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Our aim in this work is to give a global test of hypothesis concerning the
smoothing spline estimate of a regression function. For this, we prove a central
limit theorem for integrated squares of such estimates. That leads to a test whose
confidence sets are either continuous or discrete Z-balls. We consider the case of
nonperiodic splines and the periodic splines for which we get explicit expressions of
the constants involved in such a test.  © 1992 Academic Press, Inc.

I. INTRODUCTION

The aim of this work is to investigate further probabilistic properties of
spline regression estimates in the model

yi=g(t)+e, (L1)

In the following, 7,, .., 7, denote the observation points belonging to the
compact interval [0, 1], ¢, ---¢, is an ii.d. centered sequence, and g is the
unknown function. Define the functional

LN =2 S Gi= S+ [ (G0 de, 12)

i=1

where A is the smoothing parameter and depends on n; however, the
subscript will be often omitted.

We shall consider the Sobolev space W7 of real valued functions on
[0,1] with an absolutely continuous (m—1)th derivative and square
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integrable m-th derivative and the subspace K45 of W7 satisfying the
periodic boundary conditions

Kr={few?, fP0)=f"(1), p=0,..,m—1}

Knowing the observations y, ---y, and the fact that g belongs to W7, we
consider the penalized mean squares estimate g, ; minimizing J,(f) on W%
(resp. on K% if g is known to be periodic).

This method of estimation was introduced by Wahba (see [6, 13, 18],
for instance), and the estimate is known to be a smoothing spline of degree
2m— 1.

We are interested here in giving asymptotic statistical tests on g for the
whole range of the variable ¢.

Several authors give local asymptotic statistical tests on the value g(z) for
a fixed value of 7 (see [9] or [15]). For this, they use the Bayesian inter-
pretation of the spline estimate (see [13]); the test follows from classical
Bayesian computation of the posterior variance. As usual, for non
parametric estimation, no functional result can hold because of a defect of
tightness; indeed, it may be shown (see [11]) that (g, .(t)— Eg,.(?))
(Var g, ;(r))~ " is asymptotically a white noise. We give here a central
limit theorem for the centered mean squares and integrated squares of
errors, with the normalisation ni'/*™. The optimal regularization
parameter A is covered by the result. This result leads to a global test of
hypothesis, provided that the constants appearing in the development are
attainable. We only know one earlier result giving such a global test proved
in Eubank and Spiegelman [10] for cubic splines and Gaussian errors.
This kind of result is similar to those obtained by Hall [11] concerning
kernel estimates and by Doukhan and Leon [8] concerning projection
estimates.

The paper is organised as follows: in the first section, we recall the linear
form of the estimate g, ; and formulate the main results, the central limit
theorem and the asymptotic form of the constants in the periodic case,
leading to the construction of asymptotic global tests for g. The proofs are
developed in the last section.

II. THE CENTRAL LIMIT THEOREM

We now define the sum of squares

Roi=r ¥ (800 =8(0) (iL1)
i=1
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The asymptotic behaviour of its expectation is known to be ER, =
O(A+ (nAY@™)~1y in the nonperiodic case, and ER,, ; = O(2*+ (nA/*™)~1)
in the periodic case.

The same result holds for the integrated square errors. The optimization
of the order of convergence leads to the classical minimax bound
O(n—2m/2m+1)) " according to Bretagnolle and Huber [2] and Speckman
[16] in the nonperiodic case, and O(rn ~*"/“m+1} in the periodic case. An

optimal choice of the sequence of A is here, respectively, 4 = c,-n~2/@m+1
and A=c, -n 20+ et
Sn,). = nil/(“m)(Rn,A — ERn,i)a (IIZ)

and Z, ; is the analogous centered expression for the integrated squares:

Z,, =" g, — g3~ Ellg..—gl3). (I1.3)

We now give the main results in the different following situations.

I1.1. Nonperiodic Case

We assume classically that the empirical distribution function, F,, of the
observation points ¢, converges to the distribution F, that F is absolutely
continuous with respect to the Lebesgue measure, and that f=dF/dt is
bounded above and below:

O<a<g flysbh<w.
We shall assume

1,0,  nAVem o (H)

Denoting by d,, d, =sup, |F,(t) — F(1)|, we assume that
dy- 21" =0(1), (K)
d, 137" 5 oo, (L)

We shall moreover assume that Ee¢; =0, E¢} =07 and Eef< oo in the
following.

THEOREM 1. Under the assumptions (H), (K), (L) and for
)'=0(n—2m/(2m+1))’

S,.4/0, converges in law to the standard Gaussian distribution,
where ¢} = var(S, ).
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THEOREM 2. Under the assumptions (H), (K), (L) and for
J= O(n~2m/(2m+l)),

Z, /0, converges in law to the standard Gaussian distribution.

This result leads to a tractable test as soon as the constants ¢, and ER,, ;
are evaluated. In the periodic case, a precise evaluation is possible, thanks
to the circulant form of the corresponding influence matrix; see Section I1.2
below. However, here, general arguments given in Silverman [ 14, Sect. 5]
show that these expansions do not generalize in the nonperiodic case due
to boundary effects.

The expression of asymptotic variance satisfies (see Section III for the
calculations)

liminfo2> S = 26" -jfl/ﬂ'")(x) dx j (1+52) =4 ds;

thus replacing o2 by S leads to a conservative test at a fixed level.

The following suboptimal result is straightforward; if 4 = o(n—2™/m+1)
then ni/“ms, . — 1Y4@g2 Tr 4% converges to the centered Gaussian law
with variance 2¢*- L FY®™(x) dx - [ (1+5s*)~*ds. This result involves no
functional of the unknown function g, but of course is not available for the
optimal speed of convergence.

Note that o2 can be estimated as recalled by Eubank and Spiegelman
[10, Sect. 3.2].

Using a part of the available data, it is possible to estimate non-linear
parameters as Sobolev norms with procedures given, for intance, by Bickel
and Ritov [1]; they give a central limit theorem for such estimates (under
the assumption ge W2, for some p>2m + }). Thus, combining both tests
gives rise to a valid explicit test.

I1.2. Periodic Case

For the periodic estimation, we assume that the knots f; are equally
spaced in the interval [0, 1]: ¢,=1/a. In this case, all the matrices that
appear in the calculations are circulant; thus the constants involved in the
central limit theorem can be precisely evaluated.

THEOREM 3. If g possesses 3m derivatives, nA'“".(|\g, ;- gl}—
E\g,.—gl3)o, converges in law to the standard Gaussian distribution and

4
2 O (% __ b 1/2m
oi=—| T3y (1 04)

+o.2n/12+1/2m% "g(2m)"2(1 +0(i+/1‘2n1"2’")) (114)



QUADRATIC DEVIATION OF SPLINE ESTIMATES 93

nAmE|g,,, ~ g2 =~ = [T 2 (14 0(21m))

J (1+ 2m)
+n/12+1/4"'§.||g(2m>||2(1+O(n“+(ln2"’)"))- (ILS)

WL Proofs of the Theorems

The existence and the linear form of g, ; are widely known (see, for
example, [4] or [6]); as soon as n=>m,

i G, (1) p,.

gn ).(t =

=|*—'

Let us denote by A4 the influence matrix (for the sake of simplicity A4 is not
indexed by n though it varies with n) A, ,=(1/n) G(t;,1;). Here 4,;
denotes the (i, j)th element of the matrix A. The matrix 4 has a different
expression in the periodic and non periodic case, so that we study its
properties and their consequences in two subsections.

III.1. The Non Periodic Case

We follow a result of Silverman to investigate further asymptotic proper-
ties of the influence matrix.

Silverman (14, Proposition 2 and Remark 4] shows that there exists
C >0 only depending on f with

Vse[0,1], Vee [0, 1],

h(t) f(1) G(s, 1) — K(h( )>l < Cl:h(t) ], (IIL.1)

d,

n(1)
where h(t) = (A/f(£))/*™, e(t) =exp[ — (t A (1 — t)/h(t) ﬁ)], and K is the
function with Fourier transform 1/(1 + w?™).

LEMMA 1. Under the assumptions (H) and (K),

N

1 n
. Z G,(s, 1) =0(1), uniformly over s in [0, 1]. (111.2)

i=1
Use Silverman’s result to write T,=T, ,+ T, , + O(1 +d, - 4~

S K (| seoamem N (h(t))“”

T,1=—-Y —
' = (1)
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Set u(s—1t)- A~ Y@,
T, <d,i~em g ~ [ 1K fls=ui ") du=0(1),

f()
t)

Now, decompose the integral for ¢ in [0, 4] and ¢ in [4, 1], in the second
one change 1 — in ¢, and use the same variable change as for T, ,; then
T, , appears as a O(1) in the same way.

3 Ty s L

LEMMA 2. Under the assumptions (H), (K), and (L), d 724%™ 5 o,

A1) S (422, < (1), (IIL3)
Proof. (A*);=X7_, A}. For simplicity, note u=A"®" and ¢(1)=
frayvem
t — m).

(Az)ii ZGZ(tw ])+—_ ZRZ(I‘,-,[ ZG (tn j) R(tu j)

J

with
1 s—t d
s t)= -K , Ris,)<Cl1+2 .
Gils = a0 (u¢(t)> Rls, Ol < (U”""”‘)
First
1 d
= Y 6. 0)=, [ 61 000 dr+0(m;;);
set

du

it _d) K2(u(5)/(s — u(5)))
ug(s) n-p (f8)(s — ug(s))
=f(s)C =Y K| 3 /mAYE™(1 + o(1)).

Now (1/n?)- ¥, Rs, 1;) = O(1/n + dljnu*) = o(1/nA"*™) under the
assumption on A. We then have

(A%)=F(t)V YK 3/nAYE™(1 + 0(1))

S (40} =[ 70 di- 1KY (1 o)

and the lemma follows.
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LeMMA 3. Under the assumptions (H), (K), and (L),
Tr(A?)= A~ "™ K]3 J: (Y™ dr- (14 o(1)). (I1L.4)
Proof.

n

Tr(A?) = 3, (43),= 2~ VEWIKIE 3 f(6)YEm (1 4 o(1))

i=1

and (1/n) T f()VO 1= (f())"™dt (1 + o(1)).
LemMA 4. Under the assumptions (H), (K), and (L),
Tr(A*) =474 [ (14527~ 4ds- [ f(0) /2™ do(1 4 0(1)), (TILS)
Tr(4%) = O(L V™), (IIL6)

Proof. We shall give the proof concerning the result for Tr(4*); the
result for Tr(A4®) using similar arguments will be omitted:

Tr(4*) =Y (4%)]

Lj

- % @ ué(t) ¢(,,; 1) 1) K(Lqirt';) K(Lqith;))z

+ remainder term Q.

Using the fact that F, converges to F and the fact that the kernel X is con-
tinuous and bounded it is easy to see that the first term can be expressed
as

dF(u) dF(v) [ =t (o=t ]2
f w9 (u) $2(v) 2(u) f3(v) f K ( ”¢(u)> K ( M,(U)) dF(1) | (1+0(1)).

Using the variable changes s= (u—t)/ug¢(u), and then w = (v—u)/ud(v),
this term appears to be equivalent to

A VEm U (_[ K(s) K(s +w) ds)2 dw] -ff(u)l/(z'")dv.

683/41/1-7
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Using the fact that K is symmetric and using the Parseval identity, this last
expression equals

1

l—l/(2m)_le_+_s_27)_4

ds-jf(v)l/awv-(l +o(1)).

The lemma follows when it is noted that the remainder term Q is
o(A~1) which follows from the fact that

Q=0<(1/n U 1) )(ZR,k K((t; - )/u¢(tj)))2

10 ((w) ¥ (z R,kRjk)z),

i
and calculations similar to those developed for Lemma 1-3.

We now have the elements to prove Theorems 1 and 2.
The following development is straightforward,

_,11/(4m)[z (42), (2 —6%)+2 Z Y A Au¢ a,+2Z(AB);81]

i i=1 j<i

with B=(4—1d)X, X=(g(t;));_...,- Moreover the variance of S, ; is
a2 = )YCm [(Es‘l‘ —20%) <Z (Az)f;-) +20* Tr(A4*) + 467 Y, (AB)}]. (I11.7)

Using Lemma 2, Lemma 4, the fact that 4 has all its eigenvalues between
0 and 1, and usual asymptotic bounds for the bias (see, for instance,
[6, Lemma4]), we can straightfully remark that 0<Iliminf,62<
lim sup,, 62 = O(1) as soon as 4= O(n~2"/>"+1) which is the case for the
optimal choice of 4 that leads to the optimal speed of convergence
for ER, ;.

Proof of Theorem?2. Let W,=nA"“"{(g,,—g)*(dF,(t)—dF(1)).
Following Cox [5] there exists a constant C such that |W,|<
C-d,|g,.— gll}-ni“™, where |||, denotes the usual norm in the Sobolev
space of order p. Then E|W,|=d,A " Y"0(\+n='A= Vg /4m W
converges to 0 in probability under the assumptions of the theorem, and
the asymptotic result of Theorem 2 is then a consequence of Theorem 1.

Proof of Theorem 1. We shall make use of a theorem in Hall and
Heyde [12, p. 58]: Let X,=Y 7, X, be a martingale; V2=Y7_, E;_,X},,
where E, designates the expcctatlon wnth respect to the o-field generated by
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Xiyon Xio If 02=EV2o1? Viel-5 1, Yr E_ X},~5 0, then X,
converges in law to the centered Gaussian distribution with variance 1.
We shall verify the conditions of this theorem for the sequence

X, ,=AMem [(Az)jj(sj2 —0*)+(AB);;+2 ), (Az)ﬂeje,:l.

1<j

X, is then obviously a martingale:

V2= JLam) [u4 T(AD;+62Y (ABY: +40” Y (AD)u(A%)88,
J J

k<jl<j
+4O'2 Z (AB)] Z (Az)ﬂs[:l,
J l<j
with p, = E(e? — 02)%
Now we also have EVZ/g2=1 and we calculate

V%_a%:ll/(Zm) [40’22 Z (Az)}[(ﬁ%_o'z)+40'2 Z (Az)jk(Az)ﬂ&[Sk

j o<y k<jl<j
PPy
+40%Y (4B); Y (42 j,s,]=A,,+B,,+C,,.
J I<j

Calculation shows that

EA2=3Y"0(Tr A%) =o(1)
and

EB2='"0(Tr A%) = o(1),

using Lemmad. ECZ=1""O0()|4B|*(1+O0(Z,;(4*)2))+ Tr A% =0(1)
using Lemmas 4 and 2 and the fact that |4B||>= O(nA). Then V2 —062-50
in probability, and V2/o2 tends to 1 in probability because o2 is bounded
and always larger than a positive number.

Now Y, E; _, X}, is the sum of different terms,

D, = Alm —2 (A)3+Y (4B} +Y (AB)}(AZ),%],
L j J J

H, = im 'z(z (AZ)j,s,)4],

L j Nl<j

L=2 2 m),( 3 ) |

I<j
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J, = Alm [z (4B) ¥ (Az)j,s,:l,

I<j

2
K, =2t [Z ((4B) + (Az)},-)( ) (AZ),,S,) ]

l<j

and now Y, (4%)}=o(l), using Lemma 2. Note that |(4B),| < max,|B,| -
2k | Ayl But 4y =1/n-G(t;, t;), and thus Lemma 1 applied to s =¢; shows
that 3, |4,| <const. On the other hand if g is in W, then g is bounded,
and thus | B, < const by the same trick and ¥, (4B); <const-¥; (4B)} =
O(nl). Now ¥, (AB)} (A*)} < const - ¥, (4%); = o(1) by Lemma 2 and
D, =o0(1). E(H?) is the product of A*™, terms in which appear moments of
¢ up to order 8 and sums with the form

(Z ( ) (Az)},)z)2 < (Tr A3 = 01,

J N<j

Now, (T, 2., (43 < (Z;(Z,<,(4%)7)°) = O(A~""") so that H, tends
to 0 in probability.
The same result holds for 7, J,, and K, using similar calculations.

Remark. We could have used the central limit theorem for generalized
quadratic forms proved by De Jong [ 7] as suggested in the conclusion of
[10]; however, there is no real gain with respect to assumptions as well as
calculations that are similar.

111.2. Periodic Case

In the periodic case, and with equally spaced knots ¢;, the influence
matrix A4 is circulant (see [18] for the details). 4=I—nAM~'(I—P),
where P is the matrix with 1 everywhere, and M = H + nAl; the eigenvalues
of H are

+Zw ! " +c
[). =n- = i
Jn P (27tnk _j)Zm (27[j)2m J
0<e¢<e, for j=1,.,n—3, (11L.8)
Vin=Un_jn and Vo, =H.

The proof of the central limit theorem follows arguments similar to those
for Theorem 1 and will be omitted. The important result is here to exact
computation of the asymptotic development of the variance and of the
expectation terms.
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LEMMA S.

dy

2m\l1—p 1-1/2m
sy O+ 0ty =7 471

Te(4?) =1+ |
0

Proof.

y; P n—1/2 1 4
—2E ) =142 —_— R;.
v +n1) *2 ) <1+A(2nj)2'") T

Jin j=1

Tr(47)=1 +nil (
=1

j=

Using (15), R, = O(1/in*™~"):

2 "—25/2 (___i___)pl_l/Zm . fw_gzm+0(l)+o((ln2m)1~p . /1'”2'"),
1+ 4(2mj)*" o m(l+y™)?

=1

LEMMA 6.
Y B} =n2?}- g1 (L+ 0™  + 47 'n™2m)

Y. (4B)} =i § - g2 (1+ O(h+n' =272,

Proof. 3 (AB);=n-A>-3721 | g;al*-(n*v],/(ni+v},)) and 3 (B> =n-
A2 T021 118l (0)(v; 0 +1A%)?) with g, = (1/n)-T%_, g(k/n)-exp(2injk/n).
We shall develop the computations for 3 (4B)? and omit those for Y. B},
which are similar. It is easy to see that

(2mj)*™

@+ 2zgry T A

n—1
Y (4B);=ni*- 3} |gal®
j=1
Denote by g; the jth Fourier coefficient of g:
1 .
§= L £(¢) exp(—2imjt) dt.

To evaluate |/ g;,|>— |lg,|%>, use Taylor developments, the fact that g is
periodic (so | g'”=0 for p>0), and induction reasoning to show

I gnll*— Nl ;11> = O((j/n)™).
Then

Ndm
(27‘]) 4+0(n1—2m1—2)+0(n1—2m11—1)

2 ."*1 . - ——— e
Z(AB)] —nlz j;l "gj"2 (1+l(27zj)2"‘)



100 DOUKHAN AND GASSIAT

and

n—1 (27Ij)4m
Y llg;l|2'mz'rj—.)3,—,,‘)z

Jj=1

=3 185 + 1857 O+ 1n7),

The theorem is deduced now from (15) and the fact that

E(R,,) = (l/n).(z B}+a2.m,42)).
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