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1. Introduction

Let Q, be random d-vectors, M,, random d x d matrices, and consider the recursion

Xn:Qn"'Mnxn—ly xneRd, neaz. (])

This equation has been used to model the progression of real-world systems in discrete time, for example, in queuing
theory [7] and financial models [15,33]. See for instance [13,14,35,44] and references therein for more examples.

Let I denote the d x d identity matrix and let IT, = MgM_1 - - - M_,, for n > 0. It is well known (see for instance [6]) that
if the sequence (Q,, My,)ncz is stationary and ergodic, and Assumption 1 stated below is imposed, then for any X series X
converges in distribution, as n — oo, to the random equilibrium

o0
X=Q+ Y M 1Q
k=1

which is the unique initial value making (X;)s>0 into a stationary sequence.

The stationary solution X of the stochastic difference equation (1) has been studied by many authors. Assuming the
existence of a certain “critical exponent” for M, the distribution tails P(X -y > t) and P(X -y < —t) for a deterministic
vectory € R? were shown to be regularly varied (in fact, power tailed) in [27] (for d = 1 an alternative proofis given in [19]).
Under different assumptions and for d = 1 only, similar results for the tails of X were obtained in [20,23]. The multivariate
recursion (1) and tails of its stationary solution X were studied in [12,25,29] under conditions similar to those of [27], and
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in [41,43] extending the one-dimensional setup of [20,23]. In all the works mentioned above, it is assumed that (Q,,, M) ez
is an i.i.d. sequence, and [41,43] suppose in addition that the sequences (Q,)nez and (M),cz are mutually independent.

The goal of this paper is to extend the results of [20,23] to the case where (Q,, M;) <z are induced by a Markov chain.
The extension is desirable in many, especially financial, applications; see for instance [4,34,8]. We remark that in dimension
one the results of [27,19] (where M,, is dominant in determining the tail behavior of X) and [20,23] (where Q,, is dominant)
were extended to a Markovian setup in [11,42,18], respectively.

2. The setup

For Q € RY define ||Q|| = maxi<i<q |Q(i)| and let || M| = supgepd g =1 [IMQIl denote the corresponding operator norm
for a d x d matrix M. The following condition ensures the existence and the uniqueness of the stationary solution to (1). The
condition is also known to be close to necessity (see [1]).

Assumption 1. (A1) E(log" |[Mo|l) < 400 and E(log™ |Qoll) < +oc, where x* := max({x, 0} for x € R.
(A2) The top Lyapunov exponent A = lim,,_, o % log ||[M1M; - - - M, || is strictly negative.

Let I, denote the indicator function of the set A, that is I, is one or zero according to whether the event A occurs or not.

Definition 1. The coefficients (Q,, M;) <z are said to be induced by a sequence of random variables (Z,),cz, each valued in
a finite set D, if there exists a sequence of independent random pairs (Qn i, Mp i)nez,ico With Q,; € RY and M, ;beingd x d
matrices, such that for a fixed i € D, (Qy.i, My.i)nez are i.i.d. and

Q=) Qg =Qpz and My=) Mylg,j =Mz, (2)

jed jeD

Notice that the randomness of the coefficients (Q,),cz induced by a sequence (Z,) ¢z is due to two factors:

(1) to the randomness of the underlying auxiliary process (Z,)ncz, Which can be thought as representative of the “state of
the external world”,
and, given the value of Z,,

(2) to the “intrinsic” randomness of characteristics of the system which is captured by the random pairs (Qn,z,, Mn.z,)-

The independence of Q, ; and M, ; is not supposed in the above definition. Note that when (Z,),¢7 is a finite Markov chain,
(2) defines a Hidden Markov Model (HMM). See for instance [16] for a survey of HMM and their applications in various areas.
We will further assume that the vectors Q, ; are multivariate regularly varying. Heavy tailed HMM have been considered
for instance in [40], see also references therein. Recall that, for « € R, a function f : R — R is regularly varying of index « if
f(t) = t*L(t) for some L(t) : R — R suchthat L(At) ~ L(t) forall A > 0 (thatis L(t) is slowly varying). Here and henceforth
f(t) ~ g(t) (we will omit “t — oo™ as a rule) means lim;_, », f(t)/g(t) = 1.
Let S~ denote the unit sphere in R¢ with respect to the norm || - ||.

Definition 2. A random vector Q € R¢ is said to be regularly varying with index o > 0 if there exist a functiona : R — R
regularly varying with index 1/« and a finite Borel measure G on $9=1 such that for all t > 0,

nP(IQll > tay; Q/Qll € )>noo =t *Sq(-), asn — oo, (3)

where —> denotes the vague convergence on S%~! and a, := a(n).
We denote by Ry 4 a the set of all d-vectors regularly varying with index «, associated with function a by (3).

Let E be a locally compact Hausdorff topological space. The vague convergence of measures vn—v>n_>oov for finite measures
vp, n > 0,and v on E means (see for instance Proposition 3.12 in [37]) that lim sup,,_, o, va(K) < v(K) for all compact K C E
and liminf,_, o, v,(G) > v(G) for all relatively compact open sets G C E. In this paper we consider vague convergence on
either S~ or @‘; := [—o00, 00]? \ {0}, where 0 stands for the zero vector in R%. In both spaces the topology is inherited
from R (in the case of Ry by adding neighborhoods of infinity and removing neighborhoods of zero, see for instance [38] for
more details) and can be defined using an appropriate metric making both into a locally compact Polish (complete separable

metric) space. AsetK C @g is relatively compact if its closure does not include 0, which makes the space @g especially useful
when convergence of regularly varying distributions is considered.

The definition (3) is norm-independent and turns out to be equivalent to the following condition (see for instance
[38,39] or [31]):

. —d .
There is a Radon measure v on R, such that nP(a;‘Q IS -)—v>,Hoov(~). The measure v is referred to as the measure of
regular variation associated with (Q, a).
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The regular variation of a random vector Q € RY implies that its one-dimensional projections have regularly varying tails of
a similar structure. More precisely, if Q is regularly varying then for any x € R,

A e w(X) (4)
for a slowly varying function L and some w(x) : R — R which is not identically zero. The property (4) was used as
a definition of regular variation in [27], and it turns out to be equivalent to (3) for all non-integer « as well as for odd
integers provided that Q has non-negative components with a positive probability [2]. The question whether (4) and (3) are
equivalent for even integers « in higher dimensions remains open.

In this paper we impose the following conditions on the coefficients (Q,,, Mp)nez.

Assumption 2. Let (Z,),<z be an irreducible Markov chain with transition matrix H and stationary distribution 7= defined
on a finite-state space D. Suppose that the coefficients (Q,, My)nez in (1) are induced by the stationary sequence (Z;)ncz,
Assumption 1 is satisfied, and, in addition, there exist a constant @« > 0 and a regularly varying functiona : R — R such
that

(A3) Foreachi € D, Qg € Ry .2 With an associated measure of regular variation ;.
(A4) A(B) = limsup, ., 2 logE(||[T_,||#) < 0 for some B > a. In particular,

There exists m > 0 such that E(|[/T_n||*) < 1and E(||[[T_n|") < 1. (5)

3. Main result

The following theorem extends results of [20,23,41,18] to multivariate recursions of the form (1) with Markov-dependent
coefficients.

Theorem 1. Let Assumption 2 hold. Then X € Ry ,.a with measure of regular variation ux(-) = Zngoo E(;sz o Hk__:]()).
where 1 o IT~'(:) stands for ju({x : ITx € -}).

The theorem is an instance of the phenomenon “regular variation in, regular variation out” for the model (1). We remark
that the mechanisms leading to regularly varying tails of X are quite different in [23,20] versus [27,19]. In the former case,
Kesten's “critical exponent” is not available, and therefore more explicit assumptions about distribution of Q,, are made.
Then Q, dominates and creates cumulative effects, namely X turns out to be regularly varying as a sum of regularly varying
terms IT,1Q,. The setup of Assumption 2 is particularly appealing because a similar “cumulative effect” enables one to gain
insight into the structure and fine properties of the sequence (X;)cn, in particular into the asymptotic behavior of both the
partial sums as well as multivariate extremes of (X;)nen; see for instance [35,5,9,10,30,36].

The proof of Theorem 1 is deferred to the Appendix which is included at the end of this paper. The proof combines
ideas developed in [20,41,18]. We notice that Grey conjectured in [20] that using his method it may be possible to extend
the results of [41] and rid of the assumption that (Q;)nez and (M),),ez are independent. We accomplish here the program
suggested by Grey, and in fact extend it further to coefficients induced by a finite-state irreducible Markov chains.

4. Concluding remarks

The stochastic difference equation (1), in particular regular variation of the distribution tails of its stationary solutions, has
been studied by many authors. The equation has a remarkable variety of both theoretical as well as real-world applications.
For examples in theoretical probability, see for instance [21,22,24,28,32]. For examples of applications in economics, see for
instance [4,34,8,17,26]. In this paper we showed that the tails of the stationary solution to the multivariate equation are
regularly varying in a Markovian “regular variation in, regular variation out” setup, extending known i.i.d. results. The main
result of the paper is stated in Theorem 1. The extension to Markovian coefficients seems to be desirable in many, especially
financial, applications.
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Appendix. Proof of Theorem 1

The following result extends Lemma 2 in [20] and the relation (2.4) in [41]. Notice, that in contrast to [41] we do not
assume that Q and M are independent.
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Lemma 1. Let Y, Q be random d-vectors and IT be a random d x d matrix such that

(i) Qis independent of the pair (Y, IT)
(ii) For some constant o > 0 and regularly varying a : R — R, Y and Q belong to R4 4,2 With associated measures of regular
variation measures v and [, respectively.
(iii) E(III7]1%) < oo for some B > a.

Then, Y 4+ I1Q € Ry 4.2 With associated measure of regular variation v(-) + E(u o [T (- )).
Proof. We need to show that for any compact set K < S¢1,

limsupnP(||Y + 11Q|| > ta,, Y+ 1Q € K) <t *[&y(K) + E(Sq o IT7'(K))] (6)

n—oo

while for any open set G C $¢°1,
liminfnP(||Y + 11Q|| > ta,, Y+ 1Q € G) > t “[6y(G) + E(Sq 0 [T7'(G))]. (7)
n—oo

To this end, we will use a decomposition resembling the one exploited in [20, Lemma 2] and [ 18, Proposition 2.1]. Namely,
we fix & > 0 and write for any Borel setA C S~!, nP(|Y+I71Q|| > ta,, Y+ [1Q € A) = m(n) ](2) (n) +](3) (n) —|—](4) (n),
where

JE @) =nP(IYIl > t(1+ &)a,, Y+ 11Q € A),

Jeam) =nP(IY] > (14 &)tay, |[Y + [1Q|| < ta,, Y+ I1Q € A)
JE ) =nP((1 = e)ta, < IY] < (1+ &)tan, |Y + 1Q|| > tay, Y+ [1Q € A)
JE @y =nP(IYIl < (1 — e)tay, |Y + 11Q|| > ta,, Y + I1Q € A).

Fix a constant § € (0, 1) and let K C S9! be an arbitrary compact set. Then j[(f,g(n) < nP(IYIl > t(1 + &)a,, Y €

K®) +nP(|[Y]| > t(14&)a,, |[Y — Y + I1Q|| > §).Itis not hard to check that for any constant y > 0 and vectorsx, y € @g,
o N vyl
ly—x+yll >y implies |x|| > 24y (8)
boe
Thus nP(IY)| > £(1+&)ay, [V =Y+ 7 > 8) = nP(IV > ta, 77 1QU > %) < nP(I¥]| > ta,)P(I1Q) = 25— ) +

+

|
>

a+pB a+pB _ -
nP(| || > a,” ). Since P(|1T]| > a, ki ) <a, ? E(|T]?), wehavelimsup, ., nP(|Y]| > t(1+&)ay, [[Y-Y + [1Q|| >

8) = 0.Thus
limsupJ Y (n) < lim limsup nP(|[Y]| > ¢(1+ &)an, Y € K°) = t &Sy (K). (9)
n—oo §—0 psoo

atp L
Since J % (n) < nP(IIT|l > ta,” ) +nP(IYIl > (1+ &)ta,)P(IIQll > eta,™ ), we have

lim sup J% (n) = 0. (10)

n—oo

Next,]t(jg(n) <nP((1—e)ta, < Y| < (1+ &)tay) ~ t7[(1— &)™ — (1+ &)~®]. Hence

lim llmsup](3)(n) =0. (11)

e—>0

Define g,(x,A) = nP(||Y + 11Q|| > ta,, Y+ 1Q € K|Y = x, [T = A). Fix constants p > Oand n > 0, and let
Jm =150 @ + 152 ) + 5 (n), where
I ) = E@Y, I yy<a-eyan =)
JE2 ) = E(@(Y, Iy <-syanlimizolvisn)
I ) = E@Y, Iy <a-eyanlimi=olivi<n)-
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The first two terms tend to zero as n and p go to infinity. More precisely,

limsup 5" (n) < limsup E(nP(I77] - QU > etanl Il )

= EOE(IT 1" ymy=p)) = p—o0 O, (12)
linm_)sotclpfffl,éz)(n) = limsup E(nP (I 711 - 1Q > taal ymy<plvi-n)

< p"E)P(IY] > 7) = )—o0 0. (13)

To show the asymptotic of ]t(‘}f) (n) as n goes to infinity write,

Ji5 ) < nP(n + I1IQ| > tan, TQ € K°) + nP(IY+ [TQ— TIQ|| > &, II1Q| > sta, |Y|| < 7). (14)
Applying the multivariate Breiman’s lemma (see for instance [3, Proposition 5.1]) to the first term in the right-hand side

(4.3)

of the last inequality and (8) to the second, we obtain lim sup,_, o J; " (1) < t“"E(GQ oM ! (K)). Thus (6) is implied by

(9)-(14).
It remains to show that (7) holds for any open set G < S%'. According to (10), lim supn%ooj[(,zc)(n) <

lim sup,Hoo]t(ZE)(n) = 0.Let Gy C S%!, k € N be open sets such that G, C G, C Gy1 C G.Let y = %inf{”x -yl :x€
Gy € G} Then, J\¢(n) > nP(IIYIl > t(1 + &)an,Y € G) — nP(IY| > t(1 + &)an IIY — Y+1IQ| > w). By
(8), liminfy_o0 J{ 0(n) > lim,_o liminfy_oc nP(IY] > t(1 + £)a,, Y € G¢) = t *Gy(Gy). Letting k — 0o we obtain
liminf,_ o t(]c) (n) > t~“&y(G). To conclude, observe that

4Py = nP(I17QI — n > ta,, TTQ € G) — nP(plIQl — 1 > tay; 1QI| < 1)

—nP(IY+0Q~11Q| > y, I17Qll = etay, [IY]l < 7).

By (8), liminf,_.oc J{ ¢ (1) > t“E(Sq o [T 1(Gy)). Letting k — oo establishes (7). O

The next lemma, which generalizes Proposition 2.1 of [18], is the key element of our proof of Theorem 1.

Lemma 2. Let Assumption 2 hold. Fix an integer k < —1 and let Yy, € R? be a random vector such that Y41 € o (Z,, Qu, M, :
n>k+1). Let Yy = Y1 + M1 Qu and write Yy = Yo Yiiliz=i)-

Then, each vector Yy ; belongs to Rqq.a With associated measure of regular variation vy == E(vis1,z,,, (Wize=iy) + E (i o
T (Oliz—y), and hence Yy € Rq.q,a with associated measure of regular variation E (vii1,z,,, (1)) + E(,uzk o I ().

Proof. Since P((Q, MMi+1, Yki1) € |Zkt1 = i, Zx = j) = P((Quj, Mis1,i Y1) € ), using Lemma 1 we obtain for Borel
subsets A C @3,
lim P(a, Y € A) = lim > P(Yier + M1 Q € QuAlZiern = J. Z = )miH (i, )

n—00 £
JjeD

= lim g P(Yir1j + Mies1,Qi € apA)miH(, )
je

=Y [vks1j(A) + E(i o [T} (A) ]miH G, j)
jeD
—1
= E(Vir1.2 Aliz=iy) + E(wi o ML (D)lz—p).
The proof of the lemma is completed. O

We are now in a position to complete the proof of Theorem 1. First we introduce some notations. Throughout the rest of the
paper:
For a constant § > 0 and a set K (either in S¢! or ﬁg), let K? denote the closed §-neighborhood of K, that is

K = {x : 3y € Kst.|x —y| < 8}. Forx € R%/{0}, let X denote its direction x/||x|. For a set G, let G denote its
closure ;.o G°.
The final step in the proof is similar to the corresponding argument in [41], and is reproduced here for the sake of

completeness. It follows from Lemma 2 that, for any L € N and Borel A C ﬁg,

0

0
Tim nP(Z Mesr Qe € anA) =Y E(uy, o L A), (15)

k=—L k=—L
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while [18, Theorem 1.4] yields with the help of (5) that for any constant § > 0,
—1-1

lim lim sup nP( Z Tl - 11Qkll > 5an) =0. (16)

L—-0o0 pnooo oo

—d
For a compact set K C R,,, we have

0 0 —L-1
(Y M@ e ak) = P( Y Qullier € aik®) + P Y 1@l > 83y ).
k=—00 k=—L

k=—o00
Hence, lim sup,,_, o, nP(i S Qi € K) <> E(,uzk o1, (K%) invirtue of (15) and (16). Then letting § — 0,
we obtain

0

0
lim sup nP(a;l 3 MeaQe K) < 3 E(uy, o I, (K)). (17)

n—0o0 k=—o00 k=—o00

Let G C @3 be relatively compact and open. Consider open relatively compact sets G, C @ﬁ, k € N, such that G, C Gy C
Grr1 C G. For any m, L, there is ¢ > 0 such that {zfj:% M 1Qr € anGm}U{HZ_L_l Hk+1QkH < 5an} C

k=—o00
[222700 Hk+1Qk € anG].
Therefore, with %y := o (M;, Z, : n < 0), we have for any G,

0 0
liminfnP ( a,* Z IM1Qi € G| = liminfnE [P | a;’ Z I 1Qe e G

Fo
n—o00 n—oo
k=—o00 k=—o00
0 —1-1
= liminfE | nP ¢, Y~ MMe1Qu € G| Fo | P | || D Mi1Qi| < ean| %o
oo k=1L k=—o0
0 —1-1
> E | liminfnP a;l Z ITi+1Qx € G| Fo | P Z I Q|| < ane|Fo ) |,
n—oo
k=—L k=—o00

where for the last inequality we used Fatou’s lemma. Hence, (15) yields the lower bound lim inf,_, o, nP (a;] 222700 I 1Qy
€ G) > ZzszE(,qu o 1"[,;:1 (G,,,)). Letting m — oo and then L — oo, liminf,_, o nP(a;] Zngoo M 1Qy € G) >
Zgz_w E(uzk o 17,;11 (G)). This bound along with (17) yield the claim of the theorem provided that we have shown that

ux(:) = E(Mzk onﬂ] (-)) is a Radon measure on @g that is (see for instance Remark 3.3 in [43]) ux(K) < oo for any compact

set K € R,. Toward this end notice that since e := infyex [|X|| > 0 and in virtue of (A4) of Assumption 2,

0 0
ix() = Y0 E[> o MEh (0] = D7 B[N miltx: Mix € k)
k=—00 ieD k=—00 ieD
0 0
<y E[Zm({xz x| zeKnnan”})] = Y 1Dl E(IMia 1) < oo,
k=—o00 i€eD k=—00

completing the proof of the theorem. O
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