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Copula

1. Introduction

Nonparametric methods provide valuable tools for dependence modeling. If a parametric candidate model is available,
we can compare the corresponding estimate with a nonparametric one to evaluate how well the chosen model describes
the data. If no candidate model is available, nonparametric techniques can be used to get a first impression of the
underlying dependence and information about potentially suitable parametric models.

In time series analysis, methods that are based on spectral densities and periodograms have a long and successful
history. Priestley [28] suggests the use of spectral densities as a graphical tool for model validation by comparing the
spectral shape of a dataset with standard ones from well-known parametric models. Tools based on spectral distributions
were considered, among others, by Bartlett [2,3], who proposed using the normalized cumulative periodogram to assess
whether a process is uncorrelated and to detect hidden periodicities. Rigorous tests for the hypothesis H : f = fp for a
fixed fy were derived by Anderson [1], while the more general testing problem #, : f € Fy, where 7 is a parametric
class of spectral densities, was treated by Paparoditis [27]. Fan and Zhang [14] consider generalized likelihood ratio tests
for the same hypothesis. There is also a rich literature on nonparametric comparison of the multivariate spectra of two
time series; recent references include [9,11,12,21,26], but this list is far from complete.

All of the references cited above deal with classical spectral analysis which is based on the autocovariance function
and therefore restricted to the aspects of time series dynamics that can be captured by second-order moments. The
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Fig. 1. Autocorrelation functions of daily log-returns and squared daily log-returns of the S&P 500 between 2000 and 2005.

autocovariance function does provide a complete description of the dependence of Gaussian processes, but it can
completely miss dependencies in a non-Gaussian setting. One such example arises in financial applications when first-
order differences of stock market data are analyzed. For illustration, Fig. 1 shows the autocorrelations of the log-returns X;
and the squared log-returns X? calculated from the S&P 500 between 2005 and 2010. While the observations X; appear to
be uncorrelated, we can clearly see positive correlation in the squared observations X2. This shows that X; in fact exhibits
strong dependence, which cannot be described through the autocovariance function and therefore completely escapes
classical spectral analysis.

This limitation has recently attracted much attention, and new frequency domain tools that can capture non-linear
dynamics have been proposed. Pioneering contributions in that direction were made by Hong [17,18] who introduced
generalized spectra that are based on joint distributions and joint characteristic functions, respectively. Generalized
spectra were later utilized by Hong and Lee [19,20] and Escanciano [13] to test for the validity of various forms of
parametric time series models.

More recently, related approaches were taken by Li [24,25], who coined the names of Laplace spectrum and Laplace
periodogram. Those ideas were further developed by Hagemann [16] and extended to cross-spectrum and spectral kernel
concepts by Dette et al. [10] and Kley et al. [23], who introduced the notion of copula spectral densities, Barunik and
Kley [4], who introduced quantile coherency to measure dependence between economic variables, and Birr et al. [6] who
consider copula spectra for strictly locally stationary time series.

In the present paper, we utilize copula spectral densities to develop a graphical tool to determine suitable parametric
models for time series. We would like to emphasize that our main goal is not to construct yet another test for the
hypothesis that a time series is generated by a certain parametric model. Rather, we provide a graphical tool that can
indicate whether a chosen model accurately reflects the dependence present in the observed data. By providing useful
information about which aspects of the dependence are not captured in case the model is inappropriate, our procedure
goes beyond goodness-of-fit tests that merely aim to reject a class of candidate models.

The rest of the paper is organized as follows. Section 2.1 contains a summary of basic properties of copula spectral
densities and provides guidelines for their interpretation. In Section 2.2 we provide details on the proposed algorithm.
Section 3 gives a theoretical justification for the graphical approach and Section 4 contains a simulation study and a real
data example. All proofs are deferred to the Appendix. The Online Supplement contains additional plots and material
pertaining to the data analysis.

2. Description of the method
2.1. Copula spectral densities: Definition and interpretation
We begin by briefly recalling the definition of copula spectral densities. Consider a strictly stationary process (X;)iez,

denote by F its marginal distribution function which we assume to be continuous, by F;, the bivariate distribution function
of (X¢+n, X¢), and by Cj, the corresponding copula. The copula spectral density for the process X; is then given by

1 . 1 .
fel@)=o— écov[l{F(Xk) < 7}, HF(Xo) < rz}]e*"“” ak é{ck(n, T) — tinae

where 7 = (14, 72) € (0, 1)%, 1(A) denotes the indicator function of A. We further assume that the terms in the series are
absolutely summable. Estimation of copula spectral densities is discussed in the next paragraph, and we begin by providing
more insight into their interpretation. Some of the properties mentioned below have been described in [10,16,23], while
others are new.
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We begin by noting that, being based on copulas, the copula spectral density is invariant under strictly increasing
marginal transformations of the time series and thus truly provides information about the temporal dependence structure
of the process under consideration. This also implies that the copula spectra of a pair-wise independent time series take
the particularly simple form f; ,)(@) = (t A — t1)/27, which is independent of the marginal distribution.

Next we note that w — f;(w) is 27 -periodic for arbitrary = € [0, 1]> and that f, satisfies

f(T],‘[z)(w) = f(ﬁ,fz)(_w) = f(‘[z,‘[])(w)a

where @ denotes the complex conjugate of a. Those properties imply that the values of {f,(w) : T € [0, 1], w € [0, 7]}
contain the complete information about the copula spectral density. Even given those restrictions, f;(w) is still a complex-
valued function of three arguments with each argument taking values in an interval, and thus difficult to visualize. One
option to get a quick impression of the most important features of the copula spectral density of a given process is to
consider all values of T € {0.1, 0.5, 0.9}? and plot the functions f,(w) against @ € [0, 7r]. This requires nine plots which
are organized as follows:

foron(@) | Sfoson(@) | fosoen(®)

Ro.1.05(@) | fos.os)(®)
Rfo.1.09(@) | Rfosog(@) | fosogl®)

In Fig. 2, examples of plots of copula spectral densities corresponding to different parametric models are shown. Those
plots will be used to illustrate various properties of copula spectral densities given below.

We begin by observing that f;; ;)(w) is real-valued for any = € [0, 1] and w € R. It corresponds to the “classical" L2
spectral density of the clipped process 1{F(X;) < t},t € Z and hence contains information about the dynamics of the
level-crossing behavior of the process {X; : t € Z}. A closer look at Fig. 2 reveals several interesting features. First, for
linear Gaussian processes (i.e., AR(1) and MA(1) with i.i.d normal innovations) in (a) and (b), the shape of f; )(®) is
similar for all values of T and also similar to the corresponding shape of their L?-spectral density. In contrast, the two
non-linear models in (c) and (d) have copula spectral densities with shape varying across quantile levels. Both models
show no dependence at T = 0.5, which corresponds to an absence of “central dependence”. Yet, both processes show
a strong dependence (as indicated by sharp peaks for small values of w) for more extreme quantiles corresponding to
T € {0.1,0.9}. Note also that the EGARCH model shows an asymmetric dependence with a higher peak at 7 = 0.1
compared to T = 0.9 indicating a stronger serial dependence in the lower tail. In contrast, the dependence in the GARCH
model is completely symmetric.

For © # , f(r (@) can be complex-valued. To interpret the real part of fi; ,)(®), note that after a simple computation
we obtain, for 7 < 7,

Rfie.p(@) = =0 D e ™ (Pr(X < gr. Xo = q,) — 7(1— 1)}
keZ

=7(1—n)— Y _ costko){Pr(Xc < gr,Xo > q,) — (1= 1)}

k>1

— > cos(ka){Pr(Xi = q;. Xo < qc) — (1= 1)},
k>1

Sf0.9,0.5)(w)

Hence, the function w +— f ,(w) contains information about X; switching between being below ¢, to above g,
and vice versa. In particular, for t small and 5 large it can be interpreted as describing the dynamics of the process
switching between two extreme states. Here, the negative peak of %f 1,09y at small values of w in (c) indicates that the
corresponding GARCH process is likely to switch from a high to a low value (or vice versa), which is exactly what happens
in periods of high volatility. Similarly, the positive peak in the same function for (a) and (b) corresponds to processes that
are unlikely to switch from high to low states immediately, which corresponds to AR(1) or MA(1) dynamics with positive
coefficients. It is also interesting to observe that for the two linear processes in (a) and (b), the shapes of %, ;) are similar
to fir.r) for all combinations of z, .
The imaginary part of f; ,)(w) for T < n takes the form

Sieap(@) = =) sin(@k){Pr(X, < qr. Xo = q,) — Pr(Xe = g5, Xo < q:)}-
k>1

Note that 3f;; ;) = 0 if and only if Pr(Xy < q.,Xo > q,) = Pr(Xy > q,, Xo < q.) for all k € Z, which shows that Jf; ,
contains information about asymmetry in going from above ¢, to below g, and vice versa. Non-zero imaginary parts thus
indicate time-irreversibility of the dynamics in the observed time series. In particular, if Jf(; ,) = 0 for all 7, », then this
indicates that the process under consideration is pairwise time-reversible, i.e., Ci(t,n) = C_i(t, n) for all k, T, n. The
Gaussian linear processes in (a) and (b) of Fig. 2 are time reversible, which is confirmed by the flat imaginary parts of
their copula spectra. It is also noteworthy that the imaginary parts of the processes in (c) and (d) show very different
behavior, with clear time-irreversibility for the EGARCH process in (d) and no immediately visible evidence of the same
for the GARCH process in (c).
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Fig. 2. Copula spectral densities for T € {0.1, 0.5, 0.9}? of an (a) AR(1), (b) MA(1), (c) GARCH(1, 1) and (d) EGARCH(1, 1) process; all processes have
Gaussian innovations.

2.2. Graphical tools for model validation

We begin by briefly reviewing estimation of copula spectral densities as discussed in [23]; see also [16] where the case
71 = 1z is considered and [10] for alternative estimators based on ranks and quantile regression. Given the observations
Xo, ..., Xn_1, we calculate their empirical distribution function F,(x) = ?;g 1(X; < x)/n and the copula periodogram
1

- 2mn

—

(@) dzl,n(w)dzz,n(_w)»

where T = (11, 72) and

n—1

den() =) UE(X) < T}
t=0

To obtain a consistent estimator we smooth the copula periodograms over frequencies

n

(w) = L Wh(w — 2ts/n)l; n(27s/n), @))
2nn =

™

where W, denotes a sequence of weighting functions which are specified in assumption (W). Kley et al. [23] proved the
asymptotic normality of this estimator and computation is possible via the R package quantspec; see [22].

Now, given the observations X, ..., X; we want to decide whether they could have been produced by a parametric
model P%, where {P? : & € @} is a collection of candidate models and 6, € @ is an unknown parameter. Here, the
specification of parametric models explicitly includes the specification of an innovation density. Indeed, as demonstrated
in [10] copula spectral densities of linear processes depend on the underlying innovations. To this end we propose to
apply parametric bootstrap ideas in the form of Algorithms 1 and 2 given below.
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Algorithm 1. To obtain a graphical representation of the copula spectral density estimated from data along with “typical
regions” from a parametric model using the parametric bootstrap, proceed as follows.

Data: Observations Xy, ..., X; )

Input: A class {P? : & € ®)} of parametric models, an estimator 0, a collection of frequencies w1, ..., wx € [0, 7], and
a quantile level T = (71, 12)

Output: Plot comparing copula spectral density estimated from data with ‘typical regions’ created by a parametric

bootstrap
begin
Estimate 6 from Xi, ..., X,
for rin 1:R do /* parametric bootstrap */
Xf'r, ..., X" = simulate from the model P’ A
ff’r(wk) = estimated copula spectral density from Xf’r, ce X0
end
/* Calculate lower and upper bounds, separately for real and imaginary parts: */
= _ Saronfo.l N
O; plax) = a/2 — quantile{Rf) (wy), . . ., R (wk)},
€] plox) = /2 — quantile{Sf; (@), . .., 3 (e}
) (@) = (1 — @/2) — quantile(RHfy (). ..., Wy F(wr))
u p(@) = (1 — @/2) — quantile(3f! (i), ..., 3 K}
/* Estimate the Copula Spectral Density for the data: */
f:(w) = estimate the copula spectral density from Xy, ..., X;
/* Plot the result */
plot {fz(wk)}k=1....x
plot intervals computed from {€; g(wk), Uz r(@k)}k=1,.. k (separately for real and imaginary parts)

end

Algorithm 1 provides a graphical summary of the copula spectral density estimated from data (blue lines) for a few
distinct combinations of quantile levels (in the present paper, (1, o) € {0.1,0.5,0.9}?) as a function of w together
with typical regions (gray areas) that would contain this estimator with probability 1 — « if the corresponding class of
parametric candidate models were specified correctly. For a formal statement, see Proposition 1. One potential concern
with Algorithm 1 is that the graphics can become overwhelming if many different quantile levels need to be considered
simultaneously. Algorithm 2 provides a useful supplement to Algorithm 1 which allows us to consider many quantile levels
at the same time. This necessitates a different graphical representation. The results from Algorithm 2 can be displayed in
two different ways. The first provides a summary over all quantile levels (7q, ;) € M (in the present paper, we choose
M = {0.05, ..., 0.95}?) indicating whether the candidate model class produces spectral densities which are compatible
with the data for a given frequency but uniformly over quantile levels. If a deviation is detected for a given frequency, a
second plot for that particular frequency can be used to determine at which quantile levels the mismatch between the
data and the parametric candidate model appears.

Fig. 3 illustrates Algorithm 1 in a simple example. Here the data is a single path simulated from a GARCH(1, 1) model
with Gaussian innovations, and we considered two classes of parametric models, namely Gaussian AR(3) and GARCH(1, 1)
with Gaussian innovations. The true model is in the latter class, but the parameter was not specified. The blue line shows
the estimated copula spectral density f; and the gray area corresponds to the typical regions for « = 0.05; see Algorithm 1
for details. The plot is organized as discussed in Section 2.1 with E)%f, on/below and Tsf, above the diagonal, respectively.
We clearly see that an AR(3) model is unable to describe the dynamics of a GARCH model, as it fails to capture the
dependency in the extreme quantiles T = (0.1, 0.1), (0.9, 0.9), (0.1, 0.9), especially at low frequencies. Considering the
true model class in the right panel, we see that the typical regions now almost completely contain the estimated spectrum.
Note that typical regions are computed pointwise in 7, w, so the estimator can occasionally be just outside of the boundary
of typical regions.

The output of Algorithm 2 for the same data and the same models is illustrated in Figs. 4 and 5. First, consider the
summary plots in Fig. 4 with frequencies on the x-axis and ppin r(@) defined in Algorithm 2 on the y-axis; the y-axis is
on the log-scale for better visibility of very low values. By Proposition 1, proved below, the values on the y-axis can be
interpreted as p-values (uniform in 7 and pointwise in w) of a test for the null hypothesis that the data were generated
from a model in the given parametric class against a non-parametric alternative. The left panel of Fig. 4 shows the plot
corresponding to a Gaussian AR(3) model class. Here, the candidate model class obviously does not match the data; this
is particularly visible at the lowest frequencies where several p-values in a row are below 0.001. In contrast, the right
panel which uses the true model class does not show evidence of model misspecification.
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Algorithm 2. To obtain a graphical representation of ‘critical ts’ from a parametric model (with parameter estimated
from the data) together with the estimator based on observations, proceed as follows.

Data: Observations Xy, ..., X, A

Input: A class {P’ : # € ©} of parametric models, an estimator 6, a frequency w € [0, 7], a number K of how many
equally spaced quantile levels should be used and a quantile level g8

Output: Heat-plot of signed p-values indicating whether estimated copula spectral density is within ‘typical regions’
created by a parametric bootstrap

begin
Estimate § from X1, .., Xy
for rin 1:R do /* parametric bootstrap */
Xf‘r, .. ,Xf’r = simulate from the model P? A
ff*;(w) = estimated copula spectral density from Xf", . ,Xf*', VYieM={1/(K+1),...,K/(K+ 1)}
en
/* Calculate scaling factors, separately for real & imaginary parts: */
Let £)' (), ul (w) denote B/2 and 1 — B/2 quantile of RPN w), ..., ROR(w), respectively (same for )
Define

Cz‘:R(w) = {uZ‘R(a)) + ZT’R(LL))}/Z, CS,R((U) = {ufR(w) + Zf,R(a))}/Z
and

A?R(w) = {UT’R(CU) - Z’l‘,R(a))}/z, AiR(w) = {uiR(w) - ei[z(w)}/z + ]0761{113’}2(0)) = Ef}z(w)}
The scaled and centred bootstrap replicate is

Allw)= max W) — cfp@)/Al (@), Alw)= max [3f7R(w)— ] xw)l/A] ).
T=(11,72)EM 7=(11,72)EM

/* Estimate the Copula Spectral Density for the data: */
f-(w) = estimate the copula spectral density from Xq, ..., X,. Define

EMNw) = |9fi(w) — M p(@)l/AY y(0),  EX@) = [3fr(@) — ¢ p(@)]/ AT p(w)

/* Calculate p-values, separately for real and imaginary parts: */
Define Fy as the empirical cdf of max{A}'(w), AS (@)}, . .., max{A}(®), Ay(w)} and compute

Pir@) = 1= F(E}(0)=). pyg(@) =1~ FlE (@)=}, Pmins(w) = minmin{pyy(w). p7 ().
/* Plot the result */
plot 1: @ > pminr(w); x-axis from 1/R to 1, on the log-scale; pminr(w) = 0 is indicated by a red circle on the
X-axis.
plot 2: K x K panels for each w. The position within each panel corresponds to T € M, the symbols used correspond
to the magnitude of p?R(w), pfyR(w) (1,2 and 3 triangles correspond to p; p(w) < 0.05, 0.01 and 0.001, respectively),
and sign of mf,(w) - cﬂfR(w), Sfr(w) - cij(w) (red triangles facing up indicate a positive and blue triangles facing down
indicate a negative value). Information corresponding to pz’ii,rj), glw) for i > j is in row i column j and information on
Plyy.q).&(@) for i < jiin row i column j.
end

The plots in Fig. 5 provide more detailed information about the quantile levels at which a mismatch between the
data-based spectrum and a spectrum from the candidate parametric model is detected for the frequencies @ = 0 and
w = 4 /64. Here, the blue triangles facing down indicate that the data-based spectrum is smaller compared to the
candidate model spectrum (with 1, 2 and 3 triangles indicating significance at the 5%, 1% and 0.1% level, respectively) while
the red triangles facing up indicate a data-based spectrum which is larger compared to the candidate model spectrum.
The corresponding plots reveal that most of the disagreement between the data and the model dynamics happens in
the real parts of spectra corresponding to quantile levels (t;, t2) where both 7; and 1, are either unexpectedly small or
unexpectedly large. This confirms the first impression obtained from the plots in Fig. 3 and provides a more detailed view
of the quantiles where the data and the model spectra disagree.

3. Formal justification of the graphical tools

In this section, we present a formal justification for the graphical approaches introduced in Section 2.2. Denote by
©® C R? a candidate parameter space. For any 8 € ©, let (X?)rez e a strictly stationary process distributed according to
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P?. Furthermore, let F? be the cumulative marginal distribution function of Xf , let Fﬁ be the bivariate distribution function

of (Xf,,,, X?), and let C{ be the copula of (X/,,, X{). We denote the copula spectral density of the process (X{ )<z, by

1 .
flw) = o kXZj{c,f(n, 1) — nirJe ke,
€

The corresponding estimator f ¢ which is computed from X?, . .. ,X,f , is denoted by ff . We make the following technical
assumptions.

(LC) The copulas C,f are Lipschitz continuous with respect to the parameter 6 in a neighborhood of 6y uniformly in
T C [0, 11?, i.e., there exist constants ¢ > 0, L < oo such that whenever ||§ — 6| < &,

supsup |CE(7) — C°(7)| < LII6 — 6ol
heZ teT

(C) For any p € N there exist constants p, € (0, 1) and K, < oo such that, for arbitrary intervals A;,...,A, C R and
arbitrary ty, ..., t, € Z,
max; i [ti—ti|
sup [cum{1(X] € A), ...,l(Xé e <Kppp T
l6—6oll<e
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Fig. 5. Detailed plots for two frequencies produced by Algorithm 2 on data generated from a GARCH(1, 1) model with Gaussian innovations with
n = 1024 observations with fitted Gaussian AR(3) model (compare left panel of Fig. 4). Blue triangles facing down indicate that the data-based
spectrum is smaller compared to the candidate model spectrum (with 1, 2 and 3 triangles indicating significance at the 5%, 1% and 0.1% level,
respectively) while red triangles facing up indicate a data-based spectrum which is larger compared to the candidate model spectrum . (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

(W) The weight function W is real-valued and even with support [—m, 7]; moreover, it has bounded variation and
satisfies f W(u)du = 1. We denote by b, a sequence of scaling parameters such that b, — 0 and nb, — oo,
and assume that W, in Eq. (1) takes the form

Wa(u) =Y b, 'W{b, ' (u + 27j)}.

JezZ

Remark 1. Assumption (C) is fulfilled under certain mixing assumptions; see Propositions 3.1 and 3.2 in [23]. Assumption
(W) places restrictions on the smoothing function which are standard in time series analysis; see, e.g., p. 147 in [7].
Assumption (LC) ensures that if 6, is close to 6, the corresponding copula spectral densities are also close. Below we
show that this assumption is satisfied for ARMA(p, q) processes with normal innovations.

Example 1. Let {Xt" : t € Z} be a strictly stationary ARMA(p, q) process where 6 = (ay, ..., ap, b1, ..., bg) denotes the
AR and MA coefficients, i.e., X? solves

p q
6 0
X, — E an[_j =€ + E bie_i,
= i=1

where and ¢; are centred i.i.d A(0, 1) random variables. Using the backshift operator B, we can write this as P?(B)X
Qs(B)e;, where PY and QY are polynomials given, for all z € C, by

Plz)=1—aiz—-- —ayz’, Q%z)=1+biz+---+byz".

0 _
t

To guarantee the existence of a unique strictly stationary and causal solution, see [8], we assume that ® is a set such
that for all # € © the polynomials P’ and QY have no common roots and P? only has roots outside of the unit circle
{z € C : |z] < 1}. Under these conditions, (LC) holds for any open 7 C [0, 1]*> and any 6, in the interior of @. This
statement will be proved in the Appendix.

The main result in this section is Proposition 1. It implies that if the parametric model is specified correctly, the
intervals [£]' (), u} t(@)] and [£] (), 1} ()] will contain the real and imaginary parts of the estimator f;(w) with given
probability « asymptotically. This provides a formal justification for the graphical approach introduced in Algorithm 1.
The second part of Proposition 1 shows that the output of Algorithm 2 can indeed be interpreted as p-values for the null

hypothesis that the class of candidate models contains the true model.

Proposition 1. Assume that the data X, . . ., X, are generated from the model P% and let 6, be a J/n-consistent estimator of
6o. Suppose that Assumptions (LC), (C), (W) hold and assume that R = R, — 0o as n — oo. Further assume that there exist
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constants k € N and « > 0 with
bn _ O(H_l/(ZIH—l)), bnnl—l( — 00.
Then, for £, ,(w), U; r,(w) defined in Algorithm 1 we have, for any T € T, @ € R with var{fRHy(t, )} # 0,
lim Pr{¢y, (@) < 9fe(w) < 1)y, (@) = 1 - (2)

The same holds for the imaginary parts. If additionally min,¢y var{tHy(t, )} > 0 and min,cy var{SHy(t, w)} > 0 then, for

Pl (), p; x(w) defined in Algorithm 2, we have, for any w € R,

lim Pr[mm mm{p r(@ ),piR(a))} < a] =a. (3)

n—oo

The key technical ingredient for proving Proposition 1 is given by the following theorem. It provides a generalization of
Theorem 3.6 in [23] to a particular kind of triangular array asymptotics. This result is of independent interest, and hence
we choose to state it separately.

Theorem 1. Suppose that Assumptions (LC), (C), (W) hold, and assume that there exist constants k € N and « > 0 with
by, = o{n YDy p n17* 5 0.

If 6, = 6y + O(n~'/?) then, for T from Assumption (LC), as n — oo,
by {f"(@) = f0(@) = BY(z, @)heer ~ Hol:s )

in £°°(T), where ~ denotes weak convergence in £>°(T) and

ZH (udu(f? Y @)/jt if @#0 (mod 27),

BW(z, w)
Tl‘L']‘L'z/(Zﬂ) if w=0 (mod 2r),

and Hy(-; w) is a complex-valued, centered Gaussian process characterized by

cov[ Hol(ur, v1); ), Hol(uz, v2); 0} = 27 " W2 udu

=TT

X @ () + 0 (@K oy (—N(@ =0 (mod 7).
4. Simulation study and data example

In this section, we present a simulation study and an application to the returns of the S&P 500 stock index between
2000 and 2005 and 1966 and 1970.

4.1. Real data example: S&P 500 returns

In this section we demonstrate how the proposed graphical tools can be utilized to find an appropriate parametric
model for a given time series and further provide an example where none of the standard models seem to work. To this
end we consider the daily log-returns of the S&P 500 between 03.01.2000 and 30.12.2005 (corresponding to n = 1508
observations) as well as between 03.01.1966 and 31.12.1970 (corresponding to n = 1233 observations). Throughout this
section we use the Epanechnikov kernel for W,, a moderate bandwidth b, = 0.1 and set @ = 0.05 in Algorithm 1.

We first consider the daily log-returns of the S&P 500 between 03.01.2000 and 30.12.2005. Assuming for the moment
that we have little knowledge about financial time series, we first attempt to fit a Gaussian AR(3) model. Algorithm
1 with this model class produces Fig. 6(a). This clearly shows that a Gaussian AR(3) manages to capture the “median
dependence” but cannot account for the strong dependencies observed at T = (0.1, 0.1), (0.9, 0.9) and (0.9, 0.1). This is
further confirmed in the output produced by Algorithm 2; see Fig. 7(a). The most basic model which has the potential to
model such dependencies is an ARCH(1) model with Gaussian innovations, which is our next candidate. Plot (b) in Fig. 6
indeed shows that an ARCH(1) model with Gaussian innovations produces the peaks around frequency w = 0, but those
peaks are not high enough to match the data; this is again confirmed by the summary plot from Algorithm 2 provided in
Fig. 7(b).

Our next try is a GARCH(1, 1) model with Gaussian innovations which was specifically designed to model the types
of dependence observed in financial data. Fig. 6(c) shows that this model is well suited to reproduce the peaks for
7 =(0.1,0.1),(0.9,0.9) and (0.9, 0.1). However, the imaginary parts of the spectra still do not match the data, as can be
seen from the part of Fig. 6(c) corresponding to T = (0.1, 0.9); the mismatch between the model and the data dynamics
is confirmed in the summary plot from Fig. 7(c). A closer look at the corresponding detailed plot in the top row of Fig. 8
sheds light on the specific combinations of quantile levels for which a significant mismatch occurs.
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Fig. 6. Estimated copula spectral densities based on the daily log-returns of the S&P 500 between 2000 and 2005. Displayed are the plots produced
by Algorithm 1 for the following model classes (a) AR(3), (b) ARCH(1), (c¢) GARCH(1, 1) and (d) EGARCH(1, 1); all models with Gaussian innovations.
Blue lines are estimated copula spectral densities, gray areas correspond to typical regions from Algorithm 1 with & = 0.05. The plot is organized
as discussed in Section 2.1; ﬂif, on/below and Sf, above the diagonal, respectively.

Based on the discussion in Section 2.1 about asymmetric dependence a reasonable model to try is an EGARCH(1, 1)
model with Gaussian innovations. The output of Algorithm 1 in Fig. 6(d) indeed indicates that among all models considered
so far, this one has the best performance, although we still detect slight deviations for some of the imaginary parts. The
impression that this model still does not provide a perfect fit is further strengthened by the summary plot in Fig. 7(d)
where we see a fairly high proportion of p-values below 5% which is much higher than we would expect even after
adjusting for multiple testing across frequencies.

In the final part of this section, we consider the daily log-returns of the S&P 500 between 1966 and 1970. The output
of Algorithm 1 for the same four model classes as considered above is depicted in Fig. 9(a)-(d). Interestingly, we find that
none of the four model classes provide an adequate description of the dynamics observed in the data since the data contain
both linear type dynamics at the median level, but also strong GARCH-like tail dependencies and EGARCH-like imaginary
parts that appear to be too steep to be captured by an EGARCH(1, 1) model with Gaussian innovations, indicating a strongly
asymmetric behavior of the process going forward and backward in time.

The inability of all considered models to capture the dynamics in the data is further confirmed by summary plots from
Algorithm 2 as depicted in Fig. 10. Additional detailed plots from Algorithm 2 corresponding to specific frequencies are
provided in Figure 4 in the Online Supplement. The middle column corresponding to w = 47 /64 confirms that none of
the considered models, including the EGARCH model, are able to produce a sufficiently sharp peak in the imaginary part
which is observed in the spectrum of the data. The ARCH, GARCH and EGARCH models with Gaussian innovations further
struggle to produce the right amount of dependence at central quantile values while the AR(3) process does not have the
right kind of dependence in low quantiles. At this point it is natural to wonder whether specifying a different innovation
distribution would change any of the finding described above. A natural candidate class of innovations is given by skewed
t distributions, and we also considered GARCH(1, 1) and EGARCH(1, 1) processes with such innovation distributions. The
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Fig. 7. Summary plots produced by Algorithm 2 based on the daily log-returns of the S&P 500 between 2000 and 2005. Plots from top left to
bottom right correspond to the following candidate model classes (all with Gaussian innovations) (a) AR(3), (b) ARCH(1), (c) GARCH(1, 1) and (d)
EGARCH(1, 1). Frequencies are on the x-axis and ppmin r(w) defined in Algorithm 2 on the y-axis; for better visibility of very low values the y-axis is
on the log-scale. Red circles correspond to pminr(w) < 0.001.

results did not change much; a more detailed account of our findings is given in Section 1 in the Online Supplement. To
what extent other types of innovations could lead to a better model fit is an interesting question that we leave to future
research.

4.2. Simulation study

In this section we illustrate the finite-sample properties of Algorithms 1 and 2 with simulated data. First, we show
that in settings where the data are generated from a model that is contained in the candidate parametric class, the
simulated typical regions from Algorithm 1 contain the estimated spectral densities with probability 1 — « across a range
of models, sample sizes and bandwidth parameters; note that this is counted point-wise in t, w. To this end, we consider
the following three data generating processes:

(ap) Xy =0.1X,_1+0.8Z,_1+ 2, Z ~N(0,1)
(bo) Xt = O.ZX[_‘I - 0-4Xt—2 + O.2Xt_3 + Zt, Zt ~ N(O, 1)
(co) X¢ = 0¢Z, where o =0.01+0.4X2 , +0.5062,, Z ~ N(0,1)

In each case we simulate a time series of length n € {256, 512, 1024} and consider the fixed bandwidth parameters
b, € {0.01,0.02,0.05, 0.1, 0.4}. For each possible combination, we simulate 1000 repetitions of our algorithm with
a = 0.05 and the following candidate classes of parametric models:

(Pg) Xt =0 Xe—1+60:2Ze 1 +2Z:, Z: ~N(O,1)
(Py) Xi =01Xi—1 + 0 Xe—2 +03Xe—3 +Z¢, Z: ~ N(O, 1)
(P.) Xi = oiZ:, where o =60y +0:X2 | + 6,02, Z ~N(0,1)

Here, 6; denote unknown parameters of the models.
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compared to the candidate model spectrum (with 1, 2 and 3 triangles indicating significance at the 5%, 1% and 0.1% level, respectively) while red
triangles facing up indicate a data-based spectrum which is larger compared to the candidate model spectrum . (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

We use the R packages QPBoot [5] which contains useful functions for parametric bootstrap procedures for quantile
spectra, quantspec [22] to compute the estimators for the copula spectral densities, and rugarch [15] to estimate and
simulate the GARCH-type models. For each frequency w, we count the number of times the estimated spectral density f,(w)
does not lie in the interval (£, g(®), u; g(w)) (separately for real and imaginary parts). The resulting counts normalized
by 1000 are shown in the top row of Figs. 11 (n = 256), 12 (n = 256) and 13 (n = 1024), respectively. Additional plots
for other sample sizes are provided in Section 3 in the Online Supplement. We can see that the simulated typical regions
contain the estimator f, with prescribed probability across a wide range of scenarios.

Next, we show that the aggregated p-values obtained from Algorithm 2 are calibrated properly. To this end, we consider
the same models and bandwidth parameters as described above and use 1000 simulation replications to approximate the
probabilities

Pr[ min min(p} (@), p3 ()} = ], (4)
TeM
where we use M = {0.05, ..., 0.95}? and R = 1000. The results corresponding to models (ag)-(co) with candidate model

classes (P;)-(P.) are depicted in the top three rows of Fig. A.14 with frequencies on the x-axis and simulated values for the
probabilities in (4), with « = 0.05, on the y-axis. The plots suggest that the p-values perform as specified in all settings
considered.

Next, consider the case when the observations are created by the following models with Z; ~ i.i.d. (0, 1):

(al) Xt - 0.2Xt_] - O.4X[_2 + O.th_?, +Zt
(b1) X; = 0iZ;, where o/ = 0.01+ 0.4X> | +0.5072,
(c1) X = 0:Z, where In(o?) = 0.1+ 0.21(|X;_1| — E[X;_1]) — 0.2X,_; + 0.8 In(c? ;),

while the candidate parametric model classes are still (P;), (Py), (P.) and thus are misspecified. The results for Algorithm
1 are depicted in the bottom panels of Figs. 11 (n = 256), 12 (n = 256), and 13 (n = 1024), respectively. Additional plots
for other sample sizes are provided in Section 3 in the Online Supplement. The plots corresponding to Algorithm 2 are in
rows 4-6 of Fig. A.14.

The results in Fig. 11 and row 4 of Fig. A.14 show that copula spectral densities are informative for distinguishing
different types of linear dynamics. Note that in this setting, any of the classical tests that are tailored to linear models
would also be applicable and have excellent power properties. Fig. 11 indicates that in this setting, copula spectral
densities corresponding to T = (0.5, 0.5),(0.1, 0.5), (0.5, 0.9) are most informative. This is not surprising since linear
dynamics act similarly in all real parts of copula spectral densities and copula spectral densities corresponding to the
quantile values mentioned above are easier to estimate. Note that for more extreme quantiles only a smaller proportion
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Fig. 9. Estimated copula spectral densities based on the daily log-returns of the S&P 500 between 1966 and 1970. Figure displays the plots produced
by Algorithm 1 for the following model classes (a) AR(3), (b) ARCH(1), (c) GARCH(1, 1) and (d) EGARCH(1, 1); all models with Gaussian innovations.
Blue lines are estimated copula spectral densities, gray areas correspond to typical regions from Algorithm 1 with @ = 0.05. The plot is organized
as discussed in Section 2.1; .‘Rf, on/below and ;‘sf, above the diagonal, respectively.

of the data carry relevant information. Since linear Gaussian processes are time-reversible, the imaginary parts of copula
spectra carry no relevant information in this case. Finally, we remark that for this particular data generation process
intermediate bandwidth values lead to the most informative results in Fig. 11. Row 4 of Fig. A.14 additionally shows
that aggregating over different frequencies does not lead to a loss in power (despite the uniformity over t) and in fact
improves power for the largest bandwidth b, = 0.4.

Fig. 12 and row 5 of Fig. A.14 show what happens if data are generated by a GARCH model but we attempt to fit
their dependence structure by an AR(3) process. In this case the AR(3) model tries to capture the serial correlation
of the data, which is zero, so the AR(3) model essentially results in ii.d data without any serial dependence. This
does capture the median dynamics corresponding to T = (0.5, 0.5), but completely fails to account for dependence
in the more extreme quantiles. This is clearly visible for the real parts of the copula spectral densities corresponding
to r = (0.1,0.1),(0.1,0.9), (0.9, 0.9), with T = (0.1, 0.9) leading to the clearest distinction. It is also interesting to
observe how different bandwidth values pick up different aspects of the deviation between data and model dynamics.
While smaller bandwidth values mainly pick up the sharp peak near zero frequencies, larger bandwidth values also find
differences for intermediate frequency values.

The most complicated case that we investigate in our study is to differentiate between a GARCH and an EGARCH
process. Results for this are shown in the right panel of Fig. 13 and in the bottom row of Fig. A.14. Both processes have a
very similar serial dependence structure as they are uncorrelated but dependent in the extreme quantiles. The difference
is that the EGARCH process is asymmetric in the sense, that the dependence is higher in the lower quantiles due to the
negative leverage parameter of —0.2. This difference is subtle and only present in the dependence at large quantiles and
hence difficult to pick up and large sample sizes are needed to reliably pick up this distinction. It also turns out that
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Fig. 10. Summary plots produced by Algorithm 2 based on the daily log-returns of the S&P 500 between 1966 and 1970 with AR(3), ARCH(1),
GARCH(1, 1) and EGARCH(1, 1) as candidate model class, all models with Gaussian innovations. Frequencies are on the x-axis and pminr(®) (see
Algorithm 2) on the y-axis; for better visibility of very low values the y-axis is in log-scale. Red circles correspond to pmin gr(w) < 0.001.

the imaginary part corresponding to T = (0.1, 0.9) carries the most information here, with larger bandwidth parameters
leading to higher probabilities of detecting relevant differences. The results in the bottom row of Fig. A.14 additionally
show that by aggregating over different quantile levels we are likely to detect deviations between GARCH and EGARCH
processes across a wider range of frequencies. This is due to the fact that for different quantile levels the deviations
between the two models are most pronounced at different frequencies.
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Appendix. Proofs

Proof of Example 1. Note that under the assumptions made Xf’ has the representation

o0
X =" Yles
k=0
where the coefficients are defined, for |z| < 1, by
(o]
> =Q @)@,
k=0

By properties of the multivariate normal distribution it suffices to show that, for some L,

sup |F{(u) — F2 ()] < 16 — 6oll.

ueR?
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Fig. 11. Coverage of the estimator f by the critical regions obtained by Algorithm 1. Model class used for the critical regions: P, (ARMA(1,1)). Data
generated according to (ap) (ARMA(1,1), top row) or (a;) (AR(3), bottom row). We use n = 256 observations. Different bandwidth choices are shown
using different colors and line types. The solid line (black), the lines with short (red), medium (green), alternating-length (blue) and long (cyan)
dashes correspond to b, = 0.01, 0.02, 0.05, 0.1, 0.4, respectively . (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 12. Coverage of the estimator f by the critical regions obtained by Algorithm 1. Model class used for the critical regions: P, (AR(3)). Data
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Fig. 13. Coverage of the estimator f by the critical regions obtained by Algorithm 1. Model class used for the critical regions: P, (GARCH(1, 1)).
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and long (cyan) dashes correspond to b, = 0.01, 0.02, 0.05, 0.1, 0.4, respectively . (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)
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Applying the triangle inequality, we find
sup |Fy (u) — F*(w)] < 2sup E[1(X] < x) — 1(X° < x)|

ueRk? XeR

and hence it suffices to show that

sup E[1(X] < x) — 1(X® < x)| < L6 — 6.

XER
Denote by A; the o-field generated by {e¢; : s < t}, and by F, the distribution function of €. This yields
SUp EI(X] < %) = 104 < )] = sup E[E(10X! = %)~ 10¢° =] | 4]

XeR XeR

o0 oo
= sup E|E 1 € <X — Z w]‘eét,j -1 € <X — Z 'lpjeOGf,j ‘At

XeR =1 =1

e s 3 fe) - S ue)| < S i
<CZZ|1/IJ v

Finally, we bound the last term above. To shorten notation we write ps(z) = Qy(z)/Ps(z). As Py,(z) has no roots on the
unit circle, there exist n, § > 0 such that, for all |6 — 6p] < 7,

Voecizi<142s  Po,(2) # 0.

Otherwise we could derive a contradiction by using the fact that on C the locations of roots of a polynomial are a
continuous function of the coefficients. Therefore, pg is a holomorphic function on {z € C : |z] < 1+ 2§} and, by

Cauchy’s differentiation formula, we can expand py(z ZJ —0 1//92] and pg,(z) = Z;:O wj(’ozf with
1 po(&)
0
J = — —=d
Vi = 271 Jij=14s G ‘

for all j € Ng. This 1mplies

0 60 . — Pe,(¢)
|wj ] 27_[ ‘ f{l 144 §j+1 d{ .

And with py(z) = Qy(z)/Ps(z) we have that

e |{pe(2) — Pay(@)}/271| < 16 = 6ol /(1 + YT,

which leads to
9 < G360 — 6, =L|0—6). O
le ¥l < Gl ouZ +ay 16 — 6l

Proof of Proposition 1. We begin by stating a useful lemma.

Lemma A. Consider a sequence r,1 = 0(1) and collection of distribution functions F, ¢ indexed by & € &, n € N such that for
any deterministic sequence &, in & with &, = & + O(r,), we have F, ¢, ~ F for some distribution functlon F. Then, for any

sequence of random variables Sn in E with Sn &y + Op(rn) we have: if Yy, ..., Yn, areiid F i conditional on Sn, m, — oo
and g, denotes the ath sample quantile of Y1, ..., Yn, then q, = F~(a) + 0p(1) for any continuity point « of F1.
Proof of Lemma A. Let ﬁ,, denote the empirical cdf of Yy, ..., Yn,. For any fixed t € R, we have by the conditional

Chebycheff inequality
Pr{IFu(t) = Fog, (0] = elén] < (4mue?) " as,

Taking the expectation with respect to én shows that I:"n(t) — anén(t) = 0,(1) since by assumption m, — oo. Next note
that, for arbitrary C > 0,

Pr{|F(t) = F, 5 (0l = e} < 1[\§—S§U|pc IF(©) = Fag(0)] = &} + Pr(1, — &ol = Cra).
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We will first show that the first term on the right-hand side converges to zero (for n — o0) for arbitrary 0 < C < oc.
Suppose this were not true. Then there exist § > 0, a subsequence (ny)en, and &, € & with |, —&| < Cr,, and
|F(t) — Fn,(,gnk(t)l > 6 for all k € N. However, by construction &,, = & + O(r) (for k — oo) which contradicts the
assumption. Thus for all C > 0

lim sup Pr{|F(t) — F, ; (t)| = e} < limsup Pr(|€, — &| = Cry).

n—oo n—oo

The right-hand side can be made arbitrarily small by choosing C large since én = &y + Op(ry). Thus we have proved
Fa(t) = F(t) + 0p(1) for all t € R.

To complete the proof, observe that Fa is a sequence of distribution functions and F is a distribution function. Thus
a standard argument implies that sup;cp |Fn (£) — F(t)| = o0,(1). This implies F, Y(a) = F~'(a) + 0p(1) for all & that are
continuity points of F~!; the latter statement follows by the characterization of convergence in probability in terms of
a.s. convergence along subsequences and Lemma 21.2 in [29]. O

With the preparations above we are ready to prove Proposition 1.
We begin with the proof of Eq. (2). Recall the setting and notation introduced at the beginning of Section 3. Let q(«, 6p)
denote the a-quantile of the distribution of Hy(t; w) (Where Hy denotes the weak limit in Theorem 1). Define

= R{fP(w) + BY(z, »)}

) from Theorem 1 and let

Zy = /by {9ife(@) — ).

By Theorem 1 applied to the sequence 6, = 6y, Z, ~ NHy(7; w) with the limit being a centered normal random variable
with non-zero variance. ) N

Now consider the setting of Lemma A with m, = Ry, 1 = n~12 &, = 0, F the cdf of RHy(7; ), Fn ¢ the cdf of
Vb (Rf (@) — gn) and Y; = /nb, (Rf%(w) — g,} for all i € (1, ..., Ry}. Note that 6, = 6 + 0,(n~/2) by assumption
and F, 4, ~ F for any sequence 6, = 6y + O(n~1/2) by Theorem 1. Hence, all conditions of Lemma A are satisfied and we
obtain

Vnba{€} ¢ (@) — g} = qla/2, 6p) + 0p(1).
Similarly,
Y% nbn{uf’Rn(a)) — &t =q(1 —a/2,00) + 0p(1).
By Slutsky’s Lemma
Zy — y/nbp (it (@) — gn} ~ RHo(T: ) — q(1 — /2, 6p),
and since the distribution of the limit is continuous
Pr{fife(w) < ul'y (@)} = Pr(Zy < /nba{ulg (@) —gn}] > 1 — /2.
Similarly,
Pr{fif(w) < €2y (@)} = Pr(Zy < v/nba{€2'y (@) — ga}] — a/2.

This completes the proof of Eq. (2).
Next let us prove Eq. (3). Begin by observing that

for B,

x> 1— Fa(x le<max{A"( ), AY(@)}]
r=1

is non-increasing, so

1

R
l‘tl‘éll&l min{p} (), p; glw Zl: l[rrneal‘}l( max{E}(w), E} (w)} < max{A?‘(w),Af(w)}].

Let
2,7, @) = Vb [f17 () = f12(@) - BY(z, )]
where Bgf‘) is defined in Theorem 1. Define

T @) = B/2 — quantile(NZ, u(z, ®), ..., RZy.n(T, )},
) (@) = (1= B/2) — quantile{NZ, o(z, ®), ..., NZpn(T, ®)}
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Fig. A.14. Proportion of cases, per frequency, where p-values obtained from Algorithm 2 are below « = 0.05, for at least one quantile level. First,
second and third rows show P, versus (ap) (ARMA(1,1)), Py versus (bg) (AR(3)), and P. versus (cp) (GARCH(1, 1)), respectively. Fourth, fifth and sixth
rows show P, versus (a;) (ARMA(1,1) and AR(3)), P, versus (by) (AR(3) and GARCH(1, 1)), and P, versus (c;) (GARCH(1, 1) versus EGARCH(1, 1)),
respectively. We use n = 256, 512 and 1024 observations in the first, second and third columns, respectively. Different bandwidth choices are shown
using different colors and line types. The solid line (black), the lines with short (red), medium (green), alternating-length (blue) and long (cyan)
dashes correspond to b, = 0.01, 0.02, 0.05, 0.1, 0.4, respectively . (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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and similarly for imaginary parts. Let Al‘R,MT“R, AMw) denote the corresponding versions of A, e Al (w) with
Mh

Uy ps ZZ r» NZ; n(7, w) instead of uTR, EZ‘R,fe "(w) and note that by equivariance of quantiles under the given transfor-
mations, we have

W'y = V/nby {1l g — RFP(w) — RBV (T, @)}, Ty = v/nby (€ — RFP(w) — RBY(T, )}

which implies A Ww) = A;“( ) after some simple algebra. From Lemma A we obtain by similar arguments as above (noting
that M is ﬁmte) that E“ z(@) converges to the §/2-quantile of the distribution of fHy(7, w) and T u r(w) converges to the
1—B/2-quantile of the dlstrlbutlon of MHy(t, w) (both convergences are in probability). Since *RHo(r w) follows a normal

distribution with non-zero variance this implies
max | A} g(@) — A (@) = 0p(1),  max [&} ()| = 0p(1)
eM ’ eM ’
where A% (w) = o (w){1/2 — &~1(B/2)} and o (w) denotes the standard deviation of %Ho(z, w). Similar results hold for

the imaginary parts. By a combination of Slutsky’s Lemma and the Continuous Mapping Theorem, we now obtain from
Theorem 1 that

~y 1 RHo(T; w) SHo(T; w)
N 3
max{A] (), A} (@)} ~ —1/2 ®1(5/2) r;lea&(max{ @) " o) } (A.1)
By similar arguments it follows that
NRHo(7; SHo(T;
max max{E}( )E“(w)}wmaxmax{ (\)\(T’ w), : th’ w)} ~F. (A2)
TeM TeM oMw) o (w)

Denoting by Fi the cdf of the random variable max{zq‘(a)), K?(w)}, the uniform Glivenko-Cantelli Theorem (see The-

orem 2.8.1 in [30]) implies that sup,.p |I:'R(x) — Fr(x)] = 0,(1). Together with (A.1) and continuity of the cdf, say F,
of the random variable max,cy max{MHy(z; ®)/0)(w), IHo(T; w)/0 (@)} (note that the latter is a maximum over a
finite number of (dependent) standard normal random variables, hence has a continuous distribution), it follows that
Sup,er |Fr(x) — F(x)| = o(1), and hence

- Z 1[max max{E%(w), EX ()} < max{AM(w), Af‘(w)}] —1— F[m%( max{EY (o), EXw )}] + 0p(1).
r=1

Now, by (A.2) and by continuity of F combined with the Continuous Mapping Theorem and Slutsky’s Lemma, we finally
obtain

1 3 l[max max{EM (@), (@)} < max{A" () A“(w)}] —1—ul0,1]
R TeM o - ’ T T

r=1

min min{pi‘,R(w), piR(w)] =
TeM
This completes the proof of (3). O

Proof of Theorem 1. We will make use of the following notation: U? = F(X?)
n—1 1

A0y =Y AU <) ™, 120 ()= %dg’fn(w)dg’z-f’n(—w),
t=0

and

n—1

AtL,]ﬁe(“’ 7 Z Wi(w — 2s/mIYY (27s/n).

Theorem 1 follows from the following four statements.
(i) For any fixed @ € R and an arbitrary sequence 6, in ® with 6, = 6y + o(1) we have, as n — oo, in £°°(T),
Vb, (F (@) = Ef (@) eer ~ Hols ).
(ii) As n — oo, we obtain the following result for the expectation:

sup [Ef®(w) — f%(w) — BY(z, )| = O{(nby) ™'} + o(bY),

7€[0,1]2
weR

(iii) For any fixed w
sup [f"(w) — ()] = op{(nba) ™"/ + by},

7€[0,112
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(iv) For any sequence 6, in © with 6, = 6y + 0(n~'/?) we have, as n — oo,

nby sup [EfY:0(w) — Ef 0 (w)| = o(1).

TeT ,weR

Note that (ii) is proved in Theorem 3.6(ii) in [23] so that it remains to prove (i), (iii), (iv).

Convergence as a process and the proof of (i). In what follows, let
n—1
Aw)=) €', Fy={2mj/n:je{l,....n—1}}.
t=0
For intervals A C [0, 1] and values w € R define
n—1
di (@) =Y AU € Ae™.
t=0

Let
Hi(T, 0) = v/nbu{f;"(w) — Ef%:n(w))
On

and denote by ﬁ,?’e” the empirical cdf of Uf“, Ut
We begin by stating several generalizations of the results in [23]. The proofs of those results are very similar to the
corresponding proofs in [23] and are omitted for the sake of brevity.

The following statement can be proved similarly to Lemma A.4 in [23]: for arbitrary intervals Aq,...,A, C [0, 1]
define & = miny<j<p A(A;). Then there exist constants C and d that depend only on p and K, ..., K, and py, ..., pp from
assumption (C) such that, for all wq, ..., wp € R,

cum{dy (@), ... d;’jg(wpm < C{|An(@1 + - - - + wp)| + 1efIn(e)] + 1}°. (A3)

Utilizing this statement and following the proof of Lemma 1.6 in the Online Supplement of [23], we find that, for any
k € N, there exists a constant d; such that, as §, — 0,

sup V/nFY(x) — FVO(y) — x 4 y| = Op{(n?8, + 1)V (8,[In 8, |% + n~1)1/2). (A4)
x,y€[0,1]
|x—=y|<dn

This equation combined with the arguments in the proof of Lemma A.6 in [23] shows that, for any k € N,

sup sup [dVE(w)| = Oy(n'/2T1K), (A5)
weFn tel0,1]

Now Egs. (A.3), (A.4) and (A.5) can be used to replace Lemma A.2, Lemma 1.6 (Online Supplement), and Lemma A.6
from [23] in the proof of Lemma A.7 in [23] to show the following: if §,, = O{(nbn)‘l/y} for some y € (0, 1), then

sup sup [Hn(u, @) — Ha(v, @) = 0p(1). (A.6)

@€R u,ve[0,112, |lu—v]| <8y
We are now ready for the proof of (i). In view of Theorems 1.5.4 and 1.5.7 in [30], it suffices to show
(i1) Convergence of the finite-dimensional distributions
{Hu(7j, 0j)}j=1.....k ~ {Ho(Tj, 0j)}j=1....k

for any (7j, wj)) e T x Rwithj e {1,...,k} and k e N.
(i2) Stochastic equicontinuity: For any x > 0 and any w € R,

lim lim sup Pr{ sup |Hp(u, ) — Hy(v, w)| > x} =0.

30 n—sco u,0e[0,112, u—v]| <5

Proof of (i2). Apply Lemma A.2 from [23] with L = 3 to obtain

2
sup sup E|Hy(ut, @) — Ha(v, @) <K Y g(€)*7/(nb,).

weR lu—vl|;<e par

Here, condition (A.2) from Lemma A.2 in [23] is satisfied with g(x) = x{|Inx|+1}¢ by (A.3). With ¥ (x) = x° the Orlicz norm
IX|l¢ coincides with the Lg norm ||X|ls = (E|X|®)!/® so that we have, for any « < (0, 1) and sufficiently small |la — b1,

IHa(u, @) = Ha(v, @)llw < C{llu = v|l§/(nby)? + lu — v||3*/(nby)' + [lu — v]3).
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To complete the proof of (i2), follow the arguments in the proof of Theorem 3.6, step (i2), in [23]. Replace Lemma A.7
therein by (A.6) to obtain for all x, © > 0 and y € (2/3, 1),

8C (M 6

lim lim sup Pr{ sup  sup |Hp(u, w) — Hy(v, ®)| > x} < {—/ 2_2/(37/)(12} .
10 n—oo u,ve[0,1]2 llu—vll1 <8 X Jo

Then (i2) follows since the integral tends to zero for u — 0.

Proof of (i1). We have to show, that for any 74, ..., 7 € 7,k € N where 7; = (17j1, tp) and w1, ..., wx 7 0 mod 27

all cumulants of {Hy(tj, wj)}j=1,...k converge to the corresponding cumulants of {Ho(tj, ®j)}j=1, .k Which by Lemma P4.5
in [7] gives the desired result. By construction,

E{H,(7,w)} =0

and
cov{Hy(T1. 1), Ha(T2, @2)} = nbpcov{f 5 (1), f2 5 (o)}
Under assumption (C) the random processes {1(Ut” < T11) ..., 1(Uf" < T)}ez satisfy a uniform version of

Assumption 2.6.2(2) in [7] while the weight functions W, satisfy Assumption 5.6.1 in [7]. A close look at the proof of
Theorem 7.4.3 and Corollary 7.4.3 in [7] shows that all proofs go through without change and lead to the representation

nbycov{f o (an). M (o)} = 2”/ w( du{f(m (@ (o) (@ = @)

@~ 1@ = 27 — )] + 0(by) + Of(nb) "),
Next we note that

sup [ff"(w) — f‘9°(w|<ZSUPICE" )= (1) = o(1)

€T, weR heZ

by dominated convergence. Hence

nbacov(fiir(en). flim(@) — 2x [ WAwdulf®, (@02, o (—onler = o)

712,722
-

8 (1S~ U =27 — ).

711,722

To complete the proof, it remains to show that the cumulants of order K > 3 vanish as n — oo. With 7; = (tj1, Ti2)
forallie {1,...,K}, we have

cum{Hp(z1, 1), ..., Ha(7k, o)} = (nbn)K/ZCUm{frl{ (), .. fff(‘g,é‘(wx)

n—1

= (2P n P (b )2y ZWn(an —27s1/n)- - - Wk — 275 /n)
s1=1 sg=1

xeum ] it (s mdlin(~2msi/m), ... din (s /e, (~2msi /m).

To see that these cumulants tend to zero we will need arguments similar to those used in Step 2 of the proof of
Lemma A.2 in [23]. Applying the product Theorem 2.3.2 in [7] to the last cumulant leads to

cum{d”ﬂ (2msy /m)dYfn (—2s /), ..., d%n (ZnsK/n)dgg'jn(—zns,(/n)]

Z 1_[cum[d?{.}f?ﬁ{(—l)i“sgn/n}; (i,)) € vk], (A7)
=1

where the sum runs over all indecomposable partitions (vy, ..., vy) (see [7], p. 20) of
(L) (1,2)

K.1) (K.2).

Note that an indecomposable partition consists of at most N < K + 1 sets. Now by (A.3) the absolute values of those
cumulants are bounded by

ansc ¥ 1‘[[ JZ S evrsfi]=c 0% [TafE S ey

(V1,0 0N) k= (i.j)evk (v1,...,un) IC{1,...,N} kel (i,j)evg
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where C is some constant that depends on K and the constants K, and p, with p € {1, ..., 2K} from assumption (C) only.
Furthermore, since

n if w € nz,

An(2meo/n) = {0 if w ¢ nZ

we have that for each combination of v = {vy,..., vy} and I C {1,...,N}
2 :
[T} 2 c0sf =0
kel (i,j)evg
unless
Vvkev:kel Z (_l)j_HSi € nZ.
(i.j)evk
In the latter case,
2 ;
[Tal2 ¥ s
kel (i,j)evg
Now we can restrict the sum over the indices (s, ..., Sg) to the set
s ={G1 s e e n =1 Yyaua Y (~1*5 e nz).
(i.j)evk

To complete the proof, follow the arguments starting at the bottom of p. 16 of the Online Supplement in the proof
of Lemma A.2 in [23] (note that the supplement states this as “proof of Lemma 7.2”). First, note that S(v, I) is empty for
Il =K+ 1and

K
Z ]_[|wn m—2nsm/n)|nAn[27n S tsh = 3 T Waton — 2asn/min"

,,,,, sg=1m=1 kel (i,j)evg (51,---»SK )ES(V,I) m=1
—O{(b )III LIT/N] K= (\H—LIII/NJ)n\lI}’

where the last equality follows from the arguments around Eq. (1.26) in the Online Supplement of [23]. Finally, the number
N of indecomposable partitions does not depend on n, so that cum{H,(t1, w1), ..., Hy(tx, wk)} is of order

n_3K/2(bn)K/2 maxmax(b;l)‘”_U”/NJnK_(“I_“”/NJ)n“' — O{(nbn)l_’(/z},
N<K |I|<N

which tends to zero for K > 3. O

Proof of (iii). Following the proof of Lemma A.3 and the arguments in the end of the proof of Lemma A.4 in [23] and
using (C) it is straightforward to prove that w — f?(w) is infinitely often continuously differentiable (for any z € (0, 1)
and 0 € U,(0y)) and that there exist constants C, d that are independent of 74, 15, 6 with

@ @
—f (@) — —f? (0)| < CllT1 — T2l {1+ In 171 — 2 ]11}% (A8)

sup da)’ 7

weR, el () | d/™ ™!

Moreover, the proof of Lemma A.5 [23] can be modified to obtain (recall the definition of FU +6n

proof of (i)):

at the beginning of the

sup |(FY%)~1(z) — z] = 0,(n~ /). (A9)
t€l0,1]

As in [23] (A.4), it follows that, for any k € N, we have

L=nsup [FV0n(7) — FYOn(z =) < 0,(n"/2),
7€[0,1]

sup sup |d; n(@) — d,

~U,6;
weR 7€[0,1] (Fy ")~ 1)

where FU On(g i—) = limgyo I:",f”e"(r — &) and the last inequality follows from (A.4). The remaining part of the proof is
analogous to the arguments given in Section A.3 of [23] and details are omitted for the sake of brevity. O
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Proof of (iv). Begin by observing that for some constant Cy that depends on W only, we have, for any 7 € [0, 1]?,

—_

|EfY:0n(w) — Efpr ()] < Z;—n [Walw — 27s/n)| x [E{Y5(2ms/n)} — E{IL°(27s/n))|

s=1

< Cw max IE{Y ()} — E(IZ 2 ()}] = Cw max | -— Z e (ch (1)~ 0 (1)
" weFn o
G

|t1|<n keZ keZ

Now under (C) we have |C,f”(t) - C,f"(r)l < ZKZpy". Hence, for any fixed N € N we have by (LC)

4K N+2
2 Ikl 20,
su " —C0 < su C 4K: (2N 4+ 1)||6, — 6 _—
le C@I= D0 p| S+ 4K Y oy < N+ 1lI6 = 6oll + —= ps
T kez Ikl<N T k>N
Now by assumption |6, — 6| = O(n~"/2), so picking N = C In(n) for a constant C > 0 such that 4K, pS "™ = o(n~1), we
obtain

SUPIEf”"(w) Ef7° () = O(Inn)||6, — 6oll = o(v/nby)

since by assumption nb, = o(n'~"/*1) for some k e N. O

Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmva.2019.03.003.
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