condition (C1.1) also requires the number of
components that are very highly correlated with at least one other component to be small. This condition can be easily

satisfied if all the correlations p,, ; are bounded by po.

(C1.2) Sub-Gaussian type tails: For region v = s, t, suppose that In(q,) = o(n!/>). There exist some constants 7 > 0 and
K > 0 such that
max E [exp{n(Xiv.i — 1v.i)*/ow.i}] < K.
(C1.2*) Polynomial-type tails: For region v = s, t, suppose that for some y;, ¢; > 0, qo < c;n"171/2, and for some € > 0,
max E|(Xi — )/ oy, i 7 < K.

Conditions (C1.2) and C(1.2*) impose constraints on the tail of the distribution of X , ;, and the corresponding order of q,,.
They fit a wide range of distributions. For example, Gaussian distributions satisfy Condition (C1.2), and Pareto distributions
Pareto(a) (which are heavy tailed) with « sufficiently large satisfy Condition (C1.2*).

Theorem 1. Suppose that Conditions (C1.1) and (C1.2) or (C1.2¥) hold. Then under Hg g, as n, qo — 09, the distribution Ts(t])
converges point-wise to the Gumbel distribution F defined in (3).

When Condition (C1.1) is not satisfied, i.e., the correlation matrices Ty and 77 are arbitrary, it is difficult to derive the
limiting null distribution of Ts(t”. However, Test I can still control the type I error.

Proposition 1. Under Condition (C1.2) or (C1.2*) and the null Ho g, for 0 < o < 1, Pr(Ts(tU > qy) < In{1/(1 — a)}, where q,
is defined in (4).

When the desired type I error « is small, In{1/(1—«)} = «.Therefore, Test I can still control type I error close to the desired
level. When there comes arare circumstance that a larger type I error is desired for the test, we can definea’ = 1 — e~ and
reject Ho . When Tst > gy . Since o = In{1/(1 — &')}, Test I is always an asymptotlcally valid test, for arbitrary correlation
matrices Ty and 73;. However, the power will be reduced when we threshold T, [ ) at the higher level q,.

We now turn to the power analysis of Test . To test the correlation between region s and region t, we define the following
class of correlation matrices:

L{S(g)(c) = !Tst : mie}xpszw >c ln(dS[/n)}.
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We also set
Oss,iiOtt jj
Kst = sup —
1zi<gsi<j<qe  Ostij

We first show that «g is bounded. By Holder's inequality,

2
[E{(Xsi — ms.0)Xej — e j)}]” < Oss.iiOne -
Therefore,
E{(Xs,i - Ms,i)z(xt,j - Mt,j)z} — Oss,iiOt jj < est,ij = E{(Xs,i - Ms,i)z(xt,j - Hvt,j)z} + Oss,iiOtt jj-

Because
1/2
EA(X s — pri)2(Xey — 1) < [ — s )Ly — e )]
and by Condition (C1.2) (or (C1.2%)),

E{(Xsi — is.)'} < Kol i E{(Xej — me))'} < Ko i,

(K — 1)Uss,ii0[t,]j =< Gst,ij <(K+ ])Gss,iiat[,jj«

Thus ks <K + 1.

Theorem 2. Suppose that Condition (C1.2) or (C1.2*) holds. Then as n and qq both go to infinity,
inf Pr(T > o) > 1.

Vet (401}

To distinguish the alternative from the null, Test I requires only one entry in the correlation matrix 7y larger than
{4(1 + ks )In(ds;/n)}/2. The rate is optimal in terms of the following minimax argument. Denote by }‘5([1 ) the collection
of distributions satisfying (C1.2) or (C1.2*), and by 7;([1; the collection of all o-level tests over J-'s(tl) ie,

V%ﬁﬁfi Pr(®g o =1) <.
Theorem 3. Suppose Condition (C1.2) or (C1.2*) holds. Let o and B be any positive numbers with « + B < 1. There exists a
positive constant cq such that for all large n and qq,

inf sup Pr(Tgo=1)<1-8.
rsteus(rl)(m)rst,aeﬁ% '

For any hypothesis testing, if the null is never rejected, the type I error «g = 0 and the type Il error 8y = 1; if the
null is always rejected, the type I error g = 1 and the type II error 8y = 0. These are trivial testing methods, and for
both tests we have ag + So = 1. For non-trivial testing methods, we expect o9 + Bo < 1. Theorem 3 shows that, when
maxlgiqs,]gfq[pﬁ,ij < ¢o Inds /n for some sufficiently small ¢y, the sum of the type I error g and the type Il error 8y cannot
be bounded away from 1. Therefore, the lower bound order max<i<q, 1<j<q, pszt,,-j > cIndg /n cannot be improved. On the
other hand, Theorem 2 shows that when max<j<q, 1<j<q, loszt,ij > 4(1 + «s)In(dg /n), the power of Test I will approach 1.
Therefore, Test | enjoys a certain optimality.

In Theorems 2 and 3, the difference between the null and the alternative is measured by | Yy |2, = mMaxj<i<q,.1<j<q pis[.
Another commonly used measure is the Frobenius norm || 7% ||r. Denote by r,; the count of the nonzero entries in 7, i.e.,

s Qe

e =YY 1pai #0).

i=1 j=1
Consider the following class of matrices:
VP(0) = (Tt 1M 112 = ere In(de/m)} -

We now show that Test I also enjoys the rate optimality property measured by Frobenius norm.

Corollary 1. Suppose that Condition (C1.2) or (C1.2*) holds. Then for a sufficiently large c, as n and qq both go to infinity,
inf Pr(T > o) > 1.

YareV) (401 +ise))
If || T II% > A1 + kg )rse In(dsr ), MaxXi<i<gq,1<t<q; pszt‘ij > 4(1 + ks )In(ds ). Therefore, Corollary 1 can be derived from
Theorem 2.
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Theorem 4. Suppose that Condition (C1.2) or (C1.2*) holds. Assume that rg < qu forsome 0 < y, < 1/2. Let «, 8 be any
positive number with o + B < 1. There exists a positive constant cy such that for all large n and qo,

inf sup  Pr(Pseo =1) <18
Tt eV ) 1y e7d)

In this theorem, we assume that ryy < qu. The assumption is quite reasonable for the brain network, because if the
connections of the functional components exist between two brain regions, they are usually sparse.

Theorem 4 shows that, when 7y € V}(cp) for some sufficiently small ¢y, the type I error «p and type Il error By cannot
be bounded away from 1. Therefore, the minimax rate || 7y II% > crg Indg cannot be improved. Theorem 4 and Corollary 1
show that Test I also performs optimally over Vs(tl)(c).

4.2. Asymptotic properties of Test I

For Test II, the conditions required for achieving its asymptotic property are different from what is required for Test L.
Recall that g5 ; and e ; are the error term of regressing all other components on one component within the region,

as defined in (5) and (6), and o, s j = coV(eys,i, krj)- Let Vo = (pest,) De the correlation matrix between &, =
(8k7511, <o Ekis,qs )T and Ept = (Sk,f‘]v <oy EktLge )T. Then
o O st ij
Pesti = (Us,ss,iio's,t[.jj)uz’

where o, s i = COV(Sk,sJ,ZSk,t,j)v O ss,ii = Val(Eks i) and oy ¢ jj = Var(eg, ;).
For ¢ 5 ;, denote by rf”) the number of other g 5 ; that are non-negligibly correlated (>(In go)~'~*0) with it, viz.

r®) = card(j : |peul = (Inge) ™70, j # i}

For a positive constant pp < 1, define the set that g , ; is highly correlated with at least one gy , j as
DB = (i1 |pe. il > po for somej # i}.
We need the following conditions:

(C2.1) For regions v = s, t, there exists a subset M, € {1,...,q,} with card(M,) = o(q,) and a constant g > 0
such that all y > 0, maxi<i<p,ic Mvrf,.) = o(q} ). Moreover, assume there exists a constant 0 < py < 1 such that
card{D,} = o(qo).

Condition (C2.1) parallels Condition (C1.1). It imposes conditions on within region correlation ¥ ,,. Suppose X,
follows a multivariate Gaussian distribution with the inverse covariance matrix £2,, = (@y,,j). Because p; i =
wvv_,'j/(a)w,,-fww,jj)”z [2], Condition (C2.1) holds under many cases when the inverse covariance matrix is sparse and
bounded; see [26,28,38]. Because covariance matrices and inverse covariance matrices are different, some data only satisfy
one of these two conditions. Consequently, the corresponding procedure should be applied.

(C2.2) For region v = s, t, the variable X , ~ N(p,, ), With Apax(Xy,) < co, where Ay is the maximum eigenvalue
operator. Also assume In go = o(n'/?).

In general, the theoretical properties of Test II hold for many non-Gaussian distributions as well. However, only under
the Gaussian distribution assumption, p; ., ; has an interpretation of conditional dependence such that

Pewnij =0 < Xewi LL Xeoj | (Xi,v,e : £ # 1, j}.

Condition (C2.2) makes Condition (C2.1) a natural assumption on the conditional dependency. Since 6, ji < Amax(Xyy) and
Ow.iiwyp.ii > 1, this condition also implies that var(ek s ;) = 1/@yy.ii < Co.

(C2.3) Recall the definition of &, ¢ and & , ¢ in (7) and (8). Under the cases (i) s # t and (ii)s = t and i = j, with probability
tending to 1,

1w 1«
max (= ¥ Bsifiej— = Y Eksifheg| < C(Inge)™'7%0. (10)
ij n ; J n ; J
Note that &, ; is the centered residual and & , ; is the centered random error. The term |ZL] Eks.ifktj— ZL] Eks.iCktjl/n
is determined by the difference between B, ; and its estimator BW-. We will specify in Section 5 some estimation methods
and corresponding sufficient conditions under which Condition (C2.3) will hold.
We derive the null distribution of Ts(t2 )in the next theorem.

Theorem 5. Suppose that Conditions (C2.1), (C2.2) and (C2.3) hold. Then under Ho, as n, qgop — 09, Ts(tz) converges point-wise to
the Gumbel distribution F in (3).
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The derivation of the limiting null distribution of Ts(tz) calls for Condition (C2.1). When it is not satisfied, we can still control
type I error based on the following proposition.

Proposition 2. Under Conditions (C2.2) and (C2.3) and the null Ho g, Pr(TS(tz) > (o) < In{1/(1 — )}, where q, =
—In(r) — 21InIn{1/(1 — )} is the (1 — «)th quantile of F defined in (3).
The power analysis of Test Il parallels to that of Test L. Let
qs  qt
Fest =Y > Wpestij #0).
i=1 j=1

Define the following two classes of matrices:

UPe)={"Tos: max  p?, . >clndg/ny;
T isisgeigj=q Y

VD(O) = (Yot Vet 17 > e In(dse/m)}

We have the following theorem.

Theorem 6. Suppose that Conditions (C2.2) and (C2.3) hold. Then
lim inf Pr(TS(tz) >(qy)=1, and lim inf Pr(TS(fz) > Qo) =1,

n,qoﬁooksteus(?)(cl) n’pﬁooRstEVS(IZ)(Cz)
forsome c; > c.

Denote by }‘S([2 ) the collection of distributions satisfying (C2.2), and by 7;52; the collection of all a-level test over ]—‘s(t2 ) As
for Test I, Test Il enjoys a certain rate optimality in its power.

Theorem 7. Suppose Condition (C2.2) holds. Let «, 8 be any positive number with « 4+ 8 < 1, There exists a positive constant
c3 such that for all large n and q,

inf sup Pr((ps[,a = 1) <1- ﬂ
Re,st Gus(tz)(cs) ¢5[,ae7's(fi

and

inf sup Pr(®go=1)<1-p6.

2
Re sV P(cs) Dst, €7§(tzc)z

4.3. Asymptotic properties of the multiple testing procedure

The properties of the multiple testing procedure (9) are based on the limiting null distribution of each test statistic. In
light of Theorems 1 and 5, we have the following results.

Theorem 8. Consider the multiple testing procedure (9). If Conditions (C1.1) and (C1.2) or (C1.2*) hold, the procedure (9) with Ts(t])
controls the family-wise error rate at level . If Conditions (C2.1) and (C2.2) hold, the procedure with Ts([2 ) controls the family-wise
error rate at level a.

5. Estimation of /ﬂ\v,i

Test I depends on the estimators of the regression model. Estimating regression coefficients has been investigated
extensively in the past several decades; methods include the Dantzig selector [ 16], the Lasso [47], the SCAD [22], the adaptive
Lasso [53], the Scaled-Lasso [45], the Square-root Lasso [7], and so on. In this paper, we focus on the Dantzig selector and
Lasso, and determine when they yield good estimators for the proposed testing procedures. In particular, we discuss the
sufficient conditions for Condition (C2.3) to hold.

Before we discuss the estimating methods, we introduce the following notation. For region v and component i, let

n

1
b,; = - ;(xk,u,—i —Xo—1) Kiw,i — Xoi)
k=

be the sample covariance between this component and other components in the region. Denote by

. 1« . .
v, —i—i = - ;(Xk.v,—i —Xo ) Xiw,—j — Xo )"
k=
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the sample covariance matrix without component i, and let D, ; = diag(%,, _;_;). For the following methods, the tuning
parameters are

A,i(8) = 8(Gyu,ii Ing, /)2

Dantzig Selector: Foreachv € {1,...,p}andi € {1, ..., q,}, the Dantzig selector estimators are obtained by

B,i(8) = argmin |e|;, subjectto D, ;/*£_; i — D, [’y il < Au.i(8). (11)
Lasso: Foreachv € {1,...,p}andi € {1, ..., q,}, the Lasso estimators are obtained by

B,.(8) =D&, (), (12)

where

aerP-1| 21

. 1 _ _ _
“v.i(g) = arg min |: Z{Xk,v,i - Xv,i - (Xk.v,fi - Xv.fi)Dv.;/za}z + Av,i(8)|“|l:| .
k=1

We now demonstrate that under certain conditions, the methods yield good estimators that satisfy the need for testing.
Define the error bound by a, ; and a,, »

ay,1 = Max |ﬂv,i - ﬂu,i'l’ Qy,2 = Max |ﬂv,i - ﬂv,i|2' (13)
1<i<qy 1<i<qy

Proposition 3. Suppose that Condition (C2.2) holds. Consider the Dantzig selector estimator Bv,i(Z) in(11). If maxy<i<q, |B,ilo =
o[n(In qg) 3720 { X min(32)}2], then Condition (C2.3) holds.

Proposition 4. Suppose that Condition (C2.2) holds. Consider the Lasso estimator /AS,)’,z(Z.OZ) in (12). If maxi<i<q,|B,ilo =
o[n(In qo)~372%0 {Amin(3)}?], Condition (C2.3) holds.
In fact, Proposition 3 holds for any Dantzig selector estimator [9,)’,4(5) with § > 2; and Proposition 4 holds for any Lasso

estimator Bv$i(8) with § > 2. For computational simplicity, we chose § = 2.02. The numeric studies indicate that such choice
works well in testing.

6. Simulation studies

In this section, we evaluate the performance of the our methods via two simulation studies: one is focused on the size
and power of the proposed tests for two regions, the other illustrates how to identity the functional brain network using the
proposed tests under family-wise error rate controls.

6.1. Size and power

We simulate a random sample Xi, ..., X, from a normal distribution with mean zero and covariance ¥y »,. For each
kefl,...,n},

. X X
Xy ~ N(O, s Xn22) with Zpp=| 7 ,
k ( q1+q2 ) ) s 212 I

where X, = (X./;.X,/,)" and X, ; is of dimension g; for s = 1, 2. For comparison, we also consider two alternative test
procedures for #Hg 12 in(1):

Test Ill: A simple test based on the Pearson correlation coefficient between the principal component scores. Specifically,
denote by Z; the first principal component score of data (X{S, RN X,I S)T. We compute the sample correlation

between Z; and Z,, denoted ps. The Fisher’s Z transformation is then taken to obtain the testing statistics Ts(f )
for this simple approach, which is given by

T(3)=lln 1+ 01 .
2 \1-7on,

Using the results by [27], it is straightforward to show that v/n — 3 TS) ~ N(0, 1) under Hg 12 in (1). This implies
that we reject Hp 12 if /11 — 3 |T8)| > Zq /2, Where z,, is the 1 — « normal quantile.
Test IV: An alternative test procedure that extends the idea by [13]. The test statistic is

Tiy = n max piy ; = 21n(4162) + InIn(g:2)
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where /3]2‘1‘]' = 6’]2‘1‘]'/(@1271])]/2 and
n

~ 1 - - ~ 2
012, = - ; {Xe1i — X1.0)Ke2j — X)) — 6125} -

Note that éujj is an estimator of 01, jj = var{(Xg 1,; — p1,i)(Xk.2j — 12,j)}, where 14 ; and puq j are the expectations
of Xy 1,; and Xy 2 j, respectively. Although T](;) may also work for our problem, Test I statistic TS) requires weaker
conditions for its asymptotic properties to hold. More specifically, to derive the asymptotic null distribution of TS),
we need an additional moment bound condition; see Condition (C2) in [13]. Test I statistic Tg) does not need this
additional condition, and therefore can work for more general distributions.

To define different model specifications on X4 »,, we introduce a few auxiliary matrices. Let Ay = (ajj)axa Where a; = 1
and a; ~ 0.5 x Bernoulli(0.5) for 10(k — 1) +1 < i # j < 10k, where k = 1,...,[d/10] and a; = 0 otherwise. Let
By = (bij)dxd where bii =1, b,‘,,‘+1 = bi—l,i =0.5and bi,j = 0 for |i —]| > 3.

Let Ag = (Aj)axa With X;; ~ 14(0.5, 2.5) and A;; = O for i # j. Now, we define four different models for ¥; and X,.

e Model 1 (Independent Cases): X = Ag,, fors =1, 2.

e Model 2 (Block Sparse Covariance Matrices): Xy, = A;!Z(Aqs + &ilg)/(1 + 5,—)/1,],5/2, for s = 1,2, where §; =
[Amin(Ag; )| + 0.05.

e Model 3 (Block Sparse Precision Matrices): Xy, = A;S/Z(Aq‘sl + 6{1g)/(1 + (S;‘)A;S/z, fors = 1,2, where §f =
|2min(A;")| 4 0.05.

e Model 4 (Binded Sparse Covariance Matrices): X = A,}S/Z(qu + 7lg )/ (1 + rs)A;s/z, fors = 1,2, where t;, =
| Amin(Bg, )| 4+ 0.05.

e Model 5 (Binded Sparse Precision Matrices): ¥ = A;S/Z(Bq‘sl + 17l )/(1 + rs*)A;S/Z, fors = 1,2, where 7{7 =
|)Lmin(B;S1)| + 0.05.

e Model 6 (Heavy Tail distribution): Instead of a normal distribution, we assume that X follows a multivariate ¢t
distribution with zero mean, 5 degrees of freedom, and the covariance structure is the same as Model 1.

To simulate the empirical size, we assume X1, = 0y, «q,. To evaluate the empirical power, let X1, = (0jj)q,xq, With
o ~ sij x Bernoulli[5/(q1q,)] with s; ~ N(44/In(q1q92)/n, 0.5). The sample size is taken to be n = 80 and 150, while the
dimension (q1, q;) varies over (50, 50), (100, 150), (200, 200) and (250, 300). The nominal significant level for all the tests
is set at @ = 0.05. The empirical sizes and powers for the six models, reported in Tables 1 and 2, are estimated from 5000
replications.

Obviously when the covariance matrix of each region is sparse, Test I controls the type I error better, while when the
precision matrix is sparse, Test II controls the type I error better. This shows the influence of Conditions (C1.1) and (C2.1)
when deriving the limiting null distribution. On the other hand, the simulation also shows that without these two conditions,
there is very little inflation in the type I error. The power analysis shows the similar pattern. In general, Test I/l has a larger
power when the covariance/precision matrix is sparse. Both Tests I and II achieve a much larger power than Test III (the
Pearson correlation test on the first PC scores), although the empirical sizes of Test Il are comparable to the proposed tests.
Test IV has a similar performance as Test I in terms of empirical size, where the power is slightly smaller than Test 1 for
Models 1-5. For Model 6 (heavy tail distribution case), Tests I, IIl and IV can still control the size, while Test Il has an inflated
size. For Model 6, Tests I and I still maintain a high power, while Test IV can hardly detect any signal. In order for Test IV to
work, additional constraints are required on the high order moments, and it is possible that these conditions do not hold for
heavy-tailed distributions.

6.2. Network identifications

In this section, we perform the simulation studies to illustrate the performance of our proposed testing procedure with
the family-wise error rate control on the network identifications. We simulate a region level brain network according to the
Erd6s-Rényi model [21]. We set the number of regions p = 90, and the probability of any two brain regions being functional
connected as 0.01. The simulated brain network is shown in Fig. B.1 of the Online Supplement.

For every two connected brain regions s and t on the simulated network, we consider four models that we discussed in
Section 6.1 for the specifications of Xy and X. Similar to the simulation studies for evaluating the empirical power, we set
X5t = (0j)gsxq With oj; ~ s;; x Bernoulli(10/ds;) with s; ~ N (44/In(dg)/n, 1). We set n = 150 and simulate the fMRI time

series based on a normal model, i.e., X ~ N(0, Xq.q), foreachk € {1, ..., n}, whereq=q; +---+ g, and
i X2 ... Xp
D P L. X
Syxqg = 21 12 2p

St Zp ..
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Table 1
Empirical size of Tests I, II, IIl and IV for different sample sizes and models (x 1072).
Model Test (91, g2)
(30, 30) (50, 50) (100, 150) (200, 200) (300, 250)
n =80
1 I 4.50 4.46 4.54 5.14 6.16
11 458 4.48 4.70 5.70 5.44
| 6.48 6.26 3.38 5.34 7.60
v 3.98 4.56 5.02 6.04 4.08
2 I 4.20 4.60 4.52 6.04 6.06
11 2.88 4.06 4.08 3.86 2.88
| 6.46 458 8.88 7.34 6.32
v 4.32 4.40 4.62 3.04 3.06
3 I 3.44 4.02 4.50 4.98 3.20
11 4.56 3.94 5.02 5.76 5.74
| 8.26 3.36 7.40 6.38 3.48
v 4.24 3.42 3.56 3.88 4.18
4 I 4.80 4.82 5.12 5.22 6.02
Il 1.92 2.28 3.04 2.16 3.12
| 4.42 3.36 6.56 478 3.20
v 3.60 3.98 4.84 4.98 5.82
5 I 0.88 1.02 1.06 1.90 1.90
11 452 4.60 432 6.28 6.14
| 4.52 428 5.38 4.36 6.40
I\ 1.08 1.04 1.42 2.14 2.10
6 I 3.38 2.62 1.02 0.82 1.20
11 6.20 6.82 9.64 13.78 7.98
| 5.58 4.38 5.58 5.58 4.80
v 1.98 2.36 1.38 1.60 1.58
n = 150
1 I 4.94 4.10 5.04 4.62 4.84
11 476 434 478 5.18 5.36
| 8.80 4.04 6.44 5.56 5.76
v 4.82 4.12 5.00 472 4.72
2 I 5.08 4.62 4.48 4.88 474
Il 4.02 4.68 4.40 4.70 4.24
| 5.86 7.46 3.30 4.04 5.02
v 4.98 4.32 4.26 472 4.64
3 I 4.94 4.68 4.50 4.86 4.60
11 5.34 4.68 4.26 5.12 5.04
| 2.76 8.80 474 5.22 3.98
v 4.64 4.88 4.80 4.96 4.84
4 I 5.02 478 4.96 4.92 5.10
11 2.62 2.46 3.62 3.42 3.78
11 2.92 5.74 6.50 5.52 4.00
v 4.82 5.12 5.06 4.86 4.88
5 I 1.96 1.92 1.96 2.18 3.10
Il 5.62 4.46 4.04 4.92 4.94
| 3.38 5.92 3.90 5.42 2.34
v 2.04 2.12 1.98 2.24 4.08
6 I 4.00 2.82 0.64 1.62 0.80
11 7.18 7.20 5.40 9.98 7.42
| 4.00 4.98 4.00 424 4.02
v 2.00 2.22 2.82 1.62 1.96

Table 3 reports the accuracy of the network identification and the performance for multiple testing. Denote E; as the
indicator of the true connectivity between region s and region t, and E‘a,st as the indicator of the estimated connectivity
at the ath iteration foreach1 < s <t < panda € {1,...,5000}. The NETTPR is defined as the percentage of exactly
identifying the correct network, the FWER is the empirical family-wise error rate which is the frequency of having one or
mode false discoveries of the functional connectivity over the brain network, and the FDP is the false discovery proportion
among the entire detections. Mathematically,

_l 5000
NETTPR = - le (Y1<5<t<p  East = Ext),
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Table 2
Empirical power of Tests I, II, Il and IV for different sample sizes and models (x 1072).
Model Test (41, q2)
(30, 30) (50, 50) (100, 150) (200, 200) (300, 250)
n =80
1 I 88.58 85.00 60.20 55.44 54.74
il 88.46 85.46 60.36 55.84 54.04
il 11.32 6.26 7.06 8.66 6.18
\Y 86.48 83.92 56.12 54.98 45.18
2 I 88.04 80.20 59.78 55.08 55.10
Il 69.72 64.10 49.70 44.72 43.94
il 6.46 4.00 7.00 5.72 7.28
\Y 85.02 78.12 49.98 54.04 50.90
3 I 69.88 65.50 50.24 44.40 44.36
I 87.46 80.40 59.30 54.94 55.90
il 3.84 3.36 7.80 4.50 3.96
v 66.28 62.40 48.22 42.20 42.12
4 I 90.24 95.42 63.40 56.08 64.32
I 56.82 59.16 43.98 42.18 42.84
il 8.02 8.52 10.12 5.96 8.64
\Y 89.24 90.22 61.22 52.08 62.20
5 I 80.82 75.14 44.30 35.00 34.78
il 89.94 85.36 54.30 49.90 44.96
il 8.12 5.30 6.52 6.68 7.60
\Y 78.28 72.10 45.20 36.20 35.80
6 I 45.60 18.04 100.00 100.00 100.00
I 99.82 99.14 100.00 100.00 100.00
il 7.8 6.22 8.64 9.42 9.04
\Y 0.24 0.62 0.04 0.02 0.42
n =150
1 I 98.82 98.08 96.66 89.24 85.22
I 98.96 98.04 96.98 87.78 85.04
il 13.82 4.04 8.82 7.52 9.48
v 98.12 94.38 98.84 88.18 84.10
2 I 99.14 97.86 97.02 87.62 84.46
I 86.98 75.92 73.30 55.58 55.18
11 8.10 11.48 6.26 5.02 3.64
v 94.36 94.78 94.08 84.28 88.64
3 I 90.06 87.74 76.38 54.88 55.48
I 94.58 94.70 92.48 84.80 79.94
11 3.80 9.26 4.26 5.84 3.04
v 84.06 83.42 68.22 74.32 30.16
4 I 95.26 92.56 88.68 74.92 85.42
I 85.40 67.54 64.48 58.32 59.26
11 9.34 10.14 9.24 6.56 6.08
\Y 98.12 98.54 76.86 72.00 65.12
5 I 84.74 79.74 56.00 44.96 45.40
il 95.10 89.96 78.44 55.24 53.32
11 7.94 9.08 5.26 3.62 2.34
\Y 74.74 86.74 63.22 45.44 47.12
6 I 98.24 79.62 90.04 100.00 100.00
il 98.98 99.98 95.22 100.00 100.00
111 8.84 8.60 9.20 9.8 9.40
v 0.62 0.04 0.24 0.02 0.04

1 5000

FWER = — Z 1(E|s<t Ea,st =1,E = 0),
5000 e

FDP — 20:010 Z]§S<t§p 1(Eqst = 1,Ex = 0)

5000 ~
a=1 Zlgs<t§p I(Ea,st = 1)

Table 3 shows the similar pattern as Tables 1 and 2. When the covariance matrix is the identity matrix, Test I performs better
than Test II since the optimization step of Test Il introduces extra errors. In addition, Test I is computationally much faster
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Table 3
Accuracy of the network identification for Tests I and II.
Test 1 Test 11
NETTPR FWER FDP NETTPR FWER FDP
Model 1 0.72 0.02 0.08 0.60 0.02 0.08
Model 2 0.64 0.02 0.04 0.56 0.08 0.02
Model 3 0.24 0.10 0.06 0.68 0.04 0.12
Model 4 0.66 0.04 0.02 0.36 0.16 0.08
Model 5 0.18 0.12 0.07 0.70 0.02 0.06
Model 6 0.38 0.04 0.04 0.64 0.12 0.16

than Test II. Therefore we recommend Test [ when the covariance matrix is the identity matrix or sparse, and Test Il when
the precision matrix is sparse and its inverse is not sparse.

7. Application

In this section, we demonstrate our method via an analysis of the resting-state fMRI data that are collected in the autism
brain imaging data exchange (ABIDE) study [20]. The major goal of the ABIDE is to explore the association of brain activity
with the autism spectrum disorder (ASD), which is a widely recognized disease due to its high prevalence and substantial
heterogeneity in children [6]. The ABIDE study collected 20 resting-state fMRI data sets from 17 different sites consisting
of 1112 individuals with 539 ASDs and 573 age-matched typical controls (TCs). The resting-state fMRI is a popular non-
invasive imaging technique that measures the blood oxygen level to reflect the resting brain activity. For each subject, the
fMRI signal was recorded for each voxel in the brain over multiple points in time (multiple scans). The different sites in the
ABIDE consortium produced a different number of fMRI scans ranging from 72 to 310. Several regular imaging preprocessing
steps [20,30], e.g., motion corrections, slice-timing correction, spatial smoothing, have been applied to the fMRI data, which
were registered into the MNI space (image size: 91 x 109 x 91(2 mm?)) consisting of 228,483 voxels. We concentrate on
the network identification for over 90 regions in the brain, with regions defined according to the AAL system.

We take a whitening transformation of original fMRI signals using the AR(1) model [52] to remove the temporal
correlations. The de-trending and de-meaning procedures are also applied for original fMRI signals. We perform the principal
component analysis (PCA) to summarize the voxel-level fMRI time series into a relatively small number of principal
component signals within each region. The number of signals is chosen according to the criterion of the cumulative variance
contribution being larger than 90%. The mean number of the principal components over 90 regions is 18 and ranges from 6
to 36. We apply the proposed methods to identify the resting state brain network for each subject. The network for a group
of subjects is defined by including the connections for regions i and j if they are connected with over 85% of subject-level
networks. The ASD patient and control networks include 445 connections and 502 connections respectively, where numbers
of unique connections are 31 and 88. The number of connections shared by both groups is 441. The control network is denser
than the ASD patient network.

Fig. 1 shows the unique connections for the ASD patient network and the healthy control network. In the ASD patient
network, there are two “hub” brain regions that have at least four unique connections to other regions in the brain. They are
the medial part of the superior frontal gyrus (SFGmed-R) and Gyrus rectus (REC). These regions were demonstrated in the
previous publications [5,25,40,48] to be strongly associated with autism. Our results suggest that ASD patients have active
region level functional connectivities between these three regions, while the controls do not have these connectivities. On
the other hand, in the healthy control network, there are three “hub” regions that have at least seven connections. They are
the dorsolateral part of right superior frontal gyrus (SFGdor-R), the left middle frontal gyrus (MFG-L) and the right middle
frontal gyrus (MFG-R). Our results suggest that autism patients break the greatest number of the connectivities in these three
regions. The brain functions of these regions are consistent with the autism clinical symptom. For example, the superior
frontal gyrus is known for being involved in self-awareness, in coordination with the action of the sensory system [24].

8. Discussion

The novel contributions of our work include the following: (1) we propose a new framework to identify the region level
functional brain network using formal statistical testing procedures, which makes full use of the massive voxel-level brain
signals and incorporate the brain anatomy into the analysis, producing neurologically more meaningful interpretations;
(2) we establish the statistical theory of the proposed testing procedures, which provides a solid foundation for making valid
inference on the functional brain network; (3) the proposed method is computationally very efficient and the computational
algorithm is straightforward to implement in parallel mode; and (4) although the development of our proposed approach is
motivated by the analysis of brain imaging data, it is a general method for network construction and can be readily applied
to other problems, such as identification of gene networks and social networks.



J. Xie, J. Kang / Journal of Multivariate Analysis 156 (2017 ) 70-88 83

ASD Patient Brain Network
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Fig. 1. Identified region level resting state brain networks for ASD patient group and healthy control group.
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Appendix A. Proof of the main theorems

Without loss of generality, in this section, we assume E(X ;) = E(Xk.;) = 0, and var(Xs;) = var(Xy:;) = 1 unless
otherwise stated. Due to space limitations, we list the proofs of some theorems (Theorems 2, 4, 5, and Propositions 3 and 4)
here. Theorem 6 follows similar arguments as Theorem 2, and the proof of Theorem 7 follows along similar lines as that of
Theorem 4. The proof of Theorem 1 is relatively long and the main techniques follow the proof of Theorem 1 in [ 14]; thus it
is relegated to the Online Supplement.

In addition, to simplify the notation in the proofs, we denote by ds; = qsq; the total number of entries in the covariance
matrix Y. We also define c(d, ) = 2In(ds;) — InIn(ds ) + q,, where g, is the (1 — «)th quantile of the null distribution F.

To prove Theorem 2, we need Lemmas 1 and 2.

Lemma 1. Recall that 61 s jj = 0ssiioy j and 91,“,,7 = Gs,ii0 jj. Under Condition (C1.2) or (C1.2*) and the null H s, there exists
some constant C > 0, such that as n, go — 00,

A

O o i
Pr [max 1-— ZLst.i

L]

1
>C—— t =0(qy +n%). (A1)
Orsei| ~ (ngoP } °
Lemma 2. Recall that 0 jj = var{(Xis i — ts,i)(Xk.rj — Mtj)}. Under Condition (C1.2) or (C1.2*), there exists a constant C > 0
such that
(stij — c7st,ij)2 2 -M —¢/8
Primax —————— > x“t < C|A[{1 - ®(x)} +0(q," +n %) (A.2)
(ijeA Oy jj/n
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uniformly for 0 < x < (81Inqo)"? and A C {(i,j): 1 <i < g5, 1 <j < q,}. Under o, (A.2) also holds when substituting 0y
to 91,“,1']'.

Proof of Theorem 2. Define
~2 2

G- . nos .
st,i St,i
Typ =max —, Ty 3 =max —=,
LJ 1,st,ij L] 1,st,ij
A 2 A 2
n(gst,ij - O'st,ij) n(Ust,ij - ast.ij)
Tst4 = max —————, Tys5 = max —————
y gLst.ij y Qst,ij

By Lemma 1,
Pr(T{" > qo) = Pr[Tuz > c(dse, @){1+ o(1)1.
Since Tg 3 < 2Tr.4 + 2T 2 and T 3 > 4(1 + k) Ind;, we get
Pr[Ts 2 > c(dst, a){1 4+ 0o(1)}] > Pr[Ts 3 — 2Tse 4 > 2¢(dse, ){1+ 0(1)}]
= Pr[Tst,4 =< Ts[,3/2 - C(dsh Ol){] + 0(1)}]
= Pr[Ts 4 < {265 Indg + In(Indy ) — go }{1 — o(1)}].
Because T 5 > T 4/k. It follows that
Pr[Tst 4 < {265 Inds + In(Inds) — g H1 + 0o(1)}] = Pr[Tse 5 < {2Indge + (1/xs) In(Inde) — (1/c5t)qa H1 — o(1)}].
By Lemma 2,

Pr[Ts s < {2Inds + (1/ks) Innds — (1/ks)qe {1 —0(1)}] — 1. O

Proof of Theorem 4. It suffices to prove the conclusion for variables with a normal distribution satisfying Condition (C2)
and (C2*). Let min(gs, q;) = q*(s, t). Denote by M(s, t) = {S: S C {1, ..., q"}, card(S) = ry} the set of all the subsets of
{1,..., ¢*} with cardinality ry. Let i be a random subset of {1, ..., g*}, which is uniformly distributed on M. Consider the
following covariance matrix of (X;, X;)":

I .
* qs X(gs st,m % .
Th = ( o and X7 5 = (0stij)gsxqr»

*T
Est,rﬁ IQr Xqt

with
05f,i1i1 =p= C{ln(de/n)}]/za GSf,iziz = GS[,ij =0
foralli; € M(s,t), iy € M(s, t)°, j # i.Here c is a positive constant which will be specified later. Without loss of generality,

suppose gs < ;. Let us reorder the variables X = (X; 1, X¢ 1, ..., Xs,g» Xt.g5» - - » Xt.q¢ )T. Then the covariance matrix of X is
Xy = diag(A(i), . .., A(i), Ig,—q, ), with

A(i):(; f) ificm and A(i)=lifie i

It is easy to see that the precision matrix is £24 = diag(B(i), ..., B(i), Ig,—¢, ), with

. 1 1 —p\ r. , e A

All)= —— ifiem and A(i) =L ifie m".

(i 1_p2<_p 1) (i) =1

We construct a class of £: @ = {Z;,m € M(s, t)}. Let ¥ = I and ¥; be uniformly distributed on Q. Let u, be the

distribution of ¥;. It is a measure on {A € S(rg, s, t) : ||A||§ = ryp?}. For a € {0, 1}, let dP,(X) be the likelihood function
given X,. Define

LX) =, {dPl(X)} ’

dPy(X)

where E,, , is the expectation on Xi. By the arguments in Section 7.1 of Baraud [4], it suffices to show that Eo(Lip ) < 14o0(1).
We have

n
1 1
L., =Eg |:| I W exp {—EX,(T(.Q,;1 — )X, }:| .
m

k=1
Let Eg be the expectation on X, with A/(0, I) distribution. Then
2

Eo(L;,) = Eo (:) > |:H|Em]|]/2exp{—; ,{T(nm—l)xk”

meM k=1
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1 LI | 1 1

= Z Eo l_[ 172 52 1172 xp{ =X (20 + O — ZI)XR}
(q*) e [ S| % | S |

Tst ’

Set 2y + 2y — 21 = (a5, 5,.ij), With sy, 55 € {s,t},i € {1,...,q,},andj € {1,...,q,}.Ifi e mNm, a5 = Ay i =
20% /(1= p?), agei = —2p/(1 = p?).1fi € MAM, Oss i = Ayeii = 1/(1— p?) — 1,055 = —p/(1— p*). Otherwise, s, s, ij = 0.
Now let t = |m N m’|. By simple calculations, we have

Tst * *
2y—nrge E : q <rsf> a° =Tt \ qmeq _  2\2ra—tn/2
ll«ﬂ ) —-p ) s (Gt) t rst —_t ( 1Y )

—1 Tst r
st 2y\—tn/2
-() B )=
Ts tn/2
Sq*rst(q _*‘rst)- - rst < )( >n/
a- t=0

={1+0(1)}{1 ,,/2}
< exp{rs In(1 + rstq*c _l)}{l +o(1)}
< exp(r2q™ {1+ o(1)).

For sufficiently small c2, EO(L;ZL,,) = 14 0(1), and hence the theorem is proved. O

Proof of Theorem 5. Define

A 2
~ n(US,St,ij - a&,st,ij)
T = NMax p,g, Ty =max — 22507
[}

i.j Os,st,ij
5 . )2 5 " )2
= n(as,st.u - GS,SI‘,U) = n(as,st.u - GS,SI‘,U)
Tg =max ——————= Ty =max —————"—,
y Qe,st,ij L) Qe,st,ij
where
n n n
A 1 A A ~ 1 . . 1
Og st ij = E E Ek,s,i€k,tjs  Ogstiij = E E Ek,s,i€k,tjs  Oestij = E E Ek,s,i€k,t j-
k=1 k=1 k=1
By Condition (2.3) and max;|6 ss ;i — Oc.ss.iil = Op{(Ingo)~ 170},
|9£,s[,ij - s,st.ijl =< |U£,ss,ii05,tt,]j - Gs,ss,iias,t[,jj|

= 0p {max(l&s ssii — Oess.iil |5, tjj — Us,t[,jj|)} = Op{(In qo)flfao}.
By (C2.2), 0, & > 1/cZ. Thus with probability tending to 1,
|Tse — Tst| = CTst(ln qo)~ 170
ITse = Toel < C(Ingo) ™'~

< 1/2
|Tse — Tst| < Cn( max 85, + max & ])—i- Cn”zT / ( max 851 + max ef])
1=i=qs ™ 15j<q 1<i=qs ™ 1<j=q:

The second inequality above stems from Condition (C2.3). Note that
max 8| + max (&l = Op((Ingo/n)'"?).
Thus, it suffices to show that for any x € R,
. 1
Pr{Ty < 2Indg — 2In(Ind) + x} — exp <_f/2 e—></2> .
T

The rest of the proof is similar to the proof of Theorem 1. O

Proof of Proposition 3. We first decompose 6; s j as follows:

1« 1«
- E Ersiflrj = E Eks,ifktj — Ats,t,ij — Azs,eij T Ass i
k=1 k=1
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where

1. . .
Alsitij= E Z Ek,s,i Xk t,—j — Xt,—j)T(ﬂt,j - ﬁt,j)
k=1

1. - .
Azsiig = D Bt jKis.—i — Xs i) (Bsi — Bs)
k=1

Asseij=(Bsi— ﬂs,i)T‘\Aij.*iﬁj(ﬂt.j = B j)-
We bound each term in order. First note that, for alls, t € {1, ..., p},

1. . . .
[A1s.eijl < - Z €rs,ilXiet,—j — Xk, —j) — COV(Eksis Xie, )| |Bej— P :
k=1 I,
+ |coV ks Xis By — B (A3)

Now for any M > 0, there exists a sufficiently large C > 0 such that

Pr max
1<i<qs,15j=qt

Next, recall the definition of a, ; and a, > in (13). Whens = t and i = j, cov(&s.i, Xk 5,—i) = 0. Therefore

1

n
. D ks~ — Xe—j) — OV(Ers.is Xer.—)

k=1

> C{ln<d5t/n)}1/2] = 0(gy™).

oo

max |Ayss.i| = Op {as1(Ings/n)"/?} .

1<i<gs
When s # t, under Ho g, COV(Exs.i, Xk r,—j) = 0. Therefore

max_ |Aiseij| = Op {ac1(Indy/n)'?} .
1<i<gs. 15j<q;

When s # t and under H; g,

‘Cov(gk,s,i, X,IS,_J-)(B:J - ﬁtj)‘ = {Var(gk,s,i)}l/z {(Bri,j - ﬁt,j)TZ‘tt,—j,—j(ﬁr,j - ﬂt,j)}

=< Col¢,2-

1/2

Therefore,

max  |Ayseij| = Oplac1{In(dy /n)}'? + a; ).

1=<i=gs,15j=qt

We can derive bounds for A; s ; ; j similarly. Next, we bound As s ¢ ; j. First,

A3,s,t,i,j = (ﬂk,s,i - ﬂk,s,i)T(ﬁ'st,—i,—j - Est,—i,—j)(ﬁk,:,j - ﬂk,t,j)
+(Brsi — :Bk,s,i)TESI,*i,*j(ﬁk,rJ = Brej)-
It is easy to show that for any M > 0, there exists a sufficiently large C > 0 such that

Pr[ max |G — Os il = C{ln(dst/n)}1/2:| = 0(qo™)
1<i=qs, 1<j<qr

Whens # t, one has X5 _; _j = 0 under Ho s while || X5 _; _jll, < co under #; 5. By the inequality

A T A o < p. Q
(ﬂk,s.i - ﬂk,s,i) (Est,—i,—j - Sst,—i,—j)(ﬂk,t,j - ﬂk,t,j)‘ = |25fs_i~_f - Estv_i-_j|oo|ﬂka5~i - ﬂk’s"—h'ﬁk't’j - ﬂk’t’jh’ (A4)
we have under Ho g,

max_ |Assij| = Op [as1a1{In(dg/n)}/?];
1<isqs. 15j<q:

and under #; g,

1/2
max_ |Asseij| = Op [a5 10 1{In(dse /n)}'? + a5 50, 2] -
1<i<qs,1<j=<qr

When s = t, we can show by a similar argument that under # ,

max  |Ascsii| = Op {a?,(Ings/n)"/?};
1SiSQS,1§iSQt| 3,s,s,l,j| P{ s,1( QS/ ) }a

and under #q g,

2 12, 2
max_ |Asggijl = Op {aZ,(Ings/n) 24 a,}.
1si<gs,1<j=q; ' :
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Therefore, when s # t, under Hg o

1T, . T, . Indg \ '/?
- E Ek,s,ilktj = = E Ek,s,ifk,t,j + Op (Gs,10r,1 + As1 + ar,1) ; (A5)
e L n

and under #q g,

Indy;

T, . T, .
- Z Frsibles = Z Ek,s,i8k,t,j + Op (Gs,10¢,1 + 51 + am)( ) +(As20c2 + 52+ ar2) ¢ - (A.6)
=1 =1

When s = t and i = j, under Hg g,

1 Ing, 1/2
7ZEkSl:EZSkSI+OP (asz,1+a&1)( n ) > (A7)
k=

and under H; g,

1 Ing 172
*Z%Fngﬁ,wOp (a3,1+as,1)< ns> +as (A8)
k=1

It then suffices to show that for each v € {1, ..., p}, a, 2 = Op{(Ingg)~'"*} and a, ; = Op{n(Inqo)~2-%}.
From the proof of Proposition 4.1 in [36], p. 2975, with probability tending to 1,
|D71/2 Auv —i,—iBu,i - D;:/zbv,iloc =< )\v,i(z)-
It then follows that

D, Sn—i—i(Bui — Byl < 2k i(2).

From

max |B, ilo = 0 {Amin(¥)(n/Inqo)"?}

1<i<qy
and the inequality
8" Sy —i—i8 = Amin(Z_i_)I8]3 — Op{(Ingqo/n)"/?}181,,

we can further see that the restricted eigenvalue assumption RE(s, s, 1) in [8], p. 1711, holds with (s, s, 1) > cAmin(Z)2.
From the proof of Theorem 7.1 in [8],

1/2
a1 =Op {11333; |B,.ilo(In qv/n)”z} . Gy =0p [{gg{; B..ilo(In qn/n)} {)\min(z)}_]:|
Therefore, we can conclude. O

Proof of Proposition 4. From the proof of Proposition 4.2 in [36], we have with probability tending to 1,
D2 8y i Dy (8 = DB, oo < 200,i(8).

Then by (A.5), (A.6), (A.7), (A.8), and the proof of Theorem 7.2 in [8], we get that Condition (2.3) holds for B, ;(§) with
§>2. O

Appendix B. Supplementary data

The supplementary material includes the proofs of theorems and lemmas that are not included in Appendix A, and the
simulated network (Fig. B.1) on 90 regions using Erd6s-Rényi model discussed in Section 6.2.
Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/j.jmva.2017.01.011.
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