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1. Introduction

Semiparametric models with a large number of predictors have frequently appeared in contemporary statistical studies.
Various semiparametric models have been proposed to achieve a balance between modeling bias and the “curse of
dimensionality”. One model of importance is the varying coefficient partially linear model (VCPLM). Suppose that Y is a
response variable and (U, XT, ZT) are the associated covariates. The VCPLM takes the form:

Y=XaU)+Z"8+¢, (1.1)

where ¢(-) = (a1(-), ..., aq(-))T is a g-dimensional vector of unknown regression functions, 8 = (84, ..., ﬂp)T is a p-
dimensional vector of unknown regression coefficients and ¢ is an independent random error with E(¢|X, Z, U) = 0 almost
certain. Model (1.1) consists of the unknown regression parameter vector 8 that serves as the parameter of interest and the
unknown coefficient function «(-) that is taken as the nonparametric nuisance component.

The VCPLM is, of course, an extension of the partially linear model and the varying coefficient model [6] and has attracted
much attention. Examples can be found in the studies of Li et al. [9], Xia et al. [21], Ahmad et al. [1], Fan and Huang [5], You
and Chen [22], Li and Liang [10], and Zhou and Liang [23]. Lam and Fan [8] investigated the generalized varying coefficient
partially linear model (GVCPLM) when the number p of the parameters § grows with the sample size. They consider the
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profile likelihood ratio inference for the GVCPLM with a growing number of parameters. Li et al. [11] have also employed
the empirical likelihood to study this model with a growing dimension p of parameters of interest.

In this paper, we are interested in inferring the parameter vector 8. To investigate the accuracy of the estimator of
B, the confidence region of 8 often needs to be constructed. One classical method is to use a normal approximation and
sandwich formula and the other typical nonparametric approach is to apply the empirical likelihood method. If the normal
approximation is used, we need to estimate the limiting variance or covariance matrix of the estimate of the parameters of
interest. However, in nonparametric and semiparametric regression settings, the estimate of the variance or the covariance
matrix is often complicated and inaccurate. In addition, the confidence region derived from the limiting normal distribution
is predetermined to be symmetric, which may not be adequate when the underlying distribution is typically asymmetric.
To avoid estimating the variance or the covariance matrix, the likelihood ratio or empirical likelihood is often used as an
alternative. When the model has a known likelihood (or a known quasi-likelihood framework), the profile likelihood can be
applied; see, for example, [15,17,16,3]. In this case, if the “least favorable cure” for the nonparametric function can be well
defined and consistently estimated, the limit of the likelihood ratio is tractable. In addition, although the empirical likelihood
method avoids estimating the variance or the covariance estimate of the parameters of interest and has many advantages in
the construction of confidence regions, the limit of the empirical log-likelihood ratio is no longer a chi-square variable while
a weighted sum of chi-square variables with unknown weights when there are infinite-dimensional nuisance functions.
Thus, there is a need to investigate bias-corrected techniques (see [25,12,24]). Furthermore, when the semiparametric model
cannot be expressed as a regression framework, one has to estimate a conditional expectation, making the bias-correction
procedures complicated and likely to be inefficient. This motivates us to propose a new method for drawing inferences
for B.

To overcome the problems discussed above, an alternative approach via the smoothed score function was proposed by
Manski [13,14]. However, the smoothed score function cannot be used to draw inferences for 8 due to the slow convergence
rate of the nonparametric estimation. In this paper, we investigate a profile-type smoothed score function that is different
from those proposed by Severini and Staniswalis [16] and Severini and Wong [17]. This general methodology can be
employed in many semiparametric models in which nonparametric nuisance functions (infinite-dimensional nuisance
parameters), such as the varying coefficient partially linear model (1.1) are included. Unlike prior analysis of relevant models
which have an infinite-dimensional nuisance parameter (e.g., [17,16,8]), the following conditions need not be assumed
in investigating this profile-type smoothed score function: the distributions of the variables involved are given, a quasi-
likelihood framework applies, a higher order kernel and under-smoothing are used to reduce the bias, and the least favorable
curve applies.

The rest of the paper is organized as follows. In Section 2, the varying coefficient partially linear model is considered and
the profile-type smoothed score function for parameters of interest is proposed. In Section 3, the theoretical results of the
resulting profile-type statistic are investigated under some regularity conditions. In Section 4, simulation studies are carried
out to assess the performance of the proposed method. A real data example is given for illustration. The technical proofs of
the main theoretical results are relegated to the Appendix.

2. Model and methodology

Let {(Y;; XiT, ZiT, U)),1 < i < n} be an independent identically distributed (i.i.d.) random sample which comes from
model (1.1). That is,

Yi=XaU)+ZB+e, i=1,...,n (2.1)

where €1, ..., &, are independent and identically distributed (i.i.d.) random errors with E (¢;|X;, Z;, U;) = 0. Note that in this
model, the distribution and variance of ¢; are not specified, and hence the profile (quasi) likelihood method is unavailable.
Let g(-) be the unknown density function of €. To draw inferences for the unknown parameter vector 8, we first introduce
the score function as an auxiliary vector

1 <& aﬁg(e B)
—_— i = 71 =
NG .§=1 n:i(B) E ogg(&i(B)) = E 2 (B)

i=1

1 8 EB)
=Y g 2.2
Vn = gEB) 22)

where g’(-) denotes the derivative of g(-) with regard to a parameter vector 8 and

d g'(&i(B))
ni(B) = — logg(ei(B)) = ————~1Z.
l B ge(B)
Note that {n;(8), 1 < i < n} are independent and E[7;(8)] = 0 when «(u) and B are respectively the true coefficient
function and the parameter vector. Thus, we can construct an estimating equation Z;’zl ni(B) = 0.
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Because 7;(B) in fact contains the unknown g(-), g’(-), «(-), a natural way of solving this problem is to replace them
with their consistent estimators. To this end, we first estimate the coefficient function using a local polynomial smoother
(see [4]). Rewrite model (2.1) as

Yi—Z{B=XaU)+e, i=1,...,n, (2.3)
where a(u) = (o1 (u), ..., o4 (u))". Obviously, if 8 is known, (2.3) is a version of the usual varying coefficient model. Thus,
the local linear regression approximation can be used to estimate the coefficient functions {¢;(-), j=1,...,q}. Forvina

neighborhood of u, approximate each «;(v) by
oj(v) i) + i (v —u) =g+ blv—w), j=1,...,q. (2.4)

Denotea = (aq, ..., aq)T andb = (bq, ..., bq)T. For any fixed B, a local linear fit is defined as the following solution of the
weighted least-squares problem: finding a and b to minimize

D Y — X[ @+ b(Ui — w) — Z] YKy (Ui — u), (2.5)
i=1

where K;(-) = K(-/h)/h, K(-) is a kernel function and h represents the size of the local neighborhood called a bandwidth.
The kernel function is introduced to reflect the fact that the local model (2.4) is only applied to the data around u. It gives a
larger weight to the data closer to the point u. Let a and b be the solutions of the minimization of (2.5). Then

[a’, hb']" = (DTW,D,) " 'DIW, (Y — Z8), (2.6)
where
U —u
T 1 T
Xi h Xi Zn o Iy
D,=|: ; L =)' =0 ],
x§ Unh— uxz Zn o Znp

Y=(Y,....Y)", W, =diag,(U; —u), ..., KU, — u)).
Note that 4 and b thereby typically depend on 8. If 8 is given, we can estimate « (u) by
a(u, ) = (Ig, 09) (D,W,D,) ™ "D, W, (Y — Z8), (2.7)

where I; denotes a g-dimensional identity matrix and 0y is the g x g matrix with all the entries being zero. Substituting the
estimate & (u, 8) into (2.3), we then have the following approximate residuals:

&(B) =Yi—Z{p—X[a(U;, B)

n
=Yi—Z[B— ) Su(Vi —Zip)
k=1

:Yi_ﬁ_ﬂ.r(zi_ii)7 i:1a~"7n7 (2'8)

where Y = (Y1,....V) = SY,Z = (Z,...,Z,)" = SZ, Sy is the (i, k)th element of the smoothing matrix S, which
depends only on the observations {(U;, X;), i = 1, ..., n}, with

(x{oT)(DZ1 w,,,IDul)”D;wul
S= :
(X10")(D] W,,D,,)"'D] W,

From (2.7) and (2.8), we can estimate g(&;(8)) and g’(&;(8)) respectively by

n 1¢ N N
EE(B) = — D Ln(Ei(B) — E(B)), (2.9)
j=1

P I, R
F@EP) = Y LGB — 5B, (2.10)
j=1
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where Ly (-) = h™'L(-/h) is a kernel function and h is a bandwidth that depends on the sample size n. We plug the estimators
a(u, B), g(¢;(B)) and g’ (;(B)) into n;(B) in (2.2), respectively. A plug-in estimating smoothed score function can be defined
as follows

1N 2G),,
i Z. 2.11
Z”(ﬂ) f, < 8B @10

Although each component of —= Zl 1 Mi(B) is asymptotically zero when f§ is the true parameter vector, such replacement

slows the convergence rate and results in non-negligible bias and enhanced variance because the convergence rates of
the plug-in estimators &(u, 8), £(8:(8)) and §'(¢;(B)) are slower than n~/2 when an optimal bandwidth is adopted
(see [4]). Thus, we cannot draw inferences for 8 directly from (2.11). Furthermore, such replacement ignores the functional
dependence of @ (U;, B) in (2.7) on B implicitly. From (2.8), note that £;(8) contains the estimated coefficient function
& (U;, B), which is dependent on the unknown parameter vector 8. To make inferences for 8, we define the profile-type
smoothing score function (PSSF) as follows:

PSSF(B) = —= Zm(ﬁ) [Z—logg(e(ﬁ))

L& ®B) (& (,3))
ape T £
— Z), (2.12)
f Z] 8E(B) Z Gy B E
where Z- = ZZZ] SikZy. Note that the second component in (2.12) vanishes in a solely parametric framework or if

the estimate &(-) does not depend on B. In general, the profile-type score function in semiparametric models has two
components. Wang et al. [19] propose a similar procedure for a marginal generalized semiparametric partially linear model
with longitudinal/clustered data. This modification turns out to be the key to constructing the confidence regions for 8. As
shown in Section 4 and later illustrated in the simulation, the asymptotic property of PSSF() is insensitive to the choice of
bandwidth. For example, the optimal bandwidth h of order O(n~'/>) can be used.

3. Theoretical results

Throughout the paper, let I'(u) = EXX'|U = u), ®(u) = E(XZ"|U = u) and u(u) = &7 (u) "' (u). In this section, we
establish the asymptotic result for PSSF(8) defined in (2.12). We need the following conditions to derive the main results.

(C1) The random variable U has a compact support £2. The density function f; (u) of U has a continuous second derivative
and is uniformly bounded away from zero.

(C2) The density function g(-) of ¢ is bounded away from zero on 7 and satisfies the Lipschitz condition of order 1 on 7
where 7 is a bounded support set of R.

(C3) The q x q matrix I"(u) is non-singular for each u € £2. I'(u), I"(u)~' and @ (u) are all Lipschitz continuous.

(C4) {ai(-), i=1,...,q} have continuous second derivatives inu € £2.

(C5) The kernel functions K(-) and L(-) are the bounded symmetric density functions with bounded support.

(C6) The bandwidth h satisfies that nh® — 0 and nh®/(logn)® — oo.

(c7) Tglaerle isans > 2 such that E|Z|* < oo, E||X||® < oo and E||u(U)X||* < oo for some § < 2 — s~ ! such that

“th - oo.
(C8) V(B) and ¥ = E{e(Z — ®T(U)I"~1(U)X)}®? are the positive definite matrices, where A®? = AAT.

Note that the above conditions are assumed to hold uniformly in u € §2. Conditions (C1)-(C5) are also found in the study
of Fan and Huang [5]. These conditions are actually quite mild and can be easily satisfied. Condition (C6) gives a range of
bandwidths from O(n~'/3 log n) to O(n~'/#) that includes the order of optimal bandwidth. Condition (C8) ensures that there
exists an asymptotic variance for the estimator of .

For the sake of convenience, let V(8) = 1 Y"1 #;(8)A] (B), where

. _8'Gi(B)
Hi(B) = = (Zi — Z)
g(Ei(B)
is defined in (2.12). We first give the following Proposition 1 which is a crucial theoretical result of this article and the key
to investigation of the asymptotic properties of PSSF(B).

Proposition 1. Assume that conditions (C1)-(C8) hold. If B is the true value of the parameter vector, we have

PSSF(B) = —= Y &(B) + 0p(1), (3.1)

1
N
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and
V(B) =V(B) + op(1), (32)
where &(B) = —gg’fjif;g;; (Z; — @T(U) "1 (U)X;) and V(B) = Cov(£(B)) is a positive matrix.

Theorem 1. Assume that conditions (C1)-(C8) hold. If B is the true value of the parameter vector, we have

PSSF(ﬂ) 4 N, V(B)), (3.3)

where “ " denotes the convergence in distribution and V (B) is defined in Proposition 1.

To construct the confidence regions of 8, we first define the following asymptotic profile-type statistic:

£(B) = PSSF' (B)V ' (B)PSSF(B), (3.4)
where \7(;23) can be obtained by using the plug-in method, then
AL T
It AGIC PR EAGUDPS (35)
= 8(&(B)) 2B

with éi(ﬁ) =Y;— ZITB — Xf&(U,-, B). From (2.1) and (2.8), B is the profile least-squares estimator of 8 defined by

n

N 1 N
B arg min (n > - xlau, p) - ZiTﬁ}z)

i=1

!Z(zf —Z)(Z - Z-)T] > @i —Z)(Yi - Y. (3.6)
i=1 i=1

Theorem 2. Assume that conditions (C1)-(C8) hold. If B is the true value of the parameter vector, we have

L(B) LN Xs as n— oo, (3.7)
where Xp denotes the chi-square distribution with p degrees of freedom.

As a conclusion of Theorem 2, i(ﬁ) can be used to construct a confidence region for 8. More precisely, forany0 < o < 1,
let ¢, be such that P(x; > ¢,) < 1 — . Then

L) = (B eR : £(B) < )

constitutes a confidence region for § with asymptotic coverage 1 — «.

4. Numerical studies

Throughout this section, we use the quartic kernel K(u) = 15 =(1— u? ‘» and use a “leave-one-sample-out” method to
select the bandwidth h. This method has been w1dely applied i m practlce (see for example [2,5,23]). We define the cross-
validation score for h as CV(h) = n~! Z: N X an—i(U;) — ZT,B_I} where ,B_l is the profile least-squares estimator
defined by (3.6) and is computed from data w1th measurements of the ith observation deleted and &y, _;(-) is the estimator
defined in (2.7) with 8 replaced by B,i. Then cross-validation smoothing parameter h¢, is then the minimizer of CV(h). That
is, he, = argmin,CV(h). Next, we use the same quartic kernel K (u) to estimate the density function g(e(8)). Theoretically,
in the argument in (2.9), the bandwidth for the density estimator g(&;(8)) can be taken as the same as the bandwidth for
the local polynomial smoother & (-) and this does not impact our theoretical result. We therefore use the same bandwidth
h to estimate the density function g(e(f)).

4.1. Simulation study

In this subsection, we present the results of Monte Carlo simulations to illustrate the finite sample performance of the
proposed method. Our simulated data were generated from the following model:

Yi = X a(U) + 2] B + & (4.1)
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Fig. 1. The plot of the true density and the estimated densities for three bandwidths. The left panel shows a standard normal distribution with h., = 0.3319.
The middle panel shows a mixture normal distribution with h., = 0.3621. The right panel shows a standard t-distribution with three degrees of freedom
and h., = 0.4022.

In our simulation study, the covariate U; is uniformly distributed on [0, 1], the nonparametric component o (u) = (a1(u),
o> W) with ¢ = 2 in which X;; and X;, are independent and normal with mean zero and variance 0.8. Because we take
two-dimensional parametric components 8 = [1.5, —2.5]7, the covariable Z; is a two-dimensional normal random vector
with mean zero and a covariance matrix (oy;) with oj; = 0.5/, Furthermore, the varying coefficient functions are given as

a1(u) = exp(—u?) +sin(2ru) and @y (u) = 2u(1 — u) — cos(wu).

In the simulations, we draw 1000 random samples of sizes n = 200, 400 and 600 from the above model, respectively.

The first aim of these simulations is to study the performance of the proposed method for three model noises. The three
model noises ¢ are generated from the following three different distributions, respectively: the standard normal distribution,
the mixture normal distribution 2/3 % N(0, 1/2) 4+ 1/3 % N(0, 2), and the standard ¢t-distribution with three degrees of
freedom. To demonstrate the insensitive bandwidth for the density estimator g(&;(8)), we take the smoothing parameter at
three values h = 0.5 % h¢,, h = 2 % h¢, and h = 4 % h¢,, under the three different distributions. The plots of the true density
function and the estimated density function with the sample size n = 400 at the three different levels of bandwidth are
presented in Fig. 1. The optimal bandwidths are about h., = 0.3319, 0.3621 and 0.4022 for the above three model noises,
respectively. Fig. 1 shows that the proposed method is insensitive to the choice of bandwidth.

The second aim of this simulation study is to construct the confidence regions of parameters 8 of interest. We consider
two approaches for comparison: the profile-type smoothed score function (PSSF) approach and normal approximation by
the profile least-squares estimator (PLS). Similar to the results of Fan and Huang [5], the profile least-squares estimator
defined by (3.6) can be proved to be asymptotically normal as follows:

VIBE 2B - B) -5 N(O, 1),

where B = E(Z,Z!) — E[@T(U,) "~ 1(U;)@(Uy)] and X is defined in condition (C6). To construct confidence regions, we
also need to estimate the asymptotic variance of the form:

PO N A O QL A .
B=-> @&-2)@-2)', = ;e?(zl- ~Z)(Z - 7)),

i=1

where &, = Y; — XiToz(Ui, ,3) — ZITB The confidence regions and their coverage probabilities with the nominal level
1 — o = 0.95, are computed. The comparison is made through the average coverage probabilities and the average area
of the confidence regions for three sample sizes n = 200, 400 and 600. Because the two methods are similar in terms of
coverage accuracy, we present only the confidence region plots for the sample size n = 400 here.

Table 1 reports the simulation results for the average coverage probabilities and Fig. 2 reports the confidence regions.
From Table 1 and Fig. 2, we can see that the average coverage probabilities and the sizes of the confidence regions estimated
by each method are about the same when the model noise ¢ is generated from the standard normal distribution. This shows
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Table 1

Coverage probabilities of (81, S2) with 95% nominal level.
n PSSF PLS

N(O, ]) Nmixa t(3) N(Ov 1) Nmixél t(?’)

200 0.9340 0.9370 0.9360 0.9330 0.9310 0.9320
400 0.9420 0.9450 0.9450 0.9430 0.9420 0.9390
600 0.9480 0.9490 0.9480 0.9470 0.9460 0.9460

2 Nmix denotes the mixture normal distribution.

-23 -2.3 T T T T T -2.3 T T T T
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betat

betal

betal

Fig. 2. The confidence regions for three model noises. The left panel shows a standard normal distribution. The middle panel shows a mixture normal
distribution. The right panel shows a standard t-distribution with three degrees of freedom.

Table 2
Coverage probabilities for 8; and 8, with 95% nominal level.
B n PSSF PLS
N(0, 1) N t(3) N(, 1) N t(3)
B 200 0.9280 0.9320 0.9290 0.9290 0.9310 0.9270
400 0.9390 0.9430 0.9410 0.9380 0.9420 0.9380
600 0.9470 0.9490 0.9470 0.9470 0.9480 0.9460
B 200 0.9320 0.9350 0.9310 0.9290 0.9330 0.9300
400 0.9410 0.9450 0.9420 0.9390 0.9440 0.9380
600 0.9470 0.9490 0.9460 0.9450 0.9470 0.9450
2 Nimix denotes the mixture normal distribution.
Table 3
Average lengths of the confidence intervals for 8; and B, with 95% nominal level.
B n PSSF PLS
N(O, 1) Né t(3) N(O, 1) mix t®
B1 200 0.1261 0.1183 0.1231 0.1255 0.1202 0.1247
400 0.1108 0.0994 0.1102 0.1129 0.1026 0.1128
600 0.0955 0.0857 0.0947 0.0984 0.0901 0.0979
B2 200 0.1259 0.1136 0.1261 0.1332 0.1311 0.1348
400 0.1098 0.1025 0.1107 0.1164 0.1103 0.1162
600 0.0946 0.0853 0.0945 0.1009 0.0908 0.1021

2 Nmix denotes the mixture normal distribution.

that the PSSF method achieves slightly higher coverage levels than the PLS does, while the PSSF-based confidence regions
are smaller than those obtained by the PLS when the model noises are the mixture normal distribution and the standard
t-distribution with three degrees of freedom.

The proposed method can also be used to construct the confidence interval for one component of the regression
parameter. For example, we can construct the confidence interval of 8; while we replace 8, by its consistent estimator
(such as PLS estimator). The average coverage probabilities and average lengths of the confidence intervals for 8, and S,
are given in the following Tables 2 and 3, respectively. From Tables 2 and 3, we further see that the PSSF method performs
better than the PLS method.
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Fig. 4. 95% confidence regions for the coefficients (8, 8,) of the sales and assets variables.
4.2. Areal data example

We now illustrate the proposed method through its application to CEO data and compare it with the profile least-squares
(PLS) method. The CEO dataset was collected from Forbes’ 1999 list of Corporate America’s Most Powerful People. The CEO
sample contains 447 observations and 7-non-constant independent variables: salary (1999 salary + bonuses), totcomp
(1999 CEO total compensation), tenure (number of years as CEO, tenure equals O if less than 6 months), age (age of CEO),
sales (total 1998 sales revenue of firm), profits (1998 profits of firm), assets (total assets of firm in 1998). For simplicity of
notation, the covariates of age, tenure, sales, assets, totcomp, and profits are denoted respectively by U, X3, Z1, .. ., Z4. The
dataset is standardized to zero mean and unit variance to ensure the comparability of the different variables. The following
model is then considered

Y = a1(U) + oa(U)Xa + B1Z1 + B2Zs + B3Z3 + BaZs + &, (4.2)

where response variable Y denotes the CEQ’s salary. The quartic kernel is employed to estimate the coefficient functions and
the density function of ¢, and the cross-validation (CV) method is used to select the bandwidth h., = 3.7593. We obtain the
profile least-squares estimators (0.1292, 0.2801, 0.2553 and 0.0961) of (81, . . ., B4). The Q-Q plot and the density function
curve (Fig. 3) of the residual & show that the model error does not have a normal distribution and the distribution has very
heavy tail.

To compare the PSSF method with the PLS method, we obtain the 95% confidence regions for the coefficients (8;, 82) of
the sales and assets variables that are shown in Fig. 4. We also obtain similar results for other coefficients but we omit them
from this paper. From Fig. 4, we find that the PSSF-based confidence region is smaller than that based on the PLS.
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Appendix. Proofs of the main results

For the sake of convenience, let c(0 < ¢ < o0) denote a constant that does not depend on n but takes a different value at
each appearance. The following notations will be used in the proof of the lemmas and theorems. Let u; = f u'K(u)du, v; =
Ju'K?*(u)du,andi = 1,2, 3, 4.

Lemma 1. Suppose that conditions (C1)-(C6) hold. If h — 0 and nh — oo asn — oo, then letting ¢, = {l"ﬂ}l/2 + h? and

1 nh
d, = ()",

U —u\'
sup — Zmu—m(’ )Xij(’?i=oP(dn)a

ue2 M h
1

sup |- ZKh(U. —u)< p ) Xij, Xij, — fu W T, (W) | = Op(cn),
1

sup | Zmu, - u)( ”) XiZi — fy W) ®j(w)| = Op(cy),

whereji,jo, j=1,...,q, k=1,...,p, | =0,1,2,4, I},;,(u) is the (j1, jo)th element of I" (u) and ®j(u) is the (j, k)th
element of @ (u).

Because the proof of Lemma 1 is similar to that of Lemma A.2 of [20], we omit the details here.
For any given parametric component S, the following lemma provides the consistency rate of the estimators of
nonparametric functions. Let «tj(u) denote the jth component of o (u), j=1,...,q.

Lemma 2. Under the conditions of Lemma 1, as n — oo, we have

la(u, B) — a()ll = Op(cy), (A1)
and

max sup |&;(u, B) — oj(u)| = Op(cn) (A2)

15j=que@

holds uniformly in u € $2, the support of U.
Proof. We first present the proof of Eq. (A.1). Let

n ; U,‘-Ll l
5,7,1=ZKh(Ui—u>xixi< . ) =012

i=1

T 5 S
Duquu <;:? 5:;) ’

Each element of the above matrix is in the form of a kernel regression. By Lemma 1 and some elementary calculations, we
find that

Snt = nfy (W pil” () (1 + Op(cn)) (A3)
holds uniformly in u € §2. By (A.3), we also see that

D} W.D,, = nfiy () (1) ® (}) ;’2) {1+ 0p(cw)) (A4)

holds uniformly in u € £2. By (2.7) and (A.4), we have

&, B) = [nfy@ I @]~ Kn(U; — wXi(Yi — Z{ B) + Op(ca)

i=1

= [fu T ] Ki(U; — wX; (X a(Uy) + i} + Op(ca). (AS5)
i=1
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Applying Lemma 1, similar to the calculation of (A.3), we can easily show that

1 n
> Ki(Us — XX U = o e @(1 + 0p(cy)) (A6)
i=1
and that
> KU~ Wiy = 0p(D) (A7)
i=1

holds uniformly in u € £2. By (A.5)-(A.7), @(u, B) = a(u) + Op(c,) holds uniformly in u € §2. This completes the proof of
Eq. (A.1).

To prove (A.2), similar to Xia and Li [20], we further decompose &;(u, B), j = 1, ..., g. Without loss of generality, we
only consider & (u, 8). For convenience, let Ky, (u) = Ky (Ui —u), S; = Xiz, - - ., Xig)» Ti = (Xi1, - . ., Xig). Without confusion,
we let V; = (S;, (U; — u)T;) although it relates to u. Following Lemma 3 of [7], we have

3 K () Xy — JoH VX @(Up) — ) — o' (U — 1)) 3" KW (Xin — JoH VD)

& B) =ar(w) + = . + =
3 Kin (W) (X — JuHy 'V])2 > Kin(w) (X — JoHa 'V])2
i=1 i=1

= o)+ +1p,

where

u U —u
) th(u)s 5 hZK,-h(u)< - )S,-T Ti
Ho = Y KnVivi=|
i=1

2
hZKm(U)( )T Sk ZK,h(u)< u) T!'T;
- Pn hRn
— \hR] h*Q,)°

= Y Kn@XaV; = (Z Kin(U)Xi1Si, hZK.h(u)( )x,m)
i=1

= (Ana th)-
Let A(u) = (IMa(w), Ms(), ..., INg(W)), P(u) = (I3j(W);, j=2....q and Q) = (I}j(u))ij=1.....q- By Lemma 1 and condition
(C5), it is easy to show that

=

1 1 1
—Ay = fuAW) + 0p(cr),  —By=0p(c)ly,  —Ry=0p(ca)1g11y,
n n n (A8)

1 1
EQn = fuW)u2Q (u) + Op(cn), EP" = fu(W)P(u) + Op(cy).

Here 1, is the g x 1 vector with 1 as all the elements. It can be seen that P, is a symmetric matrix and its inverse exists,
then

H'=

n

Py ' 4+ h?P 'R, K, 'RIPT —hP R, K
—h¥, 'RTP,! x,! ’

n
where K, = h*(Q, — R'P,'R,), and
JHy ' = (AP 4+ R?AP R, K IRLPT T — W2B K, 'RLP Y, —hALP TR, KT+ hB KLY,
JoH, 'V = AP TSI + W2AP, 'Ry, TRLP, ST — 2By 'RUP ST — h(Ui — u)(AnP, 'Ra K, ' T — B, 'TT).
From (A.8), we have
JiHy 't = (AW P@) ™" + 0p(cn). Op(ca)1)),
JuHy Uy = nA@) (P W)~ "ATW)fy (u) + Op(cp).
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To deal with I; fori = 1, 2, we consider their denominator first. Note that
: imh(u)(xn —JuH, 'V = limh(u)x?] Ly
n — n 1 n — 1 n n n

Iy (u)fy () — A)(P(w) AT (W)fy (u) + Op(cy)

= fu(u) det(Q(w))/ det(P(u)) + Op(cy) (A9)
holds uniformlyinu € §2. Now we are in the position to handle I;. Using the Taylor expansion, o (U;) —c (1) —aj’ (W) (Ui—u) =
%a]f/(u*)(U,- —u)?, j=1,...,q where u* is a point between U; and u. By the Cauchy-Schwarz inequality, Lemma 1 and

condition (C4), uniformly over 1 < j < g, we have

12”:16 Xi1 — JoHy 'VHX (0i(U) —
n in (W) (Xin — Jn n i) ij(aj( i) aj(u))
i=1
1< 1< 2
< {n ; Kin () (Xir — JuH, 'V)? - ; Kin (W)X (o (Uy) — a;(u))z}

1/2
1< _ 1 & .
= {n D K@ (i = JaHy VDS KXo () Uy = u)‘*}
i=1 i=1

= c{[fu(u) det(Q (u))/ det(P(u)) + Op(ca)] - h*[afy (u) 1 (1) + Op(ca)1}'/?
= 0p(h?). (A.10)
From (A.9) and (A.10), we have |I;| = Op(h?). For I, we again apply Lemma 1 to obtain

n

1 r 1< U—u\.
— D _Kn@T e =0p(d), > Knw) ( =— | T/ei = On(c),
i=1 i=1

where d, is defined in Lemma 1. Therefore, we can obtain that
1< 1< 1< !
= K@ X — JnH, Ve = (1, =LH ) | = Y Kn@Tii, — Y Kin(u) (Ui — w)Tie
ni= i3 =

=q, —A(u)(P(u))*l)% > " Kin()T] & + Op(hcady). (A.11)
i=1

Combining (A.9) with (A.11) and invoking Lemma 1 again, we have |I;| = Op(d,). Thus, this completes the proof of (A.2). O
Proof of Proposition 1. Assume that 8 is known. From (2.8) and (2.9), we have
&(B) =Yi—Z{ B — X[ &(U;, B),

A 1 N A
EE(B) = — D Ln(Ei(B) — E(B)).
j=1

For simplicity, let H; = XiT (a(U;) — a(U;, B)). By Lemma 1 and condition (C5), and using the Taylor expansion, we have

An 1 A A
EEB) = — 3 LuE(B) — &(B)
j=1
1 n
=~ L&) — &(B) + Hy — Hy)
j=1
1< 14,
= =D _Lne(B) — (B + — 3 L (ei(B) — &(B)(Hi — Hy) + Op(cy)
j=1 j=1
=: g(&i(B)) + Rqi + Op(cp),
where

. 1
Rii = 8(ei(F) — g(e(B) + ~ > L (&i(B) — &(B) (H — Hy).
j=1
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Then
T 1 1
BE(B) &P 14 g (Rui+ Op(c))
1 Ry

- B l Op (Cn)- A12
s@B) By o (A.12)

From (A.12) and the definition of #;(8) in (2.12), and through some elementary calculation, we have

. g'EB), 1 1 ~ . &'E&(B) —g'(e(B)) p
i(B) = &B) — TP @ Uy r1UpX; — 2) — zZ -7
ni(B) = &(B) 2E(B) (@ (U= (Uy ) 2@ B) ( )
~ Ry;
g’ (& Z -1 Op(cn
+8 (&8 )[ 26 B)) + Op(c )]
= &(B) + M1+ Mz + M; 3. (A.13)

From (2.12) and (A.13), we obtain

1 & 3 1 <& 1 & :
PSSF(B) = 7 ;si(ﬂ) + k; (ﬁ ;Mi,k) = 7 ;&(ﬂ) + kzZ]Mk.

Thus, to prove (3.1), we need only to show that M, M, and M3 are of the order op(1). We first deal with My, a p-dimensional
column vector. Invoking Lemma 1 and the proof of Lemma 2, it is easy to show that

My = Z s ((‘9 @y U - 2)
1B
R 2 e O

g'Ei(B)?

Here 1, is the p x 1 vector with 1 as all the elements. Given that E (g(gv(g))z

1/2
(P& (EEBY L o
1M ]| = (n i§:1 (—g(&( ﬂ))> op<cn)) = Op(cn),

which implies that M; = op(1). Using similar arguments for My, we obtain

X, Ui, Z,-) < 00, we have

1 &KEEB) g EB) s
My, = —— y
’ Jﬁ; sy L
1 EEB) — @)

L e®)

(1Zi — @"(U) T~ (UDXi] + 1,0p(cn))

= MZ,l =+ Mz,z.
Basic algebraic calculation makes it easy to check that M, ; has a slower rate of convergence than M, ,. Therefore, we need
only to control the rate of M, ;. For simplicity, let u(U) = &T(U)I" "' (U) be a p x q matrix and let 1, (U) denote the kth
row of u(U), and Zy, = Zy — ur(U;)X; be the kth component of Z; — 1« (U;)X;. By conditions (C1)-(C3) and (C6)-(C7) and
Theorem C of [18], and by invoking independence from the other sample, we have

2
b1 g/(é,-<ﬁ>>—g/(e,-(ﬁ>>>2~z 1

M = — 7

[Mz,1]] (kE—l - ;:] ( 2&(B) ik

= Op(h* + (1/nh*)'?) = op(1).

By noting that |[M,|| < |[Ma.1]|+||M2.2]| and that M, , has a faster rate than M, 1, we can derive that M, = op(1). In addition,
by employing Lemmas 1 and 2, and invoking similar arguments for My and M,, we can see that M; = op(1). This completes
the proof of (3.1). A

We now prove (3.2). Let M = M; 1 + M;; + M; 3. From (A.13) and V(B) = % Yo (Bl (B), we have

% 1 - . T 1 - ) *T 1 - *5T 1 - s pxT
VB = L EBE B+ D EEMT D MIE B+ MM

N+ +)3+ s
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By the law of large numbers, it is easy to show that J; LN V(B). We now need to prove that J; = op(1),i = 2, 3, 4. For J,,
note that

1 1¢ BN
o= D EEML L D EEM + o Y EEM
i=1 i=1 =1

= Ja1 +J22 + J23.

Let J,1.,s denote the (r, s) component of J,; and let &; ,(8) and M; ;5 denote the rth and sth components of &;(8) and M; 1,
respectively. By the Cauchy-Schwarz inequality, we have

1 1/2 1o 1/2
a1l < (n > og (/3)) (n ZM?,u) : (A.14)
i=1

i=1

By condition (C8) and E(&;(8)) = 0 and using a similar proof to that of My, we find that % Z?zl f,(ﬂ) = O0p(1) and

% ZL] Mfls = 0p(1). Together with (A.14), these equations prove that J,; = op(1). Similarly, we can show that J,, = op(1)
and J,3 = op(1). Thus, we have J, = 0p(1). Looking at the structure of J3 and J4, we can see that they are very similar to that
of J,. Thus, using similar arguments to those employed for J,, we find that J3 = 0p(1) and J, = op(1).(3.2) then follows. O

Proof of Theorem 1. When f is the true value of the parameter vector, it is easy to see that £ (8) = ﬁ ZL &(B) isasum
of independent and identically distributed random variables. Note that

g'(e1(B)
ge1(B)

_ g'(e1(B)) T -1
= E{E |:g(81(,3)) (Z, - (UYr (U1)X1)|X1,21,U1“

—E{(Zy — ") (U)X))E ‘Lgl(ﬁ)))}.
{( 1 U= UnXy (g(£1(,3))

Note that for any given U, @ (U)I"~' (U)X is the projection of Z onto the space spanned by X. By this, it is easy to show that
E{(Z, — ®T(U)) " ~'(U1)X;1)} = o(1). In addition, by condition (C2), we have

g'(e1(B) /g/(el(ﬂ)) / /
(&P _ [ &&tP)) d _ ‘
(g(gl(ﬂ))) - 2(1(8)) g(e1(B))der(B) Tg (e1(B))der(B)

9
de1(B)

Therefore, we obtain that E(£(8)) = 0. By the central limit theorem, we can show that

E(&(B) = —E [ - ¢T(U1)F1(U1)x1>]

/ g(e1(B))der(B) = 0.
T

-1 n
T 26 % NO, V(). (A15)
i=1

where V(f) is as defined in Proposition 1. By (3.1) and (A.15) and the Slutsky theorem, the result holds. O

Proof of Theorem 2. By Theorem 4.1 of [5], it is easy to see that the profile least-squares estimator B defined by (3.6) is a

J/n-consistent estimator of 8. Together with (3.2), we then have \7(8) LN V(B). Therefore, Theorem 2 directly holds from
Theorem 1 and Proposition 1. We omit the details from this paper. O
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