Journal of Multivariate Analysis 102 (2011) 741-767

Contents lists available at ScienceDirect

Multivariate

Analysis

Journal of Multivariate Analysis

journal homepage: www.elsevier.com/locate/jmva

Some theoretical properties of Silverman’s method for Smoothed
functional principal component analysis®

Xin Qi *, Hongyu Zhao

Department of Epidemiology and Public Health, Yale University, New Haven, CT 06520-8034, United States

ARTICLE INFO ABSTRACT
Artic{e history: Principal component analysis (PCA) is one of the key techniques in functional data analysis.
Received 25 March 2010 One important feature of functional PCA is that there is a need for smoothing or regularizing

Available online 15 December 2010 of the estimated principal component curves. Silverman’s method for smoothed functional

- — principal component analysis is an important approach in a situation where the sample
AMS subject classifications: curves are fully observed due to its theoretical and practical advantages. However, lack of

g;‘:;;y 62G05 knowledge about the theoretical properties of this method makes it difficult to generalize
secondary 62G20 it to the situation where the sample curves are only observed at discrete time points. In
60F17 this paper, we first establish the existence of the solutions of the successive optimization

problems in this method. We then provide upper bounds for the bias parts of the estimation
Keywords: errors for both eigenvalues and eigenfunctions. We also prove functional central limit

Functional PCA
Smoothing methods
Roughness penalty

theorems for the variation parts of the estimation errors. As a corollary, we give the
convergence rates of the estimations for eigenvalues and eigenfunctions, where these rates
Convergence rates depend on both the sample size and the smoothing parameters. Under some conditions
Functional central limit theorem on the convergence rates of the smoothing parameters, we can prove the asymptotic
Asymptotic normality normalities of the estimations.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

Principal component analysis (PCA) is one of the key techniques in multivariate analysis and functional data analysis.
An important difference between classical PCA and functional PCA is that there is a need for smoothing or regularizing of
the estimated principal component curves in functional PCA (see Chapter 9 in [12]). Many methods have been proposed to
estimate the smoothed functional principal components when the sample curves are fully observed. A general overview
of these methods and an extensive list of references can be found in [12]. The reader can find in Ferraty and Vieu [6]
more discussions on theoretical aspects and nonparametric methods for functional data analysis. Functional PCA has many
important applications. For example, functional principal component regression (see for instance [2]) is a direct application
of functional principal component analysis.

The approach proposed in Silverman [15] is an important method for smoothing functional PCA (see Chapter 9 in [12])
due to its theoretical and practical advantages. First, the weak assumptions underlying this method make it applicable to
data from many fields. Silverman [15] did not make any assumptions on the mean curves and sample curves. Hence, in
addition to data with smooth random curves, this method can be applied to analyze data where the sample curves can
be unsmooth or even discontinuous, such as those encountered in financial engineering, survival analysis and other fields.
For covariance functions, Silverman [15] only assumed that they have series expansions by their eigenfunctions without
imposing a smoothing constraint. This is attractive because the covariance functions are continuous but unsmooth in many

* Supported in part by NIH grants R0O1 GM59507, a pilot project from the Yale Pepper Center, and NSF grant DMS 0714817.
* Corresponding author.
E-mail addresses: xin.qi@yale.edu (X. Qi), hongyu.zhao@yale.edu (H. Zhao).

0047-259X/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j,jmva.2010.12.001


http://dx.doi.org/10.1016/j.jmva.2010.12.001
http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
mailto:xin.qi@yale.edu
mailto:hongyu.zhao@yale.edu
http://dx.doi.org/10.1016/j.jmva.2010.12.001

742 X. Qi, H. Zhao / Journal of Multivariate Analysis 102 (2011) 741-767

important models such as stochastic differential equation models in financial engineering and counting process models
in survival analysis. Second, Silverman’s method controls the smoothness of eigenfunction curves by directly imposing
roughness penalties on these functions instead of on sample curves or covariance functions. Furthermore, this approach
changes the eigenvalue and eigenfunction problems in the usual L? space to problems in another Hilbert space, the Sobolev
space (with a norm different from the usual norm in the Sobolev space). Therefore, many powerful tools from the theory
of Hilbert space can be employed to study the properties of this method. Third, this approach incorporates the smoothing
step into the step for computing eigenvalues and eigenfunctions. Therefore, this method is computationally efficient with
the same computational load as the usual unsmoothed functional PCA. Fourth, the estimates produced by this method are
invariant under scale transformations. As pointed out by Huang et al. [8], the invariance property under scale transformations
should be a guiding principle in introducing roughness penalties to functional PCA.

Despite all these advantages, lack of knowledge about the theoretical properties of this method makes it difficult to
generalize it to the situations where the sample curves are only observed at discrete time points. Silverman [15] only
proved consistency of the estimations as the sample size goes to infinity and the smoothing parameter goes to zero. Even
the existence of the solutions to the successive optimization problems in this method is not established. It is not clear how
the estimation errors depend on the sample size and the smoothing parameter. Asymptotic normalities of the estimations
also need to be proved. In this paper, we aim to solve these open problems. In Section 2, we give the detailed background,
basic notations and our main assumptions. In Section 3, Silverman’s method is introduced and the existence theorem for
the successive optimization problems is proven. Our main results appear in Section 4. Section 5 contains detailed proofs of
our theorems.

2. Notations and main assumptions

We introduce notations and definitions used throughout the paper. Let N denote the collection of all the positive integers.
We consider a finite time interval [a, b]. In this paper, we will mainly consider functions in the following two spaces, the L2
space

b
[*([a, b]) = {f : f is a measurable function on [a, b] and / IF()Pdt < oo} ,
a

and the Sobolev space
W2([a, b]) = {f : f, f' are absolutely continuous on [a, b] and f” € L*([a, b])},

where f” and f” denote the first and second derivatives of f, respectively. For any f, g € L?([a, b]), define the usual inner
product

b
mm=/ﬂ%mm

with corresponding squared norm ||f || = (f, f). Given a smoothing parameter « > 0, forany f, g € sz([a, b]), define

b
ir.61= [ £og o
a
and the inner product

(f7 g)a = (f7 g) +a[fv g]

with corresponding squared norm [|f |2 = (f, f),. Note that if « = 0, we return to the L?([a, b]) space. For any bounded
operator B from L%([a, b]) to L?([a, b]), define the norm

IBIl = sup{[|Bf | : f € L*([a, b]) and [If || < 1}. (2.1)

For any measurable function A(s, t) on [a, b] x [a, b], if

b b
/ f A?(s, t)dsdt < oo,
a a

thenf — fab A(s, t)f (t)dt defines a bounded operator from L?([a, b]) to L?([a, b]). To simplify the notation, we just use A to
denote this operator, that is

b
Af(S)=/ A(s, Df (t)dt,

and we have

b pb 1
||A||5</ / Az(s,t)dsdt) )
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Let X(t),a < t < b be a measurable stochastic process on [a, b]. Under Assumption 1, X(t) € L[?([a, b]) a.s. Let

{X1(t), Xa(t), ..., Xy(t)} be ii.d. sample curves from the distribution of X(t). Assume that EX(t) = v(t). Define I to be
the covariance function

I'(s, t) = E[(X(s) = v(s))(X(t) —v(t))], Vs, t € [a,b],

and [}, to be the sample covariance function

~ 1< - -
Fis,0) = — 3 (%) = XD OG0 —X()), Vs, t € [a, bl,
p=1

where X is the sample’s mean curve

- 1
X(0) = X (0) + -+ + Xa (D).

We will give our basic assumptions below. Silverman [15] made three assumptions in Section 5.2 in order to prove the

consistency result. Our assumptions are stronger than those in [15].

Assumption 1.

b 2
E[IX|*1=E {(/ |X(r>|2c1t) } < oo0. (2.2)

Remark. (1) This assumption is stronger than the first assumption in Section 5.2 of [ 15]. Under condition (2.2), the central

limit theorem for sample covariance function holds (see Section 2 in [3] and Chapter 10 in [10]).

(2) Assumption 1 is satisfied by many stochastic processes used in applications. For example, if X (t) is a bounded process,

~

it is obvious that (2.2)is true. Gaussian processes are an important class of stochastic processes which are widely used
in statistics and other areas. Suppose that X (t) is a Gaussian process with mean zero. Then

b 2 b pb
E[IXI*1 = E [([ |X(t)|2dt) } :/ f E[X(t)*X(s)%]dtds

b b b b
=/ /[F(S,S)F(t, t) +27°(s, t)z]dsdtS/ / 3I°(s, s)I'(t, t)dsdt

2

b
:3|:/ F(t,t)dt:| .

Hence if I'(t, t) is integrable in [a, b], which is satisfied by Gaussian processes commonly encountered in applications,
(2.2) is true. Now let us consider the standard Brownian motion, the most widely studied Gaussian process. For the
standard Brownian motion, I"(t, t) = t, hence Assumption 1 is satisfied. It is well-known that its sample paths are
continuous and nowhere differentiable almost surely. For non-Gaussian processes, let us consider a Poisson process
with rate 1in [0, 1]. Its sample paths are step functions only taking integer values and hence discontinuous. It is easy to
verify that Assumption 1 is satisfied by Poisson processes.

Under condition (2.2), we have

b b b b
//F(s,t)zdsdtzf /(E[(X(s)—v(s))(X(t)—v(t))])zdsdt
b b
= / f (EX(H)X(s) — v(s)v(t))*dsdt
b b
< / / 2(EX ()X (5))? + 2v(s)?v(t)*dsdt

b b
5/ / 2EX2(H)X2(s) + 2v(s)?v(t)2dsdt < 4E[||X]|*] < oo.

Therefore, the operator I' is a Hilbert-Schmidt operator, hence it is a compact operator (see Section XI.6 in [5] or
Section 97 in [13]). It follows that the set of eigenvalues of this operator are bounded and at most countable with
at most one limit point at 0. Because the covariance operator I" is always nonnegative-definite, all the eigenvalues
are nonnegative. Let A; > A, > --- > 0 be the collection of all eigenvalues and the corresponding eigenfunctions
are yi, ¥2, . ... Every eigenfunction has been scaled to have [?>-norm 1. The set of all the eigenfunctions forms an
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orthonormal basis of L?([a, b]). Furthermore, we have decomposition

Iis.0) =Y Ay©n), (2.3)

=1

the series on the right-hand side converges in the L2 sense. If I is a continuous function, the series on the right-hand side
absolutely and uniformly converges. Although Silverman [15] did not assume that I" is square integrable, he assumed
the decomposition form of (2.3).

(4) We have

'yy=Ay, Vji=12,.

(5) By (2.2), X(s) is square integrable a.s. Hence, the sample covariance functions F satisfies

/ / F,,(s t)%dsdt < oo

a.s. Then we have that the eigenvalues il > ):2 >

> - > 0 since the operator fn is nonnegative-definite. The
corresponding eigenfunctions yj, j € N satisfying

L=, Yi=1,2,....
Suppose that we are interested in estimating the first K eigenvalues and eigenfunctions of I".

Assumption 2. Any eigenvalue A, 1 < j < K has multiplicity 1, so that

)\l>)\2>"'>)\l(>)\l(+l-

Remark. This assumption is just the third assumption in Section 5.2 of [15]. If an eigenvalue has multiplicity 1, then the
corresponding eigenfunction is uniquely determined up to a sign. If the multiplicity is larger than 1, the eigenfunctions
cannot be uniquely determined up to a sign.

Assumption 3. The eigenfunctions y;, 1 < j < K belong to WZZ([a, b]).

Remark. (1) This assumption is the second assumption in Section 5.2 of [15] and is essential in our paper.
(2) Ifthe covariance function I" satisfies some smoothness conditions, then Assumption 3 is true. For example, suppose that

- a2
I'(s,t), % and % are all continuous on [a, b] x [a, b] (hence they are bounded and square integrable), one can
easily verify that

. b 82 (s, t)
a
Hence, by Cauchy-Schwarz inequality and ||y|| = 1, we have

2
/( (s))ds</ / (a LG, t)) dsdt < oo V1 <k <K.

(3) There are many important random processes whose covariance matrices are not smooth, but the eigenfunctions
corresponding to nonzero eigenvalues belong to sz([a, b]). The simplest examples are standard Brownian motion
and the Poisson process with rate 1 in time interval [0, 1]. Their covariance functions are the same and equal to
min(s, t), 0 < s, t < 1(see Page 89 in the book [7]). The eigenvalues and eigenfunctions are

3 2 2 s Q= Drt .
() -,

The next example is the famous Black-Scholes Model in finance. Let S; denote the price of a stock at time t. Then S;
satisfies the following SDE,

dSt = //Lstdt + UStth,

where p is the instantaneous mean return, o is the instantaneous return volatility and W; is a Brownian motion. The
covariance function of S; is smooth except at the points on the diagonal line {(s, t) : s = t}. The same is true for the
following example. Consider the counting processes model in survival analysis. Let N; be the number of the occurrences
of the event in [0, t]. Then N; satisfies

where A(t) is a smooth intensity function and M; is a martingale.
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Silverman [15] introduced a “half-smoothing” operator which plays an important role in this paper. We give a strict
definition of this operator here. We first define an unbounded operator L in L?([a, b]). The domain of L is
D(L) = {f € I*([a, b]) : f, f' are absolutely continuous and f” € L*([a, b])},
and for any f € D(L),
If =f".

Then L is a closed but unbounded operator and D (L) is dense in L?([a, b]) (for the definition of closed operators, see Chapter
VIII of [ 13] or Chapter 13 of [ 14]). Let L* be the adjoint operator of L. By the theorem in Section 118 of [13] or Theorem 13.13
in [14], (I + «L*L)~! is a bounded, positive self-adjoint operator with norm less than or equal to 1, where « > 0 is the
smoothing parameter. Now it follows from Theorems 12.33 and 13.31 in [14] that (I + «L*L)~! has a unique positive and
self-adjoint square root S, with norm less than or equal to 1 which is the “half-smoothing” operator in [15]. Therefore,

S2=(+al*'D)7 ", (2.5)

and by Theorem 13.11(b) in [14], the inverse Soj1 exists and is self-adjoint because (I + «L*L)~! is invertible.

3. Silverman’s approach to smoothed functional PCA

In this section, we always assume that the independent sample curves
{X1(6), X2(0), ..., Xn(t) :a <t < b}

are entirely observed. We first consider the usual population functional principal components. The first population
functional principal component is defined as the linear functional £;(X) of X which maximizes

Var(£(X))

over all nonzero linear functionals ¢ in L*>([a, b]) with the norm ||£||=1. The second population functional principal
component is defined as the linear functional £, (X) of X which maximizes

Var(¢(X))
over all linear functional ¢ with the norm ||£|] = 1 and uncorrelated with £;(X). Similarly, we can define all the other
population functional principal components, £3(X), .. .. Because X takes values in L?([a, b]) which is a real Hilbert space,

by the Riesz representation theorem, for any bounded linear functional ¢, there is a unique y € L?([a, b]) such that for any

f € L*(la, b)),
tf) = (y.f) and €]l =yl

Hence there exists y; € L*([a, b]),j € N, with ll¥jll = 1, such that the population functional principal components
£;(X) = (¥j, X),j € N. y; is called the j-th principal component weight function or j-th principal component curve. Because

Var(¢;(X)) = Var(y;, X) = (v;, I'y), Vj€N,
y1 is the solution of the following optimization problem,

,r
x L7 (3.1)
Iyi=1 |yl
The maximum value of (3.1) is just the largest eigenvalue A; of I" and y; is the corresponding eigenfunction (see Section 2,
Chapter 3 in [16]). y» is the solution of the optimization problem,

(v, I'y)

3.2)
lyl=Leon=0 |ly|? (

The maximum value of (3.2) is just the second eigenvalue A, of I" and y; is the corresponding eigenfunction. Similarly,
y; is the eigenfunction corresponding to the eigenvalue A; which is also the variance of the j-th principal component.

Because the covariance function I" is usually unknown, we cannot obtain the population principal component weight
functions directly. Hence, people use the sample covariance function I, to estimate I" and use the eigenvalues and
eigenfunctions of [}, to estimate the eigenvalues and eigenfunctions of I". We call them non-smooth estimators. However,
the non-smooth principal component curves can show substantial variability (see Chapter 9 in [12]). There is a need for
smoothing of the estimated principal component weight functions.

Silverman [15] (see also Chapter 9 in [12]) proposed a method of incorporating smoothing by replacing the usual L> norm
with a norm that takes the roughness of the functions into account. Let « be a nonnegative smoothing parameter. Define the
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estimators {()A»][“], f/j[“]) :j € N} of {(4;, ¥j) : j € N} to be the solutions of the following successive optimization problems.

First, f/][“] is the solution of the optimization problem

(y. Ihy) (y. Ihy)

max ———————— = max —————. (3.3)

=t (v, ) +aly, vyl vi=t Ayl
Let }:[{ﬂ be the maximum value of (3.3). For any k € N, if we have obtained {f/j[”’],j = 1,2,...,k— 1} and {i}[al,]’ —
1,2,...,k—1}, )7,}“] is the solution of the optimization problem

e
M’ (3.4)
vi=1.0.7a=0. 1V 1lg

J=T,ek—1

and ):,[f‘] is the maximum value of (3.4). Note that {(i][“], f/j[“]) : j € N} depends on both the sample size n and the smoothing
parameter «.

First of all, we need to show that the solutions {(ij[“], )?j[“]) : j € N} of the successive optimization problems (3.3) and
(3.4) exist.

Theorem 3.1. Under Assumption 1, the solutions {()A\J[“], f/j[a]) : j € N} of the successive optimization problems (3.3) and
(3.4) exist for any o > 0 almost surely. Moreover, we have, forany y € WZZ([a, b]) andj € N,

vy = 5 G . ) (35)

Similarly, define {(A}“], )/j[“]) : j € N} to be the solutions of the successive optimization problems (3.3) and (3.4) with f"n
replaced by I". Similarly, we have the following equalities for /" and {()Lj[“], yj[“]) 1j €N}

Iy ) = 90, )., Vie N,y € Wila, b)). (3.6)

Note that

0 0 ~ [0 ~ 0 ~ .
W=y AM=x =9 =% vien

Theorem 1 in [15] gives the consistency of the estimators

(G 91 jen

asa — O0and n — oo.
4. Asymptotic theory

Fix a positive integer K. We will assume throughout this section that we want to estimate the first K principal component
curves. Forany 1 < k < K, define

Ly = 112%\/[7/;, il

Then under Assumption 3, L is finite and is a measure of roughness of the first k eigenfunctions of I". For standard Brownian
motion and the Poisson process with rate 1 (see remark (3) after Assumption 3),

2k — D \?
Lk:(¥), k=12, ....

For any 1 < k < K, we have decompositions
W = he= R = )+ 0 = ). (4.1)
e e e R R (42)

The last terms A,[f‘] — Ak, J/,([a] — ¥k on the right-hand sides of both (4.1) and (4.2) are nonrandom. They are the “bias
terms” due to the introduction of «. We will give the upper bounds for norms of these terms. The first terms on the right-
hand sides of both (4.1) and (4.2) are the “variation terms” due to the randomness of the sample curves. We will prove a
functional central limit theorem for these terms. In order to avoid any confusion it should be pointed out that (4.1) and (4.2)

are not the bias-variance decompositions in the strict sense because k,E“] and yk[“] are not the expectations of i,E“] and f/k[“]

respectively. Since it is hard to express or characterize the exact expectations of ):,[f] and f/k[“], the asymptotic properties of
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the usual bias and variation terms in the strict sense may not be easily studied. Heuristic calculations of the usual bias and
variation terms in the strict sense were performed in Section 6 of [15].
Note that even if the multiplicity of A is one, we cannot uniquely determine y; because —y; is also an eigenfunction. In
the following theorem, by “Given y,”, we mean that not only y; is an eigenfunction, but also the direction of y; is given.
Define

1
2

2k(he—1—g)? _ 2 |
. . T+ (k—knik\ulfu -1 Ak — At i1 = M) {1 + }
o9 = min { min 3 , 5 5 . (4.3)
1<k<K 2KL; 8k + 16k)L,</\k 4/2k(k — 1)L A
Theorem 4.1. Under Assumptions 1-3, forany 1 <k < Kand0 < a < «a,
0 < hy— A
kL2 A k(k — DLIAZ|T
< V2vVkna (140 i ot — )2" Wl 2 (4.4)
Ak — Ak (Ak—1 — A2 (Ak — Agg1)

Given y, 1 < k < K, we can uniquely choose y, lo] for each @ € [0, «] such that y[“] is a continuous function of o and
(yk[“], v) > 0forall0 < a < ap, and we have

2
Iyl — el < f\/‘l‘f*“k’\" oz\/4k(k— DL <kk") {1 + 2””'} (4.5)

Akt1 k=1 — Ak Ak — Akt

Remark. (1) IfK is fixed or bounded, we have
0 <k — M < V2V M + 0(@),
4f W2k

— Akt

Iyt — il < Ve + o(Va).

Hence, the convergence rates for eigenvalues and eigenfunctions are different. Eigenvalues have faster convergence
rates than eigenfunctions.

(2) As K — o0, we have og — 0. If we choose « in such a way that 0 < o < o and the right-hand sides of (4.4) and (4.5)
converge to zero, then AM — Ay and y[o’] — yforall1 <k <K.

(3) The convergence rates for both eigenvalues and eigenfunctions depend on L. If the eigenfunctions are less smooth, that
is, Ly is large, then the convergence is slow.

(4) (4.4)and (4.5) give the upper bounds. However, the lower bounds are O for any k € N. Here is a simple example. Without
loss of generality, let k = 2. Suppose [a, b] = [0, 27],

o0

P, = 2 cos(s)cost®) + = + - sin sin + - 3 (21 ) cos(ms) cos(m)
(s, _;cos(s cos()+g+gsms sin( +; (ﬂ) cos(ms) cos(m

m=2
1S 1\’
— sin(ms) sin(mt).
+nn;(2m+l> (ms) sin(mt)

Note that the right-hand side in the above equality converges both uniformly and in Lz([O 2] x [0, 2]) to a strictly
posmve definite covariance functions. Its first eigenvalue and eigenfunction are 2 and —= cos(t) the second ones are 1

and ﬁ. It is interesting to note that the eigenfunctions of I" are the same as the solutlons of the successive optlmlzatlon

problems (3.3) and (3.4). The first maximum value of the successive optimization problems (3.3) and (3.4) is ﬁ and
[o]

the second one is still 1. That is, in this case, we have k[“] = Ay and y, " = y, for any «, hence the lower bounds are

Zeros.

Define Cg[0, ap] to be the normed space of all continuous real functions in [0, o] equipped with norm supg <y <, | * |-
Let ]_[13.5,( Cr[0, o] denote the product space of K copies of Cg[0, ao]. Define Cp2 (4 [0, o] to be the normed space of
all continuous functions in [0, o] taking values in L?([a, b]) equipped with norm SUPg<g<aq || * II- Similarly, we define
[T1<j<k Ciz(1a.pp)[0: 0ol
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Foreach 1 < k < K and each n, we will view \/ﬁ(f/k[“] — yk["‘]) as a stochastic process with index o € [0, o] and values in

[?[a, b] and view ﬁ(iL“J — k,[{‘”) as a stochastic process with index o € [0, «g] and values in R. However, in the following
subset in the probability space,

20 = {w : there exists at least one « € [0, ap] such that i[“], ce i}?] are not mutually different }, (4.6)
)91["‘], e 77,?’] are not uniquely determined up to signs. We will show that £2, is measurable and its probability goes to zero
as n — oo in the proof of the following theorem. Hence, how to define 7?1["], ceey )?,E“] in £2¢ does not affect our asymptotic

results. In order to make the development of our theory easier, we will use the following definition

in 2o, define 7' =0, 1<k<K. (4.7)

A

Theorem 4.2. Under Assumptions 1-3 and the definition (4.7), we can properly choose yk["‘l in £2§ to make the sequence

(VP =yl 1 <k <K, 0 < @ < gy (4.8)

of stochastic processes is measurable and has sample paths in

K
]_[ Ci2 0.0 [0, o]
k=1

a.s. Furthermore, the sequence converges in distribution to a Gaussian random element with values in ]_[f;] Ci2((q.b7) [0, 0] and
mean zero. Similarly, the sequence

(VRGP =AM, 1<k <K,0 < a < agly (4.9)

of stochastic processes has sample paths in ]_[le Cr[0, ag] a.s. and converges in distribution to a Gaussian random element with
values in ]_[f:1 Cr|[0, ag] and mean zero.

Remark. (1) Recall the definition of Gaussian random elements in a separable Banach space. Suppose that X is a random
element with values in a Banach space B with mean zero. Then X is a Gaussian element if for any bounded linear
functionalf, f (X) is a Gaussian random variable. If X is a Gaussian random element, we can define its covariance operator
Q. Q is a bounded operator from the dual space B’ to B such that for any f, g € B’, g(Qf) = E[f (X)g(X)]. Note that the
distribution of a Gaussian element with values in a Banach space and mean zero is determined by its covariance operator.
For further properties of Gaussian random elements in Banach spaces, see [10].

(2) The covariance operators (4.8) and (4.9) can be characterized by the “half-smoothing” operator S,, defined in (2.5) and
the limit distribution of \/ﬁ(f“,1 — I'). However, the characterization involves some technical definitions. The reader can
find the characterization in the proof of this theorem.

(3) The measurabilities and a.s. continuities of the sample paths of the processes (4.8) and (4.9) are not obvious at all.

(4) The convergences of (4.8) and (4.9) are weak convergences of probability measures in spaces I—[le Cr[0, op] and

]_[fle Ci2((a.b7 [0, o], which are stronger than the convergences of only the marginal distributions of (4.8) and (4.9).

Now from Theorems 4.1 and 4.2, we have the following corollaries.

Corollary 4.1. Under Assumptions 1-3, forany 1 <k < Kand0 < a < «,

AT — ol < A — Al 4 V2V a4 o(a),
42K 0

e o (4.10)

172 = yiell < 198 — i) + o

where
sup 13— | = 0 (L) sup |71 — 1 = 0 (L) _
0<a=ag « g b «/ﬁ 0<a=ag k k ’ \/ﬁ

Remark. From Corollary 4.1, it seems that smoothing (that is, > 0) is unnecessary since when « = 0, we get the best

order ﬁ We clarify this problem by the following remarks.

(1) Both Silverman [15] and this paper consider the ideal situation where every sample curve is observed at all points in
[a, b] without any noise or measurement error. Although in this situation the estimates are consistent when ¢« = 0,
smoothing is advantageous.
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- First, because the “bias terms” and the “variation terms” are not the bias and the variation in the strict sense, they are
correlated. Since the upper bounds on the right-hand sides of (4.10) are the sums of the upper bounds for bias terms
and variation terms, the upper bounds in (4.10) are actually for the cases in which bias terms and variation terms are
positively correlated. They are the worst cases when we introduce smoothing. In some cases such as those in Section
6.3 of [15], the mean squared errors for some « > 0 are less than those for « = 0. For these cases, it is possible that
bias terms and variation terms are negatively correlated and hence the estimate errors should be much less than the
upper bounds in (4.10). Section 6.4 of [15] gave an optimal « with order O (%) for estimates of eigenfunctions. By

1

Corollary 4.1, if we choose the optimal «, we obtain the best asymptotic rates O (ﬁ

). Even for the worst cases, if we

take o = O (+), we can obtain the rate O <ﬁ)

- Second, from a practical viewpoint, it is desirable that the estimates of principal component curves can keep the main

patterns of the true principal component curves. However, the sample curves of many stochastic process are non-

smooth or even discontinuous, such as examples in remark (3) after Assumption 3. Hence, their sample covariance

functions have many local variations and so do the eigenfunctions of those sample covariance functions. In these cases,

the local variations can be removed by using an appropriate amount of smoothing, that is, choosing an appropriate
positive .

(2) In practice, people cannot observe the entire sample curves. The observations can only be made at discrete points often
with noise or measurement error. The observation points could be dense or sparse. If the sample curves are smooth
and the observation points are dense, we can obtain smoothed estimate of each sample function and perform the usual
functional PCA. This method cannot be applied to other situations. However, Silverman’s method can be generalized
to all these situations (see [11]). In our generalization, smoothing is essential and the smoothing parameters must be
positive. The theoretical results in this paper has been applied to prove the consistency results in [11].

If @ goes to O fast enough as n — oo, we have the following asymptotic normalities.

Corollary 4.2. Under Assumptions 1-3, for any sequence {a,, n > 1} with a, = 0p (ﬁ) the joint distributions of

WG = a0), VGE™ = 29), . VRO = 160}
converge to the same Gaussian distribution with mean zero. For any sequence {a,, n > 1} withoy, = 0, (%) the joint distributions
of
WG =), V@ = ), VG = v0)
converge to the same Gaussian distribution with mean zero.
Remark. Dauxois et al. [3] gave the asymptotic normalities of the eigenvalues and eigenfunctions of [}, and characterized

the covariance operators of the limit Gaussian random elements. These results are special cases of Corollary 4.2 with all o,
equal to zeros. Therefore, by Corollary 4.2, all the limit Gaussian distributions in Corollary 4.2 are the same as those in [3].

5. Proofs

Proof of Theorem 3.1. By remark (3) after Assumption 1, ||f“n|| < o0 a.s. Fix a sample and o > 0 such that ||f“n|| < oQ.
Consider the Hilbert space W22 ([a, b]) equipped with the inner product (-, -),. For any f,g € WZZ([a, b]), the functional

(f, f"ng) define a bilinear form in W22 ([a, b]) and

| L) < IFRIIFI gl < 150 1 N llg -
Hence, there is a unique bounded operator R,, in WZZ([a, b)), such that forany f, g € W22([a, b)),

(B fng) = (f, Re&)a>

(see Section 84 in[13]).Itis easy to see that R, is symmetric and nonnegative-definite. We want to show that R, is a compact
operator (note that a compact operator is called completely continuous operator in [ 13]). By Definition 4 in Section 85 of [ 13],
we only need to show that for any bounded sequence {f;;, € W22([a, b]), m € N}, one can select a subsequence {fn, } such
that

(fmk _fmp Roz(fmk _fml))a = (fmk _fmp fn(fmk _fm,)) i 07 (5])

as k, | — oo. Because f"n is a compact operator in L?([a, b]) (see remark (2) after Assumption 1) and {f,,} is also a bounded
sequence in L?([a, b]), one can select a subsequence {fm,} such that {I.,f, } converges, then (5.1) is true for {f;, }. Hence R,
is a compact operator. It has eigenvalues and eigenfunctions {(ij[“], )A/j[“]) :j € N} with )A»[l‘” > 5\[2&] > ... > 0.They are the
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solutions of the successive optimization problems (3.3) and (3.4) (see Chapter 3 of [16]). Now for any y € sz([a, b]) and
anyj € N, because

Ry = Aletpled,

we have

G y) = RaP . y)e = A G y)e. D

Proof of Theorem 4.1. The proof of the existence and uniqueness of the choices of the signs of yk[“], 1 < k < K making
them continuous functions of o will be postponed to the proof of Theorem 4.2 because we need some technical lemmas in
the proof of Theorem 4.2. We will assume that we can choose the signs of yk["‘], 1 < k < K such that they are continuous
function of @ forall 0 < o < g and J/k[o] =W, 1 <k<K.

Forany 1 < k < K, let P, be the orthogonal projection operator in L?([a, b]) onto the space spanned by {y1, ..., ¥} and
I be the identity operator in L?([a, b]). Then (I — Py) is the orthogonal projection operator onto the closed subspace spanned
by {y,j = (k+ 1D} O

Lemma 1. Foranyk e N,and oy > a; >0

)\"[:11] < }‘I[:YZ]’ i’[:x]] < )A‘IEO(Z]’ Vk € N.
Proof. It follows Theorem 8.1 in Chapter 3 of [16]. O

Lemma 2. Forany 1 < k < K and a > 0, we have
Ak 2
P17 |17 < o <7> (k= DLV, v (52)
)\kfl - )\k

Proof. For anyj < k, by (3.6), we have
M = G vy = Ty ) = MG Ya
= NGy + el vl
So
i = MHAE, v = Kty vl
By Assumption 2 and Lemma 1, A; > Ax > )»,[f’]. Therefore,
A
A= A

[a]

Wy = -

aly vl

and we have

k=1 k=1 5ol 2
1Py 1?2 =Y 0, )? = —t ) 2y, P

<o (L
Ak—1 — Ak =1

A 2
<o <7> (k — DY, v,
)\k—l - Ak

W vy, v

where the last inequality in the second line follows from the Cauchy-Schwarz inequality. O

Lemma 3. Forany 1 < k < K and any

ak(g_1—M)?
T+ G DT

2KL}

1

s

0<auac<
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(if k = 1, the right-hand side is defined to be infinity), we have

ol e kL2
[yk[ 1 [ ]] < k

Pk =g Ak _1\J2 2 )
oy (k= DI + ki) T

(5.3)

Furthermore, if

2k(k—1=2)?
(k=D Tl

2KL}

1

)

1+

0<ac=

(if k = 1, the right-hand side is defined to be infinity), we have

[yk[a]’ Vk[a]] < 2KL§. (5.4)
For any o > 0, we have
0 < M — M < akL2Ay. (5.5)
Hence, as o« — 0, )\,[f‘] — Ak
Proof. Let span(yy, ..., y) denote the linear subspace spanned by

{yi, ...l

From Theorem 5.1 (Poincare’s Principle) in Chapter 3 of [16], we have

min . T'y) < )\'I[(a] _ (yk[a]’ Fyk[a])
oyespantyr.o 1Y |12 + aly, v] V2 + ey, )
Py + (4 = P TPy + (= P ™)
712 + ey, v
Py TPy + (U = Py T = Pyl
- 12 + ey, yl]
I ol R [

T2 + aly), y

a]]

(5.6)

where the equality in the third line of (5.6) is true because (I — P_1) is the orthogonal projection operator onto the closed
subspace spanned by {y;,j > k} which is orthogonal to span(y;, ..., ¥k—1), and both of them are invariant subspaces of I".
The last inequality in (5.6) holds because the largest eigenvalue of I” restricted to the closed subspace spanned by {y;, j > k}

is A, and the L? norm of (I — Pk,l)yk[“] is less than 1. On the other hand, we have

. (v, I'y) . (v, I'y)
min —_— = min _—
o#yespan(yr,..7) ||V |12 + aly, y]  0#vespan(yi,...yo) Iy |12 (1 + a”[V‘,‘}z/])
¥
, I
- min (y.I'y)

0#£Bespan(yy,..., k) 1812
! . (y,Ty)
min —0
1+ ma Ot[ﬂ,/g] 0#yespan(yr,...v) |||
o#pespan(yy,...y) A1

T 0#ye (V15ees )
£y €span(yy,.... Yk Mk <1+ max a[ﬂ,ﬁ])

)\k )Lk
z 2\ (5.7)
1+ max [B.8] (1 + akLy)
0#£Bespan(yy,....¥k) 8112
The equality in the last line follows from the fact that the smallest eigenvalue of I" in span(y;, ..., ¥) is Ax. The last

inequality holds because that, for any § € span(yy, ..., ), let B = Z:‘:I c;yi, where cq, ..., ¢, are some real numbers,
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then we have

k k k
(8. f] [Z CiVis Zc,»y,} Y Ay, vl + ;cjcl[yj, vl
s i=1 i=1 i=1 J
2 = k = k
181l e 3

i=1

k
> W viD? + X a1y vilvIvs vl
=1 o

i
-
m

IA

k
Y
i=1

k 2 k k
(; civ/Vis Vi]) (; C,Z) (;[%‘» Vi]) k

= - < - <D v vil < kI,
Y > =
i=1 i

where the inequality in the second line is due to the Cauchy-Schwarz inequality. Now from (5.6), (5.7) and Lemma 1, we
have

]

A
£ ) =< )Ll[:x =< )\k-

(14 kL) —
From these inequalities, it can be derived that
0 < M — A < aki2Ay.

Therefore, Al*) — A asa — 0.
Again by (5.6), (5.7), and note that || yk[“] || = 1, we have

N Lo I e . Ll L 7 e
(T akl) = 2 + ol T Tl
Then
M1+ aly v D < IT1 - IPcy 1P+ kL) + A(1 + akL?),
hence,
ey v < 101 1Py NP (1 + akLd) + AkarkLZ.
Now by (5.2), we have

Ak
i ) = @ (k= DR 10+ Qk T + KL
k=1 — Ak

After rearranging the terms, we then obtain
A
[e] | [a] k 2 2 2
s 1l—a—(k—1DL;(1+aokL)| | < kL.
e, v ]{ Gk DEC ] ||} 2
When the expression in braces on the left of the above inequality is positive, which is equivalent to
k(g1 =22
VI+ o !
o< )

2KkL2
(if k = 1, the right-hand side is defined to be infinity), we have

kL2

M 2 2 ' Y
1— oG (k= DL+ ekl ||

[,y <

When

2k(g—1=M)?

1+ g — !

a < s
2KL}
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(if k = 1, the right-hand side is defined to be infinity), it can be shown that

)\k
o 2
(Ak—1 — Ak)

and then it follows from (5.8) that

1
1— (k— DA+ okl | > >

i v < 2k O

K

Lemma 4. Forany 1 < k < K and any

2KLZ A
we have
2 A 2 1
N — Pk))/k[a]Hz =< m |:||F||Ol2 (ﬁ) (k — 1)L§[Vk[a]» J/k[a]] + )\ka[yk[a]v Vk[a]]szi| . (5.10)

Proof. By the following orthogonal decomposition

! =P + 3 v+ 4= Poy, (5.11)
we have
[a] o]y [o] [a] [] 2 _ [a] _ []
Ve 5Ty ) = Py S TPy )+ v e 'y + (A =Py s ' =Py, )
< IT TP EN + e 107 + daa 1A = POy 2, (5.12)

where the last inequality follows from the fact that (I — Pk)yk[“] belongs to the closed subspace spanned by {y;,j > k + 1}
in which the largest eigenvalue of I" is A;;1. On the other hand, by (3.6), we have

L T = G v = M + T
= MNP 1 + MG w0 + AT = POy + el [y, v (5.13)
From (5.12) and (5.13),
MEMP-r I + M 0 0P + KN = POy 1P + aa T vl
< I IPe1 7 1P+ e v10? + M 1A = POy 1%,
then
M = )T = POy < A= APy 12 + o= AED G y0? — aal vl vl
< (I = MNPy + = MDY G, v (5.14)
It follows from (5.9) that oszﬁ)Lk < %()Lk — Ak+1). Then by (5.5), we have

o 1
Mo—a < 5 O = ),

hence,
[a] 1
A — Ak = E(Ak = Met1)- (5.15)
Because

MR v = G rv) = (v v
= }‘La](ykla]’ Yida
= M@, v + ey ),

we have

O = MDA, v = A ey, ml. (5.16)
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From (5.14)-(5.16),
1
5 Ot = a0 = POV < TPy 12 + 2 el d 08, v

< ITI Py 12 + A ey, md
e laly2 o ylad,ro lo] ) ledy) 1
(TNl k—1Vk I“ + k a[Vk > Yk 12 [y, viel 2.

A

Now by Lemma 2,

A

1 o )\" 2 o o o o l
S Ouc= M) 10 = POy I < 1Tl (M) (k= DL, n M+ a2 L.

Now we can prove Theorem 4.1. It follows from the definition (4.3) of o that all the conditions in Lemmas 3 and 4 are

satisfied. From the orthogonal decomposition

W =Pyt + G vove + (4 = Py,

we have
_ [a]l2 _ [ee] 12 [e] 2 [o] 2
1=1ly1" =P I+ e 5 v)” + 10 =Py II°

Hence, it follows from Lemmas 2 and 4 and (5.4) in Lemma 3 that

T 2
G 02 = 1= 1Py 12 = 1A = POy = 1 - o (F Ak) (k — D2,y
-1 —

2 Ak 2 21 [e] o] el _ o]l
————— | Il]e? () (k— DLy, v 1+ Mexly v 12 L
Ak — Akt |: Ak—1 — Ak Kk Tk koo Tk

2+/2KL2 A A 2 2|
1—Moz—2k(k—1)L;: (7") {]4_””}0[2.
Ak — Akt Ak—1— Ak Ak — Akt

2
A ) {1+ 2| } b_ZﬁﬁLﬁ)»k

Ak—1 — Ak Ak — Akt T M= A1

Define

a=2k(k — DL} (
By solving the following inequalities,

5 1
ao +ba§5, a >0,

weobtain0 < o < % Since
Vb%2+2a—b _ 1 - 1 - 1
2a Vb2 +2a+b ~ 24/b%+2a T 2/2max({h?, 2a)

1 1 1
> ——min{ —, —¢ .
T 2V2 {b «/Za}
By the definition (4.3) of «g and (5.18), we have
- . {1 1 }<«/b2+2 —b
o —miny—, —t < ————.
°= 22 b’ V2a 2a

Hence, for any 0 < o < «g, we have ae? + ba < % Now it follows from (5.17) that, forany 0 < o < «p,

N | =

1 1
(yk[a], Vk)z >1—ba —ac® = 5 + (5 — ba — aa2> >

(5.17)

(5.18)

(5.19)

Because yk["‘] is a continuous function of «, (yk["‘], %) is also a continuous function of « and (yk[o], ) = (Yk» ¥x) = 1. Hence,

[o]

it follows from (5.19) that (", &) > Oforall 0 < @ < «q.
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From (5.16), (5.17) and (5.4), we have

Mlely ol _ MMl ol _ a0l vz e nd?

[a] = " - a
Wi v W,y W, w2

kL2 k(k — DLIAZ | T
ﬁ\/ELi)\kOl <1+O< VL o+ ( AT a2)>.

Ak — Akt (Ak=1 — 2?2 (A — Akg1)

(=) =

By (5.17) and (yk[“], yi) > 0, we have
1A = el = 200 = A v0) <201 — G v A+ G2, )
=201 -, wh,
and thus

4V 2KLEL 3 2 e
Iy =l < Ve W—i—a\/élk(k—l)Lﬁ(k") {HIIII}. .
k—

Ak — Akt 1— Ak Ak — Akt

Proof of Theorem 4.2. We first study the properties of the “half-smoothing” operators S, . At the end of Section 2, we know
that S, is a bounded linear operator from L?([a, b]) to L?>([a, b]) with norm less than or equal to 1. Moreover, S, is a one to
one (injective) map. Hence, its inverse S, 1 exists. When o = 0, Sy is just the identity operator I in L?([a, b]). The following
lemma gives the reason why S,, is called “half-smoothing” operators. O

Lemma 5. The range of S, (or the domain of S, ') is W3 ([a, b]). Moreover, for any f € WZ([a, b]),

IS, f1I% = IIFIIZ- (5.20)
Proof. If @ = 0, the results are trivial. Hence, we assume that o > 0. Since the space C*[a, b] of smooth functions is dense
in space

(W5 (la, b, || - lla).

forany f € sz([a, b)), there exists a sequence {f,, € C*®|[a, b], m € N} such that ||f; — fllo — 0. One can see that the
domain ofSoj2 = I + aL*L contains C*°[a, b], hence C*[a, b] is also in the domain of S;l. Now we compute

1S, fi = S ' fmll® = (S fi — Sy s So i — S M om)
= (i = fin. S, 2 (i = fi)) = (fi = fonr A + 2L’ D) (i — fin))
= (i = fm, i = f) + (fi = fm, O‘L*L(fl —fm))
= (i = fo i = fi) + 2Ly — f), LUy — fin))
= (fy — fu. fy = f) + @lfy = fons fi = fin] = Wfi = fulla — O, (5.21)

asm, | — oo. Hence, {Sa‘]fm, m e N} is a Cauchy sequence in L?([a, b]). It converges to some function, say g, in L?([a, b]).
Since S, is a bounded operator, f;;, = SaSOj]fm converges to S,g in L>-norm. However, f,, converges to f in || - || norm, it also
converges in L?-norm. Therefore, S,g = f, that s, f is in the range of S,.. Hence, W22([a, b)) is in the range of S,. Because for
any m € N, from a similar calculation as in (5.21),

ISy foull® = WfmllZ,
and

1S5 fn = Si 'fl = 0, llfin — flla = O,
we have [IS;'f (1> = IIfI12.

Now we show that the range of S, is equal to sz([a, b]). Since we have shown that sz([a, b)) is in the range of S,
and S, is a one-to-one map, we only need to show that the range of W ([a, b]) under S; ! is L*([a, b]). By (5.20) and the
completeness of (W22 ([a, BD), || - llo), the range of sz([a, b]) under Sojl is a closed subspace of L?([a, b]). If the range of
W2 ([a, b]) under S, ! is not L*([a, b]), then we can find 0 # h € L?*([a, b]) such that

(h,S;'f) =0, VfeW;(a,b.
Since one can see that the domain of S;> = I + «L*L is contained in W22([a, b]), we have

(h,S;'f) =0, Vf e domainofS;?.
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Then
(h,S;'f) = (S, 'Seh, S, 'f) = (S¢h, S;*f) =0, Vf € domain of S, 2.

However, because the range ofSaj2 is the whole L?([a, b]), we have S,h = 0. Hence h = 0 since S, is a one-to-one map. We
get a contradiction. Therefore, the range of S, is equal to sz([a, b]). O

Lemma 6. {()A\][O‘], S(;])?j["‘]) :j € N}and {(A][-“], Sojlyj[“]) : j € N} are eigenvalues and eigenfunctions of the compact operators
S f"nsa and S, I"S, in L?([a, b]) respectively. Moreover, there are no other eigenvalues for S, f“,,sa and S, I'S,,.

Note that the L% norms of S, 'y M and S; yj ! may not be 1.

Proof. If « = 0, the results are trivial. Hence, we assume that « > 0. Because {():J["‘], Aj[“]) : j € N} are solutions of the
successive optimization problems (3.3) and (3.4), then by Lemma 5,

S 71 Sa 5SS 11D _ G B _ s _ (. Iwy)
IS, 1712 S omewdaany VIR
o S SehiSSTy) B SaliSeB)
0y W2 ([a,b]) IS¢ v 1I2 ozpe2(taby Bl

Hence, (k[‘” S-19 [‘”) are the first eigenvalue and the corresponding eigenfunction of S, [3S,. Similarly, we can prove the

1 °~a

conclusions for other eigenvalues and eigenfunctions. O
Define
= the Banach space of all compact bounded operators fromL?([a, b])toL?([a, b])with norm defined in (2.1). (5.22)

For the definition and properties of compact operators in Banach spaces, we refer reader to Chapter 21 in [9]. Define a
sequence of stochastic processes

{Zo(@) = V/N(Sul3Su — Sul'Se), N €N, 0 < & < ap},

which is indexed by « and takes values in H because both f’n and I" are compact operators and S, is a bounded operator.
Note that Z,(0) = /n({}, — I'). We follow the notations in [3]. Let F denote the space of Hilbert-Schmidt operators from
L2([a, b]) to L>([a, b]). Then F is a Hilbert space with a inner product denoted by (-, -)r. By Assumption 1,

E[IX[*] < o0

Thus [, I” € F. It follows from Proposition 5 in [3] that {Z,(0), n € N}, regarded as a sequence of random elements with
values in F, converges in distribution to the Gaussian random element in F with mean 0 and covariance operator Q, where

Q=E[XRX-NIXRIX-N]=E[X@X)IXKQX)] - I'®TI. (5.23)

X ® X denotes the bounded operator from L?([a, b]) to L*([a, b]) with (X ® X)(y) = (v, X)X forany y € [*([a, b]). T®I
denotes the bounded operator from F to F with (I'®I")(A) = (A, I')gI" forany A € F.The other termsin (5.23) are defined
similarly. Note that according to the definition (5.23), Q is an operator from F to F. However, because F is a Hilbert space,
there is an isometry between F and its dual space F’. Hence, Q can be regarded as a bounded operator from F’ to F and then
it satisfies the definition of covariance operators in remark (1) after Theorem 4.2. However, in this paper, we will consider
the space H of compact operators which is larger than the space F of Hilbert-Schmidt operators (every Hilbert-Schmidt
operator is compact). In the proof of Proposition 6 in [3], the authors used the fact that if A is a Hilbert-Schmidt operator,
then (A —zI)~ ! is also a Hilbert-Schmidt operator, where z is a complex which is not an eigenvalue of A and I is the identity
operator. However, this is not true in general. But (A — zI)~! is a bounded operator. Because the norm (2.1) in H is smaller
than the norm in F, the embedding map i : F — H (i maps any Hilbert-Schmidt operator to itself) is a bounded operator.
Then we have

Lemma 7. {Z,(0), n € N}, regarded as a sequence of random elements with values in H, converges in distribution to a Gaussian
random element in H with mean zero and covariance operator iQi*, where i* is the adjoint operator of i and Q is defined in (5.23).

Proof. It follows immediately from the following lemma. O

Lemma 8. Suppose that {X,,n > 1} is a sequence of random elements with values in a Banach space B. If X,, converges in
distribution to a Gaussian random element X with mean zero and covariance operator A. Let T be a bounded operator (that is,
a continuous linear function) from B to another Banach space C. Then T (X,) converges in distribution to T (X) which is also a
Gaussian random element with mean zero and covariance operator T AT*, where T* is the adjoint operator of T.
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Proof. Since T is a continuous map from B to C, by continuous mapping theorem, T (X,,) converges in distribution to T (X).
Now we show that T(X) is an Gaussian random element. For any bounded linear functional f € C’,f o T € B'. Hence,
f(T(X)) = f oT(X) is a Gaussian random variable since X is Gaussian. Thus T (X) is Gaussian and obviously its mean is zero.
In order to compute its covariance operator, we introduce the following notations. Foranyx € B,y € Candf € B',g € C/,
define (x, f)p = f(X), (¥, g)c = g(¥). By the definition of covariance operators (see remark (1) after Theorem 4.2) and the
definition of adjoint operators, for any g, h € C’,

E[g(TO)(TX))] = E[(g o T(X))(ho T(X))] = E[(T™ () X)) (T*(HH(X))]
= (A(T*(®). T*(N)s = (AT*(®), T*())p = (TAT*(&). f)c.

Therefore, the covariance operator of TX is TAT*. O

Lemma 9. For any finite0 < oy < --- < oy < g, the sequence

{(Zn(al)v cee »Zn(ak))» ne N}

converges in distribution to a Gaussian random element with values in H* and mean zero, where H* is the product space of k
copies of H.

Proof. This lemma follows from Lemma 8 and the fact that
(Zn(@1), - - s Zn(ar)) = (Sa;1Zn(0)Sqys - - - » S Zn(0)Se,)
is a continuous and linear function of Z,(0) since Sy, i = 1, ..., k are bounded operators. O

Unfortunately, S, is not continuous as « — 0 under the norm (2.1). For example, let

1
[a,b] =[0,27], fu(t) = e
" V2

By (5.20),

1S, full? = Wfll2 = Ifull® + alfu. il = 1+ an®.
Define g, = ms;]fn.Then llg.|l = 1and

1
|Se — Dgnll = ”ﬁfn — &l

1 1
> gl = |l = 1 = ———.
VTt ant VTt an

Therefore, ||S, — I|| > 1 for all «. Note that Sy = I. However, we have the following results.

v

Lemma 10. For any f € L*([a, b]), « — S,f is a continuous map from [0, ag] to L*([a, b]).

Proof. Let E be the resolution of the identity for the self-adjoint operator S, (for reference, see Chapter 12 of [14]). Because
Sag 18 a positive operator with [|Sy, || < 1, Ef s is a bounded positive Borel measure in [0, 1]. Fix o € [0, og].

_1 o o =3
Se = (I+al*l)"2 = <<l — —) I+ —1 +aoL*L))

Qo (244}
1

o a __,\ ? o o 2 -2
= 1—— I+ —S, =Sy | —+(1——)S; .
o oy 0 o oo 0

Now define a family of continuous functions on [0, 1],
X

@o (%) = %+(—iﬁ2
1 a =0,

, OD<a<aq

then Sy = ¢ (Sy,)- Leta’ € [0, ap] and o’ — . It follows from Theorems 12.21 and 12.23 in Chapter 12 of [14] that

1
I1Sar = Se)f 1> = / (¢ (%) — 9o (0))*dEs £ (x).
0

The integrand on the right-hand side is bounded. If @ # 0, the integrand converges to 0 at each pointin [0, 1]as o’ — «.
By the bounded convergence theorem, ||(S,y — Sy)f|> — 0.If @ = 0, the integrand converges to 0 at each point in [0, 1]
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except 0. If we can show that the measure value E; s ({0}) of Ef ; on the set {0} is zero, then by the bounded convergence
theorem, we still have ||(Syr — S )f|I> — 0. In fact, for any g € [%([a, b]),

(8, SquE{ODf) = /{]deg,f(x) =0.
0

Hence, S, E({0})f = 0. Because S, is a one-to-one operator, E({0})f = 0. Therefore,
Ers({0) = (f,E({O)f) = 0. O

Lemma 11. For any compact operator A in L*([a, b]), @ — S, AS, is a continuous map from [0, oo] to H.

Proof. By Lemma 11 in Section XI.9 of [5], there exists a sequence A, of bounded operators having finite-dimensional
range, such that |A,, — A| — 0. If we can show that for each m,¢ — S,ApS, is a continuous map, then since
IS AmSe — Sa ASy |l < ||Am — Al = 0 uniformly, « — S, AS,, is continuous. Now fix mand 0 < o < «pg. Let {eq, ..., e}
be an orthonormal basis of the range of A,, and &’ — «. For any f € L?([a, b]) with ||f| < 1,
”sot’Amsot’f - SotAmSaf” = ”(Soz’ - Sot)Amsot’f +501Am(sa’ - Soz)f”

= ”(Sa’ - Soz)Amsot’fH + ”SaAm(so/ - Sot)f”

= ”(Sa’ - Soz)Am(So/ - Sa)f + (Sa’ - Soz)AmSotf” + ”SotAm(Sa’ - Soz)f”

= ”(Sa’ - Sol)” ”Am(sa’ - Soz)f” + ”(Sa’ - Soz)Am Otf”

+ ”sot ” ”Am(so/ - Sot)f” = 3||Am(so/ - sot)f” + ”(Sa/ - sot)AmSozf”~

Because

k
AnSaf =) (AnSef, €i)e;
i=1
k
1Se = Se) AmSaf | < Y 1(AmSaf - €] [|(Sar — Sa)eill
i=1

k
< Y 1Al Sar = Sa)eil
i=1
which converges to 0 uniformly for all f € L?([a, b]) with ||f|| < 1 by Lemma 10. Now

k
[ Am(Se — S)f I = Z |(Am(Ser = Sa)f , &)
i=1

k k
=Y 1. Sur = S) Aed > < Y 11Swr — So) Apeill®
i=1 i=1

which converges to 0 uniformly for all f € L?([a, b]) with ||f|| < 1by Lemma 10, where A? is the adjoint operator of Ay,.
Hence, ||Sy' AmSer — Se AmSe|| — 0. O

In the next lemma, we assume that all the eigenfunctions have norms 1.

Lemma 12. Suppose that « — A(«) is a continuous map from [0, «t] to the subspace of positive compact operators in L?([a, b])
in H. Assume that the first K eigenvalues of A(«) for any o € [0, o] are positive and mutually different, and each of them
has multiplicity 1. Then given the first K eigenfunctions {e,EO], 1 < k < K} of A(0), there exist unique choices of the first k
eigenfunctions {e}f‘], 1 <k <K}of A(x) forany a € (0, o] such that o« — e}f‘] is a continuous map from [0, ag] to L?([a, b])
forany 1 <k <K.

Note that foreach 1 < k < Kand 0 < a < «y, there exist two eigenfunctions with norm 1 of A(«) corresponding its
k-th eigenvalues and any one of the two eigenfunctions is equal to the other one multiplied by —1.

Proof. Let M[{ﬂ > e > M;f I'> 0 be the first K eigenvalues of A(a). Let E¥(«r) be the orthogonal projection onto the space
spanned by the e,[f‘], 1<k<K,0<a < ay. Note E¥(«) does not depend on the sign of e,[f‘].

We first show that for any 1 < k < K, E¥(«) is a continuous function of from [0, ao] to H. For any fixed & € [0, o], we
can find a small positive number ¢,, such that the K + 1 intervals

[M[la] — €u, M[]a] + 601]5 [,u[zal — €q, Mgﬂ + Ea]7 cee [l/«m.] — €q, Mg(ajq + 60{]
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are disjoint. Since A(«) is a continuous function, we can choose a neighborhood M,, of @ in [0, «], such that forany o’ € M,

!
max |u! — ) < 1A@) - A@)) < =
1<k<K+1

where the first inequality follows from Corollary 4 in Section XI.9 of [5]. Now we define K circles on the complex plane C,

C, = the circle with center ;LM and radiuse,, 1<k <K.

Then one can see that for any o’ € M,, the disk bounded by the circle G, only contains the k-th eigenvalues /L[“ Tof A(a)).
Hence, we have (see Section VII.3 of [4] or Definition 10.26 in [14])

Ek‘( AN 1 \y—1
o) =~ [ (@ —Al)) dz,
71 Jg,

for any o’ € M,. Since (zI — A(’))~! is a continuous function of z € C; and Gy is a compact set, we have

M = sup ||zl — A(e)7Y| < oo. (5.24)

zeCy

Since A(w) is a continuous function of «, for any 0 < § < 1, we can find a neighborhood ,, of & such that
/ 6 !
[Ae) — Al)]| < "’ Va' € Ny. (5.25)
Now for any o’ € Mg [ M,

1
IE (@) — E()|| < o Izl — A@@') ™" = (@ — Al)™"||dz
T Ck

1
= — | & = A@) = (A@) = A(@)) ™" = (@ = A(e) "' |ldz

27'( Ck
- ﬁ @l — A(@) ™' — (A(@) — Al@) (@ — A(@) " — (@ — Ale) |z
Ck
1
Sl [ A) I = (A@) — A@)) (@ — A(@) ™' —1ldz
us Ck
e - no_ _ 19k} _
< o A (1+Z[<A(u) A@) (@ — A@) '] ) 1) dz
< o Z[HA(a)—A(a)n @ — A@) "I1*dz
Ck k=
M 5 k
< o dzk;[MM] by (5.24) and (5.25)
M )
27'[ Ck 1 — 8

Since § can be arbitrarily small, E¥(«) is continuous at c.

Now we show that for any given « € [0, ], and given el

., there exists a neighborhood [e', ] of & such that for any
o' € [a', @?], we can uniquely choose el“ I'such that e[“ Vis continuous in this neighborhood. Because E¥ (') is a continuous
function of o/, ||E*(a’ )e,o‘] || is a continuous function of ¢’ and its value is 1 at @' = «. Hence, we can find a neighborhood

[a', @®] of & such that ||[E¥(a')ef"!|| > 1 fora’ € [a!, @?]. Then

el = LCHL :
IE*@)e |
are eigenfunctions and continuous in [!, &?]. Now we show the uniqueness. Suppose e,[f"], o' € [a', a?]is another choice of
the eigenfunctions such that it is continuous and &) = e[*!. If for some o € [a!, a?], el 1 # &y gl ) , we have e[“ 1= é,[f‘”].

Since both the inner products (e,[f‘], [e! 1) and (e,[f‘], e,[f‘ 1) are continuous functions for &’ € [a!, @?]. By the choice of

[o!, o?], |(e,[(°‘], ,[f‘ ])| = |(e,[°‘] 8l ])| > 1 .Because (e,[f‘], e,[f‘ ]) = —(e,[f’], e,“ ]) one of them must be negative. Without loss
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[a]
k >
n

,[(“J, e’y = 1 > 0, it follows from the intermediate value theorem

"
between « and o” such that (e,[f‘], e,E“ 1) = 0. However, it is impossible because

4
of generality, we assume that (e e,[f‘ J) < 0. Since (e

that there is at least one point «

" k 1

(el el ) = I1E“ @ el = -

Hence we have proved the uniqueness.
Fix e} Let the set

[a]

V = {a € [0, ao] : we can uniquely choose ¢} for &’ € [0, atp] such that ell

. is continuous in [0, a]}.

By the arguments in the last paragraph, V is nonempty. Now we show that the set V is an open set. Suppose that «* is
any point in V. It follows from the last paragraph that there exists a neighborhood [«!, o?] of o* such that given el*™] we
can uniquely choose the sign of el®! for any & € [«!, «?] to make el®!, o € [«!, @?] a continuous function. We show that
[a!, @?] C V. Let o be any point in [, @?]. It is easy to see that we can choose the signs of e®! for all @ € [0, &™*] such
that el®! is a continuous function of « in [0, «**]. We only need to show the uniqueness of el®l. The uniqueness is obvious
if ™ > o™ since a* € V. Hence we assume that o™ < «*. We will proceed by contradiction. Assume that there are two

. . . ~ zla] . .. . .
different continuous functions &®landé ', 0 < o < o**. By the definition of [«!, «?], we can choose a continuous function
el o** < o < o*. Define

gl ifo <o <o
el = Jal ifo* <o <a*andel®” = ¢l
—alel jfo* < @ < @ and 2l®” = —ple™]
and
zle] . Kk
e f0o<a<a
P
el = elel ifo™ <o < o*and é[a I plo™]
~ . zla™] ALk
—el“l jfog** <@ <ag*ande = —ell.

~ zle] . . . . . . .
Then ® and &  are two different continuous functions in [0, «*], which contradicts &* € V. Hence, V is an open set.
Now if we can prove that 'V is also a closed set, we have V = [0, ap]. Let a;;; € V be a sequence of positive numbers
converging to o € [0, «]. If for some m, a, > «, it is obvious that « € V. Hence we assume that «;;, < « for all m. Then

we can uniquely choose the signs of of e,[f‘ ! such that e,[f‘ I'is continuous in [0, ). Let e,[f‘] be one of the two eigenfunctions
with norm 1. Because for any o’ < «

e e h? — 11 = 1 E @)e) — (e E e < IIE* (@) — E“(@)]

[a] le']
k o Gk

is continuous in [0, «). (e,[{“], e,[f‘ ]) converges either to 1 or —1. In the

[o]

k >

’
goes to zero as o’ — «a, (e )2 — 1.Since e,[f‘ ]

/
latter case, we change e,[f‘] to —e,[f‘]. Hence, without loss of generality, we assume that (e e,[f‘ ) > 1asa’ — . Now
/
one can see that e,[f‘ lis continuous on [0, o] and its uniqueness is obvious. Hence, « € V. We have proven that V is a close
set. O

Define Cy[O0, op] to be the space of all the continuous function from [0, ®g] — H (see Chapter 3 of [1]). For any
{A(@) : 0 < a < ap} € (40, ag], define a norm

Al = sup [|A(e)]l. (5.27)

0<a<ag
Under the norm (5.27), C4[0, o] is a Banach space. Recall the definition
{(Za(e) = VN(Se T3Sy — SuT'Sy), N€N,0 < < ap).

By Lemma 11, we can regard the stochastic processes Z, in [0, @] as random elements with values in Cy4[0, «g]. Define a
linear map ® : H — Cy[0, ag] such that for any compact operator U € H,

OU) = {SqUSy, 0 < ¢ < g} (5.28)

Lemma 13. © is a bounded operator and the sequence {Z,,n € N} of stochastic processes with sample paths in Cy[0, o]
converges in distribution to the Gaussian random element with mean zero and covariance operator @iQi*®*.

Proof. Since the norm of S, is less than or equal to 1, forany V € H,

sup ”Sozusa - Savsa” =< ”U - V”

0<a<oap

Hence, the map (5.28) is continuous and hence a bounded operator. Since Z, = ©®(Z,(0)), the lemma follows from Lemmas 7
and8. O



X. Qi, H. Zhao / Journal of Multivariate Analysis 102 (2011) 741-767 761

Now for any 1 < k < K, define

—15le] -1, la]
Ala] _ o ]yka [e] _ SO( lyka (5 29)
ko= S—l’\[a] ’ k= -1 ledy ’
IS¢ v |l IS¢ v |l
Note that by Lemma 6, fy,[f” and 17,[:” are the eigenfunctions of S, f“Sa and S, I'S, with norms 1. By (5.29) and because
171l = 1and ||l = 1, we have
ISefiiM = ——. ISl = ——. (5.30)
IS5 9 sy
and
R S Ala] S [o]
k[a] = “?l;a] ’ yk[a] = anl[{a] ' (531)
1Se | ISem |
Define €, = %, 1 <k <K, and ex = min;<x<x €. Then the K + 1 intervals
[A1 =€, M+ &) [ — €&, A+ e, ..., [Ak — €k, Ak + €k—1], [Ak41 — €k, A1 + €, (5.32)
are disjoint. By the definition (4.3) of op and (5.5) in Lemma 3, forany0 < o < aggand 1 < k <K,
0 < hi — M < akI2h) < agkL2hy < Muﬁxk <& (5.33)
B LT - T 16kLZAk ~ 4
Hence, A[la], R A}f‘] are different mutually for all 0 < o < &p. Now given y;, 1 < k < K, by Lemmas 11 and 12, we

can uniquely choose the first K eigenfunctions {n,E“], 1 <k < K} of S, I'S,, such that n,EO] = y, and n,[f‘], 1 <k<K,are

continuous functions of &. We have proved the claims about the continuity of yk["’], 1 < k < K at the beginning of the proof
of Theorem 4.1.
Now we define K circles in the complex plane C,

C; = the circle with center A; and radius €;, 1<k <K,

€k—1 T €

€1 — €
C, = the circle with center A, + # and radius — 1<k<K. (5.34)

Note that the K discs bounded by C, 1 < k < K are disjoint and the intersections between these discs and the real line in

the complex plane are just the first K intervals in (5.32). Let E¥(«) be the orthogonal projection onto the space spanned by
the n,[f‘], 1<k<K,0 < a < ag. Now because it follows from (5.33) that forany 0 < o < ag, 1 < k < K, the disk bounded

by the circle C; only contains the k-th eigenvalues A,[("‘J of S, I'S,, forany 0 < o < ap, 1 < k < K, we have
1
E¥) = — | (@@ —=5s,I'S,) " \dz. (5.35)
2mi Cr

By Lemma 11, S, I"S,, is a continuous function of . Hence, by a similar calculation as in (5.26), it can be shown that E¥(«) is
a continuous function of «.
Recall that we define in (4.6)

20 = {w : there exists at least one « € [0, «g] such that )AL[{’", R i}f" are not mutually different}.

Lemma 14. $2, is a measurable set and P(§29) — 0asn — oo.
Proof. Consider the subset
& = {B : Bis a positive compact operator, its first K eigenvalues are mutually different and
each of them has multiplicity 1}.

& is an open subset of the space of all positive compact operators which is closed in H, hence it is measurable. Let (2, ) be
the probability space and ([0, «], 8B[0, p]) be the Lebesgue space. Since S, f“Sa has continuous sample paths, it is jointly
measurable in (£2 x [0, ag], F x B0, op]). One can see that £2§ is the projection of the set {(w, «) : S, f“nsa € &} to 2.
Therefore, £2§ is measurable, so is £2y. By (5.33) and the definition of ek (just above (5.32)), we have

N €
2 C{ sup max [AM k) K
O<w<ag 15k<K+1 4
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By Corollary 4 in Section XI.9 of [5],

sup  max |& — A < sup 1SuFSu — Sul'Sull < 1Ty — T (5.36)
O<a<ay 1=k=K+ O0<a<ag
Hence,
A €
P20 <P (I =Tl > ) >0 (5.37)

by the law of large numbers. O

For any w € £2¢, define E""(a) to be zero. For any o ¢ $2, define E",’j(oz) to be the orthogonal projection onto the space
spanned by the k-th eigenfunction 7, fled of Se[1S, (note that E,’j () does not depend on the sign of ﬁ,[f‘]) By the same argument
as in the proof of Lemma 12, we can show that E,’j () is a continuous function of S,, [}, so it is measurable and continuous

in o. Now let {e,;, m € N} be a set of complete orthonormal basis functions in L?([a, b]), we choose

o EXO)y . Z°° EX(0)en
kK — & {Ex (0)yx#0} ~
O EK Oyl OO a1 B (0|

in £2§ and 0 in £2, where  is the indicator function. Then f],EO] is measurable and

X(E5(0) =0, B (0)ej=0,1zj<m—1,E 0)em£0} (5.38)

A > 0. (5.39)

Now by Lemmas 11 and 12 and the definition of £2y, for any w & £29, we can uniquely choose f]}f‘], 1 < k <K, such that

r],[f‘], 1 < k < K are continuous functlons of «. n["] is measurable by the following lemma. By (5.31), y,[‘”] 1 <k<Kare

continuous and measurable with (y , ¥k) > 0.

Lemma 15. Ifforany 1 < k <K, 1;[“' is a measurable map to Cy2(, 1[0, o).
Proof. In 2§, EX(a)7l” is a continuous function of . Since [|EX(0)71”| = 1,let T = inf{a, |EX ()7l < 1} N\ g in £2§.
In £2o, define T = 0. Then TV is a nonnegative random variable. By Lemma 12, we have in £2¢, ifa < T,
sl _ Ek(a)nm]
p -
C BB
Define a random element
Ek(T(l))'\[O]
= 0
IEKT )7
in 2§ and 0 in £2,. Define a random variable T® = inf{a > T, |EX (@), ]| < 1} /\ a0 and a random element
_Ea®)g
[EX(T™) ¢ |

in £2§ and 0 in 2. Similarly, we can define (T, ¢3), . ... One can show that for any w € £, there are only finite
TM (W) < ag,m=0,1,2, ..., where T (w) = 0. Hence in £2¢, we have

= En@)s

~la] n m

U :Z = X[Fm) Fm+1)y,
m=o IIEX (@)l

where ¢y = ﬁ,E and y is the indicator function. Hence, r;["‘] is measurable. O

By (5.33) and (5.36), in the event {||[, — I'|| < X} C 9§, forany0 < o < a, 1 < k < K, the disk bounded

by the circle C; only contains the k-th eigenvalues for S, fSa and S, I'S,,. Hence, in the event {||1A",1 I =< %}, for any
0<a<away1=<k<=<K,wehave

1 . 1 .
EX ) = T (Z —SuI'Sy) 'dz,  EN() = o (2l — Su T3Sy \dz. (5.40)
Ck Ck

The proofs of the following Lemmas 16 and 17 follow the ideas of Section 2 in [3]. Define linear maps ¢y : Cy4[0, ag] —
Cyl0, ap], 1 < k < K such that forany A € Cy[0, ap]l and 0 < o < «p,

(e (M) (@) = % / [z — SeI'Se) " Ae) (2l — Sy I'S,) ™ '1dz, (5.41)
Ck
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where (¢ (A)) () denotes the value of ¢, (A) at the point «. Then define ®x = (¢1, ¢2, . . ., ¢x) which is a linear map from
Cyl0, ag] to ]_[',f:1 Cy[0, o). One can verify that ¢’s are continuous. Hence @y is a bounded operator.

Lemma 16. The sequence {\/ﬁ(ﬁ‘,’f — E%, 1 < k < K}, of stochastic processes has sample paths in ]_[ff:] Cul0, ag] a.s. and
converges in distribution to a Gaussian random element with mean zero and covariance operator ®x @iQi* ©* .

Proof. In the event {||fn —I'|| < %}, foreachz € G,

(@ — Sul3Se) ™" = (@ — SuT'Sy) — (Sl 'S — SaTuSa)) ™"

= (2 —SuT'Sy) "' — (Su 'Sy — SuTSa) (2l — SuT'Sy) ™D~ 1. (5.42)
If
. 1
Sup 1Sel ™Sy — SulnSull = |1 — || < =€,
0<a=<ag 2
where
¢ 1= max sup sup|/(zl —S,I'Sy)"!| < o0,

1<k=K 0<a<ag zeCy
then by (5.42), we have an absolutely convergent series expansion

o]
(@ = Sal1Sa) ™" = (@ — SuT'Se) ™ Y " ((Sal'Sa — SulSa) (@ — SaISe) ™)™

m=0
Hence,
(2 — Sy T3Se) ™' — (@ — SuT'Sy) ™ = (2 — SuT'Se) ™ (Sul S — Sul3Su) (@l — SuT'S,) ™! + U (2) (5.43)
where
A © A
Up@) = (@ — SaT'Sa) ™" Y _((Sal 'S — Sul1Sa) (@l = SaI'Sa) ™)™
m=2

Hence, in the event {|| I}, — I'|| < 3¢},

103 @) < ;IIF r|2. (544)
Now in the event [||F I < min (3¢, 7’()] by (5.42) and (5.43),
VEX @) — EX @) = ;g [(zI Sul'S.)"1dz — (21 — SuI7:S,) ~'1dz
= ou(Zy) + ; VU2 (z)dz. (5.45)

Ck
Now we have from (5.44) and (5.45), for any § > O,

P(|lv/n(Ey — E}) — ¢(Zo)l| > 8) < P (Ilfn — Il > min (%6 %))

. . (1. €
+P (nﬁas,’: —EY — ¢ > 8, | I — I'|| < min (56’ f))

p (11| > min(2e, & || /u dz|| > 8
<o (1= mn (5. 5)) + 2 (135 [ B -9)

. 1
_P<||rn—r|| >min<5€ 6:)>+P(f||r —T|*> 7883 — 0, (5.46)

asn — 0. By Lemmas 8 and 13, @« (Z,) = (¢1(Zn), $2(Zn), . . ., Pk (Z,)) converges in distribution to the Gaussian element

with mean zero and covariance operator @i @iQi*©@*®g. Now by (5.46), {Jﬁ(ﬁ,’; —E,’j), 1 < k < K}, converges in distribution
to the same distribution. O

Define the linear maps ¥, : Cy[0, o] — Cp2((qpp[0, 0], 1 < k < K such that for any A € Cy[0, o],

Yi(A) = (I — EX@) A(@)n, 0 < & < ay). (5.47)
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Then we define a linear map Wy : 1T Cy[0, atg] = T Ci2 0.3 [0, o] such that for any (A, ..., Ag) € I Cyl0, o),

Y (Ax, ..., Ag) = (Y1(A), ..., Yk (Ag)). (5.48)

It is easy to see that ¥y is a bounded operator.

Lemma 17. The sequence {f(n[“] n,[f‘]), 1 < k < K}, of stochastic processes has sample paths in ]_[f:1 Ci2((a,p [0, 0] as.

and converges in distribution to a Gaussian random element with mean zero and covariance operator Wy @ @iQi*@* P W/,
Proof. By the definitions (5.29) of 7ik*), n*!, 1 < k < K, (7!, n*H? = |nk*!)1> = 1.In 2§, we have

sup VI mieh? =11 = sup Val@EL i h? — @l ndh?

0<a<oap 0<a<oap

sup /(@m0 — (), nEhni i)

0<a<ag

sup /nl(nf, (EX (@) — EX(@) ).

0<a<ap

By (5.46), ﬁ(ﬁ,’j(a) — E¥(a)) and ¢ (Z,) have the same limit distribution. Because for any A € Cy[0, o],
!, gyl = (n,E‘”, [ — So'Se) ™" Al)(al — sarsa)‘l]dzn}f”>
Ck

(), @ — SuTSe) T A(@) (@ — SuT'Se) ') dz

Ck
(z — k[a]) zdz(n[“] A(a)n[“]) -0 (5.49)
Ck
where we use the facts that
( —S,I'S,)"" [a] —(z— k;[f]) 177,[:1], (z— )\’[(a])—zdz —0
Ck
So we have
S Vi@ gt =110

[a]

in probability. By (5.39) and the continuities of 7, and n,( , we have

sup G mih — 11— o, (5.50)

0<a<ag

in probability. Now

V@ = o = ViEX G = mith + vl = EX @) G - mh
= V@ = D!+ Vil — E @)

k (a)n[a]
( [a] [Ot])

U

= V(@ ) — D + Vnd - B (a)) 1

= V(@ i — v + (I — EX(@)V/n(EX (@) — E¥(@))n)!

1
A,

1 A
—am - Ve (n(Ey (@) — E4(@))). (5.51)
Nk )

k

= V@ ™ = vt +

By (5.50), the first term in the last line converges to 0 in probability and (7!, ni*') — 1 in probability. Hence, (v/n(#'*! —

. \/ﬁ(?],[(“] — n,[f‘])) has the same limit distribution as ¥y (\/E(E‘,’i (o) —E*(a))) which converges to a Gaussian random
element with mean zero and covariance operator ¥ @k @iQi*©@* @y by Lemmas 8 and 16. O

Define the linear maps 4 : C4[0, ag] — Cgr[0, ap], 1 < k < K, such that for any A € Cy[0, o],

$he(A) = {3, E¥ (@) (e (A) (@) + ), Al + (W) (@), EX@)ni), 0 < & < aq),
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where y is defined in (5.47), (¥x(A))(«) denotes the value of ¥, (A) at «. Define a linear map Uy : ]_[f:] Cyl0, ag] —
Hle Cr[0, o] such that for any (Aq, ..., Ag),

Ok (Aq, ..., Ag) = (U(Aq), ..., Uk (Ag)). (5.52)

It is easy to see that Uk is a bounded operator.

Lemma 18. The sequence {\/ﬁ():,lf’] — )L,[f‘]), 1 < k < K}, of stochastic processes has sample paths in ]_[f;] Cr[0, ap] a.s. and
converges in distribution to a Gaussian random element with zero and covariance operator Ux @x@iQi*©®* qﬁ,’gli;}.

Proof. The continuities of ):,[f‘] and A,[f‘] follow from Lemma 11 and the inequalities
A = M) < 1Sul S = S TSl 1M = MY < 1Sl S — Sar TSI,
forany 0 < o, &’ < ag. In 2,
VG =y = V@i, EXeonlhy — i EXeonith)
= V(@ B — G Ex@me) + (G Eyen) — @ Efen)
+ V(G ER e — il EX@nl)
= (A EX V@ — ni™h) + G, VnER (@) — EF@)nih)
+ (WG =, Ef ). (5.53)

By Lemmas 16 and 17, f;,[f‘] — n,E“] and E‘,E"‘] — E,E"‘] in probability. Hence, by (5.53), ﬁ(i,E“] - A,E“]) has the same limit
distribution as

¢ Ex@)v/n( = M) + i V(@) — Ex@)n) + (VG = mh, Ex @
which, by (5.51), has the same distribution as
M, EX )y (Vn(Ef (@) — EX@))) + (i), Vn(EX (@) — EX(e))ni)
+ (We(Wn(EL (@) — Ef())), EX@)ni™h
= th(Vn(Ef (@) — Ef (@))).

Hence, {\/ﬁ():,lfj — )L,[f‘]), 1 < k < K}, has the same limit distribution as 5 (v/n(E! () — E} (@), . . ., v/A(EX (@) — EX (@)))
which converges to a Gaussian random element with mean zero and covariance operator Ux @x @iQi*©* Uy, by Lemmas 8
and 16. O

Define a linear map Jyx Hf:l C2appl0, 0] — l_[;f:1 Ci2((a.bp [0, ao] such that for any (Ay,..., Ax) €
K
[ Ti=1 C2ja,5p [0, o],

1 1
Sk(A1s s A) =V g Se (@), s ——=Se Ak(@) | O <ag . (5.54)
”sa'h I ”San[( I

J is a bounded operator.

Lemma 19. The sequence {\/ﬁ(f/,!"" — yk[”'), 1 < k < K}, of stochastic processes has sample paths in ]_[ff:1 Ci2(ja.pp [0, a0] as.

and converges in distribution to a Gaussian random element with mean zero and covariance operator Sk Wi @k @iQr* O* P Wy Iy.
Proof. By (5.31),

o1 Salli o Salli
k - N ) k - .
ISa i ISani
Therefore,
~la] [e]
N Sa] Sall

VG =yl = n [ Sk - Sk
ISett I NSamy |l

_ «/ﬁ Saﬁz[(a] _ Saﬁl[(a] +«/ﬁ Saﬁ][(a] _ Saﬂ,[f]
- S ~la] S [o] S [a] S [o]
ISattic I 11Samy ISamic I 1S

1 1 1

=Vn|—rn - el 4+ ——— S, (VI = i), (5.55)
ISeA M NSami ISami ‘ ‘
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Because

~la]

ISe Al = Sl < 1A = 0! — 0

in probability, by the definition (5.54) of Jx, (5.55) and Lemma 17, {f(y[“] yk["’]), 1 < k < K}, has the same limit

distribution as Ik ({ f(y,[“] — yk["‘]), 1 < k < K},) which converges to a Gaussian random element with mean zero and
covariance operator Sg Wy @ @iQi*O* P iSp. O

Proof of Corollary 4.1. By Lemmas 18 and 19, the stochastic processes {f(kla] )L,'f"), 1 <k <K}, and {\/ﬁ(f/k[“] —

k"‘]), 1 < k < K}, convergence in distribution, hence they are tight by Theorem 5.2 in [1] since Cg[0, ag] and Cp2(4 [0, ato]
are both complete and separable. Therefore, for any € > 0, one can find a positive number M depending on ¢ such that

supP(max sup WG =i = M) <e,

0<a<ap

SupP(max  sup WG =y = M) <e.

1<k=<K g<a<aq

In other words,

~ 1
[] [o]
)»ka —)»ka =0, <ﬁ>,
1
~la] [a]
Ve —Vk (h)(lvﬁl)

uniformly in o, which combines Theorem 4.1 to get our corollary. O

Proof of Corollary 4.2. First, we have decompositions

VG = ) = VG = K + V0 = ),
VA =y = V@ = ) + Ve = .

Under the conditions on o, for eigenvalues and eigenfunctions respectively, by Theorem 4.1, we have /n ()L["‘”J — ) — 0
and ﬁ(y,fa"] — ) — 0 respectively. Since {«/ﬁ(f/k[“] [“]) 1<k <K, 0<a < ag},and {f(k[“] — k[“]) 1<
k < K,0 < a < ag}, converge in distribution by Theorem 4.2, they are tight. Hence, the asymptotic normalities of

e — [O‘"]) and /(7" — pl*m) follow from Theorem 4.2 and the following lemma. Then the corollary follows
atonce. O

Lemma 20. Suppose that F is a metric space with distance d. Let Cr[0, «g] denote the continuous function on [0, «g] taking
values in F. Suppose we have a sequence {Y,(«),0 < o < ag,n € N} of stochastic processes has sample paths in C¢[0, o]
Assume that Y, is tight and Y,(0) converges in distribution to a random element Y in F, then for any sequence «, of positive
numbers converging to 0, Y, (o) also converges in distribution to Y.

Proof. First, we show that for any € > 0 we can find § > 0 such that

supP( sup d(Yu(a'), Yn(@")) > €) <e.

0<a/,a” <8
Since Y, is tight, we can find a compact subset = of C¢[0, o] such that
supP(Y, € &) <e.
n

We can find a finite number of Ay, ... Ay, € Z suchthatforany A € Z, we can find i such that SUPg<q <y d(Aj(a), Alx)) <
%. Furthermore, we can find § > 0 such that,

max sup d(Ai(@), Ai(@”)) <

l<n<m0<a <8

Wl m

Now it is easy to see that forany A € &,

sup  d(A(@), A(@”)) <e.

0<a/,a” <68
Hence,

supP( sup d(Yu(c), Ye(a")) > €) < supP(Y gdE)<e.

0<a/,a”<§
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If a, < 8, we have
P(d(Yx(0), Yn(an)) > €) <e.
Since € is arbitrary, d(Y,(0), Y,(®;)) — 0 in probability. O
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