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1. Introduction

Over the years, a very rich literature has evolved on modeling diverse phenomena by using a class of distributions which
is more robust and more realistic than the Gaussian distribution. In particular, as discussed for example in [1], elliptically
contoured distributions are a useful alternative to the multivariate Gaussian paradigm, not only in statistics, but in several
areas of applications such as actuarial science (see [7,11]), economics and finance (see [5]). Also, as explained in [ 18], many
test statistics and optimality properties associated with the Gaussian distribution case remain unchanged for elliptically
contoured distributions. For recent references about the advantages of elliptically contoured distributions, we quote [13]
and the references therein.

In this paper, we study an estimation problem of the mean parameter matrix of the random q x k-matrix whose distri-
bution is elliptically contoured. In particular, we consider the case where the target parameter 6 represents the mean of the
random g x k-matrix X whose distribution is elliptically contoured with a known covariance-variance. Further, we study the
case where some imprecise knowledge about the target parameter is available. By combining the sample information and
uncertain prior knowledge, we propose a class of shrinkage-type estimators for the parameter 6. Also, we establish the bias
and risk functions of the proposed class of estimators. Let X ~ &« (6, A ® £2; g) be a matrix random variate elliptically
contoured distributions with mean # and covariance-variance A ® 2, where A and £2 are known positive definite matrices
of rank g and k respectively, A ® B denote the Kronecker-product of the matrices A and B, and g is the probability density
function (pdf) generator.

Without further assumption, the problem considered is (to our best knowledge) insoluble. To this end, we concentrate
our study to the subclass of scale mixtures of normals. The subclass under consideration includes for example multivariate
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Table 1

Examples of pdf with the respective weighting functions.
Distribution pdf “fy (x)” The function “w(t)”
Gaussian Q)" ™2 1A= 5 1217 exp [-1g0@®)] s(t—1)

tm—4k/2-1 exp(—qqt/2)
@2 gkt > 0
90  ggt
e

Pearson type VI « (m, gk, qo) [1+ go(®)/qo]™™, m > qk/2

k 00) 2 T
t with qo d.f. K (@ qk, qo) [1+2(%)/go] %" L,t >0

er(g)

Gaussian, t, Pearson type Il and VII as well as Kotz. Formally, as in [6], the pdf of U = Vec(X) is assumed to be written as

fu®) :[ S (vec). 21 402) W@(2)dz, (1.1)
0

where f 4, x) denotes the pdf of a random vector which follows a normal distribution with mean g and variance-
covariance ¥, with w(.) a weighting function as defined for example in [6] and the references therein. For the convenience
of the reader, we present in Table 1 examples of pdfs which satisfy the condition in (1.1) along with their corresponding
weighting function w(.). To introduce some notations used in Table 1, let §(.) and I"(.) denote the Dirac delta function and
the gamma function respectively i.e.

/ 8(z)dz=1 and / f(2)8(z)dz = f(0) for every Borel measurable function f(.),
0 —00
I'(a) :/ t* lexp(—t)dt, « > 0.

0

Also, let

|AI"2 |22 I (m)
(qom) ™2 I (m — &)

go(®) =trace (A" x— )27 '(x—0)),  «(m, gk, go) =

It should be noticed that the proposed statistical model, for which the random sample satisfies the condition in (1.1), is
more general than that in [15] for which the matrix X is assumed to be Gaussian. Also, we generalize some identities which
are given in [10, Theorems 1 and 2], as well as their extension given in [15]. In particular, the derived results are useful in
computing the bias and the risk functions of the proposed class of shrinkage-type estimators.

Before presenting the class of estimators under consideration, let us point out that, in the absence of restrictions on the
parameter, X is the least squares estimator as well as the maximum likelihood estimator provided that similar conditions as
for example in [3] hold. However, when the parameter matrix satisfies some linear constraints, the unrestricted maximum
likelihood estimator (UMLE) is dominated by the restricted maximum likelihood estimator (RMLE). In intermediate
situations of uncertain constraints, the above estimators may perform poorly. More specifically, for the case where X is
a g-column random vector, it has been shown that if ¢ > 3, the James-Stein estimator dominates in mean-square sense the
UMLE X. In these scenarios, shrinkage estimators dominate the UMLE over the whole parameter space. Further, as we move
away from the hypothesized restriction, shrinkage estimators also dominate the RMLE.

More specifically, consider the estimation problem of the parameter matrix # when the parameter may satisfy the
following restriction:

L6 =d, 0L, = d (1.2)

with L1d, = diL,, where L; and L, are respectively p x g and k x m-known full rank matrices withp < qand m < k,
and d;, i = 1, 2, are known, respectively p x k and g x m-matrices. Note that the relation L1d, = d;L; is not an additional
restriction since this follows directly from (1.2); thus, this is the unavoidable consequence of the two previous constraints.
Accordingly, the constraint in (1.2) is more general than that given in [8, p. 168] in the context of multivariate linear models.
Following the interpretation given in the quoted work, the constraint in (1.2) may correspond for example to the case where
the population treatment mean profiles are parallel or rather identical. Below we give an example of application context
and two explicit motivating examples on the multivariate regression model for which the above constraint is useful.

1.1. Application context and motivating example

1.1.1. Application context

Consider the following multivariate regression Y = X + € where Y is the response n x m-matrix, X is a known (non-
random) n x k matrix, and € is an unobserved noise n x m-random matrix which is assumed to follow an elliptically contoured
distribution with mean 0. Several authors studied the inference problem concerning the parameter matrix 8 (see [12,13,17]
among others). As an illustrative application of the proposed methodology, we consider the estimation problem of § when
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this may or may not satisfy the restriction
Lip=dj, BL; =d; (1.3)

where L, L7, d}, d; are similar to Ly, L, dy, d, given in the constraint in (1.2). In this context, as explained in [17], the
constraint in (1.3) can be interpreted by viewing the first relation Ly 8 = d7 as a constraint which sets p independent linear
combinations of the rows of B. Statistically, this restriction takes into account the correlation among the k explanatory
variables. In a similar way, the second relation SL; = d; can be viewed as a restriction which defines g independent linear
combinations of the columns of 8, and this takes care of the correlation among the m dependent variables.

As far as the estimation problem in (1.3) is concerned, [17] proposed some shrinkage estimators which dominate the
unrestricted estimator. The estimators proposed by the quoted authors are members of the class of estimators given here
in the context of elliptically contoured distribution. Further, the asymptotic distributional risk and bias given in the quoted
paper can be derived by applying the results given in this paper. For our paper to be self-contained, we recall below the
estimators of 8 which are given in [17]. To this end, let § and B denote, respectively, the unrestricted and the restricted

. = = . . . . . .
estimators. Further, let 8 and 8 - denote, respectively the shrinkage and positive-part shrinkage estimators. Briefly, we
have (for more details, see [17]),

B=(xx)"'xY, B=(B-ILB+1d;)(ln - L;P") + ;P
’ — ’ -1 ’ -1 ’
where J* = (X/X)_] L (L;‘ (X'X) ]L;‘ ) and P* = (L;‘ L;‘) L; . Further, we have

B=B+{1—pm-2¢; yB-B. B =B+max(0, 1 (pm—2¢; 1B~ P
where
@, = ntrace [(ﬁ - E),Lf (L;‘(X/X)—lL;‘/y1 Ly (ﬁ - ﬁ) (Y — X'E), (Y — Xﬁ)]} . In the normal sample case, the
mean-square error (MSE) of the estimators of 8 correspond to the asymptotic distributional risk given in [17]. Further, by

. . . . . . s st
using the functions given in Examples 3.2-3.3 (see Section 3), one can get the MSE of the estimators g, 3, ﬁs ﬂs . To save
the space of this paper, these expressions are omitted.

1.1.2. Motivating examples

In this subsection, we present two motivating examples which show the interest of the constraint (1.2) in the context of
multivariate regression model. The first motivating example is given in [17] where a similar constraint is studied. Also, the
second motivating example is described and analyzed in the above quoted paper. In order to save the space of this paper, we
do not report the analysis of the data set of these examples. Nevertheless, for more details and analysis of these motivating
examples, the reader is referred to [17].

1.1.2.1. The first motivating example. We consider the data set described in [9] which consists of measurements made on
specimens of the birds Martes Americana. Briefly, they consist of 4 (i.e. k = 4) explanatory variables and 2 (i.e. m = 2)
dependent variables.

Namely, the explanatory variables are:

Xi: length of humerus; X,: width of humerus; X3: length of femur; X4: width of femur. The explanatory variables in this
example are considered to be fixed (i.e. non-random).

Further, the response variables are weight (Y;) and volume (Y5) and, these variables are assumed to be standardized in
order to be unit free.

By using a principal component analysis of the logarithms of the Xs, [9] established that X, varied as the power 1.5 of
X1, so that log(X5) = a; + 1.5log(X7), and that X3, X4 were both proportional to X1, so that log(X3) = a, + log(X;) and
log(X4) = as+log(X;).Here, ay, a;, as are taken as the means of log(X;) — 1.5 log(X;), log(X3) —log(X7) and log(X4) —log(X7)
respectively.

Thus, if the logarithms of the X; are used as the explanatory variables, then the joint prediction of Y; and Y, can be modeled
by using the above multivariate regression model with m = 2 and k = 4. Also, to reflect the relationships between the X;, one
considers that the rows of L} may be takenaas (1, —1.5, 0, 0), (1,0, —1,0) and (1, 0, 0, —1) withd} = (1, 1) ® (a1, a3, a3)".
Further, to reflect the high positive correlation that is expected between Y; and Y,, one can set L = (1, —1)" and d = 0.

1.1.2.2. The second motivating example. The second motivating example is based on a data set which is given in
[4, pp. 357-360], and described in [8, pp. 193] as well as in [17]. The data consists of 8 measurements on each of the four
response variates taken on 13 different types of root-stocks of apple trees. The 4 response variables are trunk girth in mm
(Y7); extension growth (cm) (Y3 ) at 4 years after planting; trunk girth (mm) (Y3) at 15 years after planting; and weight (Ib) of
tree above ground (Y,) at 15 years after planting. As described for example [8,17], the explanatory variables are categorical
so that the design matrix X = I;3 ® es where e, denotes an n-column vector with all entries equal to 1. Further, as justified
in [17], the first restriction of the interestis L} B = 0 with L] = (I12, —e1>), and to incorporate the prior information about
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the Ys, we use the fact that Y; and Y, are expected to be highly correlated, and Y5 is expected to be highly correlated with
Y,. To this end, we set BL; = 0 where L} = [(1, —1,0,0)', (0, 1,0,0)", (0,0, 1, —1)'].

1.2. The class of shrinkage estimators and some notations

In this subsection, we define some notations used throughout the paper and we present the restricted estimator of the
parameter matrix 6 along with a class of shrinkage-type estimators for which the bias and risk functions are established.

Let] = AL, (L1AL;)_1 andlet P = (L;.QLZ)_1 L, . As given in Proposition A.1 in the Appendix, under the constraint
in (1.2), the RMLE is given by

0= (X — JLX +Jdy) (I — L,P) + d,P. (1.4)

Following the notations in [15], let A be a matrix and let ||A||25]_’52 = trace (A’ElAEz) where £, E, are known nonneg-
ative definite matrices. Further, let h be a known Borel measurable and real-valued integrable function, and let us consider
the following class of estimators:

2 ) (x-9). (15)

With respect to the family of the distributions of the estimator@(h) in (1.5), note that the family in [15] is based on a Gaus-
sian family which is a special case of that considered here. Also, the uncertain constraint in (1.2) is less restrictive and thus
more versatile than that given in [15]. Indeed, if the constraint in (1.2) holds, then L10L, = d where d = (Lid, + d1L;) /2.
Further, note that the restricted and unrestricted estimators are members of the class of estimators in (1.5). Indeed, the
restricted and the unrestricted estimators can be obtained by taking h = 0 and h = 1 respectively. Finally, Stein-type es-
timators are members of the class of estimators in (1.5). Indeed, set h(x) = (1 — a/x), x > 0 for some constant a > 0.

~ ~\ ~ ~
The estimator in (1.5) becomes 0 =0 + |:1 — a/ trace <E'2 (X - 0) op (X — 0))] (X - 0) which is a well known

6(h)=’5+h(”x—5

shrinkage estimator for 6. Further, taking h(x) = max(0, 1 — a/x), x > 0 for some constant a > 0, we get 55+ -9 +
max {O, 1 — a/ trace (Ez <X — 5) =4 (X — 5)) } (X — 5) which is well known as a positive-part shrinkage estimator

for . Also, the class in (1.5) includes the preliminary test estimators as studied for example in [14] and the references
therein. Briefly, the above class of the estimators combines both sample information and imprecise prior knowledge from
the uncertain constraint in (1.2). Thus, the proposed class of estimators can be seen as a shrinkage-type estimator of .

As a common practice in point estimation, the bias and risk functions are needed in order to evaluate the performance of
the proposed class of estimators. For the statistical model studied here, the derivation of these quantities is mathematically
complex. The major difficulty consists in the fact that the distribution of the shrinking random part X —  is not Gaussian.
In addition, the covariance-variance matrix of the shrinking random part is a sum of two Kronecker-products.

In the sequel, let B <§, 0) denote the bias function ofa and let R (5, 0; W) denote the risk function of 8 with W a
nonnegative definite matrix. Recall that

8(0.0)=¢[(3-0)].
For computing the risk function R (5 0; W),we use the following quadratic loss function L CO\ 'R W) = trace [(5 — 0>/ w

(3 — 0)] Thus, we have

R (5, 0; W) =E |:trace ((5— 0) w (5— 0))] .
The remainder of this paper is organized as follows. Section 2 presents the mathematical background of this paper.
Namely, it gives three theorems which are used in deriving the bias and risk functions of the proposed class of estimators.

Section 3 gives the risk and bias function formulas, that is the second main contribution of this paper. Section 4 gives
concluding remarks. Finally, the proofs of the main identities given in Section 3 and related details are given in the Appendix.

2. Some useful identities and their extension

In this section, we present the results which constitute the first contribution of this paper. In particular, we derive some
mathematical results which generalize the identities given in literature for the Gaussian random matrix case. More specif-
ically, our identities generalize those of [15] which in turn are also extensions of Theorems 1 and 2 in [10]. The established
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identities play an important role in deriving the bias and risk functions which constitute the second contribution of this
paper.

Let ¥am(«, B; A) denote a random variable which follows noncentral gamma distribution with parameters o, 8 with
noncentrality parameter A. Let @(.) denote the weighting function as introduced in (1.1), and let h' denote the ith-power of i,
for some i nonnegative integeri.e.h° = 1and hi(x) = h(x) x h(x) x --- x h(x),i € {1, 2, 3, ...}.Further,fori =0, 1,2, ...,

iterms

n=1,2,3,...,let

¥ (x,y) = /ooE [h" (%am (g ZTy; t;‘))]w(t)dt, 2.1)
0
1/r(2)(x y) = foo t~'E |:hi <§4am <; ZTy; t;))} w(t)dt, x>0,y>0.
0

Theorem 2.1. Let A;and 1;,i = 1, 2, be respectively q x q and k x k positive semi-definite matrices, with rank(A1) = q1 < qand

rank(Yy) = p < k. Let X ~ &k (M Z,Z 1 (Yi® Ay ; g) and let =5 and Z4 be symmetric and positive definite matrices such
1 1 1

that & g2 &7, By Tzu; and 5 A1u4 are idempotent matrices and E371&83M = Z3M. Then, for any h Borel measurable

and real-valued integrable function, we have

E [h (trace (E4X' 5571 85X)) X] = ¥\, (trace (2.M'E5M) , 1) M,

where wglgq 12(, ) isdefinedin(2.1). O

The proof of the theorem is given in the Appendix.

Remark 2.1. For the Gaussian matrix variate case, the quantities 1/f,(1n) and 'ﬁ,(zn) become

Y& D=9 & D =E[h (x20)]. x=>0. (2.2)
Thus, Theorem 2.1 generalizes Theorem 2.1 in [15] for which only a single Kronecker-product is considered for a Gaussian
random sample.

By using Theorem 2.1, we deduce the following theorem that is useful in deriving R (/é, 0; W).

Theorem 2.2. Let Aj;andlet Y;,i = 1, 2, be respectively qx q and k x k nonnegative definite matrices withrank(A1) = q; < q,
rank(Tn) = p <k Further let E3 and E4 be respectively k x k and q x q symmetric and positive definite matrices such that

3 Tll._,3 , ._,32 T12._,3 and B Al] 2 are idempotent matrices and £3Y 11 E3M; = E3M;. Also, let Yo, Ay i=1,2,...,m,

2
be nonnegative definite matrices and let (X’, Y) ~ Sguk ((M1, M,), (Zfz] 0;1' @ A1) > (; ® 4, )> ) Then, for any
%

h Borel measurable and real-valued integrable function, and any positive semi-definite matrix A we have

E [h (trace (E4X'E5711E5X)) Y'AX] = ¥, (trace (24M]E5M,) , 1) M;AM;,

where 1//21!)”] 2(, Disdefinedin(2.1). O

Proof. Since h is a real-valued function, we have
E [h (trace (E4X'E3711E3X)) Y'AX] = E{(E (Y|X))' A h(trace (E4X' 23711 5:X)) X},
= MLAE [h (trace (E4X'E571155X)) X ],
and then, the proof is completed by applying the above Theorem 2.1. O

Further, in establishing the risk function R (/é 0; W) we use the following theorem.

Theorem 2.3. Suppose that the assumptions of Theorem 2.1 hold and let A be a nonnegative definite matrix. Then, for any h
Borel measurable and real-valued integrable function, we have

E [h (trace (24X E3Y1E5X)) trace (X'AX)] = W%mH (trace (24M'E3M) , 1)

xtrace (AY) trace (£;") + ¥\"), , (trace (24M'E3M) , 1) trace (M'AM))

+1//(<f;1q(0, 1) 'ﬁ%ql (trace (E4M'E5M) , 1) trace (A (E5" — 14)) trace (A;) . O
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The proof is given in the Appendix. Note that for the special case where the random sample is Gaussian with A, = 0,
Theorem 2.3 gives Theorem 1.2 in [15] which was an extension of Theorem 2 given in [10]. Indeed, this last result can be
deduced from Theorem 2.3 by takingk = 1,71 = E =1, 4, =1, R

Using Theorems 2.2 and 2.3, we establish in the next section the bias and risk functions of the estimator (h) as given
in (1.5). As intermediate result, we present below a proposition which gives the joint distribution of the unrestricted and
restricted estimators.

Proposition 2.1. We have

, , A N AR L 2
(x-o,x-o) ~£’2qu<(0,—6),<§2 ﬂz);g>, and

Y A\ Y 2 0 .
(X_oao_o)Néaquk((_836)5<0 —r22>,g),
where 5222 =7 ® 2 — " ® .Qsz +AQ SZsz, r* =]L1A, Tzz =AR N2 — 922, § = —]81 —_’81L2P — 52‘), with
8] = L10 — d] and 82 = 0L2 — dz. O

The proof follows directly from the properties of elliptically contoured distributions (se for example [2]) along with some
algebraic computations. To simplify the notation,let p = X — 0, = X — 0, and let ¢ = 6 — 6 where 6 is the RE as defined
in (1.4). Also, let A = trace (£,48'£59).

3. The bias and risk functions

In this section, we give another contribution of this paper. In particular, we apply Theorems 2.1-2.3 in order to derive
the bias and the risk functions of the proposed class of estimators. More specifically, the bias and risk functions of the class

of estimators in (1.5) for which the matrices £ and Ez are respectively taken as £37Y* Z3 and £ for all symmetric positive
1 1 1 1

1 1 1 1
definite matrices £3 and £, such that £2 T*E2, :'32 (A—T*E; and E] (2 — 2L,P) E; are idempotent. As an example,
note that 55 = A~ 'and &5, = 27! satlsfy the conditions.

Theorem 3.1. If the conditions of Proposition 2.1 hold, then the bias of 5(11) is
B (9(h), 9) = 5+90 (A DS O

Proof. We have B (8(h),6) = E {n +h (1812, =,) €} = 8 +E {h (1812, =,) &)
with £y = E3Y*E;3 and E, = E4. Therefore, using Theorem 2.1, we get
E{n(1&l%, =,) &} = _‘/’(12;k+2 (4, 1) 8, which completes the proof. O

Theorem 3.2. If the conditions of Proposition 2.1 hold, then the risk of a(h) is
R (5(11), 0; w) = Yoo (0, 1) trace (W (A — 1)) trace (2 — 2L,P) + trace (§ W) — 29",
x (A, 1) trace (§W8) + ¥, ., (A, 1) trace (W) trace (£,") + w;lz,kH
x (A, 1) trace (§W8) + ¥50,(0, 1) Y350, (A, 1) trace (2L,P) trace (W (E5" — T*)). O

Proof. Since h is a real-valued function, we get

R(8.6: W) =E {trace [ewe]} +2E {h (112, =) trace [E W]} + E {1 (1§12, =) trace [§ W]} .
Further, by using Proposition 2.1, we have
E {trace [{'W¢]} = wff;k (0, 1) trace (W (A — T*)) trace (2 — 2L,P) + trace (§ W3) .
Also, using Theorem 2.2 with Y11 = T*, A11 = 2, Y1, = A — T*,and A, = LL,P, we get
E{h (||§||251‘52) trace [EW¢]} = —TIIE]’LIH_Z (A, 1) trace (§W$) ,
and applying Theorem 2.3, we get
E{h? (I€]1%, z,) trace [EWE]} = ¥, ., (A, 1) trace (W) trace (2, ") + 54 (A, 1) trace (§W§)
+ WS?;k(O, 1) w;;k (A, 1) trace (2L,P) trace (W (25 T Y)).
This completes the proof. O
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3.1. Application of Theorems 3.1-3.2 to some distributions

Example 3.1. As mentioned in Section 1.2 the ULSE and RLSE can be viewed as special cases of the estimator in (1.5) for
which h(x) = 1 and h(x) = 0 respectively. Thus, by using Theorem 3.1, we get B(X,0) = B (0(1), 0) =0,B (0, 0) =
B (5(0), 0) = —4. Further, by taking h(x) = 1 and h(x) = 0 respectively, Theorem 3.2 gives, as expected, the risk of ]
andarespectively. We have, R (5 'R W) =R (5(0), 0; W) and R (/0\ 0; W) =R (5(1), 0; W), and with some algebraic

computations, we get

R (5 0; W) = lﬁ((f!))k (0, 1) trace (W (A — Y*)) trace (2 — 2L,P) + trace (§W$),

R (5, 0; W) = w((f;k (0, 1) trace (W A) trace (£2) .

Example 3.2. Letp = trace ( (X 0) (X 0)) and seth(x) = (1 — a/x),x > Oforsomea > 0.With this function,

the estimator in (1.5) is0° =0 + (1 —-a/e) (X — 5) which is known as the shrinkage estimator. By taking the above h

and applying Theorems 3.1-3.2 with appropriate w(.), one gets the bias and risk functions for the shrinkage estimator. In
particular, for the Gaussian sample cases, the bias and risk functions are given by

o) _
B<0 ,0) = —8aE {x;2,(M)},

R (? 0; W) = R(X,0; W) + atrace (§'W8§*) (pk + 2) E (x;ﬁM(A))

— atrace (2L,P) trace (WA*) {2E (X, (4)) — (pk — 2)E (Xpira (A))}
+ [1—2¢E (X, (A)) + @E (X, (A))] trace (RL,P) trace (W (&5 — 1))

Further, for the Pearson type VII sample cases, let A* = qo/(qo + A) and let 47 (s, q;) denote a negative binomial random
variable with parameters s = m — gk/2 > 1,0 < q; < 1(where q; is the probability of success). We have

2 1
B(?f*,e)z—ﬂ[]—ﬁs( )}a
Qo pk+2% (s+ 1, A*)

Similarly, one applies Theorem 3.2 in order to derive the risk function R (/075 0; W) .To this end, some algebraic computations

give 1/r0 pk(O 1) = qo/(2(s — 1)), and the functions lﬂlpk+2 (4, 1), wglng (4, ]),1ﬁgék (A, 1,92, (A, 1)arereplaced

2,pk+2
by o
2as 1
1
A, 1)=1— —E )
Vi (4D do <pk+2=%*(5+ 1, A*))
4as 1 2s(s + 1)a? 1
'/’S;);k+4 (A’ 1) =1-—E o - 2 E S
Qo pk+2+28"(s+ 1, A% q; pk+24+2%8(s+2, A%)
25(s + 1)a? 1
N (er2 )a E( )
a5 pk+2%-(s+2, A%)
4as 1 2s(s + Da? 1
V(AT = 1— —E — — ——E —
Qo pk—242%"(s+ 1, A%) q5 pk—242%"(s+2, A*)

2s(s + 1)a? 1
+ 2 E _ I
qs pk—242%"(s+2, A%)

el 1) = Qo _ g Ty sa E 1
22 ( 2(s—1) pk+2 3= (s, A*%) do pk+23-(s+ 1, A*)
2

sa 1
+ —E .
Qo (pk—2+2%—(s+l, A*))

In order to save the space, we do not write the risk and bias functions for the Student’t sample cases. However, these functions
follow from the above functions by taking s = qo/2 with qo > 2.
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Example 3.3. Let h(x) = max (0, (1 —a/x)),x > 0 for some a > 0. Using the relation in (1.5), we get the well known
positive-part shrinkage estimator@S+ = 5—{- max (0, (1 —a/p)) (X — 5) LetH,(x ; A) = P{xf (A) < x}, x € R where
x‘%(A) denotes a chi-square random variate with v degrees of freedom and the noncentrality parameter A. By applying

Theorems 3.1-3.2, we get the bias and risk of " by replacing in (2.1) the function h(x) with max (0, (1 — a/x)), x > 0, for
some a > 0. In particular, in the case of a Gaussian sample, the bias and risk functions are given by

5t _ . —2
B (0 ,0) =4 [Hpk+2(a, A) + aE {ka+2(A)H{x§k+2(A)>a} }] ’

+ * -
R (? ,0; W) =R (@5, 0; W) + atrace (2L,P) trace (WA*) |:2E {xp,fﬁ(A)]I[ng”(A)q}}

—aE {X;"iz(A)H{xﬁkH(AKa} }i| — trace (22L,P) trace (W A) Hyy2(a; A) + trace (8'W3*)

x {2Hpii2(a; A) — Hprala; A)} — [Hpk(a; A) — 2aE (XP,(Z(A)]I{X?),((A)SG})] trace (2L,P)

x trace (W (£5' — T*)) — a’E (x;,f(A)H ) trace (22L,P)

{x3(a)=d]

x trace (W (£5' — T*)) — atrace (§'Ws*) |:2E [xﬁfﬂ(A)]I{xzk“(AKa}}
2 <

-2 —4
—2E {XPI<+4(A)H[X§I<+4(A)50} } +aE {ka+4(A)H[ng+4(A)§a} }:| :

Further, for the Pearson type VII sample cases, the application of Theorem 3.1 gives

2
B<?+,0):—EE< )6
qo pk+2%8(s+ 1, A%)

_ L 2047
—EE | Hpqo420-s, %) | Gam | s + B (s, A7), p ; 0
0

as B L 2047
+ qu E Hpk+2@*(s+1, A¥) gam|s+ A (S + l, A ), q N 0
0 0

B (s, A*)j| } 8

B (s+1, A*)]]S.

Also, in the similar way as in Example 3.2, the risk function R (55 0; W) is obtained by applying Theorem 3.2 with the
functions lﬂ%kﬂ (4), 1/r(22k+4 (4), 1//21)31< (4, 1), 1//?1),,&2 (A) replaced by

B (s, A*)] }

as _ o 2047 _ "
+ —EE |Hpy208- (541, a0 | 9am (s + B~ (s + 1, A7), a ;0 ‘% s+ 1, A%
0

M _ . 20A*
l/Ika_._z (A, 1) = 1—=EE|Hpgot2m-s, a0 | 9am s + 2B (s, A7), . ;0

asE 2
qo \pk+23(s+1, A%/’

W —re w2047
1//2,pk+4 (A) =1—EFE |Hpqar25-¢, a%) | Yam | s+ B (s, A7), p ;0
0

B (s, A*):| }

as o o 2047 - N
+ qu E Hpk+2+238_(s+l,A*) “gam | s+ 1 + % (S —+ 1, A ), T 5 0 B (S =+ 1, A )
0 0
4a’s(s + 1) B . 2aA* _ .
_TE E | Hpkpo—(s42, 2% | Gam (s +2 + B (s + 2, A7), a ; 0) |8 (s+2, A7)
0 0

4aE s 2a2E ss+ 1)
G0 \pk+2+22 (s+1, A%) @ \pk+2+28 (s+2, A%

2a® s(s+1)
+52E -~ :
a5 pk+2%-(s+ 2, A*)
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B~ (s, A*)] }
as _ o 2047 _ X
+ ?E E Hpk72+2%’(s+l. A*) %am S + ] + x% (S + ], A ), q , O % (S + 1, A )
0 0

4a’s(s+ 1) B . 2aA*
— TE E Hpk—4+2.§8_(s+2, A¥) gam|s+2+ % (S +2, A ), q ;0
0 L 0

W (A)=1—EE|H 9 # (s, A* 2aa 0
'/fz’pk( )_ pk+28 (s, A¥) Yam|s+ Z (Sa )’ q )
0

B (s+2, A*)“

4aE s 2a° ss+ 1)
qo pk—2422 (s+ 1, A%) qz pk—2 428 (s+2, A%)

2a° ss+ 1)
+—5E — )
d; pk—442%"(s+2, A%)

@ 9o _ L 2047
A)=———+aE{E|H —s a0 | gam | s+ % (s, A™), ;0
V2 pira (A) 26-1) + { [ pk+228 (s, A%) <J ( + % ( ) e

__9 plE|n - gam(s—14+ 3 (s—1, A% 24473
2(5_ .1) pk+2+28- (s—1, A*) | © B i % 5

B (s, A*):|}

B (s —1, A*)“

a*s o o 20A% o .
— —E\{E Hpk72+2%’(s+1,A*) “gam S+1+% (S+1, A ), q ,O 73 (5+1, A)

2qo o

2 a? s a s
E{—— |- —E - + —E .
pk + 2%~ (s, A*) Qo pk+2%(s+ 1, A*) Qo pk—2428"(s+ 1, A%)

Once again, in order to save the space, the risk and bias functions for the Student’t sample cases are omitted. Indeed as
justified in Example 3.2, the results from the above functions by taking s = qo/2 with go > 2.

Following the results given in Examples 3.2-3.3, note that, in general, the bias and the risk functions of the estimators
-5 -5 . - . . .

0 and 6 * do not have a closed form. However, by using similar techniques as used in the Gaussian sample case, (see
for example the technique used for the Proof of Corollary 2.1 in [16]), one can establish, for an appropriate choice of W,
the dominance of the shrinkage estimator over the unrestricted estimator. In particular, for W = A~!, one can verify that

R (/és 0; A") <R (5 0; A”) , forall A > 0.Further, one can establish that R (@H— 0, W) <R (/és 0; W> , forallA > 0.

4. Conclusion

In this paper, we provided two general formulas for the bias and risk functions of a class of shrinkage-type estimators for
the mean of matrix-valued, elliptically contoured random variate. To this end, we extended some recent identities which
are only applicable in the Gaussian sample cases in which the shrinking random part is a single Kronecker-product. Also,
the established identities are applicable to the case in which the variance-covariance matrix of the shrinking random part
is the sum of two Kronecker-products. Another interesting feature of this paper is that the matrices involved in the two
Kronecker-products do not need to be invertible.
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Appendix. Derivation of technical results

In this section, we present some technical details that are used in establishing the main result. We start by a proposition
which gives the RMLE. Let W ~ _#; (u, X) stand for an n-column random vector normally distributed with mean u and
covariance-variance matrix X.

Proposition A.1. If the constraint in (1.2) holds, then the RMLE is given by

6 = (X — JL,X +Jdy) (I, — L,P) + dyP. O (A1)
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Proof. The restricted estimator of @ is the solution of the minimization problem ming {trace [2~' (X — 6)' A™" (X — )]}
subjected to L0 = d,, 0L, = d,. To this end, let A; and A, be p x k and q x m-Lagrangian matrices respectively, and thus,
let £, 1, () denote a Lagrangian function. We have

Lay0,(0) = trace [27" (X — 0) A7 (X — 0)] + trace [(L10 — dy) A} | + trace [(OL, — dy) 15 ].

Then, by applying Theorem A.95 in [19, p. 522], one differentiates £y, 1, (#) with respect to 8, A4 and A,. Hence, equating
to zero the obtained derivatives, one gets a system of equations in @, A and A,, and then, solving the obtained system of
equations, one gets the result stated in the proposition. O

Below, we give two lemmas which correspond to Theorems 1 and 2 of [10] for the case of a random vector which follows
an elliptically contoured distribution. The two lemmas are useful in deriving Theorems 2.1 and 2.3 given in Section 2.

LemmaA.1. Let U ~ &,(p, 6*I,; g), 0 > 0. Then, for all h, Borel measurable and real-valued integrable functions, E [h(U’U)U]
=\, (W, 0?) n, where ¥}, (., .) is defined in (2.1). O

Proof. From the pdf’s representation of an elliptically contoured variate (see for example, [6]), we have
(o]
E[hW'u)U] = / E, [h\(W'W)W]w(2)dz, (A2)
0

where W denotes an n-column random vector normally distributed with mean g and covariance-variance matrix z ' oI,
0 < z < 00,0 > 0. Further,

E, [A(W'W)W] = (6/+/2) x E, [h(z a_ZW/Wazz_l)ﬁW:| , (A.3)
[0}
and then, using Theorem 1 in [10], we have
E, |:h(z 02W’Wazz])fw] =E[h@z "o X}, (201 n))] g o, (A4)

and then, combining relations (A.2)-(A.4), we get

[e’e} 2 /
E[h(U'U)U] = (/ E |:h (gam (” er 2 2%; ziz"))] w(z)dz) W
0

this completes the proof. O

Lemma A.2. Let U ~ &,(pn, 0%, g), o >, and let A be an n x n-nonnegative definite matrix. Then, for all h, Borel measurable
and real-valued integrable functions,

E[h(U'U)U'AU] = traceA)YY),, (W, 0?) + wApy),, (W', %),
where wfqln)ﬂ(., .) and l//f,z,,)+2(., .) are definedin (2.1). O

Proof. As in the Proof of Lemma A.1, we have
o0
E[h(U'U)U'AU] = f E; [h(W'W)U'AU] (2)dz, (A5)
0

where W denotes an n-column random vector normally distributed with mean g and covariance-variance matrix z~'oI,,
0 < z < oo. Further,

E, [h(W'W)WAW] = <‘j> x E, |:h <;w’waz) (ﬁw)A <ﬁw>} , (A6)

z o o

and then, using Theorem 2 in [10], we have

1w ) (S5w) (S) | = e (s (o))

z o, 1z
+ SWARE |h 7xn+4(;uu) . (A7)
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Therefore, using relations (A.5)-(A.7) along with some algebraic computations, we get

o0 2 /
E[h(U'U)U'AU]| = trace(A) (02/ z7'E |:h (gam <” er 2, zi; Gl ”))] w(z)dz)
0

z o2

% 4 20° zp/
+uWAp / E|h(@am (2 Ryl ol w(z)dz ) ;
0 2 z o2

this completes the proof. O

1 1 11
Proof of Theorem 2.1. Since £5 Y1 £; and £ A, E; are symmetric idempotent matrices, there exist orthogonal matrices

Q; and Q- such that

W =

T,

]

= i _ (In O =3 i, (I, O
QE 3Q1: 0 0 and Q2-=4A2-=4Q2: o o0/ (A.8)

11
with g, the rank of A,. Moreover, let V = Q£ X &} Q;; then,

1 1
Vec (V) = (Q]E2 ® Qﬁ.‘j) Vec (X) and hence,

Vec (V) = (:2) ~ Eaxi ((’31> z g), (A9)
1 = [I,q, 0] E (Vec (V) = ([I,,,, 0] ® I) <Q1E37 ® st§> Vec (M)

(g O 0 o0 I, ©
zv—<d 0)+(0 Ik—m)@(n] 0l (A.10)

Then, using the relation in (A.9), we have

trace (E4X'E57155X) = trace <V/Q1 53% 7153% Q{V) =VV,,

and then,
_1 _1

Vec (E [ (trace (24X 2371 E3X)) X]) = (53 QU®E, 2Q2/> E[n(vivi)wi], E[n(Vivi)v3]) . (A.11)
Combining (A.9) and (A.10), we get E [h (V;V; ) V,] = 0, and by using Lemma A.1, we have

E[h(Vivi) Vi] = ¥ iz (im0, 1), (A12)
where p, is given by (A.10). Further, combining (A.11) and (A.12), we have

Vec (E [h (trace (84X 2571 25X)) X]) = Vec (w1}, . (wim0, 1)M).
Further, using (A.8)-(A.10) and following similar steps as in [15], we have

Wyp, = trace (M'E571E3ME,) = trace (M'EsMEy) , (A13)
which completes the proof. O

Remark A.1. For the particular case where the random matrix is Gaussian with A, = 0, Theorem 2.1 leads to Theorem A.1
established in [15]. Thus, the above theorem extends also Theorem 1 in [10] for the Gaussian distribution case with k = 1,
YTi=E=14A=1,

Proof of Theorem 2.3. As established in the Proof of Theorem 2.1, we have
h (trace (E4X'E57125X)) = h (V{V7),

11
where V is given by (A.9). Further, we have V = Q; £5 X £ Q, where Q; and Q; are the same as in (A.8). Also, as in [15], let

_1 1 _ G G
= 2am= 2n/ m—1n7 ) _ _ 11 12
(Q1_3 AZ,2Q| ® Q& QZ) =G = (621 Gzz)' (A.14)
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After some algebra, we get
E [h(trace (E4X'E571E5X)) trace (X'AX)]| = E [h (V;V ) V{611 Vi ] + E [h (V;V; )] E [V;62 V5] . (A.15)
Also, from (A.9), we have
E[V;6Vs] = ¥ (0, 1) trace |:G22 ([0, Iy, | ® L) 2, <<1k0p ) ® Iq)] : (A.16)
—P1

where X, is given in (A.10), and by combining (A.8) and (A.16) along with the fact that
’
G22 = [0, qu_pl‘I] G ([0, qu_plq]) , we get

E[h(ViV1)] E[V36V2] = E[h (ViVy)] ¥ (0. 1) trace | G ((0 I p]) ®Iq)}

= ¥5) 0, DY) (trace (M'EsME,), 1) trace (A (25" — Y1) trace (4,) . (A17)
Further, as in [15], using Lemma A.2, we have
2 / 1 /
E[h(ViVi) VG V1] = o) oy (i 1) trace (Gro) + ') oy (i, 1) (H)Gripy) (A.18)
with u' st given in (A.13), and
WiGiip, = trace (M'AM),  trace (Gy;) = trace (AY) trace (£,). (A.19)

The proof is completed by combining the relations in (A.15)-(A.19). O
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