Journal of Multivariate Analysis 102 (2011) 349-362

Contents lists available at ScienceDirect

Multivariate
Analysis

Journal of Multivariate Analysis

journal homepage: www.elsevier.com/locate/jmva

On linear models with long memory and heavy-tailed errors
Zhou Zhou*, Wei Biao Wu

University of Toronto, Canada
University of Chicago, United States

ARTICLE INFO ABSTRACT

Article history: We consider the robust estimation of regression parameters in linear models with long

Received 18 October 2007 memory and heavy-tailed errors. Asymptotic Bahadur-type representations of robust

Available online 22 September 2010 estimates are developed and their limiting distributions are obtained. It is shown that
- — the limiting distributions are very different from those obtained under short memory.

AMS subject classifications: A simulation study is carried out to compare the performance of various asymptotic

2(2)]60158 representations.

60C51 © 2010 Elsevier Inc. All rights reserved.

Keywords:

Bahadur representation

Heavy tails

Long memory

M-estimation

1. Introduction

The estimation of unknown regression parameters in linear models has been extensively studied. The least squares
estimate (LSE) is widely used in practice and its finite and asymptotic distribution theory has been well developed; see
for example the texts by Davidson and MacKinnon [11] and Rao and Toutenburg [26]. For linear models with heavy-tailed
errors, the LSE may perform poorly and robust estimates are attractive alternatives. The last three decades have witnessed
arapid growth in quantile estimation and other robust procedures. See [17,14,19] for excellent treatments.

Consider the p-variate linear model:

yi:x;rﬂ—i_ei» i:]727"'9na (])

where AT denotes the matrix transpose, andx; = (i1, Xiz, . . . , xip)T, 1 <i < n,are px1known deterministic design vectors.
As a typical robust estimation procedure, let p be a convex function and we estimate the unknown parameter vector 8 by
the minimizer

n
Bn = argmin y _ p(y; — X[ ). (2)
BERP iy
Note that, p(u) = u? leads to LSE. Other popular choices of p include quantile regression with p(x) = ax, + (1 —a)(—x)4,
0 < o < 1,wherex, = max(0, x), Huber’s procedure [17] with p(x) = (x*1{|x| > ¢})/24+(cx—c?/2)1{|x| < c},c > 0,and
L7 regression with p(x) = |x|9,1 < g < 2.In the literature, asymptotic properties of Bn — B have been studied mainly under
the assumption that the errors are independent (Bassett and Koenker [5], Babu [3], Bai et al. [4] and He and Shao [15] among
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others) or strong mixing [13,23,10] or short-range dependent [33]. See the latter paper for additional references for robust
estimation under independence and weak dependence. Hampel et al. [14] argued that many science and engineering data
exhibit significant temporal dependence and the assumption of independence is violated; see Chapter 8 therein. However,
there seem to be few results on robust estimators of linear models with long memory (or long-range dependent) errors.

Recently processes with both heavy tails and long memory have received considerable attention. Willinger et al. [32]
showed that self-similarity and heavy tails exist in network traffic data, while Rachev and Mittnik [25] did an extensive
empirical study and showed that high frequency asset return data exhibited both long memory and heavy tails. To the
best of our knowledge, most of the existing results focused on estimation and inference of long memory and heavy-tail
parameters, while little attention was paid to regression analysis. The latter problem is clearly of great interest if one wants
to include covariates or predictors into the model for explanatory purpose.

The paper aims to study properties of Bn under the assumption that the errors e; in model (1) are long memory as well
as heavy tailed; see Section 2.1 for assumptions on the error structure. It is shown that asymptotic behavior of Bn is very
different from that obtained under independence and weak dependence. We will also provide Bahadur representations of the
robust estimates of model (1). Those representations are useful for further analysis of the asymptotics of robust estimates.

The rest of the paper is structured as follows. Regularity conditions are given in Section 2. Section 3 presents main results
including consistency and asymptotic distributions of robust estimates. Section 5 provides proofs and Section 4 presents a
simulation study.

2. Preliminaries

We now introduce some notation. For a vector v = (vy, ..., v,) € R, let|v| = (3_F_, v?)"/2. For a p x p matrix A, define
|A] = sup{|Av| : |v| = 1}. For a random vector V, write V € £ (q > 0)if V||, :== [E(JV]9)]V9 < oo. Let (n,) be a sequence
of random variables and (d,) a positive sequence. We write n, = 0,(dy) if n,/d, — 0 in probability and n, = 0,(d,) if
nn/dy is bounded in probability. Denote by = the weak convergence. Let €', i € N, be the collection of functions that have
ith order continuous derivatives. Let C denote a generic constant independent of n and its value may vary from place to
place.

2.1. The error structure

We assume that (e;) is a moving average process

o0
e = Zaj&'fj, (3)
=0

where ¢, j € Z, are independent and identically distributed (iid) random variables with mean 0 and ¢; € D (@), @ € (1, 2).
Here O (o) denotes the a-stable domain of attraction (see [9]); namely, there exists real sequences (A;) and (B,) such that
Ay I(ey + -+ + &,) — B, converges to an «-stable law whose characteristic function is

o(t) = exp(—0®|t|*(1 — v/—Tow, () + ~/—1put), where wg (t) = tan w (4)

Here o, w and o (—1 < ¢ < 1) are the scale, shift and skewness parameters, respectively, and 4/—1 is the imaginary unit.
Let F, be the distribution function of &; and f, = F/ be its density. Then &; € D () can be characterized by

1-F@) = Lw) and F.(—u) =

Cl—zﬁ CZ—Z#L(LD asu — oo, (5)

o

where c1, ¢; > 0, ¢y 4+ ¢ > 0and L is a slowly varying function, i.e., lim,_, o, L(tx)/L(x) = 1, forall t > 0 (cf. [7]). It is easy
to see that inf{x : P(|&;| > x) < 1/n} = n"/*L;(n), where L; is also a slowly varying function. Observe that &; € £, for all
o’ € (0, ), and « is called the heavy-tail index, and E(sf) = o0.If o = u = 0, then (4) becomes the symmetric-«-stable
(SaS) law. In this case (5) holds with L(t) = 1,¢; = ¢; = 6% /(2C,), where C, = cos(am /2)I"(2 — a) /(1 — ).

Let g, (u),u € R, be atwo-sided Levy «-stable process [28] with independent increments, g, (0) = 0, and &, (u+t)—&, (u)
having characteristic function ¢(t) (cf. (4)) with & = 0. By Theorem 2.7 in [29], in the space D]0, 1] of functions that are

right continuous and have left limit, we have the weak convergence
Lnu)
lim { — g, 0<u<1; ={e,),0<u<1}, 6
nwh(n);l <us< {ea(u) } (6)

n—oo

where |v| = max{j € Z : j < v}. See also [2].
For the coefficients (ag;)5°, we assume aop = 1, and, forj > 1,

a; =j71(§), 1/ <y <1, wherel(-) is a slowly varying function. (7)
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By Kolmogorov’s three series theorem [9], under (7), e; is well defined. The partial sum process e; + - - - + ey, after proper
normalization, converges to linear fractional stable motion in an appropriate sense; see [2].

Under (7), Z?jo lajj = oo, which implies strong dependence. Note that, under our model, all autocovariances of
the process (e;) equal infinity. Hence our definition of long memory is different from the usual one which says that the
autocovariances decay slowly. McElroy and Politis [22] give an example of a heavy-tailed long memory process that has
infinite variance and finite autocovariances. The parameter y controls the magnitude of the memory, with smaller y
indicating stronger dependence. An important special case is the fractionally integrated ARIMA (FARIMA) processes [16].
For such processes aﬂ"*d — o, where g is a constant. So (7) holds with y = 1 — d, whered € (0, 1 —a™ ).

2.2. Regularity conditions

Without loss of generality, we assume throughout the paper that the true parameter 8y = 0. Define X, = (xq, ..., X,)".
Assume that X, := X'X, = >, x;x! is non-singular for sufficiently large n. We shall consider the transformed model

yi=1 0, +e, wherez;, = ¥, /*x;and 6, = £,°B. (8)

Observe that @n = En]/zﬁn is a minimizer of Z?:] ple; — z;,,ﬂ) and that, by definition, z;, = (zi1,, Zi2.n, - -» zi,p,n)T

satisfies Y i ;z;qz/, = Id,, the p x p identity matrix. For ¢ > 0, let s,(q) = Y i, |Zinl% Let m, = mMaXi<i<y |Zinl.
Then s,(2) = p < nm2. It may occur that nm? — oo. For example, let p = 1,%; = i~"/3. Then ¥,/(3n'?) — 1and
m,(3n'/>)2 - 1and n'/?m, — oo. Since X, is non-singular for all large n, we can pick p linearly independent x;s and
denote this p x p sub-matrix of X by X,. Then X, is non-singular and X, X, "X = 0(m?). Hence

|2, = 0(my). (9)
Assume that p is absolutely continuous with derivative ¢ = p’. We now impose some regularity conditions on v/, z; ,
and &;.
(A1) |¥(x)] <C(1+4 |x]) forallx € R, and E[vr(e;)] = 0.
(A2) f. e €",and [P (x)| < C(1 + |x|)™ 'L(|x|) forallx e R,i=0,...,T.
(A3) ¢(x) .= E[¥(e; + x)] has a strictly positive derivative at 0.
(A4) Letd, = n'"V*V2L(n)l(n) and k, = |d,|m,. Assume m,k, = o(1).

A few remarks are in order. Condition (A1) controls the tail of 1. For M-estimation with long memory and heavy-tailed
errors, previous results require that v is bounded [21]. The latter restriction excludes the important .£? regression with
1 < q < 2[35].0ur (A1) allows a wider range of p.

Condition (A2) s for technical purpose and it is not the weakest possible. Its purpose is to guarantee sufficient smoothness
of conditional expectations of i/ (e; + x); see Lemma 1 below. It is satisfied if €; is S&S. In this case f; is r times differentiable
and f (x) ~ C|x|~""""*L(|x|) as x — Fo0 [18].

Condition (A3) is a natural condition for 6, to be estimable. Under (A1) and (A2) with r = 1, ¢ is differentiable (see
Lemma 1).

Under Condition (A4), since nm? > p, k, > p"?n=12|d,| > n'/2=7*V2|L;(n)I(n)|. Observe that 1/2 — y + 1/a > O'in
viewof1/o <y < land1 < « < 2.Thenforanyc € (0, 1/2—y + 1/«), we have n° = o(k,) and m, = o(n™°). Condition
(A4) is needed for the weak consistency of the M-estimate Bn. For linear models with independent errors, the condition
m, = o(1) is needed for consistency [12]. In this case én = 0,(1). S0 Bn = 0,(1) under m, = o(1). On the other hand, under

long memory, |én| = Op(ky) (Theorem 1), so (A4) is natural. Note that, if m, = 0(n~'/?), then (A4) always holds.

3. Main results

3.1. Consistency

Theorem 1. Let B,,y,s be the LSE of (1); let U,, = Z?:l Z; ne;. Suppose that (A1), (A3), (A4) holds and that (A2) holds withr = 2.
Then |6,| = O,(k,) and |6, — U,| = 0,(ky). Consequently |B,| = 0,(1) and | B, — B is| = 0p(1).

Theorem 1 asserts that 6, can be approximated by Uy, which is often easier to deal with due to its linearity structure. It

also asserts that the M-estimate Bn and the LSE Bn, ;s are asymptotically first order equivalent. Several authors have already
noticed this phenomenon, but under more restrictive conditions; see [6] for subordinated Gaussian processes and [21] for

bounded v with a special design matrix under which m, = 0(n~'/%). We will obtain a more precise order of Bn — Bn,,s via
Bahadur representations of 8, (cf. Theorem 3).

3.2, Bahadur representations

To establish an asymptotic expansion of @‘n, we need
(A5) Let the M-process Z,(0) = ZLI V(e — zzne)zi,,,. Assume |En(én)| = Op(my).
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Condition (A5) is natural. If ¢ is continuous, &, (én) = 0. For quantile regression, v is discontinuous, by Babu [3], | =}, (én)|
< (p + 1)m, almost surely if (A2) holds with r = 0.
For Bahadur representations of M-estimates, we approximate 6, by the linear form

V= Z] v (€))Zin. (10)

(See [15,3,33].) Under (A5) and slightly stronger conditions than those in Theorem 1, we have Theorems 2 and 3, which
concern approximations of 6, by V;, and U, respectively.
Theorem 2. Let (A2) hold withr = p + 1. Assume (A3)-(A5) and

[ (x)| < C(1+ |x))*  forsome ag < o /2. (11)

Let w(x) = ||Y(e; + x) — ¥ (e)|l2; let (cn) be a positive sequence with c, — oc. Then
16/ (0)6h — Vil = 0p((73"* (ruky) log 1 + ramyk?)) (12)
where h = min{Cm (knmn)il/z} and Tn(x) = 2?21 |Zi,n|2[772(|zi,n|x) + 772(_|Zi,n|x)]-

Clearly (11) implies that 7 (x) exists. Under our setting, 7 (x) — 0 as x — 0. To demonstrate this, observe that since
Y is nondecreasing and e; has a continuous distribution function, ¥ (e; + x) — 1 (e;) — 0 almost surely as x — 0. Since
lv(ei+1)—v(e—1) ||§ < 00, (x) = 0asx — 0 by the Lebesgue Dominant Convergence Theorem (LDCT). In particular,
if 7 (x) — 0 at some polynomial rate, we have the following corollary.

Corollary 1. Recall s,(q) = Z?:l |Zin|%. Let w(x) = O(|x|*) for some A > 0. Then under the conditions of Theorem 2,

¢/ (0)0, — Vy| = 0,(K:s1/2(2 4 21) log n + m,k?). (13)

By Theorem 2, for any positive sequence (c,) with ¢, — 0o, we have |¢(0)6, —Vy| = O, (c}k’s V22422 log n+c,mpk?).
Since ¢, — oo can be arbitrarily slow, (13) follows.

Example 1. Assume (A2) with r = 0. For quantile regression with p(x) = ax; + (1 — a)(—x)4, ¥ (x) = « — I{x < 0} and
v (e +x) — (el = |ffxfe(t)dt|. So m(x)> = 0(|x|). For Huber’s function p(x) = (X*I{|x| < c})/2 + (c|x| — c*/2)
I{|x| > c},c > 0,wehave ¥'(x) = I{—c < x < c}. Thus 7(x)*> = E[[; ¥'(e; + t)dt]* < x*. Then A = 1. Since
sn(4) < m2YL |zix|> = pm? and n° = o(k,) forc € (0,1/2 — y + 1/a), we have knsy/2(4) logn = o(myk2). So the
bound in (13) becomes O(k2m,). For £9 regression with 1 < g < 2, Arcones [1] showed that if ¢ # 3/2, then 7 (x) =
O(|x|min.24=1/2) 1f g = 3/2, then 7 (x) = O(|x|log(1/]x])). O

Theorem 3. Let the conditions of Theorem 2 be satisfied. (i) We have
100 — Un| = 0,(n" + 7./%(ryky) log 1 + rym,k?) (14)

for nsatisfying 1/2 —y +1/a > n > ng :=1/2—y +1/a— (y — 1/a)?/y. (i) If m(x) = O(|x|*) for some . > 0asx — O.
Then

1By — Buss| = 0p(mun" + muks'/2(2 4 21) log n + m2k?). (15)

The bound (14) in Theorem 3 is sharper than the one in Theorem 1. To see this, let r,, = (m,k,)~'/2. Under (A4), r, — o0,
rnmnkﬁ = o(ky), and t,(rk,) = o(1) since 7 (x) — 0as x — 0. Note that, n” = o(k;,). Hence (14) is sharper.

Remark 1. Suppose m, = O(n~"/?). Then m; k = 0(myn"). By simple calculations,

n|da| "B — Buss| = 0p(n™™), forany 0 < ny < n*, (16)

where n* = min{(y —1/a)?/y, 1/2+ (A 1)(y —1/a)}. This is sharper than the 0, (1) bound in [21]. More importantly, we
see from (16) that, even though ﬁn and ,3n |s are asymptotlcally equnvalent magnitude of the dependence and the tail of the
errors as well as the quantity A determine the speed at which ﬂn ﬁn, ;s converges to 0. We assume for now A > 1/2, as it will
be satisfied by all quantile, Huber and £ regressions (cf. Example 1). Let K = y — 1/w.Since 1/a < y < land 1 < & < 2,
we have by elementary calculations that K?/y < 1/2 + (A — 1)(y¥ — 1/a). Then n* = K?/y. Note that, H = 1 — K
is the Hurst index of the error process (e;). So lighter tails and weaker dependence lead to faster convergence when A
>1/2. O
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3.3. Limiting distributions of M-estimates

We now present a limit theory for our M-estimators under conditions (B1) and (B2) below. Let X = (X1j, - -+, Xnj),
j=1,...,p.Forv= (vy,..., vy),define the function hy(:) : [0, 1] = Rby hy(t) = vjnrj+1,0 <t < 1,and hy(1) = v,.
(B1) hyi(-) converge uniformly on [0, 1] to continuous functions gj(-),j =1, ..., p.

(B2) Letg = (g1, ..., &)". Assume that the matrix § := fol g(t)g’ (t)dt is non-singular.

Theorem 4. Assume (A1), (A3), (B1), (B2), and that (A2) holds withr = 2. Then
nr— 1/a

Li(m)I(n)

A

— B =>g! [/ g(xX)(x — u)jdx] deg (u) == g 'Lg(e). (17)

Remark 2. Under (B1)and (B2), we haven™' %, — g and MmaXi<i<n [Xi| = 0(1). Thus m, = max<i<n |E{1/2x,-| = 0(n~1?).
In particular, condition (A4) is always satisfied. As a special case, if x; = g;(i/n), where g;(-) is continuous on [0, 1], then
condition (B1) is always satisfied. This type of design was discussed in [21]. O

Remark 3. We see from the above theorem that the M-estimator and the LSE are not only first order equivalent, but are
also equally efficient. Since the M-estimator is robust to additive outliers, it is preferred when long memory and heavy tails
are present. [

Remark 4. To apply Theorem 4 for statistical inference of 8, we need to know or estimate slowly varying functions L (n)
and I(n) and parameters «, o, ¢ and y. The distribution of L¢(e) can be approximated by plugging in the estimated values
of a, o, ¢ and y. Kokoszka and Taqqu [20] and Taqqu and Teverovsky [30] discussed parameter estimation of heavy-tailed
FARIMA processes. Resnick and Starica [27] considered heavy tail index estimation for long memory and heavy-tailed linear
processes. Chapter 8 of [24] contains a discussion on estimating slowly varying functions using subsampling. We expect
that, using their techniques, we can estimate L; (n), [(n), &, o, ¢ and y from the estimated residuals &; = y; — xiT,Bn of model
(1), and establish a related asymptotic theory. However, the latter problem seems nontrivial and we leave it as an open
problem. O

Example 2 (Polynomial Design). Let x; = (i/ny~',i=1,...,n,j = 1,..., p. Then condition (B1) holds with g;(x) = ¥. So
Gij=1/(i+j+1),1=<1i,j=<p.§is the Hilbert matrix and it is non-singular. Hence Theorem 4 and previous theorems are
applicable.

4. A simulation study

The Bahadur representation plays an important role in understanding the asymptotic behavior of the estimates. In
Section 3.2, we proposed two such representations under long memory and heavy tails. The accuracy of the approximations
depends on the strength of the dependence and the thickness of the tails of the error process. Here we shall carry out a
simulation study and compare the sensitivity of the V,, and U, representations to parameter values « and y . Accuracy of the
two approximations is compared in Section 4.2.

4.1. Performance of representations

Consider the simple regression model:

i
YI=/31+,BZE+31‘, i=12,...,n (18)

where e; has the form (3), a; = (i + 1)7” and ¢; are iid standard SaS random variables. Let the true parameter (8, ;) =
(0, 0). In our simulation we use the LAD regression, which corresponds to Example 1 with « = 0.5. Then (16) holds with
*=K?/y,K =y — 1/a; see Remark 1. From (13) and the discussion in Example 2, we have

|By — U] = 0,(n™™), forany0 < ny < ny, (19)
where U¥ = Byis = Xy /*Upand i, = (v — /)2 — 1/(ay)) = K2/y + K, and
1B — Vil = 0,(n™™), forany 0 < n, < n,, (20)

where V' = 71/2an (0), fe is the density of e;, and n, = min{K/2 4 1/2, 2K}.

Let n = 1000. We generate standard SaS variables by the algorithm in [8]. Using the convolution structure in process (3),
we can apply the circular embedding and the fast Fourier transform algorithm; see [34]. Applying a version of the algorithm
in their paper, we generate 6000 series of length 1000. For each generated series, quantile estimation of 8 was carried
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out and U, and V;; were calculated. To assess the accuracy of the approximations, we compute the sample mean absolute
deviation errors (MADE) of B, — Uy and B — %48

Figs. 1-4 show the U} and V;; approximations for the slope parameter 8. The results for the intercept parameter 8 are
similar. From those four graphs we see that for both the U and V representations, the mean absolute deviation error is
small when the heavy-tail index « or the memory index y is sufficiently large. Furthermore, for fixed «, approximation error
decreases as the memory index y increases, which indicates that shorter memory leads to more accurate approximations.
This finding is consistent with our theoretical assertions in (19) and (20). Similar conclusions can be drawn in the case of
fixed memory index y. On the other hand, we see relatively large approximation errors on the left edges of some of the
graphs. This is because parameters 1, and 7, are very small on the left edge of the graphs.

4.2. Comparison of the U, and V,, approximations

We see from Figs. 1-4 that, for the same combination of «’s and y’s, the U;; approximation usually starts with some
smaller value than the V;* approximation on the left region, yet ends with relatively larger errors. This suggests that the U
representation is better when the Hurst index H is large, but worse when H is small. For a more detailed study, we choose
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Fig. 4. Estimated absolute deviation errors of V,’ representation for fixed y.
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the same model and the simulation method as those in the last subsection; the only difference is that we now fix the Hurst
index H, and according to this H, we choose different combinations of &« and y. We use two levels of H, H = .95 as simulation
for large index and H = .7 for small index. The results are showed in Figs. 5 and 6, respectively.

Our simulation results support our claim. Note from (19) and (20), order of the U; approximation is always higher than
that of the V" approximation, as n, < n,. However, as we found in our results, when the Hurst index is large, and thus the
large sample behavior is violated, the U’ representation may perform better. A new theory is needed in order to explain this

interesting phenomena.

Note also that, the U} representation decreases fast as the heavy tail index « increases, while the V" representation is
relatively stable. This is consistent with (19) and (20) in the sense that 7, increases as « increases, while 7, does not change

if we fix H.

5. Proofs of results in Section 3

We first introduce some notation. For k € Z define the projection operator

PV = E[V|Fi] — E[V|Fi-1],

Ve £!, where F, = (..., &1, &1)-
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Fig. 5. Estimated absolute deviation errors of U, and V;' representations for fixed Hurst index H = .95.
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Fig. 6. Estimated absolute deviation errors of U; and V;’ representations for fixed Hurst index H = .7.

Introduce the truncated processes

k n
Cnk = Z ap_ig; and én,k = Zanﬂ'é‘,’. (21)

i=—00 i=k

Thene, , is Fi-measurable. Recall ap = 1. Let

VUns() =E[Y(x+ 5 +en1)] and Yoo s(x) = E[Y (X + 8 +en)]. (22)
Note ¢ (X) = Yeo,0(X) = Y0 x(0). For a function f, let f (x; 8) = supe <5 [f (x + t)], 6 > 0.
Lemmal. [et n € N a_nd 8 € [—1, 1]. Under Conditions (A1) and (A2), ¥rs(-) anc] Veos(+) are r times differentiable.
Furthermore, we have |W,§%(x)| < C(1+ |x|) uniformlyinn € Nand § € [—1, 1], and |1ﬁ((>2’3(x)| <CA+|x]),i=0,1,...,r.

Proof. Let F;, 1(x) := P(en,1 < x) be the distribution function of e, 1; let f, ; = F,.’,,] be its density. Let I, = e, 1 — €,. Then
Fn.1(X) = E[F:(x — I},)]. By the LDCT,

[O®) =EfO -] fori=0,1,...,r. )

By Condition (A2), fori =0, 1,...,r,fP(u; 1) < C(1+ |u|)~2~* for some ¢ > 0. So

/ WOy — 8 —x: 1)y = E [/ WO -8 —x— I 1>dy}
R R

E [/ [ (u+8+x+ TP u; 1)du]
R

IA

CE U(l + U+ 18D+ D1+ [TDFD (u; 1)du]
R

IA

i+ |x|>/(1 D (s du < C(1 + ).
R
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Since Y 5(x) = — [, Y ()fu1(y — 8 — x)dy, by the LDCT, ¥, 5(x) is r times differentiable, and |y, s (x)] < C(1 + [x|). The
conclusions about ‘ﬁég,a (x),1> 1, similarly follow. O

Lemma 2. Let m € N. For a triangular array of m-vectors {yin,i = 1,2, ..., n} with max;<i<x |¥in] = O0(1), we have for
sufficiently small n > 0 that

n
E Vin€i
i=1

Proof. We only need to consider m = 1, since the general case follows by considering each coordinate of Z?:1 Vinei. Write
a; = 0ifi < 0.Recalld, = n'"**V*L,(n)l(n).
Let xjn = n*~'I"1(n)| YL, ¥i.nti_j. By Lemma 3(a) in [2],

n
Vi,n& X] n&j C o .
E < — max . ’7’ . |a+n ) 95
; d, ’Z nl/eL,(n) =4 []Z|X],n| ]Zl)(],n| (25)

= 0(|dn)). (24)

oa=n

a—=n

Write I, = "] oo 1 X017, 1, ijfn Ixjnl*"" and III, = Z;L |xjn|"". By Karamata's theorem, 1, < Cn[n?~!
[='m YL, |1 Vl(l)|]°‘ " < Cn.LetSq(n) = Y [, |ai|. Then Sy(n) = O(n'~7|I(n)|), and, for sufficiently small > 0,
—n—1
I < C Y I I ) Saln = j) = Sa(=iD1*"
j=—00

&)
< C Y i a1 < Cn.
Jj=n+1

Similarly, II, < Cn. So Zj | xjn]*~" = O(n). Similar arguments also imply Zj |xi.n|*T" = O(n). Hence (24) follows from
(25). O
Lemma 3. Assume (A1) and (A2) withr = 2. Let o € (1/y,a) and v € [1, a1]. Then

sup ”1//1171,5(91’1) - wn,ﬁ(gn,o) - W;o,,;(o)anq& ”v = O(|an71|a1/v + |an71|An(al)l/a1)’ (26)

[8]<1
where An(q) = > oo, lail?, q > 0.
Proof. Letw = a,_1&1,U = Yns(ep 1) — Yns(ey o) — W,s (e,0)@ and V = v (e, 1) — ¥n-1.5(e, ;)- Below we shall show
that |U[l, = O(lata—11*"/*), [IV ||y = O(|a,—1|*/*) and

V55 (€n0) = Vo s Ol = OA)/“ (a1)). 27)
Then (26) follows from

Un-15€n1) — Yns(€ro) — ¥ s0m =U =V — (Y, 5(e,0) — Vi 5(0)) 0.
For U, note that,

E[UI"])/2""! < EllUNjgi<1]"] + E[[UTj521]"]
< EllYy 580 DIw 1 Ly <1]'1 4 3° "Bl s(8, )| =11

+ 3" B[ Yns (€, 0) | N> 1] + 3" 'ELY o (€, 01" @ " w11
= [+ I+ I+ 1V
By Lemma 1, since e, , and & are independent and 2v > a1, we have I} = O(|a,—1|*?). Similarly, Iy + 1V = 0(Jap—1]*1).
Then ||U]|, = O(Jan_1]1/?), since, again by Lemma 1,
/3" = E[[Yms(€yo + @) Nm=1]
CE[1+ le,olI"E[(1 + [ )" 1jmr|>1]
CE[(1+ @ )" 1jgr|>1]
CE[|@ |["1j|>1] < CE||*! = O(|ay—1|*").
Let V* = ¥ry_15(e, 1 +an-187) —Yn-1.5(€, 1) — Vy_1.5(€, 1)an—187, where {¢], i € Z} is aniid copy of {g;, i € Z}. Similarly

asU, [[V¥|l, = O(lap—1|*1"). Hence, we have [[V ||, = O(|a,—1|*/") in view of 5 (X) — ¥n—1.5(X) = E[¥n_15(xX+ar_18}) —
Yn-15(X) — ¥, 5(X)a,—1€}], and Jensen’s inequality.

IAN TN IA
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Now we show (27). By the LDCT, ¥/, 5(0) = E[V, (e, o)]. Letey o = Z?:_oc ap—ie;. By the Bahr-Esseen inequality [31],
lenolley = ll€f olla, < CAn(er)'/*1. Note that,
V5.5 €n0) = Yo s Ol = IE[Y, 5(8,0) — ¥ns(€50) 1 Follly
< Wnsen0) — ¥nsen ol
< n.5Cn0) = VnsOlly + 1V 5(en0) — Y5Ol
2||1/f;;,s (en,0) — 1/’;;,5(0)”1;
21, + 211, + 211,

A

A

where, by Taylor’s expansion, I, = ||, 5(0; 1)e, o1je, gi<1lu, I, = 19,501, g1>1lly and 1L, = [, 5(e, o) Lje, o1=11lo- Note
that, I}, < Clle, ollv < Clle, ollay = O(AY“ (@), 11, < CP(le, ol = D" < Clle, olla)” = O(AY" (@1)) and III, satisfies

A

I, < CE[(1 4 le, D" 1e, o1=11"" < CE[(1+ |e, o])* 1, =11
< CE[le, /""" = 0(A)" (1)) = O(AY* (a1)).
So(27)holds. O

Proposition 1. Let v > «1/(2ayy — 1). Under the assumptions of Lemma 3, for any triangular array of m-vectors {cy,, i =
1,2,...,n},m € N, we have

=o' g2 ), (28)
v
where 1/v < y’ < yo := min{(a1y)/v, 2y — 1/ai}and ¢(n) = Y1, |cin|*.
Proof. Let T, = w(ei—{—é)—E[w(ei—{—(S)]—¢/(6)e,-,a)i = ||=7)1Tj||v and 2 = Zfil a);).Then Z?:1 Ticin = Zj——oo Zz 1T,Cm]
and {?J-[Z?:] Ticin], j € Z} is a sequence of martingale differences. By the Bahr-Esseen inequality [31],

sup
16]=1

Z[Iﬂ(el +8) —E[Y (e + 8)] — ¢'(Oeilein

v

iTiCm <2 Z P; |:2Tcm:|
h v o v v/2
< 2 Z [sz—]+l|cm|:| <2 Z gv/z(n) |:Za)_]+1j|
" ( " n v/2
= 2c"2(n) LZ Z +Z} (Zwiz_H])
=—00 j=-ntl j= i=1

=1 22 (n) (I + I + 1II).

By Lemma 3 and since #1T, = Yn-15(€, 1) — ¥ns(€,0) — W;,5(0)0n7181. we have w, = O(n‘V/) and 2, = O(nl‘”V/).
Using similar arguments as in the proof of Lemma 2, we have I;* + II;* 4 lI[** = O(n”/z“*””,). So (28) follows. O

Remark 5. Clearly 1/v < ypifand only if v > a1/ayy — 1).1f so, ¥’ € (1/v, o) exists.

Corollary 2. Assume (A1) and (A2) with r = 2. Then for any triangular array of m-vectors {¢;,, i = 1,2, ..., n}, we have for
some vy € (1, ) that

=0m"¢"?(n)) (29)

vo

sup
18]=1

Z[w(el +8) — B[y (e + 8)] — ¢ ($)eilcin

forall nsatisfying 1/2 —y + 1/a > n > 1/2 —y +1/a — (y — 1/a)?/y.
Proof. In (28),letv = (ya%)/(Zyozl — 1) and a; 1 «. Then the order is arbitrarily close to n" ¢/2(n) with ny = 1/2 —
y +1/a — (y — 1/a)?/y.So Corollary 2 holds. O

Proof of Theorem 1. Let zy;, = z{no, where 0| < Ck,, 6 € RP.Recall k, = |dy|m,. By (A4), maxi<i<n |Z9.in] — 0.By
Corollary 2, for n large enough,

sup
0<t<1

= 0(n"ky), (30)

vo

wa(ei —29int) — E[Yr(e; — Zg,int)] — ¢'(—20,int)eilZ0,in
=1
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where 7 is defined in Corollary 2. Note that, n"k, = o(kﬁ). By Lemma 1, supg<<; [¢'(0) — ¢'(—=2s,i,nt)| = O(|zs,in|). Since
Mk, = m2|d,| — 0, by Lemma 2,

n

D 20ia[6'(0) — ¢ (=2p inD)le;

i=1

< C(mykn)?|dn] = 0(k?). (31)

a=n

sup
0<t=<1

Let 77;(0) = p(e; — zg.i,n) — P (&) + 20.i,n¢’(0)e;. Note that,

n 1 n
> Imi0) — Emi0)] = — f > W (ei — zg.int) — LY (ei — 2o,int)] — ¢ (=20 i.nt)eilzo i ndlt
i=1 0 =1

1 n
b [ Y 20l O ¢ (zasat et
0 =1

Hence by (30) and (31), we have for any fixed 6 with |#| < Ck, that

> I7i(0) — Emi(@)]] = 0,(k). (32)
i=1
By Lemma 1 in [4],
A _ 1 / - T 2 : T 2
E[m;(0)] = 2¢ (0); |z; ,01° + o (;'Zi,n0| )
_ 1, o T o T
= ¢ (0);9 z2],0 + 0 (;9 z,,nzi,,ﬂ)
1 / 2 2
= Eqb 0)|10]7 + o(ky). (33)
Hence, we have by (32) and (33) that
Z[,O(ei - ZiT,r,G) —ple) + ¢/(O)Zzn99i] —¢'(0)61°/2| = 0,(k2). (34)

i=1
Now a standard argument using properties of convex functions entails |§n — Un| = 0,(ky); see the proofs of Theorems 2.2
and 2.4 in [4]. Details are omitted. By (9) and (A4), since Bn = 2{1/2&1 and ,Bn,zs = 2{1/2 U, the rest of the theorem easily
follows. O
Proof of Theorem 2. Let i/, (_x) = E[Y(x + &;)] and &; = e; — &;. From Lemma 1 we see that v;(-) and ¢(-) arer = p + 1
times differentiable, and |\" (x)| + |¢®@(x)] < C(1 + |x|]) fori = 0,...,r. Note that, Z,(6) = Y1, V(ei — 2z6.in)Zins

_ T

Zgin = zi’nG. Then

n(0) — E[En(0)] = Mn(0) + Nu(6) + Gr(0), (35)

Y]

An(0) =

where

Mn(8) = Z[l/f(ei —2p,in)] — [Y1(& — 2p,in)1Zi n,
i=1

Na®) = Y (V1@ — Zo.in) — $(—2o.00) — @' (=20,i.0)8i)2Zin,
i=1

Gn(0) = qu,(_ze,i,n)éizi,w
i1

The summands of M,(8) form an .£2 martingale difference with respect to the filtration o (%;). We will use Lemma 4 in
[33] to bound the oscillation rate of M,,(6). Our Lemma 1 implies that condition (A5) in [33] holds. On the other hand, since
rak, — oo and r,k,m, — 0, his condition (16) will be satisfied if we choose r,k, as §, there. Thus,

sup |My(0) — Mp(0)| = Op(z,/?(ryky) logn + n2). (36)

|01 <rnkn
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Let] = {j1,...,jg} S {1,...,p} be a nonempty index set, 1 < j; < .-+ < jg. Foru = (uy,---,u,) € R? let
W = (g, ..., Uplyeg). Write Wij =25 X Zjj, 0 X -+ X Zj jg.n- Recall thatz; , = (z;1,n, - - .,z,-,p,n)T.Write

/91 3an(u]) /911 /"Jq 39N, (u)) _ONa(W)
0 auh' 8qu o o

By Lemma 1 and the LDCT, ¢(")(—zu],i,n) = E[W{q) (& — zy.in)]- If [u] < p'?rky, then max;<i<p |Zuy.in| = O(ruknmy) — 0.
By similar arguments as those of Corollary 2,

3N, (1)) . .
‘ ! Zw/(‘” @ — zuin) — 0@ (~2upin) — 69V (—2u i0)Ei Wiy
vo Yo
" 1/2
=o|n (Z |w,-,]|2) = 0(n"s,*(2 + 29)), (37)
i=1
uniformly over |u| < p'/?r,k,. Hence
sup \/6] ann(uj) du - “/rﬂkﬂ Tnkn ann(UJ) d
|0|<rnkn JO 8“] vo B —rnkn rnkn auj Vg
rnk rnk
nkn nkn 8‘11\] u
< ( ]) dll]
—Tnkn —Tnkn vo
= 0(rkin"s}/? (2 4 2q)). (38)
Since 51/2(2 +2q) < m} - 1/2(4) and ryk,m, = o(1), (38) implies
i
sup [Na(6) = Na(O)I| = | sup / [8Y/Nn (uy) /w 1dwy
|01<rnkn vo |0 <rnkn J<(1,....p} 0 v
= O(rykan"s}/?(4)). (39)

Similarly, ¢'(-) is p times differentiable, and |¢"*'(x)| < C(1 + |x|) forr = 0, ..., p. Furthermore, by Lemma 2, for any u

with [u] < p'?rk,,
091G, (u)) 1 -
— > ¢ (—zy imEwiy | = 0 dy).
w i=1 amny
Therefore, we obtain by r,k,m, = o(1) that
|0lsupl [Gn(0) — Gr(0)] = Crn’<nm§|dn| = O(rnmnki)~ (40)
=<Tnkn

o—n

Since s,(4) = 0(m?) and n”7 = o(ky), by (36), (39) and (40),

sup | An(0) — An(0)| = 0,(z,/?(rykn) logn + rym,k2). (41)

|01 <rnkn

Since én = 0p(kn), we have by (41) that

|40 (Br) — An(0)] = 0p(z,/ (rakn) log n + ramyk2). (42)

Furthermore, by Lemma 1 and Taylor’s expansion, we get

n n n
> o(=2] )zin = —¢'(0) Y zinz] 00+ Y O(l2] ,0ul|2in])
i=1 i=1 i=1

n
s 0 (mn zézzi,nzznén)

i=1

—¢'(0)0n + 0p(mak3). (43)
Plugging (43) into (42), since m,, = o(rnmnkﬁ), we have (12) in view of (A5). O
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Proof of Theorem 3. Applying Corollary 2 with § = 0 and ¢;; = z; ,, we have

[V — ¢"(0)Un| = = 0,(n").

D W (e) — ¢/ (0elzi,
i=1

1/2 4

By (12), (i) follows. Since By — Brnis = Zn /% (6n — Uy), by (9), we have (ii). O

To prove Theorem 4, we need the following lemma.

Lemma 4. Under the conditions of Theorem 4, we have
n o] 1
d,' > xiei = / [ f g(x) (x — u) ;de] deg (u). (44)
i=1 —0 0

Proof. Let h,(u) = (hu(u),..., he())". For ¢ € RP with |c| = 1, let h, (1) = ch,(u) and g.(u) = c"g(u). By the
Cramer-Wold device, to prove (44), it suffices to show that

n . %) 1
d’ Z By e (%) e = / [/ g (x — u)f/dx] de, (u). (45)
i=1 - 0

oo

To prove (45), we shall apply Theorem 4 in [2]. By (B1), h;, - (-) converges to g.(-) uniformly on [0,1] and g.(-) is continuous.
Leta; = 0ifi < 0, I*(x) = I(x) ifx > 0 and I*(x) = 0ifx < 0. Define

i i— 1 _
) =) hy ('T) (i — [nu]) 7T — Lnu)).
i=1

Interpret 077 = 0 in the above definition. Let & = &i/(n"/%Ly(n)). Then

> e <%) e/ Lim) = ) [Z e <%) au} &
i=1

j=—o0 L i=1
= Y al/me + (), (46)
Jj=—00

where ¥ (n) = Z?:] hn,c((i — 1)/n)ef. Since maxXi<j<p [ c(( — 1)/n)| = 0(1), it is easy to see that | (n)| = 0,(1).
Let & (u) = ¢a(u)/(n'~71(n)). By (46),

g i—1
d' D hnc
i=1 n

By the uniform convergence theorem for slowly varying functions (see Theorem 1.2.1 of [7]),

)ei = Y &iG/me + 0p(1). (47)

j=—o0

1
£ ) — / (00— 1) dx (48)
0

point-wise on R. On the other hand, we see that forn € N,

atn 1 atn
<C </ (x — u)ﬂdx) .
0

Note that, the right-hand side of the above inequality is integrable over R for sufficiently small positive 1. Thus (48)
also holds in the sense of convergence in Ly, = {f : [flle.; < o0} [2], where |Ifllo,;, = max(llf lla—n, If o)~
Ifllq = [f, If ()|9dx]"/9. Hence by their Theorem 4, we have

1
£ ()7 + ‘f g (x —u),"dx
0

o0 o) 1
> /e = / [ / 2X)(x —u) de} de, (u). (49)
—00 0

J—

Together with (47), we conclude that Lemma 4 holds. O
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Proof of Theorem 4. Let k, = n~'/2d,. Under assumptions of Theorem 4, there exists 0 < C; < C, < 00, such that
Cin~Y%2 < m, < Gn~'/? for sufficiently large n. Hence, we have k,/C, < |k,| < k,/C;. Recall that k, = m,|d,|. Therefore,
by Theorem 1,

n
|Kn_lén - Kn_1U,1| =0,(1), where Kn_]Un = nl/ZZJn_]/Zd;l Zx,-e,-. (50)
i=1

Recall £Lg(e) = ffooo[fo] g(x)(x — u);”dx]dey (u). By Lemma 4 and (50),

K10, = 672 Lg(e) (51)

since n'/2 5, /% — g=1/2 Noting that , = X./*B,, Theorem 4 follows. [
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