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Abstract: In this paper, we consider nonparametric regression modeling for longitudinal data. An important
modeling choice is that the covariate effect may change dynamically with time by using a bivariate link function.
Comparing with Jiang and Wang [9, 10], and Zhang et al. [28] we make two distinct contributions to this
important class of models. First, we show theoretically and empirically that taking the within-subject correlation
into account can improve the estimation efficiency for the bivariate link function. Second, we propose a novel
method involving a shrinkage estimation technique to identify consistently whether the effect of covariates is
time-varying. Simulation studies are conducted to assess the finite-sample performance and a real data example

is analyzed to illustrate the proposed methods.
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1 Introduction

In many biomedical and economic studies, measurements are collected over time on the same subject.
The observations then form a longitudinal data set. For such data, standard parametric regression
techniques that take into account within-subject correlation are well developed; see, e.g., [14, 18, 19,
20, 21, 27] and [1] for a summary of different types of parametric approaches. While parametric
approaches are useful, issues may arise as to the adequacy of the model assumptions and the potential
impact of model misspecifications on the analysis. This motivates the use of nonparametric approaches

that we adopt in this paper.

Let Y (t) and Z(t) be the response variable and covariate, respectively, observed at time ¢. In
traditional nonparametric regression, it is often assumed that Y (t) = w(Z(t)) + &(t), where &(t)
represents the mean zero noise, which could be fitted by classic kernel, local polynomial or spline
methods. However, in more complex data settings, the effect of the covariate may change with time,
while in the standard univariate nonparametric regression the effect of time is entirely through the

covariate Z(t). Jiang and Wang [9] thus considered the time varying model
Y(t) = ult, Z(t) +e(t), (1)

which indicates that the effect of the covariate Z may change with time and as such is probably
more realistic in many real situations. For related work, see [10, 28]. Jiang and Wang [9] extended
the classical multivariate principal component analysis to accommodate covariate information for
functional data and developed two estimators. Jiang and Wang [10] proposed a new single-index
model to reflect the time-dynamic effects of the single index for longitudinal and functional response
data with both longitudinal and time-invariant covariates. Zhang et al. [28] proposed a functional
additive model with the components being time-dependent additive functions of the covariates. For the
proposed functional additive model, they developed a backfitting algorithm to estimate the unknown

regression functions.

It has been long recognized that the within-cluster correlation structure plays a very important
role in a longitudinal data analysis and that it should be taken into account whenever possible. This
usually improves estimation efficiency. Besides, the correlation structure may be of substantive interest
by itself [11]. However, for model (1), previous work ignored such correlation structure, possibly due
to the fact that explicit consideration of this aspect of the model is much more challenging and
there are usually many more parameters in the covariance matrix and the positive definiteness of the
covariance matrix has to be assured. One way to guarantee positive definiteness of the covariate matrix

is to use a modified Cholesky decomposition that could be interpreted as an autoregression model,



with no constraint on the autoregression coefficients. Based on a modified Cholesky decomposition
[11, 18, 19, 24|, the within-subject covariance matrix is decomposed into a unit triangular matrix

involving generalized autoregressive coefficients and a diagonal matrix involving innovation variances.

As a result, in order to construct a more efficient estimator of the mean function in model (1),
we adopt a three-stage approach. First, an initial estimator of the mean function is obtained by
ignoring the correlation. In the second stage, the estimated residuals are used to fit the autoregres-
sive coefficients in the covariance. Finally, the estimated covariance is used to de-correlate the original
observations and the final estimator is obtained. It is shown that the final estimator is more asymptot-
ically efficient than estimators that ignore the within-cluster correlation. The large-sample properties
of the proposed estimators are developed. We note that other ways of modeling the correlation struc-
ture are also possible, including [4, 12, 14, 29]. The advantage of the current approach is that the
covariate/time effect on the correlation structure is explicitly produced, and nonparametric regression

functions are avoided in the covariance modeling.

Modeling the time-varying effect requires estimating a link function with higher dimensionality,
which adds unnecessary complexity if the covariate effect is not actually time-varying. Therefore, an
interesting question is whether we can identify the situations when u(t, Z(t)) is actually only a function
of its second argument. If so, a simpler model with mean function equal to u(Z(t)) can be adopted.
Recently, Vogt [23] proposed a kernel-based La-test statistic to tackle a similar problem. However,
his procedure is developed only for the case that the observations are made on a equally spaced grid
densely over time. In this paper, we propose a novel method using the idea of shrinkage estimation
[22]. We show that the shrinkage method can identify the true model structure (time-varying or
non-time-varying) with probability approaching 1.

The rest of the paper is organized as follows. In Section 2 we describe estimators for the mean and
the covariance structure, and establish their asymptotic properties. In particular, we show that the
final estimator that takes into account the correlation structure is more asymptotically efficient than
that which ignores the correlation structure. A shrinkage method for deciding whether a non-time-
varying model is sufficient for the given data set is taken up in Section 3. In Section 4, we present Monte
Carlo simulation results that empirically corroborate the theoretical results. We further illustrate the
proposed procedure by analyzing a real data set in Section 5. Section 6 ends the article with a

discussion. Technical proofs are presented in the Appendix.



2 Estimation methodology

2.1 Initial estimator of the mean function

Suppose there are n subjects, and for the ith subject there are m; repeated measurements of (Y (t), Z(t),
t) over time. The jth observation of (Y'(t), Z(t),t) for the ith subject is denoted by (Y;;, Zi;, t;;) with
i€ {l,...,n} and j € {1,...,m;}. Since subjects are often measured repeatedly over a given time
period, the measurements of each subject are possibly correlated with each other but different subjects
could be assumed to be independent.

We use local linear smoothing to obtain an initial estimator of the mean function, ignoring the
within-subject correlation. In particular, the local linear fitting has several nice properties such as
high statistical efficiency (in an asymptotic minimax sense), design adaptation and excellent boundary
behavior. See Fan and Gijbels [3] for details. For any (t;;, Z;;) in a close neighborhood of (t, z),
w(tij, Zi;) can be approximated by

Ou(t, )
ot

Ipu(t, z)
0z

(tij —t) +

w(tiz, Zij) = p(t, z) + (Zij — 2) = Po + Pi(tiy — t) + B2(Zij — 2).

As aresult, the local linear smoother for the mean function u(t, 2) is u(t, z) = Bo with B = (Bo, Bl, EQ)T,

and

B = argﬁminz Z{Yij — Bo = Pui(ti; — t) — B2(Zij — 2)} Kpay y (tij — ) Kpzy (Zig — 2),  (2)

i=1 j=1

where K is a kernel function with Kj(-) = K(-/h)/h, ht; v and hz; y are bandwidths, and N =
mq + - - - + my. The solution to problem (2) is given by ,@ = Hl_}v(DZZWt,th,z)_lDZZWt,zY, where

T denotes the transpose of a matrix or vector,

1 t11—t Z11—2
htl,N hzl,N
_ ti,my—t  Zimq—%2
Dt’z - 1 htl,N hZI,N ’
1 tn,mp —t Zn,mnp —%

htl,N thN



WEZ = diag{Khtl,N(tn — t)Kth’N(ZH — Z), ey

Khtl,N(thl - t)Khzl,N (Zl,ml —2),. . 7Kht1,N (tn,mn - t)Khtl,N (Zn,mn - z)}a

Y = (Y11, s Yimys - Yom,) | and H,; y = diag(1, ht1 v, hz1 n). Equivalently,

— Z Z Why ij(t, 2)Yij,

i=1 j=1

where

Kty (tij — ) Ky (Zij — 2){ A1+ (tij — t) A2 + (Zij — 2) Az}

B )
with Ay = Sy2050,02 = Sp 11, A2 = Sn,015n,11 = Sn,1090,02, A3 = Sn,105n,11 = Sn,015n,20, B = A1Sn,00+
A28 10 + A3Sp 01 and for all ¢,k € {0, 1,2},

Wh4j(t, 2) =

Snk(t,u; B,hy) = ZZ tij —t) (Zsj — )kKhtl,N(tz'j — ) Kpzy  (Zijg — u).

=1 j=1

The following technical conditions are imposed to establish the asymptotic results. They may not

be the weakest possible conditions.

Assumption 1: The density function f(¢,z) of (¢i;, Zi;) is supported on [0,1] X Z, continuous

and bounded away from zero and infinity.

Assumption 2: The kernel K is a density function with compact support and Lipschitz contin-

uous.
Assumption 3: u(t, z) is twice partially continuously differentiable on [0, 1] x Z.

Assumption 4: The numbers of measurements m; are uniformly bounded for all 1 < i < n.
Assumption 5: The e;; are iid random variables with mean zero and variance o2 .

Assumption 6: The bandwidth ht, n satisfy Nht® n/(Inln N)Y/2 — 0 and Nht? ~/(n N)? —

as n — oo and the bandwidth hzs v satisfy thsyN/(ln In N)Y/2 — 0 and th&N/(ln N)? —
as n — o0o. Here, s = 1,2 and 3. In addition, ht; n/hto y = o(1) and hz; n/hzo N = o(1).

Remark 1. Assumption 1-3 are typical in the smoothing literature. Assumption 4 is widely used
in the longitudinal data literature. In addition, the optimal asymptotic rate for two-dimensional

smoothing trivially satisfies Assumption 6.



Denote p; = [ w/ K (u)du and v; = [*° u/ K?(u)du. The asymptotic behavior of B is described

U
o0
in the following theorem, with necessary regularity conditions and proofs given in the Appendix.

Theorem 1. If Assumption 1 to 6 hold, then we have, as n — oo,

~ 92 u(t, 82 u(t,
u(t, z) u(t, 2) . (ht%,N %(t 2) +hz%,N %(z 2)),“2
Va2 | - | 2 |- hat 42
8ﬁ(t)z) 8)“’(tzz) ht2 aQﬂ(t’z)
0z 0z 1I,N o2

+ 0y (R + h2E )| > N0, ),

where ~ denotes convergence in distribution and X = {f(t,2)} 'w?S with f(t,z) being the joint
density function of (tij, Zij),

2 o1 ol

Yo
. 2 M%
nom;
> iy ) o | o me v
w” = lim — Eij and &= 3 3
n—oo [N & 4 H2 M% H3
i=1 j=1

o1 141 1Z01 2]

2 125 125

Due to the fact that the correlation between €;(t;j,) and €;(t;j,) is not considered in the estima-
tors fi(t, z), Op(t,z)/0t and Opu(t,z)/0z, one cannot expect them to be asymptotically efficient. In

the following sections, based on the estimator [i(¢,z) we propose an improved estimator for u(t, z),
ou(t, z)/0t and Ou(t, z)/0z.

2.2 Fitting subject correlation structure

In order to construct improved estimators of pu(t,z), Ou(t, z)/0t and Ou(t, z)/0z we need to fit the
within subject correlation structure first. Denote cov(e;|Z;) = X; where g; = (g41,. .. ,eimi)—r with
eij = €i(tij), Zi = (Za, .. v Zim,) T, and X; is an m; x m; matrix and may depend on Z;. Then by
the Cholesky decomposition technique, proceeding as in [18], there exists a lower triangular matrix
®,; with diagonal elements being ones such that

cov(®ie;|Z;) = ®,5;®, = diag(o? ,...,02 )

. eimi .



Namely, for all i € {1,...,n} and j € {2,...,m;},

€il = €1, Eij = ¢§25i1 +-+ ¢§-fj)-_1€¢,j—1 + eij, (3)
where (ej1,...,em;) " = P&, qb(.iz is the negative of the (j,¢) element of ®;. Obviously, the e;; are
uncorrelated with E(e;;) = 0 and var(e;;) = o2, ; forall j € {1,...,m;}. For simplicity, we assume

that aeij =oc2forallic{l,...,n}and j€ {2, . ,mz}. Followmg [11, 15, 24], we assume that

(&) _ x@OT
G0 =Wie 0, (4)
where Wj(zz = (Wj(’ig)?l, ceey Wj(;)’ q)T is the ¢ x 1 vector of covariates which may contain time, time
difference, other baseline covariates, as well as their interactions, and 8 = (64, ..., Qq)T is the regression

coefficients. Based on the estimated residuals &; = Yj; — [i(tij, Zi;), and applying the least square

technique we can obtain an estimator of 8, namely

R n  m; n  m;
0= (>3 M) Y ey,
i=1 j=2 i=1 j=2
where ﬁij = (Zf€ 1151 kW] STEEE Z 51 kW ) )T. The following theorem shows that 0 is consis-

tent and asymptotically normal.

Theorem 2. If Assumption 1 to 6 hold, then we have, as n — o0, VN —n (8 — 8) ~» N(0,02A71),

where
A = lim 7§ § B(TL;I1;)
n—oo
1=1 j=2

with I;; = (Z &ykW k e Z 5sz ,37q)

2.3 Improved estimator of the mean function and its partial derivatives

The estimators ji(t, z), Ou(t, z) /0t and OLi(t, z) /0z proposed in Section 2.1 do not take into account the
correlations within the subjects. We now construct new estimators by accounting for these correlations.

If the €;; were available, then model (1) would become the following partially linear model with



bivariate nonparametric component and uncorrelated error terms:

Yii = p(tan, Zin) + e,

Yi; = wlty, Zij) + ¢§28¢1 o F ¢§~2_1€i,j—1 + ey,

where ¢ € {1,...,n} and j € {2,...,m;}. Combining the fact gbg.iz £ WJ(QTB, it is easy to see that

Y — Z <Z ciWiy T) = pu(tij, Zij) + ey

forall i € {1,...,n} and j € {2,...,m;}. In addition, it is easy to see that (3) is an autoregressive
model. Therefore Var(eﬂ) = var(e;1) and var(e;;) < var(e;;) for all j € {2,...,m;}. As a result, if we
take Yi; — > 1 (30— 5sz(,3 ,)0; as pseudo-responses, these can be used to construct more efficient
estimators of ,u(t,z), ou(t, z)/0t and Ou(t,z)/0z than the initial estimators ji(t, z), Ou(t, z)/0t and
on(t, z)/0z.

In practice, g;; and 6, are unknown. Therefore, we replace them by &; and 9;. For each i €

{1,...,n} and j € {2,...,m;}, define

- (Z (), )3 5)

r=1 “k=1

Then we propose an improved estimator of 8 = (3o, 51, B2) | = (u(t, 2), Ou(t, 2)/0t, Ou(t, 2)/0z) "
the solution of the following problem:

arg min Z Z{ — Bultij —t) = B2(Zij — 2)}2 Kty (tij — ) Knzy  (Zij — 2).
i=1 j=1

The minimizer is

~TI > S A ~ ~ ~ — * * x|\ — * * *
B = (ﬂé?ﬁllvﬂg)T = (Hl(t7 Z)va:ul(tvZ)/8t7a:u](tvz)/az)T = H2,}V(Dt,—gwt,th,z) lDt,—ert,zY )

where Y* = (Y74, ... Y s Yo, Y )T and Hy v, D, and W; , have the same definitions

n,Mnp

as Hy n, D; . and W, . but with ht27N and hzy y in place of hty y and hzi n, respectively.

~1
For 3 , we have the following the asymptotic result.



Theorem 3. If Assumption 1 to and 6 hold, then we have, as n — oo,

~ 02 u(t, 82 u(t,
il(t, 2) u(t, z) . (h@w$ + hz%,%)m
onl (¢, oult, 92t
Wi T Fa | g | < | | g bt D
aﬁl(t»z) 8“(7572) th 82,u(t,z)
0z 0z 2,N  ot2

+ Op(ht%,N + hz%,N)} ~ N(0,%7),

where $* = {f(t,2)} 102 and other symbols are same as those defined in Theorem 1.

Remark 2. Due to the fact that var(e;1) = var(e;1) and var(e;;) < var(e;;) for all j € {2,...,m;},
one has 02 < w? and * < 3. As a result, the improved local linear estimators 1! (t, z), Ol (¢, z) /Ot
and Ofi! (t,z)/0z are asymptotically more efficient than the local linear estimators fi(t, z), 9fi(t, z) /Ot

and 0Ji(t, z)/0z, respectively and the latter neglect the informative correlation structure.

3 Model identification

Obviously, modeling the time-varying effect increases the flexibility of modeling and tends to reduce the
modeling bias greatly. However, it adds unnecessary complexity when the covariate effect is actually
not time-varying. Therefore, an interesting question is whether we could identify the situation when
u(t, z) is actually only a function of z. If so, a simpler model with mean function equal to p(z) could
be adopted. Recently, Vogt [23] proposed a kernel-based Lo-test statistic to tackle a similar problem.
It should be noted that his procedure is developed only for the scenario that the observations are
made on a equally spaced grid densely over time. In addition, his method is based on the bootstrap
technique and has a heavy calculation burden. We propose here a novel approach using the idea of
shrinkage estimation [22] and show that the shrinkage method can identify the true model structure
(time-varying or non-time-varying) with probability approaching 1.

Without loss of generality, we assume that t17 < -+ <ty < -+ < tlyp,. Forany i€ {1,...,n}
and j € {1,...,m;}, let

bij = DVij = —(,LL(tlg, Zij) — ,u(tu, Zij), . ,,u(tnmn, Zz) — N(tn,mn—la ZZ))T

and ||bij|| = /v DTDv;;, where D(y_1)xn = (In-1,0n-1)x1) — (Onv—1)x1,In-1) and vi; =
(1(t11, Zij), - itnmns Zi)) T is an N x 1 vector. It is easy to see that if the marginal function



does not change over time, then

1/2

— 1 R
IIbHZNVVTD*TD*VZN ZZH‘%’W =0,

i=1 j=1

otherwise ||b|| > 0, where D* is a N? diagonal block matrix with D in each diagonal element and

v =(V{,..., V)" is a N? x 1 vector. Based on the above fact, following the grouped LASSO idea

of Yuan and Lin [25] we propose the penalized estimate

1§>\ = (ﬁ)\(tllaz)w . -,ﬁ)\(tlmpz)’ . .,ﬁ)\(tnmn,Z))T = argmin Q)\(B)v
BERN N

where ) is the tuning parameter, fiy(tij, Z) = (fix(tij, Z11)s - - - » Bx(tijs Zimy )s - - - s ia(tijy Znm,)) T and

n mi2 n mi1 n o mg

B) =Y Y > 3NN Vi — iltisgir Zings) Y Koty (tij = tiviy) Knzg n (Zig — Ziggs) + ABI.

io=1jo=1141=1j1=1 i=1 j=1
(6)

In a typical least squares regression, computational algorithms for the LASSO-type problems have
been very well developed. These algorithms include the shooting algorithm [6], local quadratic approx-
imation [5], the least angle regression [2], and many others. We describe here an easy implementation
based on the idea of the local quadratic approximation [5]. Specifically, our implementation is based
on an iteration algorithm with the unpenalized Nadaraya—Watson estimator as the initial estimator.

Next, we define

B = (0" (41, 2), . B (i, 2, B (b 2))
to be the estimate obtained in the mth iteration. Let
-m N

1 N N
b, = N(MT(tm,Zn) — B3 (t11, Z11)s - -+ B (b s Znomn) — BN (bngmn—1 Znmy,)) -

Then the loss function in (6) can be locally approximated by

n m;2 n mil n Hb||2
Z Z Z Z ZZ{YU 11]17 m]z)} Khts N(t'LJ 21j1)KhZ3,N (Zij - Zm]z) +A—=m— (1)
i9=1j2=141=171=11=1 j=1 ”b)\”
We can update the estimator by the solution of ﬁg\m) (t,z) that minimizes (7), denote by B(mH) It is

10



easy to see that the minimizer has a closed form, viz.
vee(B{") = (M 4+ D)1\,

where vec(A) denotes the vectorization of matrix A,

n n
M = diag{ZZKhtg N 7,] tll)Kh23 N(Zz] le Z ZKht3 N z] tlQ)Kh23 N(ZZ] le) ceey
i=1 j=1 =1 j=1
n n  m;
Z ZKhtg N zy t1m1)Kh23 N(ZZ] le Z ZKhtg N z] nmn)Kth’N(Zij - ann)}y
=1 j=1 =1 j=1
and
n m; n ms
N = (Z Z Khts,N (tij - tll)Khz&N (Zij - le)}/;ja Z Z Kht3,N (tij - tlQ)Khzg’N(Zij — Zn)Yij, ce
i=1j=1 i=1 j=1
n o m; n m; T
Z Z Kht3 N tz] - tlml)Khz3 N(ZZ_] le YR Z ZKhtg N tzg tnmn)Khz3 N(ZZ_] ann)Yij> )
=1 j=1 =1 j=1

and D™ is a block diagonal matrix with each diagonal block is given by A/ Hﬁ;\nHD*D"‘—r So as
m — oo, denote the limiting values of B( m+1) and [ ( )(t, z) respectively by B, and L (t, z), which
are our final estimators.

When N is very large, the above calculation might be time consuming as M is an N2 x N2 matrix.
One way to simplify the calculation is to use sparser grids as suggested in [8]. In addition, the tuning
parameter A should be selected. Denote by dfy the efficient number of degrees of freedom. If the
selected model is bivariate, then dfy = 1, otherwise 0. Also let

n Mmi2 Mmoo M1 N My

RSS) = N3 SN SIS Vi = Bativgss Zinjo) Y Kt (tig — tivi) Knzy y (Zi = Zings).
i9=1jo=141=171=11=1 j=1

Then A is selected according to the following BIC-type criterion

ll’l(NhtgyNhZ;g’N)
Nht37Nh23’N

BIC, = In(RSS,) + dfy x (8)

It should be noted that the efficient sample size Nhtz yhzz n is used instead of the original sample

size N. Then the tuning parameter can be obtained as X = arg miny BIC,.

11



Based on the regular conditions listed in Section 2, the sparsity, oracle efficiency and selection

consistency for the estimator can be established as following.

Theorem 4. (Estimation Sparsity) Suppose that Assumption 1 to 6 hold, Nhtg}f hz;]lv/2)\ — 00 as

n — oo. In addition, suppose that the true model is p(t,z) = p(z). Then there exists a univariate

function of z, 1i(z), such that
S Pr{pa(t, z) = u(z)} = 1.
By Theorem 4 we know that the true model can be ideally specified, then (1) becomes a standard
nonparametric regression model for longitudinal data, which has been investigated by many author.
Since this specification is not always available in practice, we call the estimator under the ideal

specification the oracle estimator. Specifically, for any given z

Hora(z) = {i%Khz&N(Zij - Z)}_l{znjiiﬁjffhzw(zij - Z)}~

i=1 j=1 i=1 j=1

Then the following theorem establishes the oracle property.

Theorem 5. (Estimation Oracle) Suppose that Assumption 1 to 6 hold, ]\7ht§11\{2 hz?jjl\,/Z)\ — 00 as

n — oo. In addition, suppose that the true model is p(t, z) = p(z). Then we have that

sup[|Aa(t.2) ~ Floral)| = 0p(hz3 + 1//Nhzz ).

teT ,z€Z

Define S as an arbitrary model. Then St denotes the true model, and Sy represents the model
identified by the proposed estimate fiy(¢,z). Consequently, S5 represents the model identified by
ﬁx(t, z). The following theorem indicates that the tuning parameter selected by the BIC criterion in

(8) can indeed identify the true model consistently.
Theorem 6. (Selection consistency) Suppose that Assumption 1 to 6 hold, Nht;}f hz;JlV/Z)\ — 00 as
n — 00. Then the tuning parameter X selected by the BIC criterion can indeed identify the true model

consistently, i.e., Pr(S; = Sr) — 1 as n — oo,

4 Simulation studies

In this section, we conduct a set of Monte Carlo simulations to demonstrate the finite-sample perfor-

mance of the proposed methods in the above sections.

12



Example 4.1 In this example, we focus on evaluating the improvement of the estimation of the
mean function by taking the within-subject correlation among repeated measurements over time into
account. The data are generated by the longitudinal data nonparametric regression model defined,
foralli e {1,...,n} and j € {1,...,m;}, by

Yi(tij) = p(tiy, Zij) = 2cos(nti;) (1 + Z35) + 5,

where t;; ~ U(0,2), Z;; = 0.05 x t;; + 0.9 x n;; with n;; ~ U(0,1). Furthermore, ;; satisfy (3) and (4)
with W) = (1t — ti;) T and e;; ~ N(0,0.2).

The sample size takes n = 50, 100, 200 with m; = m = 4, 6, 8 for each individual, i.e., the balanced
longitudinal data structure, and 500 simulation replications are run to draw summary statistics. In
order to describe different correlation structure, we use four different 8, namely 8 = (O,O)T, 0=
(0.2,0.3)T, 8 =(0.3,0.2)T, 8 = (0.2,0.5)" and @ = (0.5,0.2) " in our simulation.

It is well known that bandwidth selection has a much larger effect than the choice of kernel
function. As a result, the Gaussian kernel is used in our simulation study and 10-fold cross-validation
is used to select bandwidth. For the two-stage estimator, 80% of the optimal bandwidth is used as
the bandwidth in the first stage and the optimal bandwidth is used in the second stage. Based on our
simulation study experience, the two-stage estimator is not too sensitive to the choice of the bandwidth

of the first-stage estimator.

We compare the finite empirical performance of the initial estimator ji(t,z), the improved es-
timator 7i!(t,z) and the benchmark estimator 7i®(t,z). The benchmark estimator is the same as
the proposed two-stage estimator except that the within-subject correlation among repeated mea-
surements over time is assumed to be known exactly. The finite-sample performance of these three
estimators is assessed via the root of average squared errors (RASE):

1 n m; 1/2
RASEQH(, ) = | 3 S {0t ) - (s 25

i=1 j=1

The mean and standard deviation (Std) of the RASE over 500 simulated samples are presented in
Table 1. From this table we can see that

(i) The finite-sample performance of fi(t, z), ii' (¢, z) and [i®(t, z) improves with sample size n and

the number of repeated measurements.

(ii) When there is no within-subject correlation among repeated measurements over time, namely

0 = 0, the finite-sample performance of the improved estimator zi/(,z) is almost the same as

13



that of the initial estimator ji(t, z). When there exists within-subject correlation among repeated
measurements over time, the improved estimator fi! (¢, z) outperforms the initial estimator 7i(t, 2).

The improvement is much greater when the within-subject correlation is strong.

(iii) In most of the scenarios, the finite-sample performance of the improved estimator fi!(t, z) is

almost the same as the benchmark estimator (¢, 2).

Table 1 also reports the finite-sample performance of the estimator 0 = (51,52)T of the autore-
gressive coefficients @ = (A1,62)". From Table 1 we can see that 6 is almost unbiased and its standard

deviation decreases with the increasing of the sample size n or the number of repeated measurements.

It is easy to see that the results mentioned above are consistent with the theory developed in

Section 2.

Example 4.2 In this example, we check the robustness of linear model assumption for the correlation
structure. The setting is the same as in Example 4.1 except that 8 = (0.3,0.2,0.5)T and WJ(Z) =
(1,ti — tij, (tie — tij)?)T. We compare the finite-sample performance of the initial estimator fi(t, 2)
and the improved estimator ! (¢, z) which takes the correlation structure with Wgz) = (1, ti — tij) .
The results are summarized in Table 2. From this table, we can see that the results mentioned above

show that our method is robust for the misspecification of the correlation structure.

In Section 3, we developed a method to check whether the mean function is time-independent. The
following example is used to evaluate the finite sample performance of the proposed model identification
method.

Example 4.3 The data are generated by the longitudinal data nonparametric regression model de-
fined, for all i € {1,...,n} and j € {1,...,m;} by

Yvi(tz'j) = ,u(tz-j, Zij) = {1 — CCOS(?Ttij)}ZZ-Qj + Eij,

where the definitions of t;;, Z;; are same as those in the Example 4.1 and c is a constant which is
used to evaluate the degree of time-independent of the mean function. Obviously, ¢ = 0 implies that
the mean function is time-independent. When the value of ¢ increases, the degree of time-dependent
of the mean function becomes strong. The results are summarized in Table 3, which shows that the

proposed method works very well.
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Table 1: Finite-sample performance of the estimators of the unknown nonparametric function and
autoregressive coeflicients in the error process.

m 4 6 8
(61,02) n 50 100 200 50 100 200 50 100 200

u(-,-) Mean(RASE)0.0865 0.0508 0.0413 0.0602 0.0443 0.0363 0.0521 0.0415 0.0308
Std(RASE) 0.0163 0.0083 0.0057 0.0101 0.0066 0.0053 0.0080 0.0056 0.0041

Al (-,-) Mean(RASE) 0.0867 0.0508 0.0417 0.0602 0.0443 0.0363 0.0522 0.0416 0.0308
Std(RASE) 0.0164 0.0083 0.0057 0.0101 0.0066 0.0053 0.0079 0.0056 0.0041

(0.0,0.0) @Z (-, -) Mean(RASE) 0.0865 0.0508 0.0413 0.0602 0.0443 0.0363 0.0521 0.0415 0.0308
Std(RASE) 0.0163 0.0083 0.0057 0.0101 0.0066 0.0053 0.0080 0.0056 0.0041

01 mean 0.0009-0.0112-0.0065 -0.0107-0.0112-0.0029 -0.0120-0.0049 -0.0046
std 0.1061 0.0797 0.0543 0.0647 0.0468 0.0315 0.0478 0.0326 0.0247
0> mean 0.0018 0.0152 0.0086 0.0076 0.0165 0.0019 0.0177 0.0076 0.0074
std 0.1637 0.1200 0.0852 0.1182 0.0890 0.0576 0.0967 0.0630 0.0478

u(-,-) Mean(RASE)0.0912 0.0568 0.0457 0.0717 0.0544 0.0406 0.0717 0.0544 0.0423
Std(RASE) 0.0208 0.0103 0.0073 0.0165 0.0100 0.0071 0.0153 0.0100 0.0068

At (-,-) Mean(RASE) 0.0901 0.0531 0.0432 0.0652 0.0477 0.0378 0.0610 0.0477 0.0347
Std(RASE) 0.0208 0.0097 0.0062 0.0159 0.0094 0.0076 0.0150 0.0094 0.0075

(0.2,0.3) B (-, -) Mean(RASE) 0.0900 0.0530 0.0432 0.0650 0.0476 0.0378 0.0609 0.0476 0.0347
Std(RASE) 0.0208 0.0098 0.0062 0.0159 0.0094 0.0075 0.0151 0.0094 0.0075

01 mean 0.1942 0.1893 0.1901 0.1956 0.1977 0.1984 0.1944 0.1977 0.1976
std 0.1052 0.0812 0.0552 0.0619 0.0437 0.0290 0.0426 0.0437 0.0202
02 mean 0.2288 0.2654 0.2871 0.2407 0.2773 0.2841 0.2743 0.2773 0.2927
std 0.1729 0.1321 0.0941 0.1282 0.0932 0.0598 0.1056 0.0932 0.0478

u(-,-) Mean(RASE)0.0930 0.0588 0.0473 0.0784 0.0586 0.0437 0.0862 0.0640 0.0530
Std(RASE) 0.0219 0.0109 0.0080 0.0192 0.0109 0.0077 0.0204 0.0150 0.0091

AL (-,-) Mean(RASE) 0.0917 0.0539 0.0437 0.0685 0.0496 0.0390 0.0684 0.0518 0.0381
Std(RASE) 0.0222 0.0103 0.0064 0.0190 0.0111 0.0089 0.0212 0.0134 0.0105

(0.3,0.2) i3 (-, -) Mean(RASE) 0.0917 0.0538 0.0437 0.0683 0.0495 0.0390 0.0684 0.0518 0.0381
Std(RASE) 0.0223 0.0103 0.0064 0.0190 0.0111 0.0089 0.0212 0.0134 0.0105

01 mean 0.2794 0.2811 0.2840 0.2892 0.2936 0.2956 0.2920 0.2994 0.2957
std 0.1033 0.0800 0.0545 0.0593 0.0414 0.0271 0.0398 0.0276 0.0179
02 mean 0.1495 0.1766 0.1961 0.1522 0.1854 0.1899 0.1780 0.1835 0.1965
std 0.1708 0.1309 0.0933 0.1254 0.0896 0.0569 0.1032 0.0674 0.0441

i(-,-) Mean(RASE)0.0950 0.0608 0.0495 0.0797 0.0594 0.0447 0.0845 0.0630 0.0519
Std(RASE) 0.0226 0.0114 0.0093 0.0196 0.0109 0.0078 0.0196 0.0144 0.0088

Al (-,-) Mean(RASE) 0.0912 0.0543 0.0440 0.0679 0.0496 0.0389 0.0665 0.0508 0.0376
Std(RASE) 0.0227 0.0106 0.0066 0.0186 0.0112 0.0088 0.0195 0.0125 0.0100

(0.2,0.5) i3 (-,-) Mean(RASE) 0.0907 0.0542 0.0440 0.0675 0.0496 0.0389 0.0665 0.0507 0.0376
Std(RASE) 0.0227 0.0106 0.0066 0.0186 0.0112 0.0088 0.0195 0.0125 0.0100

01 mean 0.2089 0.2032 0.1981 0.2065 0.2076 0.2039 0.2056 0.2101 0.2021
std 0.1060 0.0817 0.0552 0.0627 0.0437 0.0282 0.0420 0.0295 0.0190
02 mean 0.3801 0.4287 0.4672 0.4042 0.4511 0.4695 0.4394 0.4538 0.4788
std 0.1812 0.1377 0.0972 0.1381 0.0977 0.0612 0.1125 0.0747 0.0484

i(-,-) Mean(RASE)0.1047 0.0696 0.0578 0.1144 0.0844 0.0657 0.1535 0.1178 0.0946
Std(RASE) 0.0266 0.0149 0.0125 0.0319 0.0181 0.0124 0.0509 0.0321 0.0267

A1(-,-) Mean(RASE) 0.0969 0.0583 0.0464 0.0869 0.0608 0.0460 0.1194 0.0843 0.0643
Std(RASE) 0.0283 0.0135 0.0082 0.0350 0.0212 0.0153 0.0582 0.0414 0.0330

(0.5,0.2) i3 (-,-) Mean(RASE) 0.0970 0.0581 0.0463 0.0867 0.0608 0.0461 0.1199 0.0843 0.0644
Std(RASE) 0.0287 0.0135 0.0082 0.0355 0.0214 0.0154 0.0587 0.0413 0.0331

01 mean 0.4596 0.4793 0.4806 0.4781 0.4951 0.4911 0.4868 0.5014 0.4965
std 0.1020 0.0779 0.0524 0.0577 0.0382 0.0237 0.0403 0.0267 0.0146
02 mean 0.1515 0.1632 0.1940 0.1573 0.1699 0.1922 0.1713 0.1652 0.1886

std 0.1781 0.1329 0.0931 0.1299 0.0892 0.0539 0.1162 0.0759 0.0417




Table 2: Finite-sample performance of the estimators of the unknown nonparametric function when
the error structure is misspecified.

m 4 6 8
(01,02,063) n 50 100 200 50 100 200 50 100 200
u(+,-) Mean(RASE) 0.1026 0.0673 0.0560 0.0943 0.0693 0.0536 0.10530.0798 0.0632
Std(RASE) 0.02520.01400.0119 0.02390.0140 0.0094 0.0276 0.0191 0.0128
At (-,-) Mean(RASE) 0.0934 0.0567 0.0456 0.07330.0533 0.0413 0.0782 0.0590 0.0436
Std(RASE) 0.0256 0.0121 0.0075 0.02350.0146 0.0110 0.0285 0.0196 0.0156

Table 3: Correct model identification probability.

m 4 6 8
(61,02) ¢ n 50 100 200 50 100 200 50 100 200
c=0 0.980.970.99 0.990.970.99 0.990.98 0.99

c=0.25 0.060.140.78 0.210.36 0.90 0.200.750.88
(0.0,0.0) ¢ =0.50 0.711.001.00 0.921.001.00 0.971.001.00
c=0.75 1.001.001.00 1.001.001.00 1.001.001.00
c=1.00 1.001.001.00 1.001.001.00 1.001.001.00
c=150 1.001.001.00 1.001.001.00 1.001.001.00
c=0 0.940.970.96 0.950.940.97 0.890.920.93
c=0.25 0.100.140.62 0.190.570.67 0.300.48 0.73
(0.2,0.3) ¢ =0.50  0.661.00 1.00 0.801.001.00 0.950.99 1.00
c=0.75 1.001.001.00 1.001.001.00 1.001.001.00
c=1.00 1.001.001.00 1.001.001.00 1.001.001.00
c¢=150 1.001.001.00 1.001.001.00 1.001.001.00
c=0 0.930.970.96 0.920.920.96 0.820.880.91
c=0.25 0.120.150.55 0.190.530.58 0.310.340.74
(0.3,0.2) c=0.50 0.621.001.00 0.801.001.00 0.890.921.00
c=0.75 0.991.001.00 1.001.001.00 1.001.001.00
c=1.00 1.001.001.00 1.001.001.00 1.001.001.00
c=150 1.001.001.00 1.001.001.00 1.001.001.00
c=0 0.930.940.93 0.780.830.86 0.700.63 0.63
c=0.25 0.190.240.36 0.410.350.57 0.400.500.52
(0.5,0.3) c=0.50 0.400.970.99 0.610.721.00 0.540.680.79
c=0.75 0.901.001.00 0.890.981.00 0.690.890.97
c=1.00 1.001.001.00 0.981.001.00 0.890.971.00
c=150 1.001.001.00 1.001.001.00 0.991.001.00
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5 Real data study

We now apply the proposed method to analyze a data set from a panel hormone study [26]. The study
involved 34 women whose urine samples were collected in one menstrual cycle and whose urinary
progesterone was assayed on alternate days. A total of 492 observations were obtained, with each
woman contributing from 11 to 28 observations over time. Each woman’s cycle length was standardized
uniformly to a reference 28-day cycle since the change of the progesterone level for each woman depends
on the time during a menstrual cycle. Zhang et al. [26] and He et al. [7] used the longitudinal partially
linear regression model to fit this data set. See Zhang et al. [26] for a detailed description of this data

set. To fit these data, we propose the nonparametric regression model
Yij = wtij, Zij) + €ijs

where y, t and Z stand for progesterone value, day and bmi, respectively. In the above model, we
furthermore suppose that the covariates for the autoregressive components take the form W§Z)
(1,t; —tix)". Then applying our methods to this data set we find 6, = 0.2183 (0.0190), 0, = —0.3736

(0.0464). The nonparametric estimates of the functions of day and bmi are plotted in Figure 1.

Figure 1 demonstrates that day and bmi affect the progesterone value nonlinearly, and our proposed
test method shows that they are really nonlinear, where Figures 2 and 3 give the biases of the two
methods and 95% pointwise confidence band for p(t, Z) over time with difference Z with and without

considering the within correlation.

In addition, we also calculated the sum of squared errors (SSE) for the partially linear regression
model used in He et al. [7], which is 270.6651. The SSE for our bivariate regression model is 241.6877.
We also compared the prediction accuracy of our bivariate nonparametric model (BNPM) with that of
partially linear model (PLM) in Zhu and Fung [7]. We randomly split the 34 subjects into a training
set and a test set with corresponding proportions m and 1 —m, respectively. We used the training set to
estimate both of the PLM and BNPM, and then predict the response of the test set. 500 replications
were used to calculate the prediction errors corresponding to 7 = 0.3, 7 = 0.5 and m = 0.7. Table 4
reports the root mean square error (RMSE) of the prediction errors and indicates that our model

seems suitable for these data.

6 Concluding remarks

In this paper, we have investigated the efficient estimation and model identification for a nonpara-

metric model with a time-varying regression function and longitudinal covariate. In order to improve
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Figure 1: Estimation of the bivariate nonparametric of day and bmi.
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estimated function which does not consider the within-cluster correlation. The right panel depicts the
function based on our proposed method.

Table 4: Prediction results for the hormone study.

=03 #m=05 ®w=0.7

NPM Mean(RMSE) 0.1207
Std(RMSE)  0.1184
PLM Mean(RMSE) 0.1919
Std(RMSE) 0.1418

0.1007
0.0882
0.1548
0.1192

0.0985
0.0791
0.1806
0.1379
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Figure 2: Biases of the two method.

estimation efficiency by considering within-subject correlation among repeated measures over time,
as in [24], we used a modified Cholesky decomposition to decompose the within-subject covariance
matrix into a unit triangular matrix involving generalized autoregressive coefficients and a diagonal
matrix involving innovation variances. A local polynomial smoothing method was then used to es-
timate the unknown nonparametric functions of the marginal mean. The asymptotic theory of the
resultant estimators was developed as well. In addition, we proposed a shrink-based method to tackle
the model identification problem, which could identify the model consistently and estimate the model

simultaneously.

In closing, we mention possible future directions. Throughout this paper, we assumed that the
covariate Z;; is univariate. It is easy to see that our proposed methods could be extended to the scenario
of the covariate Z;; being two or three-dimensional. However, when the dimension of the covariate
Zi; is greater than 3, our proposed methods will be subject to the so-called “curse of dimensionality.”
As in Jiang andWang [9] and Zhang et al. [28], one could overcome this challenge and achieve both

dimension reduction and sensible model interpretation through single index or additive nonparametric
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Figure 3: 95% pointwise confidence band for p(t, Z) over time with Z = 24.5450, Z = 28.8979 and
7 = 33.6136, which are the lower, middle and upper quartiles of the bmi range, respectively. The red
solid lines represent the estimated nonparametric function considering the within-subject correlation,
and the red broken lines represent the 95% pointwise confidence band for it. Finally, the blue lines
represent the estimated nonparametric function without considering the within-subject correlation,
and the blue broken lines delineate the 95% pointwise confidence band for it.

regression modeling. The methods developed in this paper were mainly built upon (local) least squares.

It is well known that least squares technique is very sensitive to outliers and for many commonly used

non-normal errors, such as a mixture normal distribution, Laplace distribution, Cauchy distribution

and so on, its efficiency may be significantly ruined. An effective way to cope with this issue is to

develop robust estimation and method of model identification.
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Appendix. Proof of the main results

For easy reference, we start by introducing a lemma that is needed to prove the main results.

Lemma 1. Under Assumptions 1, 3, 4 and 6, for ki +ko =k € {0,1,2,4},
1 n 1 m; tl_t T — 2 to— 1t k1 T o ko
- . K J K 1] 17 ij B t
e s 2o 22 () * (45) (% 2

InN 2
— op{h§+h§ + <Nhthz> }

and

—t Zii— 2\ (ti; —t\™ [ Zij — 2\ " InN \/2
K i iJ 1) v i':O
teTNhthzZm,; ( ht ) ( hz >( ht ) ( hz ) € p{(Nhthz) ’

as n — 00, as long as ht and hz satisfy Assumption 6.

Proof. Lemma 1 follows immediately from results of Mack and Silverman [16] and Masry [17]. O

Proof of Theorem 1. The proof of Theorem 1 can be found in Masry [17]. We omit the details. [

Proof of Theorem 2. By the definition of El-j, we have

T

j—1
IL; — II;; = (Z{M(tik, Zik) — (tiks Zik Z{M ik Zik) — (tiks Zik) } qu>
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Thus an application of Theorem 1 yields

n mz In N 1/2) *
—I,,)" =0 ht? v + hz? +<> I,.
£ 2 IL; — IL; i5) D { 1,N 1,N Nhtyyhern q
Similarly,
1 n m; n  m;
L D Tt AR o s T 1L W
11]2 i=1 j=2 11]2
n m; 1/2Y 2
InN
ML {m@ i b +(> } I
iJ 1_7 i p 1,N 1,N (]
== Nhtl,thLN
and )
1 noJ In N 1/2
N_HZZ(HI»] L)L | = O, {ht N—i—hle—l—(Nht — ) L.
P 1,NhzZ1 N
These imply
1 noJ In N 1/2)?
N 2 (M — ) IL; = 0, {htiN—thfNJr <Nhthz> } I,.
P 1,Nhz1 N
Due to the fact that
n mg
ZZH H—E IT;; +Hw}{( H;;)+H2;
=1 j= =

we see that, as n — o0,

n m;

D> Myl

=1 j=2

N—n

DI
1 j5=2

~ 1) " + (I

— T0;;)TLj; + T;(T0; — 1) T + T0T0

=5 i IL; (DI, —, A.
i=1 j=2
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Write

n  m;
Z Z L5 = > ALy — TL;) (8 — £55) + (T — Tij)ei; + T (65 — ) + Thijey;}
=1 j=2 =1 j=2

=VN-—n(J1+Jo+ J3+ Js).

Based on Theorem 1, we have

In N 1/2)°
Jl = Op ht 1,N + th N + <]Vhtl’]\[h217]\7> 1q = Op(l)].q.

By the definition of fi(t, 2),

i(t, 2) — p(t, z) = diag(1,0,0)(D,; ,W;.D; ) 'D/ W, .e + diag(1,0,0)(D,,W,.D;.)"'D/ W,

X (,u(tllu 211)7 cee 7,u(t1m17 Zlm1)7 ey ,U(tnmnv Zn’mn))T - ,Lt(t, Z)'

Note that each element of D;': . W, .D; . has the form of kernel regression, hence by Lemma 1, we have

In N 1/2
1 —_ . 9
+ {NhtLNhZLN} ] ( )

Therefore, combining the proofs of Lemma A.5 and A.6 of Liang et al. [13], we get

1 .
ND,IZWt,th,z - f(ta z)dlag(l, K2, HQ)OP

n m; j—1

W dlag 1 0 O)( Liks%i kWt ks szthk7Zik) 1DTLk,zsztik72ik€€iJ‘ = 017(1)-
\/;

i=1 j=2 k=1

In addition, u(t,z) are smooth in the neighborhood of |t;; — t| < ht1 y and |Z;; — z| < hzi N, so that

ou(t,z) tij —t ou(t, z) Zij — 0?u(t, 2)
—— +h ht1 nh
ot htinv PN T 02 how bty by

Pult,2) (ty—t\* o 9Put,2) (Ziy— 2\ 2 2
10
+ hit? N 952 Wiy +hzi n 992 e +op(hti § + hzi ), (10)

p(tij, Zij) = p(t, z) + ht1 n

where Ou(t, z)/0t and Ou(t, z)/0z, 0*u(t, z)/0t? and 02 u(t, z) /02> are the first and the second deriva-
u M It

23



tives of u(t, z). As a result,

n m; j—1

1 D) (o _
—— SOSTS T Wil {diag(1,0,0)(D], ., Wi, 2, D) DY L W,

i=1 j=2 k=1

x (u(ti1, Z11)s s 18(Eimgs Zimy )s - s 1t s Zmn )| — 1(tik, 2ik) Yeij = 0p(1).

It follows that Jo = 0,(1) and J3 = 0,(1). Furthermore,

1 nomi 1 n.om; - 1 n m;
Ji= e e = —— LI+ —— ILe;;.
For any ¢ x 1 constant vector & = (k1,...,/4) ", let Zg = > 1, ZT;Q(ETHU)eij/(N—n). It is obvious

that E(Z4) = 0 and
N 1 n my - 2 1 n my ) q 2
i=1 j=2 i=1 j=2 k=1
Denote &; = Z?Zz(n—rﬂij)eij. Then
S2 = ZV&I‘(&) = Z ZE(K,THU)Qa'z.
i=1 i=1 j=2

This leads to

Z?:l E‘£l|3 < CnE<ZZ:1 ”‘ik| : ‘ﬂ-ljk‘)3 — O ( 1 ) =0 (1)
S8 T dRE{CL k)2 AN T
So Theorem 2 follows from the Lyapunov Central Limit Theorem. 0

Proof of Theorem 3. From the expression of (i7(t, z), 0uT(t,z)/0t,0uT°(t,2)/02)", it follows
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that

% onTs(t,z) opTe(t, 2 ou(t,z) ou(t,z
o | (750, T, PO T g0, 202 0102y

1
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hZZ,N

ou(t, ou(t,
+{:U’(taz)7ht2,]\7 IUJ(atZ)ahZQ,NMéZZ)}T}

1
n  m;

+OIIWEDI) Y Y T i | Ko (g — ) Kney  (Zig = 2)es;

1= 1.] 1 Zijfz
hza N

n m;

(D: Wt th z - Z Z ;zZtJ;z\t Khtz N( ij = )Kh22 N(Z Z)(HZTJH o HiTje)

1= 1] 2 ZZ'J'—Z
hza N

=Ji+ Jo+ Js.

Similar to (9),

7D*TWtz tz — f(tv z)diag(L,UQaMZ)OP

In N 1/2
14— ,
N {Nth,NhZZN }

with probability approaching 1. Combining with (10), we have

* T * * -1 * T * 2 2
J1 = (Dt,z Wt,th,z> Dt,z Wt,thﬁJ + Op(th,N + hZQ,N)v

where

B _ M (tu—t)2 (tnmn—t>2 T 2ult2)
b2 hton /7 \ bty ot2

n hZ%N <ZH —t)2 (ann —t)2 T " 0?u(t, 2)
2 hth B th,N 822 .
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By Lemma 1, we have

1 e, Ou(t, 2) 0?ult, 2)
NDt,—,lz—Wt,ZBtvz = f(ta Z) ((htg,N 20t h 2N o5, 20z )MZ’

0% ut, 2) Pult.z) \'
Wi gpsr 1N gp )
Combining with the fact (K +aM)™! = K~! — aK"'MK~! + O(a?) as a — 0, we get

* * * - * 1
(Dt;Wth,Z) D; Wi .B. = 5 he §N6§7§3z) {1+0,(1)}.
ht2 Na £)
Therefore,

2 2
(htg,Na Ma(:’z) + he %,Na ,g,@)m

1
V/Nhty nhzo n § J1 — 3 hz %N 6; 2) + Op(ht%,N + hz%,N) = op(1).
i e

Next we show that, as n — oo,

\/NhZLQ,NhZZNJQ WN(O,E*) (11)

For any non-zero constant vector (dy,ds,ds)', let

1 a2 tij —t Zij— 2
L, = N ZZ {dl + do < ;LJtZN > + d3 < fZ]ZZN >}Kht27N(tij — t)Khzz’N(Zij — Z)eij.

i=1 j=1
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Obviously, E(Z; ;) = 0 and

var \/Nhtg NhZZ NZt z
htg NhZQ N — 1 Zi' —z 2
= N ZEZ [{dl +d2 < his ) +d3 < h]zQ > > } Kty (tij = 1) Ky y (Zij — Z)ew}

=1 j=1

hto Nhzo N i tij, — 1 Zijl—z tij, — 1 Zz‘jQ—
—_— E|<d do | =—— dg | —— d do | ==—— dg | ——=—
" N Z Z [{ 1 < hto N T hza n S hta N T hza N

i=1 j1#j2
XKht2,N (tiJl - t)KhZQ,N (ZiJl - Z>Kht2,N (ti7j2 - t)Khzz,N (Zmé - Z)ei:jleidé]

= Q1+ Qo

As n — oo, we have

h/tQ’NhZQ’NE Khth ij — KhZQN(Z Z)

hty Nhze NEX K7 htgy (¢ KhZQN(Z —z)

hto Nhzao NEQ Kiy, (tij — K., (Zij — 2)

ht27Nh227NE K t2N Khng(Z — Z)

{ j
{ (i
th,thQ,NE{K,?LtQN ty — K2, (Zij — z)<Z}Z;NZ>2} s F(t, 2)or2,
{ < o
{ (
{ (

h/tQ’NhZQ’NE Khth ij T KhZQN(Z Z)
Hence
lim Q= f(t, 2)o*{divg + (d3 + d3)vor3 + (2drda + 2d1ds)vov + 2dadsi )

Similarly, for j; # ja, we can show that Q2 — 0 as n — oo. Further, let 5% = Y7, var(¢;) with

t Zz —Z
) + dS( hj ) }Kth,N(tz‘j — ) Ky (Zij — 2)€ij.

2,N

1 tii —
¢i = \/hta nhzao N § {dl + ds < J
= ha N

27
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Then
SJQV = f(t, z)GQ{d%Vg + (d% + d%)l/(]l/% + (2d1dg 4 2d1d3)vor1 + 2d2d31/12} + o(n),

which together with the fact that

tij —t
hta N

'+|d3|"

— 2) = O(nhty *hzy ),

i=1

ZE|¢Z’3 < O(l) X Z(htZNhZZN)g/zE {|d1| + |d2| .
i=1

3 3
X Kijy, o (tig = 1) K,  (Zi

implies that the Lyapunov condition nh—%lo 5&3 S Elgs|® = 0 is satisfied. Hence (11) is proved.
It remains to show that J; = op[ht%N + hzg,N + {1/(Nht27]\/'h2’27]\/')}1/2}. Express Js3 as Jg =

J31 + J39 — J33 with

1
n  m;
Js1 = (D} Wi, D7 )71y > fn | Bhtoy (i = ) Kz, (23 — 2)(IL; — 11,

i=1 J:2 Zij—Z
hza N
1

n m; o~
HT - HT)(B - 0)7

T -1 tii—t
Js2 = (Df, W; Dy ) ZZ o | Khtan (i = O Kz,  (Zij = 2)(IL;; i
=1 j=2 Zijfz

hzo N

and
1
n m;
J33 = (DZ—ZFW;ZD;Z)_l Z Z ;thJQ_At Khth (tij — t)Khle(Zij — Z)H;; (9 — 0)

i=1 j=2 Zijfz
hzo N

By Theorem 2 and following the arguments proving (11), it is easy to see that

, ) ) 1 1/2
> = Op{ht2,N + hZQ,N + <J\7ht2]\]h/22]\/'> }

1
J33 =0, —= | x O
¥ p<vN> p(\/Nht2,NhZ2,N
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Combining Theorem 1 and 2 we can show that

1 ) ) 1 1/2 ) g 1 1/2
J3o = 0, —= | XO,4 ht h T T — = ht h _ .
32 p(\/ﬁ)x p{ 1,N+ 217N+(Nht1,NhZ]_7N> } Op{ 2,N+ 22’N+(Nht27]\[h227]\]> }

According to the proof of Theorem 1,

fi(tij, Zij) — w(tij, Zij)
N Divet 2ot By (tiy o = tij) Kz (Zin gy — 2i5)i0 1
= diag(1,0,0) {f(tij, Zi;)S} ' | & Xho1 iy (%) Kney n (tiy gy — tig) Kney y (Ziy gy — 2ij)€i0
DR Dyl (#) Kty n (tir s = tig) Kney x (Zin 1 — 2i5)€irja
F(tigs Zug) (113 o P2 4+ e G2 Yy

. _ 2, (4 7.
+ dlag(l, 07 O) {f(tija Zij)S} ! f(tij, ij)hZ%N%/LQ + Op(ht%,N + hz%,N)
02 u(ti;, Zij
f(tij, Zz‘j)htg,zv“éai#])

= Gi(tij, Zij) + Galtij, Zij) + op(ht] 5 + b2 y),

where

1

Gi(tiy, Zij) = WN Z Z Kty n iy i = i) Knzy y (Zia g1 — 2i5)€0 15
U’ 11=171=1

1 0% u(t, 0 u(t, z
Ga(tij, Zij) = 5 (ht%,zv——a(t‘) + hzg,Naz)>M2 +op(ht3 y + hi i)

and S = diag(1, u2, u2). Then we have

n  mg q j_l
7ZZKM2N (tij — )KhZQN Z { ZGl(tiJ'?Zij)Wj(‘l—)l,d,k}ek
i=1 j=2 k=1  d=1
1 n o m;
= N Z Z €ir,j1 v g >
i1=1j1=1
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where

n my
q)ihjl = Nf(tz], U ;JZthtzN tij — )Khzz,N(Zij - Z)
q Jj—
x>y { Z Kty (tin o = i) Knzy o (Zin o — Zij)wg'l—)l,d,k}ek'
k=1 d=

Since €, j, and ®;, ;, are independent and Assumption 4.2 implies that ®;, ;; is bounded,

n  m; q
%ZZKM&N@U )KthN Z{ZZ Gl 2]7 z]) ]()1dk}0k_0p(N_1/2)-

i=1 j=2 k=1 d=1

Moreover, invoking Lemma 1, we get

n m; q Jj—1
—ZZKMQN l] Khz2N Z[ {GQ z] k) 1,j— k)+op(ht1N+hle)}W] ldk}e
=1 j=2 k=1 d=1

= Op(hti]v + hz%,N) = Op(ht%,N + hZ%N)-

Thus J31 is of order op[ht%N + hz%}N + {In N/(Nhto nhzo n)}/?], and so is J3. Hence the proof of

Theorem 3 is complete. O

Lemma 2. Suppose that Assumption 1 to 6 in the Appendiz hold and A — 0 as n — oo. Then we

have
n o mi2 mn Myl

N2 Z Z Z Z [Fx(t 111> 12]2) - M(ti1j1,Zi2j2)||2 = p{(NhtB,NhZ?),N)_l}-

i9=1j2=141=171=1

Proof. For an arbitrary matrix A = (a;;), we define its norm as ||A|?> = Za” We use u = (u5) €

RV*N to denote an arbitrary N x N matrix and vu = vec(u). Let

By = (,u,[)(tu, Z), R ,,u,o(tlml, Z), - aMO(tnmm Z))T S ]RNXN.

Thus, by Fan and Li [5], it suffices to show that for any small probability € > 0, we can always find a
constant C' > 0, such that

s Nfznin”g_(ﬁ Q\{Bo + (Nhts nhzg n) ™ ?u} > Qa(Bo) | > 1—e. (12)
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By definition of @, (B), we have

ht37Nh23,N

N2
mq2 n mi1 n

ht3 th?’ = Z Z Z Z Z Z{YLJ 11317 Z2J2) (Nht?),NhZB,N)71/2ui1j1,i2j2}2

io0=1jo=141=171=1i=1 j=1

Kht3 N (tij —tij )Khz3 N (Z'j - Zi2j2)

[Qx(Bo + {Nhts xhzs )~ ?u} — Qa(Bo)]

ht NhZ N n mi2 mi1 n  m;
3 3,
> Z DD 0D iy = ultivgs Zinn) Y Kty (tig = tinji) Ky (Zij = Zinja)
i9=1jo=141=17=11i=1 j=1
4 ht37Nh2:37N)\ « HUUO + (Nhtg,th&N)_l/Qqu — HUUOH

= Ry.
N2 N !

By simple algebraic calculations and the fact that ||vu0||/N = 0, we have

n m;2 n mil

Ry > N2 § § E E {uzul,zzjz tlulvzlzjz) 2ui1j1,i2j2ei1j1,i2j2} = Ry,

ia=1jo=1141=17j1=1

where
[ btz nhzg N NhZ3 N —
61111,2232 Z Z iy 513 Zig gy = Mtig,Ziy — sij)Kht&N (tij - ti1j1)KhZ3,N (Zij - Zi2j2)
=1 j=1
and N 1
f(tisjis 2igga) = TN Z Z Kty n (tij — t2131>KhZ3 v (Zij = Ziygy)-
=1 j=1

Let fumin be the smallest element of f(tiljl, Zinj,) and € € RN with the (i171,49j2) element equal to

€i1j1,inja- We have
Ry > fun{ N2 [Jul?} — 2(N 2 [Jul®) 2 (N 2[j])"/? =
By the condition N~2||ul|? = C?, we have
R3 = fminC? — 2C x (N~2|[e| )Y/, (13)
el

After some algebraic calculations, we have N = Op(1). By Assumption 2, we have Pr(fmin —
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fmin) — 1 and fiin > 0, where fi,in is the smallest value of joint probability density function. Lastly,
note that the first term in (13) is a quadratic function in C' while the second term is linear in C. As
long as C is sufficiently large, the right-hand side of (13) is guaranteed to be positive with probability
arbitrarily close to 1. This proves (12). The proof is of Lemma 2 is thus complete. g

Proof of Theorem 4. Suppose the claim is not true, i.e., |b|| # 0. Since

— 1
b = N(M(tlz, Zi) — (i, Zi1)s - i(taman s Z11) — (tnmn—15 Z11), - - -

M(tnmna ann) - M(tn,mnflv ann))—ra

then v = (u(ti1, Z11), -+ p(tnm, > Z11)5 - - (tumy, s Zum, )) | /N must be the solution of the following
normal equation
IQx(B)

OZT:a1+a27 (14)

where o is an N2-dimensional vector with its kth component given by aqx. If k =1+ (nl —1)N for
all ny € {1,..., N}, then for all io € {1,...,n} and jo € {1,...,m;, },

Mu(tit, Ziyg,) — w(ti2, Zinjy) }
I '

a1 =

If k =k"4+(ng —1)N forall ny € {,...,N} and 2 < k* < N, then for all i3 € {1,...,n} and

J2 € {1,. . .,mi2},
_ )‘{:U’(tk’ Zi2j2) y N(tk—lv Zi2j2) - M(tk-f—l’ Zizjz)}
]| '

If k=N+ (n1 —1)N for all ny € {1,..., N}, then for all is € {1,...,n} and j2 € {1,...,m,},

a1k

Mu(tnm, s Ziggs) — Mtnm,—1, Zizgs) }
bl '

Q1 =

Thus ay is a N2-dimensional vector whose kth component is given by

n m;2 n mq n m;

=23 3 NSNS (Vi = At Zign) Mo hty y (tig — tinja) Kz x (Zij = Zinjo)-

i2=172=141=1j1=1i=1 j=1

By the standard argument of kernel smoothing when applying Lemma 1, ||az| = Op(N ht;%2hz3_ 11\7/2)

Furthermore, under the conditions of the theorem, we know that Pr(||a; || > [|az||) — 1. Consequently,
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we know that, with probability tending to 1, the normal equation (14) cannot hold. This implies that
|b|| must be located at the place where the objective function Q\(B) is not differentiable. Since
the only place where Qx(B) is not differentiable for b, is the origin, we know immediately that
Pr(|[by|| = 0) — 1. This completes the proof of Theorem 4. O

Proof of Theorem 5. Trivial in view of Theorem 4. We omit the details. O

Proof of Theorem 6. In this paper, we say that an arbitrary model § is underfitted if the true
model is a bivariate nonparametric model but we think that it as a univariate nonparametric model;
it is overfitted if the true model is a univariate nonparametric model but we estimate it as a bivariate
nonparametric model. Then, according to whether the model Sy is underfitted, correctly fitted, or

overfitted, we can create three mutually exclusive sets, viz.
Ry={AN€R:5DS,8\#S5r}, Ro={ N€R:5\ =81}, R_={ € R:8\2Sr}

Furthermore, following the same 1dea as in [8], we define a reference tumng parameter A, such that
Ao = Op{N73/2ht3 nhzs n In(N)/| |b| |}, where b has the same definition as bA except that pi3'(t, Z) is
replaced by the unpenalized estimator. It follows immediately that such a tuning parameter satisfies
the technical conditions specified in Theorem 4. Consequently, we know that Pr(S,, = S7) — 1.
Then the theorem can be proved by comparing BIC), and BIC,. We distinguish two cases.

Case 1 (Underfitted model). Recall that By automatically determines a model Sy. Under such a

model Sy, we can define another unpenalized estimate ESA as

n m;2 n mi1 n o m;

Bs, = Y 3N TN TS ON Yy — iltisgi s Zign) Y Bty (tig — i) Ky (Zi — Zingo).

io=1jo=141=1j1=1 i=1 j=1

In other words, ESA is the unpenalized estimator under the model determined by §>\. By definition,
we have RSSy > RSSs,. Due to the fact that 85 # B, for any § D Sz, we also have

n Mmi2 m Myl

RSSy —RSSy, > N2> 3" “{fis, (tirjis Zinga) — Ba(tivis Zinjs) Y F (tinjn> Zins)
ia=1ja=1d1=1j1=1
n o Mm;2 n  m;

> .]/c;nin{]\[_2 Z Z Z Z{ﬁs; (tilju Zi2j2) - ﬁ)\(tiljl? Zi2j2)}2}

io=1jo=141=1j1=1

= fuin{l|Bs, — BAll} = fminl|Bs, — Ba| > 0,
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where fA‘min and fiin are defined as in Lemma 2. This together with the definition of BIC) suggest
that Pr(infyer_ BIC) > BIC, ) - 1.

Case 2 (Overfitted model). Let A be an arbitrary tuning parameter that produces an overfitted model

(i.e., A € R). For the unpenalized estimator B, we must have

n M2 N M1 N

Z Z Z Z Z Z{YZJ 11]1’ 2232)}Kht3 N(tZ] 21j1)KhZ3,N(Zij - Zi2j2) = 0.

io=17jo=141=171=1 =1 j=1

Thus

n M2 N M1z N

RSSy = N"* Z Z Z Z ZZ{YZJ (tirjo s wm)} Kt (tij = tinji) Bnzg n (Zij = Zij»)

i9=1jo=141=171=11=1 j=1
n mM4;2 n mi1

+N7? Z Z Z Z {/]<ti1j17Zi2j2) - ﬁ)\(tiljﬂ Zi2j2)}2f<ti1j17Zi2j2)

ia=1jo=141=1j1=1

= RSSr + R,).

It follows that

RSS»
1 —1 =1
n(RSS)) — In(RSSp) =1n (RSSF>

finax N KA g - -
= N2RSSF Z Z Z Z |Atirjis Zisga) — Ha(tivgis 22]2)H2 Op{(Nht3 nhzs n) 1}' (15)

i9=17j9=141=171=1

Similarly, we can prove that
In(RSS,,) = In(RSSr) = —|O,{(Nhts nhzs n) '} (16)
Combining (15) and (16) we deduce that

inf InRSS) — InRSSy, > —|0,{(Nhtz yhzzn) '}
/\ER.»,_

Consequently, it follows that

hl(Nht&Nth’N)

BIC) — BICy, > —[Op{(Nhts nhas )} + Nhts yhzs N
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It is clear that, with probability tending to 1, the right-hand side of the above equations is guaranteed
to be positive. Consequently, we have Pr(infycr, BICy > BIC,,) ..

Combining Cases 1 and 2, we have

Pr(  inf BIC, > BIC,, ) = 1.
AERLUR_

The above equation implies that, with probability tending to 1, the tuning parameters failing to
identify the true model cannot be selected by our BIC criterion, because it is at least not as favorable

as our reference \,. Thus the proof of Theorem 6 is complete. O
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