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Hotelling’s T 2 tests in paired and independent

survey samples: An efficiency comparison

Ludwig Baringhaus, Daniel Gaigall

Institut für Mathematische Stochastik, Leibniz Universität Hannover,
Postfach 60 09, D-30060 Hannover, Germany

Abstract

Hotelling’s T 2 tests in paired and independent survey samples are compared using the tra-
ditional asymptotic efficiency concepts of Hodges–Lehmann, Bahadur and Pitman, as well
as through criteria based on the volumes of corresponding confidence regions. Conditions
characterizing the superiority of a procedure are given in terms of population canonical
correlation type coefficients. Statistical tests for checking these conditions are developed.
Test statistics based on the eigenvalues of a symmetrized sample cross-covariance matrix are
suggested, as well as test statistics based on sample canonical correlation type coefficients.

Key words: Hotelling’s T 2 test, relative efficiency, volumes of confidence sets, sample
covariance matrix, canonical correlation type coefficients, empirical eigenvalues
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1. Introduction

Let n, d P N, n ą d. Consider independent and identically distributed pairs of random
vectors pX1, Y1q, . . . , pX2n, Y2nq with values in Rd ˆRd and distribution LpX1, Y1q. In many
situations, one can choose between the experimental design of a paired survey sample with
observations of the independent and identically distributed random vectors

pX1, Y1q, . . . , pXn, Ynq (1.1)

and the experimental design of independent survey samples with observations of the two
independent blocks of independent and identically distributed random vectors

X1, . . . , Xn and Yn`1, . . . , Y2n.
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In the latter case, one can also set X 1
i “ Xi and Y 1i “ Yn`i, i “ 1, . . . , n, so that one then

deals with observations of the independent and identically distributed random vectors

pX 1
1, Y

1
1q, . . . , pX

1
n, Y

1
nq. (1.2)

Thus, formally, there is a sampling scheme involved here, just as in the paired sample case.
Denoting by µb ν the product of probability measures µ and ν, one can set

νX “ LpX1q “ LpX 1
1q and νY “ LpY1q “ LpY 11q,

and hence LpX 1
1, Y

1
1q “ LpX 1

1q b LpY 11q, while in the paired sample case, one generally has
LpX1, Y1q ‰ LpX1q b LpY1q.

As both sampling schemes involve the same number n of observations, it is natural to ask
which of the two designs is best. The purpose of this paper is to address this issue in the
special case where the joint distribution LpX1, Y1q is multivariate normal and where, based
on each of the sampling schemes (1.1) and (1.2), one wishes to test the following hypotheses:

H : νX “ νY , K : νX ‰ νY . (1.3)

To fix ideas and provide motivation, let us first deal with a very special bivariate normal
case.

Example 1.1. Assume d “ 1 and
ˆ

X1

Y1

˙

„ N2

„ˆ

a
b

˙

,

ˆ

σ2 σ2ρ
σ2ρ σ2

˙

,

where σ2 ą 0 and ρ P p´1, 1q are known and a, b P R are unknown. The law of the
independent samples is then given by

ˆ

X 1
1

Y 11

˙

„ N2

„ˆ

a
b

˙

,

ˆ

σ2 0
0 σ2

˙

.

Setting µ “ a ´ b, one can then write the testing problem (1.3) as H : µ “ 0, K : µ ‰ 0.
Suitable test statistics are

Tn “

?
n |X̄n ´ Ȳn|

a

2σ2p1´ ρq
and T 1n “

?
n |X̄ 1

n ´ Ȳ
1
n|?

2σ2
.

For given α P p0, 1q, denote by u1´α{2 the quantile of order 1 ´ α{2 of the standard normal
distribution, denoted N p0, 1q. The statistical tests with rejection regions tTn ą u1´α{2u

and tT 1n ą u1´α{2u are of exact size α P p0, 1q. We compare the tests by means of the
corresponding error probabilities of the second kind βT,n and βT 1,n. Defining

ψypxq “ Φpy ´ xq ´ Φp´y ´ xq, x P R, y P p0,8q,
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where Φ is the distribution function of N p0, 1q, we have, for given µ ‰ 0,

βT,n “ ψu1´α{2

" ?
n

a

2σ2p1´ ρq
µ

*

and βT 1,n “ ψu1´α{2

ˆ ?
n

?
2σ2

µ

˙

.

It is easily seen that

βT,n

$

&

%

ă

“

ą

,

.

-

βT 1,n for each n P N if and only if ρ

$

&

%

ą

“

ă

,

.

-

0.

Thus the paired survey sample experimental design is preferable if X1 and Y1 are posi-
tively correlated. If the correlation is negative, the independent sampling scheme domi-
nates. The quality of both procedures is equal if the correlation is zero. Comparing the
length 2n´1{2u1´α{2

a

2σ2p1´ ρq of the related confidence interval for µ in paired samples

with the length 2n´1{2u1´α{2

?
2σ2 of that in independent samples, the same conclusion is

drawn.

In general, however, crisp and blanket conclusions such as these on the superiority of one
of the sampling schemes over the other are not possible. There is only sparse literature
dealing with this problem on a rigorous basis. For 2 ˆ 2 contingency tables, comparisons
of McNemar’s one-sided symmetry test (paired samples) and Fisher’s one-sided two-sample
exact test (independent samples) were conducted by Knüsel [11] using Pitman’s asymptotic
efficiency concept and Frischmuth [7] using the Hodges–Lehmann efficiency concept. The
latter author presents also a result obtained from the comparison of the one-sided one-sample
t-test (paired samples) and the one-sided two-sample t-test (independent samples) by means
of the asymptotic Hodges–Lehmann efficiency; see also Section 4. Establishing properties of
the power functions of these t-tests for finite sample sizes, Pollak and Cohen [21] came to
divided conclusions regarding the superiority of either one of these t-tests.

Before dealing with Hotelling’s T 2 tests in paired and independent survey samples, it is
helpful to state some useful facts; this is done in Section 2. The basis of our comparisons
are the asymptotic efficiency concepts of Hodges–Lehmann, Bahadur and Pitman, as well
as criteria based on volumes of confidence sets. Details on these notions are given in Sec-
tion 3. An efficiency comparison of the Hotelling tests is presented in Section 4. Conditions
characterizing the superiority of a procedure are derived in terms of population canonical
correlation type coefficients. Statistical tests checking these conditions are developed and
discussed in Section 5. Test statistics based on the eigenvalues of tS12

n ` pS
12
n q

Ju{2, where
S12
n is the sample cross-covariance matrix of the random vectors X1, . . . , Xn and Y1, . . . , Yn

as well as tests based on sample canonical correlation type coefficients, i.e., the eigenval-
ues of tS12

n ` pS12
n q

Ju pS11
n ` S

22
n q

´1
with S11

n and S22
n as the sample covariance matrix of

X1, . . . , Xn and Y1, . . . , Yn, respectively, are suggested. Section 6 contains a numerical study
on the power performance of the two Hotelling tests in the finite-sample case; these findings
are in line with our theoretical considerations. The result of a small simulation study on the
power performance of one of the superiority tests is also presented there.
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2. Hotelling’s T 2 tests

For any k P N, denote by

Pk “ tA P Rkˆk : A is symmetric positive definiteu

the set of symmetric positive definite k ˆ k matrices. In what follows, we assume that
ˆ

X1

Y1

˙

„ N2d

„ˆ

a
b

˙

,

ˆ

Σ Π
ΠJ Σ

˙

, (2.1)

where a, b P Rd are unknown and Σ,Π P Rdˆd, chosen in such a way that

Ξ “

ˆ

Σ Π
ΠJ Σ

˙

P P2d, (2.2)

are also unknown. Note that in this case the common covariance matrix Σ of X1 and Y1 is
also positive definite. Obviously,

ˆ

X 1
1

Y 11

˙

„ N2d

„ˆ

a
b

˙

,

ˆ

Σ 0
0 Σ

˙

.

With µ “ a´ b, the testing problem (1.3) can be written as

H : µ “ 0, K : µ ‰ 0. (2.3)

We consider testing (2.3) by using Hotelling T 2 tests in paired and independent survey
samples. A detailed description is given below. However, let us first give a preview of
the main findings obtained with the efficiency comparisons of these two tests. Set Λ “

2Σ´ pΠ`ΠJq P Pd. It turns out that the efficiencies of Hotelling’s T 2 tests in independent
samples with respect to Hotelling’s T 2 test in paired samples can essentially be described
by the ratio of two quadratic forms, viz.

ηJp2Σq´1η{ηJΛ´1η,

ranging between 0 and 2, where the parameter η P Rd is determined by the alternative used
for the calculation of the efficiencies, or are given by the ratio of the related determinants,

detp2Σq´1
{det Λ´1,

ranging between 0 and 2d. Moreover, it will be shown that the superiority of one of the
sampling designs can be characterized by the eigenvalues λ1pΠ,Σq ď ¨ ¨ ¨ ď λdpΠ,Σq of the
symmetric matrix Σ´1{2pΠ` ΠJqΣ´1{2{2. See the discussion in Section 4 for details.

Note that in the case Π “ ΠJ, |λ1pΠ,Σq|, . . . , |λdpΠ,Σq| are the population canonical corre-
lation coefficients of the partitioned matrix Ξ. Therefore, we are led to speak of the canonical
correlation type coefficients λ1pΠ,Σq, . . . , λdpΠ,Σq. In the special case d “ 1,

ηJp2Σq´1η{ηJΛ´1η “ detp2Σq´1
{det Λ´1

“ 1´ ρ,
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where ρ is the correlation coefficient of X1 and Y1. Thus, as in Example 1.1, paired survey
sampling turns out to be the better experimental design if the correlation between X1 and Y1

is positive. If the correlation is negative, the independent survey sampling dominates. The
quality of both procedures is equal if the correlation is zero. See also Frischmuth [7], who
compared the one-sided one-sample t-test (paired samples) and the one-sided two-sample
t-test (independent samples) by means of the asymptotic Hodges–Lehmann efficiency.

Let us now come back to a short description of the Hotelling tests. Under the sampling
scheme (1.1) it is convenient to use Hotelling’s T 2 test statistic based on the differences
Zi “ Xi ´ Yi, i “ 1, . . . , n. Of course, Z1 „ Ndpµ,Λq. Hotelling’s T 2 test statistic (modified
so as to have the F -distribution) is

Tn “
npn´ dq

dpn´ 1q
Z̄Jn pS

Z
n q
´1Z̄n,

where

SZn “
1

n´ 1

n
ÿ

i“1

pZi ´ Z̄nqpZi ´ Z̄nq
J

is the sample covariance matrix computed from Z1, . . . , Zn. Since n ą d, SZn is positive
definite with probability 1. The distribution of Tn is the same as that of

W1{d

W2{pn´ dq
„ Fd,n´dpδq,

where δ “ nµ1Λ´1µ and W1 „ χ2
d pδq, W2 „ χ2

n´d are independent; see Muirhead [19],
Theorems 1.3.6 and 6.3.1. For given α P p0, 1q, denote by F 1´α

d,n´d the quantile of order 1´ α
of the (central) F -distribution with d and n´ d degrees of freedom. The rejection region of
Hotelling’s T 2 test is

tTn ě F 1´α
d,n´du. (2.4)

It is of exact size α, and it is consistent. Based on the sample Z1, . . . , Zn, it is the likelihood
ratio test for the testing problem (2.3); see Muirhead [19], Theorem 6.3.2. Define

GLpd,Rq “ tA P Rdˆd : A regularu.

Based on the sample Z1, . . . , Zn, under the group of transformations

pZ1, . . . , Znq ÞÑ pAZ1, . . . , AZnq, A P GLpd,Rq,

the testing problem (2.3) is invariant and Hotelling’s T 2 test (2.4) is the uniformly most
powerful invariant test of size α; see Muirhead [19], Theorem 6.3.4.

Under the independent sampling scheme, we choose Hotelling’s two-sample T 2 test. The
test statistic (modified so as to have an F -distribution) is

T 1n “
np2n´ 1´ dq

4dpn´ 1q
pX̄ 1

n ´ Ȳ
1
nq
J
pSX

1,Y 1

n q
´1
pX̄ 1

n ´ Ȳ
1
nq, (2.5)
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where SX
1

and SY
1

are the sample covariance matrices of the sample variables X 1
1, . . . , X

1
n

and Y 11 , . . . , Yn,
1 and SX

1,Y 1

n “ pSX
1

n ` SY
1

n q{2. The statistic T 1n has the same distribution as

W 1
1{d

W 1
2{p2n´ 1´ dq

„ Fd,2n´1´dpδ
1
q, (2.6)

where δ1 “ nµJΣ´1µ{2 and W 1
1 „ χ2

dpδ
1q, W 1

2 „ χ2
2n´1´d are independent; see Muirhead [19],

Theorems 1.3.6 and 6.3.1. The rejection region of Hotelling’s two-sample T 2 test is

tT 1n ě F 1´α
d,2n´1´du. (2.7)

It is a consistent test of exact size α. In fact, it is the likelihood ratio test. Moreover, under
the group of transformations

ˆˆ

X 1
1

Y 11

˙

, . . . ,

ˆ

X 1
n

Y 1n

˙˙

ÞÑ

ˆˆ

AX 1
1 ` c

AY 11 ` c

˙

, . . . ,

ˆ

AX 1
n ` c

AY 1n ` c

˙˙

, A P GLpd,Rq, c P Rd,

the testing problem (2.3) is invariant and the test (2.7) is the uniformly most powerful
invariant test of size α; see Muirhead [19], Theorem 6.3.5.

3. Efficiencies

Let pΩ,A,Pq be a statistical experiment, i.e., a measurable space pΩ,Aq endowed with
a family of probability measures P “ tPϑ : ϑ P Θu indexed by some parameter ϑ in a
parameter set Θ. Fix a subset H ‰ Θ0 Ĺ Θ, set Θ1 “ ΘzΘ0 and assume that the subsets

P0 “ tPϑ : ϑ P Θ0u and P1 “ tPϑ : ϑ P Θ1u

of P are disjoint. Consider the question of determining whether the true unknown proba-
bility measure Pϑ is an element of P0 (hypothesis H), or an element of P1 (alternative K)
through a test of the hypotheses

H : ϑ P Θ0, K : ϑ P Θ1. (3.1)

Consider treating the testing problem (3.1) by non-randomized statistical tests with rejection
regions of the form tT ě cu, where T : pΩ,Aq Ñ pR,Bq is a test statistic (a map from Ω into
R, measurable with respect to A and the Borel-σ-algebra B on R), and c P R is a critical
value. Denote such a test briefly by T . In what follows, we deal with sequences of tests
pTnqnPN and pT 1nqnPN for (3.1), defined in a specific way. We make the following assumptions.

(a) pR,Sq and pR1,S1q are measurable spaces.

(b) ζi : pΩ,Aq Ñ pR,Sq, i P N, and ζ 1i : pΩ,Aq Ñ pR1,S1q, i P N, are sequences of random
variables. For each ϑ P Θ, the ζi, i P N, and the ζ 1i, i P N, respectively, are independent
and identically distributed under Pϑ P P.
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(c) For each n P N there exist statistics

tn : pRn,Sn
q Ñ pR,Bq and t1n : pR1n,S1n

q Ñ pR,Bq

defined on the n-fold product space pRn,Snq of pR,Sq and the n-fold product space
pR1n,S1nq of pR1,S1q, respectively, such that

Tn “ tnpζ
pnq
q and T 1n “ t1npζ

1pnq
q, n P N,

where ζpnq “ pζ1, . . . , ζnq and ζ 1pnq “ pζ 11, . . . , ζ
1
nq.

Comparisons of sequences of tests T “ pTnqnPN and T 1 “ pT 1nqnPN are usually done in the
special case pR,Sq “ pR1,S1q and ζi “ ζ 1i, i P N. Then Tn “ tnpζ

pnqq and T 1n “ t1npζ
pnqq for

all n P N, which means that the sequences of tests T and T 1 are based on the same sequence
of statistical experiments, viz.

pRn,Sn, tP ζpnq

ϑ : ϑ P Θuq, n ě 1.

In our more general setting, the sequences of tests T and T 1 are based on the different
sequences of statistical experiments

pRn,Sn, tP ζpnq

ϑ : ϑ P Θuq, n ě 1, and pR1n,S1n, tP ζ1pnq

ϑ : ϑ P Θuq, n ě 1,

respectively. Of course, it is tacitly assumed that the sets

Pζpnq

0 “ tP ζpnq

ϑ : ϑ P Θ0u and Pζpnq

1 “ tP ζpnq

ϑ ;ϑ P Θ1u

are disjoint, as are the sets

Pζ1pnq

0 “ tP ζ1pnq

ϑ : ϑ P Θ0u and Pζ1pnq

1 “ tP ζ1pnq

ϑ : ϑ P Θ1u.

First, we give a brief overview of the well-known asymptotic efficiency concepts of Hodges–
Lehmann, Bahadur, and Pitman, and show their suitability for comparison purposes in our
context. For detailed discussions in the traditional setting, see Groeneboom and Oosterhoff
[8], Nikitin [20], Puri and Sen [23] and Serfling [26].

3.1. Hodges–Lehmann efficiency

Fix α P p0, 1q. Let T “ pTnq be a sequence of tests (test statistics) Tn, and let pcnq be the
sequence of associated critical values cn P R such that

suptPϑ0pTn ě cnq : ϑ0 P Θ0u ď α for all n P N.
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For ϑ P Θ1, denote by βT,npϑq “ PϑpTn ă cnq the error probability of the second kind at ϑ.
If there exists dT pϑq P p0,8q such that

´dT pϑq “ lim
nÑ8

1

n
ln βT,npϑq,

dT pϑq is called the Hodges–Lehmann index of T. Note that this definition differs from that
given in the literature, where 2dT pϑq is usually called the Hodges–Lehmann index of T.
In what follows, we consider test statistics of the form Tn “ tnpζ

pnqq given above. Then
as n Ñ 8, dT pϑq describes the exponential rate of convergence of the error probability
of the second kind to zero. If for two given sequences T and T 1 of competing tests the
Hodges–Lehmann indexes dT pϑq and dT 1pϑq exist, the ratio

eHL
T 1,T pϑq “ dT 1pϑq{dT pϑq

is called the Hodges–Lehmann efficiency of T 1 with respect to T . In typical cases, the
Hodges–Lehmann efficiency does not depend on α. Set

Kζ1pϑ1, ϑ2q “

ż

ln
dP ζ1

ϑ1

dP ζ1
ϑ2

dP ζ1
ϑ1
, ϑ1, ϑ2 P Θ,

if P ζ1
ϑ1
! P ζ1

ϑ2
, and Kζ1pϑ1, ϑ2q “ 8 otherwise. Kζ1pϑ1, ϑ2q is the Kullback–Leibler information

of the distribution P ζ1
ϑ2

with respect to the distribution P ζ1
ϑ1
. Defining

Kζ1pΘ0, ϑq “ inftKζ1pϑ1, ϑq, ϑ1 P Θ0u,

one then has

lim inf
nÑ8

1

n
ln βT,npϑq ě ´Kζ1pΘ0, ϑq;

see, e.g., Kourouklis [13]. Thus, if

lim sup
nÑ8

1

n
ln βT,npϑq ď ´Kζ1pΘ0, ϑq ă 0,

it follows that dT pϑq “ Kζ1pΘ0, ϑq. The sequence of tests T is then optimal in the sense of
Hodges–Lehmann.

3.2. Bahadur efficiency

For all t P R, set Gnptq “ suptPϑ0pTn ě tq : ϑ0 P Θ0u and define Ln “ GnpTnq. Let ϑ P Θ1.
If there exists cT pϑq P p0,8q such that

lim
nÑ8

1

n
lnLn “ ´cT pϑq in Pϑ-probability,

8



cT pϑq is called the Bahadur slope of T . Note that this definition differs from that given in
the literature, where 2cT pϑq is usually called the Bahadur slope of T. For given level α and
given β P pα, 1q, denote by NT “ NT pα, β, ϑq the sample size needed to achieve power β at
ϑ P Θ1. Then, in typical cases, NT „ ´ lnα{cpϑq as α Ñ 0; see, e.g., Nikitin [20], p. 5. If
the Bahadur slopes exist for the sequences of tests T and T 1, the ratio

eB
T 1,T pϑq “ cT 1pϑq{cT pϑq

is called the Bahadur efficiency of T 1 with respect to T . In view of the reasoning given above,
it provides an approximation to the ratio NT {NT 1 of sample sizes NT and NT 1 required with
T and T 1. Setting

Kζ1pϑ,Θ0q “ inftKζ1pϑ, ϑ2q, ϑ2 P Θ0u

one then has

lim inf
nÑ8

1

n
lnLn ě ´Kζ1pϑ,Θ0q Pϑ-a.s.;

see, e.g., Nikitin [20], Theorem 1.2.3. If cT pϑq “ Kζ1pϑ,Θ0q, i.e., if for each ε ą 0

lim
nÑ8

Pϑ

! 1

n
lnLn `Kζ1pϑ,Θ0q ą ε

)

“ 0,

the sequence of tests T is called optimal in the sense of Bahadur.

Let Θ be a metric space. Let ϑ0 P BΘ0, and pϑiqiPN be a sequence of parameters ϑi P Θ1, i P
N, such that limiÑ8 ϑi “ ϑ0. If the Bahadur efficiency eB

T 1,T pϑiq exists for each i P N, and if
also the limit

eLB
T 1,T tϑ0, pϑiqiPNu “ lim

iÑ8
eB
T 1,T pϑiq

exists, the latter is called the local Bahadur efficiency of T 1 with respect to T at ϑ0 with
approximating sequence pϑiqiPN in Θ1.

3.3. Pitman efficiency

Fix α P p0, 1q. Suppose that Θ is a metric space and that BΘ0 Ă Θ0. Take ϑ0 P BΘ0 and a
sequence pϑnqnPN of parameters ϑn P Θ1 such that limnÑ8 ϑn “ ϑ0. Let us think of T “ pTnq
and T “ pT 1nqnPN as sequences of statistics for testing, for each given n P N, the simple
hypothesis H : ϑ “ ϑ0 against the simple alternative ϑ “ ϑn. Let cnpϑ0q P R and c1npϑ0q P R
be two sequences of critical values such that, for every n P N,

Pϑ0tTn ě cnpϑ0qu ď α and Pϑ0tT
1
n ě c1npϑ0qu ď α

and

lim
nÑ8

Pϑ0tTn ě cnpϑ0qu “ α and lim
nÑ8

Pϑ0tT
1
n ě c1npϑ0qu “ α.

9



If there is a map h : N Ñ N and β P p0, 1´ αq such that the limits

lim
nÑ8

PϑntTn ă cnpϑ0qu “ lim
nÑ8

PϑntT
1
hpnq ă c1hpnqpϑ0qu “ β

and

eP
T 1,T tϑ0, pϑnqnPNu “ lim

nÑ8
n{hpnq P p0,8q

exist, the latter is called the Pitman efficiency of T 1 with respect to T at ϑ0 with approxi-
mating sequence pϑnqnPN in Θ1. Often, Tn and T 1n are distribution-free when the hypothesis
is true, so that the sequences of critical values do not depend on the specific choice of pa-
rameter ϑ0 P BΘ0. Moreover, in typical cases the Pitman efficiency depends neither on α
nor on β.

3.4. Volume efficiency

Inspired by the well-known correspondence principle relating (families of) statistical tests
and confidence regions, we are led to a different comparison approach based on expected
volumes of confidence regions. For a discussion on the expected volume as a criterion for the
accuracy of a confidence region, we refer to Pratt [22]. Let us first provide some theoretical
background. Fix α P p0, 1q. For some given p P N, let δ be a map δ : Θ Ñ Rp. Take
η0 P δpΘq such that Θ0 “ tϑ P Θ : δpϑq “ η0u. Suppose that for each n P N, bn is a map
bn : Rn Ñ Bp such that

@ϑPΘ tpz1, . . . , znq P R
n : δpϑq P bnpz1, . . . , znqu P Sn

and

@ϑPΘ P
pζ1,...,ζnq
ϑ

`

tpz1, . . . , znq P R
n : δpϑq P bnpz1, . . . , znqu

˘

ě 1´ α.

Then, pbnqnPN is a sequence of confidence regions at level 1´ α for δpϑq. Defining, for n P N
and pz1, . . . , znq P R

n,

tη0,npz1, . . . , znq “ 1 if η0 R bnpz1, . . . , znq and 0 otherwise,

and setting Tη0,n “ tη0,npζ1, . . . , ζnq, we have a sequence of non-randomized level α tests with
rejection regions

tTη0,n ě 1u “ tη0 R bnpζ1, . . . , ζnqu

for the testing problem (3.1). In fact, replacing η0 by any other η P δpΘq, there is a sequence
of non-randomized level α tests (indexed by η P δpΘq) with rejection regions

tTη,n ě 1u “ tη R bnpζ1, . . . , ζnqu

10



for the testing problems

Hη : δpϑq “ η, Kη : δpϑq ‰ η.

Denote this family of sequences of tests simply by T “ pTnqnPN and set

BT,n “ bJn pζ1, . . . , ζnq “ bnpζ1, . . . , ζnq.

Suppose that, for all n P N,

tps, zq P Rp
ˆRn; s P bnpzqu P Bp

bSn.

This assumption ensures that, for each n P N, the map z ÞÑ
ş

bJn pzq
ds, z P Rn, where

the symbol ds means integration with respect to the Lebesgue–Borel measure on Bp, is
measurable and that

VolT,n “

ż

BT,n

ds

is a random variable. Let 0 ă EϑpVolT,nq ă 8 for each ϑ P Θ, and view EϑpVolT,nq, ϑ P Θ,
as a quantification of the localization of δpϑq by BT,n. Then, for two given such sequences of
confidence regions pbJn qnPN and pbT

1

n qnPN (two such families of sequences of tests T “ pTnqnPN
and T 1 “ pT 1nqnPN), define

evol
T 1,T,npϑq “

"

EϑpVolT,nq

EϑpVolT 1,nq

*2

, n P N, (3.2)

and call this ratio the volume efficiency of the family of tests T 1 with respect to the family
of tests T . The exponent 2 appearing on the right-hand side of (3.2) is applied here to state
the conclusions drawn with the various comparison approaches in a simple unified way; the
results given below will clarify this. If the limit

eLvol
T 1,T pϑq “ lim

nÑ8
evol
T 1,T,npϑq

exists, it is called the asymptotic volume efficiency of the family of tests T 1 with respect to
the family of tests T .

4. Comparison

First, we compute the efficiencies and show that the Hodges–Lehmann efficiency, the local
Bahadur efficiency and the Pitman efficiency are given by

EHL
T 1,T pη,Π,Σq “ ELB

T 1,T pη,Π,Σq “ EP
T 1,T pη,Π,Σq “ ηJp2Σq´1η{ηJΛ´1η,

11



respectively, where the parameter η P Rd is determined by the alternative used for the
computation of the efficiency, and that the asymptotic volume efficiency is given by

ELvol
T 1,T pΠ,Σq “ detp2Σq´1

{det Λ´1.

Finally, we use λ1pΠ,Σq and λdpΠ,Σq, the extreme eigenvalues of the matrix

Σ´1{2
pΠ` ΠJqΣ´1{2

{2,

for the characterization of the superiority of one of the sampling designs over the other.

Dealing with the model (2.1) the basic sequences of random variables chosen are

ζi “ Zi “ Xi ´ Yi and ζ 1i “ pX
1
i, Y

1
i q, i P N.

The parameter sets are

Θ “

!

pµ, b,Π,Σq P Rd
ˆ Rd

ˆ Rdˆd
ˆ Rdˆd :

`

Σ Π
ΠJ Σ

˘

P P2d

)

(4.1)

and

Θ0 “ tpµ, b,Π,Σq P Θ : µ “ 0u.

For pΠ,Σq P Rdˆd ˆ Rdˆd such that
`

Σ Π
ΠJ Σ

˘

P P2d, define

Λ “ ΛpΠ,Σq “ 2Σ´ pΠ` ΠJq (4.2)

as before. To be specific, for ϑ “ pµ, b,Π,Σq P Θ one has

P

´

X1
Y1

¯

ϑ “ N2d

“`

µ`b
b

˘

,
`

Σ Π
ΠJ Σ

˘‰

,

so

PZ1
ϑ “ Ndpµ,Λq and P

ˆ

X 11
Y 11

˙

ϑ “ N2d

“`

µ`b
b

˘

, p Σ 0
0 Σ q

‰

.

4.1. Computation of the Hodges–Lehmann efficiency

First, for convenience, we state two identities needed in the proof of Proposition 4.1. For
p P N and positive real η, let V „ χ2

ppηq. The moment generating function of V is given by

EtexpptV qu “ exp
´ tη

1´ 2t

¯

p1´ 2tq´p{2, t P p´8, 1{2q. (4.3)

Let V1 „ Ndpν1,∆1q and V2 „ Ndpν2,∆2q, pν1,∆1q, pν2,∆2q P RdˆPd. The Kullback–Leibler
information of P V2 with respect to P V1 is
ż

ln
dP V1

dP V2
dP V1 “ ´

1

2
ln detp∆´1

2 ∆1q `
1

2
pν1 ´ ν2q

J∆´1
2 pν1 ´ ν2q `

1

2
trp∆´1

2 ∆1q ´
d

2
. (4.4)
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Proposition 4.1. For given fixed alternative specified by the parameter ϑ “ pµ, b,Π,Σq P Θ1,
the Hodges–Lehmann efficiency of Hotelling’s two-sample T 2 tests T 1 in independent samples
with respect to Hotelling’s T 2 tests T in paired samples is given by

EHL
T 1,T pµ,Π,Σq “ eHL

T 1,T pϑq “ µJp2Σq´1µ{µJΛ´1µ.

Proof. For ϑ0 “ p0, b0,Π0,Σ0q P Θ0, set Λ0 “ 2Σ0 ´ pΠ0 ` ΠJ0 q. We then have

Kζ1pϑ0, ϑq “ ´
1

2
ln detpΛ´1Λ0q `

1

2
µJΛ´1µ`

1

2
trpΛ´1Λ0q ´

d

2

“
1

2

d
ÿ

i“1

t´ lnλi ` pλi ´ 1qu `
1

2
µJΛ´1µ,

where λ1, . . . , λd are the positive real eigenvalues of Λ´1Λ0. Given that ´ lnx` px´ 1q ą 0
for positive real x ‰ 1, it follows that

Kζ1pΘ0, ϑq “ µJΛ´1µ{2;

see also Kourouklis [13], Example 3.2. Arguing as for the sequence pζ 1nqnPN below or just
refer to Kourouklis [13] to obtain

lim sup
nÑ8

1

n
ln βT,npϑq ď ´µ

JΛ´1µ{2.

Thus, Hotelling’s T 2 test based on the sample variables Zi is optimal in the sense of Hodges–
Lehmann. The Hodges–Lehmann index is

dT pϑq “ µJΛ´1µ{2.

To get the corresponding result for Hotelling’s two-sample T 2 test, we can call on results of
Baringhaus [5], Kallenberg and Kourouklis [10] and Rubĺık [25], dealing with the Hodges–
Lehmann optimality of likelihood ratio tests. For illustration, we prefer to give the derivation
for the special case under consideration. Let λ11, . . . , λ

1
d be the positive eigenvalues of Σ´1Σ0.

Note that

Kζ11
pϑ0, ϑq “ ´ ln detpΣ´1Σ0q `

1

2
pµ` b´ b0q

JΣ´1
pµ` b´ b0q

`
1

2
pb´ b0q

JΣ´1
pb´ b0q ` trpΣ´1Σ0q ´ d

“

d
ÿ

i“1

t´ lnλ1i ` pλ
1
i ´ 1qu `

1

2
pµ` b´ b0q

JΣ´1
pµ` b´ b0q

`
1

2
pb´ b0q

JΣ´1
pb´ b0q

ě
1

2
pµ` b´ b0q

JΣ´1
pµ` b´ b0q `

1

2
pb´ b0q

JΣ´1
pb´ b0q (4.5)

ě
1

4
µJΣ´1µ, (4.6)
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where equality holds in (4.5) and (4.6) if and only if Σ0 “ Σ and b0 “ b` µ{2, respectively.
It follows that

Kζ1pΘ0, ϑq “ µJΣ´1µ{4.

Let c1n “ F 1´α
d,2n´1´d. By using Markov’s inequality we deduce from (2.6) and (4.3) that, for

each τ ă 0 and sufficiently large n,

βT 1,npϑq “ Pϑ

´

τW 1
1 ´

τd

2n´ 1´ d
c1nW

1
2 ě 0

¯

ď Eϑ

 

exppτW 1
1q
(

Eϑ

"

exp
´

´
τd

2n´ 1´ d
c1nW

1
2

¯

*

“ exp
´ τδ1

1´ 2τ

¯

p1´ 2τq´
d
2

´

1` 2
τd

2n´ 1´ d
c1n

¯´ 2n´1´d
2

.

This implies

lim sup
nÑ8

1

n
ln βT 1,npϑq ď

τ

1´ 2τ

1

2
µJΣ´1µ,

so that as τ Ñ ´8,

lim sup
nÑ8

1

n
ln βT 1,npϑq ď ´µ

JΣ´1µ{4.

Therefore, also Hotelling’s two-sample T 2 test based on the sample variables pX 1
i, Y

1
i q is

optimal in the sense of Hodges–Lehmann. The Hodges–Lehmann index is

dT 1pϑq “ µJΣ´1µ{4.

This proves the assertion.

4.2. Computation of the Bahadur efficiency

Often it is possible to compute the Bahadur slope in the following way. If there exist a
function b : Θ1 Ñ R such that

@ϑPΘ1 lim
nÑ8

Tn “ bpϑq in Pϑ-probability,

an open interval I Ą tbpϑq : ϑ P Θ1u, and a continuous function g : I Ñ R such that

@tPI lim
nÑ8

1

n
lnGnptq “ ´gptq,

then

@ϑPΘ1 lim
nÑ8

1

n
lnLn “ ´gtbpϑqu in Pϑ-probability.

In this case, the Bahadur slope is given via the function cT “ g ˝ b; see Bahadur [4],
Theorem 7.2. A related result suitable for our purpose is as follows.
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Lemma 4.1. If there exist a function b : Θ1 Ñ R such that

@ϑPΘ1 lim
nÑ8

Tn “ bpϑq in Pϑ-probability,

an open interval I Ą tbpϑq : ϑ P Θ1u, and a function g : I Ñ R continuous from the left
such that

@tPI lim sup
nÑ8

1

n
lnGnptq ď ´gptq,

then

@ϑPΘ1 @εą0 lim
nÑ8

Pϑ

” 1

n
lnLn ` gtbpϑqu ą ε

ı

“ 0.

In addition, if g ˝ b “ Kζ1p¨,Θ0q, T is optimal in the sense of Bahadur for all ϑ P Θ1.

Proof. Let ϑ P Θ1. For given ε ą 0, choose δ ą 0 such that

bpϑq ´ δ P I and ε̃ “ ε´
ˇ

ˇgtbpϑq ´ δu ´ gtbpϑqu
ˇ

ˇ ą 0.

Since Gn is decreasing, one has Ln ď Gntbpϑq ´ δu on tTn ą bpϑq ´ δu. Given that
lim supnÑ8 lnGnptq{n ď ´gptq for all t P I we deduce that

DkPN @něk
1

n
lnGntbpϑq ´ δu ` gtbpϑq ´ δu ď ε̃.

This implies

DkPN @něk ε ě
1

n
lnGntbpϑq ´ δu ` gtbpϑq ´ δu `

ˇ

ˇgtbpϑq ´ δu ´ gtbpϑqu
ˇ

ˇ

ě
1

n
lnGntbpϑq ´ δu ` gtbpϑqu.

Thus, for n ě k,

Pϑ

” 1

n
lnLn ` gtbpϑqu ą ε

ı

ď Pϑ

” 1

n
lnGntbpϑq ´ δu ` gtbpϑqu ą ε, Tn ą bpϑq ´ δ

ı

` Pϑ

” 1

n
lnLn ` gtbpϑqu ą ε, Tn ď bpϑq ´ δ

ı

ďPϑtTn ď bpϑq ´ δu.

The result then follows from the fact that PϑtTn ď bpϑq ´ δu ÝÑ 0 as nÑ 8.

Proposition 4.2. For given fixed alternative specified by the parameter ϑ “ pµ, b,Π,Σq P Θ1,
the Bahadur efficiency of Hotelling’s two-sample T 2 tests T 1 in independent samples with
respect to Hotelling’s T 2 tests T in paired samples is given by

eB
T 1,T pϑq “ lnt1` µJp2Σq´1µu{lnt1` µJΛ´1µu.
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Proof. Consider the independent samples. We then have

lim
nÑ8

4dpn´ 1q

np2n´ 1´ dq
T 1n “ µJΣ´1µ almost surely.

For ϑ0 P Θ0, Markov’s inequality, (2.6) and (4.3) yield

Pϑ0

"

4dpn´ 1q

np2n´ 1´ dq
T 1n ě t

*

“ Pϑ0

ˆ

n´ 1

2n
W 1

1 ´
t

8
W 1

2 ě 0

˙

ď Eϑ0

#

exp

ˆ

n´ 1

2n
W 1

1

˙

+

Eϑ0

#

exp

ˆ

´
t

8
W 1

2

˙

+

“ n
d
2 p1` t{4q´

2n´1´d
2 ,

valid for all t P r0,8q. This implies

lim sup
nÑ8

1

n
lnP0

"

4dpn´ 1q

np2n´ 1´ dq
T 1n ě t

*

ď ´ ln
´

1`
t

4

¯

ď ´
1

2
ln
´

1`
t

2

¯

, t P r0,8q.

Using (4.4), it turns out that Kζ11
pϑ,Θ0q “ lnt1 ` µJp2Σq´1µu{2 in independent samples.

Lemma 4.1 yields the optimality of Hotelling’s two-sample T 2 test, i.e.,

cT 1pϑq “
1

2
lnt1` µJp2Σq´1µu.

In paired samples, analogous considerations yield that Hotelling’s T 2 test based on the
sample variables Zi is optimal in the sense of Bahadur and the Bahadur slope is

cT pϑq “
1

2
lnp1` µJΛ´1µq;

for an alternative approach, see also Koziol [15]. The proposition is thus proven.

Turning to the local Bahadur efficiency, let us assume that the parameter ϑ0 P Θ0 and the
approximating sequences pϑiq are determined as follows.

(LB) ϑ0 “ p0, b,Π,Σq P Θ0, pϑiq is a sequence of elements ϑi “ pνiηi, bi,Πi,Σiq P Θ1,
where pνiq is a sequence of positive real numbers νi Ñ 0, pηiq is a sequence of vectors
ηi P Rdzt0u tending to η P Rdzt0u, bi Ñ b, Πi Ñ Π, Σi Ñ Σ. Let Λi “ 2Σi´pΠi`ΠJi q.

Corollary 4.1. Assume that the condition (LB) is true. Then the local Bahadur efficiency
of Hotelling’s two-sample T 2 tests T 1 in independent samples with respect to Hotelling’s T 2

tests T in paired samples is given by

ELB
T 1,T pη,Π,Σq “ eLB

T 1,T

 

ϑ0, pϑiqiPN
(

“ ηJp2Σq´1η{ηJΛ´1η.
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Proof. By Proposition 4.2, the assertion follows from

lim
iÑ8

cT 1pϑiq

cT pϑiq
“ lim

iÑ8

ν2
i η
J
i

`

2Σ´1
i

˘

ηi

ν2
i η
J
i Λ´1

i ηi
“
ηJp2Σq´1η

ηJΛ´1η
.

Note that for the proof of Proposition 4.2, we derived and exploited the Bahadur optimality
of the Hotelling tests. General results of Bahadur [3] and Arcones [2] on the Bahadur
optimality of likelihood ratio tests may be fruitful in comparing the sampling schemes for
other models.

4.3. Computation of the Pitman efficiency

Turning now to the Pitman efficiency, let us assume that the parameter ϑ0 P Θ0 and the
approximating sequences pϑnq are determined as follows.

(P) ϑ0 “ p0, b,Π,Σq P Θ0, η P Rdzt0u. For n P N, let µn “ η{
?
n ` op1{

?
nq, ϑn “

pµn, bn,Πn,Σnq P Θ1, where bn Ñ b, Πn Ñ Π, Σn Ñ Σ. Denote by hpnq the integer
part of nηJΛ´1η{ηJ p2Σq´1 η, n P N.

Proposition 4.3. Assume that condition (P) is true. The Pitman efficiency of Hotelling’s
two-sample T 2 tests T 1 in independent samples with respect to Hotelling’s T 2 tests T in
paired samples is given by

EP
T 1,T pη,Π,Σq “ eP

T 1,T

 

ϑ0, pϑnqnPN
(

“ ηJp2Σq´1η{ηJΛ´1η.

Proof. Introduce the independent unit normal random variables U1, . . . , Ud, V1, V2, . . . One
then has

Tnd
D
“

řd
i“1

´

Ui `
a

nµJnΛ´1
n µn{d

¯2

řn´d
i“1 V

2
i {pn´ dq

and

T 1hpnqd
D
“

řd
i“1

ˆ

Ui `
b

hpnqµJn p2Σnq
´1 µn{d

˙2

ř2hpnq´1´d
i“1 V 2

i {p2hpnq ´ 1´ dq
,

where ‘
D
“’ means equal in distribution. As nÑ 8, almost surely

řd
i“1

´

Ui `
a

nµJnΛ´1µn{d
¯2

řn´d
i“1 V

2
i {pn´ dq

ÝÑ

d
ÿ

i“1

´

Ui `
a

ηJΛ´1η{d
¯2
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and

řd
i“1

ˆ

Ui `
b

hpnqµJn p2Σnq
´1 µn{d

˙2

ř2hpnq´1´d
i“1 V 2

i {p2hpnq ´ 1´ dq
ÝÑ

d
ÿ

i“1

ˆ

Ui `

b

ηJ p2Σq´1 η{d

˙2

.

Thus

d
ÿ

i“1

´

Ui `
a

ηJΛ´1η{d
¯2

„ χ2
dpη

JΛ´1ηq

and

d
ÿ

i“1

ˆ

Ui `

b

ηJ p2Σq´1 η{d

˙2

„ χ2
dtη

J
p2Σq´1 ηu.

Let Gb be the distribution function of the χ2
dpbq-distribution, b P r0,8q. For each b P r0,8q,

Gb is uniformly continuous and strictly increasing on r0,8q. With

cnpϑ0q “ F 1´α
d,n´d, c1npϑ0q “ F 1´α

d,2n´1´d

and β “ GηJΛ´1ηtG
´1
0 p1´ αqu, one has

lim
nÑ8

cnpϑ0q “ lim
nÑ8

c1npϑ0q “ G´1
0 p1´ αq{d

as well as
lim
nÑ8

PϑntTn ă cnpϑ0qu “ lim
nÑ8

PϑntT
1
hpnq ă c1hpnqpϑ0qu “ β

and
lim
nÑ8

n

hpnq
“ ηJ p2Σq´1 η{ηJΛ´1η.

For considerations related to that given in the proof of Proposition 4.3, the interested reader
is referred to Puri and Sen [23], who deal with the Pitman efficiency concept for (one-
dimensional) models with asymptotically non-normal test statistics.

We point out that the results presented in Proposition 4.1, Corollary 4.1 and Proposition 4.3
confirm the findings of Kourouklis [14] and Wieand [29] on the coincidence of the three
different efficiency approaches.
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4.4. Computation of the volume efficiency

To carry out the comparison based on the volume efficiency, we define δ : Θ Ñ Rd by
δpϑq “ µ for ϑ “ pµ, b,Π,Σq P Θ. The volume efficiency has to be computed for the two
sequences of families of Hotelling tests for the family of testing problems

Hη : δpϑq “ η, Kη : δpϑq ‰ η

indexed by η P Rd. This means that we have to deal with the associated confidence regions
for the subvector µ of ϑ. In paired samples, based on Z1, . . . , Zn the convergence region of
level 1´ α for µ is the confidence ellipsoid given by

BT,n “

!

µ P Rd :
npn´ dq

dpn´ 1q
pZ̄n ´ µq

J
pSZn q

´1
pZ̄n ´ µq ď F 1´α

d,n´d

)

.

In independent samples, based on pX 1
1, Y

1
1q, . . . , pX

1
n, Y

1
nq the convergence region of level 1´α

for µ is the confidence ellipsoid given by

BT 1,n “

!

µ P Rd :
np2n´ 1´ dq

4dpn´ 1q
pX̄ 1

n ´ Ȳ
1
n ´ µq

J
pSX

1,Y 1

n q
´1
pX̄ 1

n ´ Ȳ
1
n ´ µq ď F 1´α

d,2n´1´d

)

.

Proposition 4.4. The volume efficiency of Hotelling’s two-sample T 2 tests T 1 in indepen-
dent samples with respect to Hotelling’s T 2 tests T in paired samples is given by

evol
T 1,T,npϑq “

p2n´ 1´ dqd

2dpn´ dqd
pF 1´α

d,n´dq
d

pF 1´α
d,2n´1´dq

d

det Λ

det Σ

"

Γpn
2
qΓp2n´d´1

2
q

Γpn´d
2
qΓp2n´1

2
q

*2

.

The asymptotic volume efficiency of the sequences is given by

ELvol
T 1,T pΠ,Σq “ eLvol

T 1,T pϑq “ detp2Σq´1
{det Λ´1.

Proof. Using the well-known formula for volumes of ellipsoids as given, e.g., in Section 9.1
of Königsberger [12], the random volume of the confidence ellipsoid in paired samples is

VolT,n “
πd{2

Γpd{2` 1q

d

ddpn´ 1qd

ndpn´ dqd
pF 1´α

d,n´dq
d detSZn .

The random matrix SZn has the Wishart distribution Wdpn ´ 1,Λ{pn ´ 1qq; see Muirhead
[19]. Using Theorem 3.2.15 in Muirhead [19], it is

pn´ 1qd
detSZn
det Λ

D
“

d
ź

i“1

Cn´i
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with independent random variables Cn´d, . . . , Cn´1, where Cj „ χ2
j for all j P tn´d, . . . , n´

1u. Then,

EϑpVolT,nq “
πd{2

Γpd{2` 1q

d

dd

ndpn´ dqd
pF 1´α

d,n´dq
d det Λ

d
ź

i“1

Eϑ

´

a

Cn´i

¯

“
πd{2

Γpd{2` 1q

d

dd

ndpn´ dqd
pF 1´α

d,n´dq
d2ddet Λ

Γpn
2
q

Γpn´d
2
q
.

In independent samples the random volume of the confidence ellipsoid is given by

VolT 1,n “
πd{2

Γpd{2` 1q

d

4dddpn´ 1qd

ndp2n´ 1´ dqd
pF 1´α

d,2n´1´dq
ddetSX

1,Y 1
n .

Since SX
1

n and SY
1

n are independent random matrices with the same Wishart distribution
Wdpn ´ 1,Σ{pn ´ 1qq, the random matrix 2SX

1,Y 1

n has the Wishart distribution Wdp2pn ´
1q,Σ{pn´ 1qq; see, e.g., Muirhead [19], Theorem 3.2.4. One has

pn´ 1qd
detp2SX

1,Y 1

n q

det Σ
D
“

d
ź

i“1

C2n´1´i,

with independent random variables C2n´1´d, . . . , C2n´2, where Cj „ χ2
j for all j P t2n´ 1´

d, . . . , 2n´ 2u. Therefore,

EϑpVolT 1,nq “
πd{2

Γpd{2` 1q

d

2ddd

ndp2n´ 1´ dqd
pF 1´α

d,2n´1´dq
ddet Σ

d
ź

i“1

Eϑ

´

a

C2n´1´i

¯

“
πd{2

Γpd{2` 1q

d

4ddd

ndp2n´ 1´ dqd
pF 1´α

d,2n´1´dq
ddet Σ

Γp2n´1
2
q

Γp2n´d´1
2

q

and
"

EϑpVolT,nq

EϑpVolT 1,nq

*2

“
p2n´ 1´ dqd

2dpn´ dqd
pF 1´α

d,n´dq
d

pF 1´α
d,2n´1´dq

d

det Λ

det Σ

"

Γpn
2
qΓp2n´d´1

2
q

Γpn´d
2
qΓp2n´1

2
q

*2

.

Denote by χ2
d;1´α the quantile of order 1´ α of the χ2

d distribution. Then

lim
nÑ8

F 1´α
d,2n´1´d “ lim

nÑ8
F 1´α
d,n´d “ χ2

d;1´α.

Furthermore, one has, for each y P R, Γpxq{Γpx` yq „ 1{xy as xÑ 8; see, e.g., Titchmarsh
[28], Section 1.87. Consequently,

lim
nÑ8

"

EϑpVolT,nq

EϑpVolT 1,nq

*2

“
detp2Σq´1

det Λ´1
.
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4.5. Results of the comparison

Let Id be the dˆ d unit matrix. For ϑ “ pµ, b,Π,Σq P Θ, one has

p2Σq´1Λ “ Id ´ Σ´1
pΠ` ΠJq{2.

Denote by Σ´1{2 the positive definite square root of Σ´1. The eigenvalues λ1pΠ,Σq ď ¨ ¨ ¨ ď
λdpΠ,Σq of Σ´1pΠ ` ΠJq{2 “ Id ´ p2Σq´1Λ are the same as that of the symmetric matrix
Σ´1{2pΠ ` ΠJqΣ´1{2{2. Obviously, ´1 ă λipΠ,Σq ă `1 for all i “ 1, . . . , d. Based on these
eigenvalues, there are criteria characterizing the superiority of one of the sampling designs.

Theorem 4.1. The following statements hold.

a) ELvol
T 1,T pΠ,Σq “

śd
i“1 t1´ λipΠ,Σqu .

b) λ1pΠ,Σq ą 0 ô supµPRdzt0uE
HL
T 1,T pµ,Π,Σq ă 1 ô supηPRdzt0uE

LB
T 1,T pη,Π,Σq ă 1

ô supηPRdzt0uE
P
T 1,T pη,Π,Σq ă 1.

λ1pΠ,Σq ą 0 ñ ELvol
T 1,T pΠ,Σq ă 1.

c) λ1pΠ,Σq ě 0 ô supµPRdzt0uE
HL
T 1,T pµ,Π,Σq ď 1 ô supηPRdzt0uE

LB
T 1,T pη,Π,Σq ď 1

ô supηPRdzt0uE
P
T 1,T pη,Π,Σq ď 1.

λ1pΠ,Σq ě 0 ñ ELvol
T 1,T pΠ,Σq ď 1.

d) λdpΠ,Σq ď 0 ô infµPRdzt0uE
HL
T 1,T pµ,Π,Σq ě 1 ô infηPRdzt0uE

LB
T 1,T pη,Π,Σq ě 1

ô infηPRdzt0uE
P
T 1,T pη,Π,Σq ě 1.

λdpΠ,Σq ď 0 ñ ELvol
T 1,T pΠ,Σq ě 1.

e) λdpΠ,Σq ă 0 ô infµPRdzt0uE
HL
T 1,T pµ,Π,Σq ą 1 ô infηPRdzt0uE

LB
T 1,T pη,Π,Σq ą 1

ô infηPRdzt0uE
P
T 1,T pη,Π,Σq ą 1.

λdpΠ,Σq ă 0 ñ ELvol
T 1,T pΠ,Σq ą 1.

Proof. Note that the eigenvalues of p2Σq´1Λ “ Id´Σ´1pΠ`ΠJq{2 are 1´λ1pΠ,Σq, . . . , 1´
λspΠ,Σq. Thus,

ELvol
T 1,T pΠ,Σq “ detp2Σq´1Λ “

d
ź

i“1

t1´ λipΠ,Σqu .

This proves statement a) of the theorem. Denote by Λ1{2 P Pd the square root of Λ. Define

KpΛ,Σq “ Λ1{2
p2Σq´1Λ1{2.

KpΛ,Σq has the same eigenvalues as p2Σq´1Λ. Set ξ “ Λ´1{2ν for ν P Rdzt0u. Then,

νJp2Σq´1ν

νJΛ´1ν
“
ξJKpΛ,Σqξ

ξJξ
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and so

1´ λdpΠ,Σq “ inf
ξ‰0

ξJKpΛ,Σqξ

ξJξ
“ inf

ν‰0

νJp2Σq´1ν

νJΛ´1ν

and

1´ λ1pΠ,Σq “ sup
ξ‰0

ξJKpΛ,Σqξ

ξJξ
“ sup

ν‰0

νJp2Σq´1ν

νJΛ´1ν
.

This proves assertions b)–e) of the theorem with the appropriate change of notations.

5. Pretests for superiority

Assume that observations (from earlier studies, for example) obtained with the paired sam-
pling scheme are available. Given a choice between paired or independent survey sampling
in future research, any indication as to which design is preferable would be welcome. In
view of the results just obtained, this motivates treating the testing problems

H1 : sup
µPRdzt0u

µJp2Σq´1µ

µJΛ´1µ
ď 1, K1 : sup

µPRdzt0u

µJp2Σq´1µ

µJΛ´1µ
ą 1 (5.1)

and

H2 : inf
µPRdzt0u

µJp2Σq´1µ

µJΛ´1µ
ě 1, K2 : inf

µPRdzt0u

µJp2Σq´1µ

µJΛ´1µ
ă 1 (5.2)

based on observations of the paired sample variables pX1, Y1q, . . . , pXn, Ynq, say, where

P

´

X1
Y1

¯

ϑ “ N2d

“`

µ`b
b

˘

,
`

Σ Π
ΠJ Σ

˘‰

(5.3)

and ϑ “ pµ, b,Π,Σq is an element of the parameter set Θ defined in (4.1). As before, put
Ξ “

`

Σ Π
ΠJ Σ

˘

. To describe the test statistic to be suggested, we start with the empirical
covariance matrix Sn of pX1, Y1q, . . . , pXn, Ynq given in the partitioned form

Sn “

ˆ

S11
n S12

n

S21
n S22

n

˙

with random dˆd matrices S11
n , S

12
n , S

21
n and S22

n . For any k P N denote by vec : Rkˆk Ñ Rk2

the vector operator defined by

vecpMq “ pm11, . . . ,mk1, . . . ,mk1, . . . ,mkkq
J, M “ pmijq1ďi,jďk P Rkˆk.

22



Set p “ vecpΠq and define the estimator p̂n “ vecpS12
n q. For a symmetric matrix M P Rkˆk

we use the common notation M ą 0 (M ě 0,M ď 0,M ă 0) to express that M is positive
definite (positive semidefinite, negative semidefinite, negative definite). One then has

@µPRd
µJp2Σq´1µ

µJΛ´1µ

$

’

’

&

’

’

%

ă

ď

ě

ą

,

/

/

.

/

/

-

1 ô p2Σq´1
´ Λ´1

$

’

’

&

’

’

%

ă

ď

ě

ą

,

/

/

.

/

/

-

0 ô 2Σ´ Λ

$

’

’

&

’

’

%

ą

ě

ď

ă

,

/

/

.

/

/

-

0.

For the last equivalence, see, e.g., Gruber [9], Theorem 8.8. Denoting by `1ppq ď ¨ ¨ ¨ ď `dppq
the eigenvalues of the symmetrized cross-covariance matrix

Hppq “
1

2

`

Π` ΠJ
˘

“ Σ´
1

2
Λ,

it is seen that the testing problems (5.1) and (5.2) can be stated as

H1 : `1ppq ě 0, K1 : `1ppq ă 0 (5.4)

and

H2 : `dppq ď 0, K2 : `dppq ą 0. (5.5)

Denote by `1,n “ `1pp̂nq ď ¨ ¨ ¨ ď `d,n “ `dpp̂nq the eigenvalues of symmetrized sample
cross-covariance matrix

Hpp̂nq “
1

2

`

S12
n ` S

21
n

˘

“
1

2

`

S12
n ` pS

12
n q

J
˘

.

The first tests to be suggested are based on these empirical eigenvalues. In order to determine
the asymptotic properties of these tests, results on the behavior of these eigenvalues are
needed. For k P N, let Sk :“ tA P Rkˆk;A is symmetricu. For i “ 1, . . . , k, denote by
S ik Ă Sk the subset of matrices M P Sk with unique ith eigenvalue. Define the operator
vech : Sk Ñ Rkpk`1q{2 by

vechpMq “ pm11, . . . ,mk1,m22, . . . ,mk2, . . . ,mkkq
J, M “ pmijq1ďi,jďk P Sk,

and denote by D P Rk2ˆkpk`1q{2 the duplication matrix, i.e., the unique matrix with the
property

@MPSk vecpMq “ DvechpMq;

see Magnus and Neudecker [18], Section 3.8. D has rank kpk`1q{2. PuttingG “ pDJDq´1DJ

it is
@MPSk vechpMq “ GvecpMq.

Identifying Sk with Rkpk`1q{2, it is seen that S ik is an open subset of Sk. In fact, by the
Wielandt-Hoffman theorem the vector pl1pMq, . . . , lkpMqq of the ordered eigenvalues l1pMq ď
¨ ¨ ¨ ď lkpMq of M is a continuous function of M P Sk. See Wilkinson [30], p. 104. In what
follows, an additional smoothness property of the eigenvalues as functions of M is needed.
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Lemma 5.1. (Magnus [17]) Let i P t1, . . . , ku be fixed. Let b0,i be a normalized eigenvector
associated with the unique eigenvalue l0,i of M0 P S ik. Then, there are measurable functions
li : Sk Ñ R, bi : Sk Ñ Rk and an open neighborhood U Ă S ik of M0, such that li and bi are
continuously differentiable on U and

lipM0q “ l0,i, bipM0q “ b0,i,

@MPU MbipMq “ lipMqbipMq, @M P Sk : bipMq
JbipMq “ Ik.

The differential of li for M P U is given by

BlipMq

B vechpMq
“
`

bipMq
J
b bipMq

J
˘

D, M P U, (5.6)

where b denotes the Kronecker product.

For the proof we refer to Magnus [17]. In what follows, ù means convergence in distribu-
tion.

Lemma 5.2. Let Mn, n P N, be symmetric random k ˆ k matrices and let M P S ik be a
matrix such that

?
n tvechpMnq ´ vechpMqu ù Nkpk`1q{2p0,∆q as nÑ 8

with a covariance matrix ∆ P Rkpk`1q{2ˆkpk`1q{2. Then, as nÑ 8,

?
n tlipMnq ´ lipMq

(

ù N
”

0, tbipMq
J
b bipMq

J
uD∆DJtbipMq b bipMqu

ı

.

Proof. This follows from Lemma 5.1 by using the delta method.

Let us come back to the model (5.3) posed at the beginning of this section. In what follows,
to deal with the testing problem (5.4) and the testing problem (5.5) we assume that the
parameter space Θ is restricted in the way that Hppq P S1

d and that Hppq P Sdd , respectively.
It holds that

?
n tvechpSnq ´ vechpΞqu ù N2dp2d`1q{2r0, IsspΞqs as nÑ 8, (5.7)

where IsspΞq P S2dp2d`1q{2 is the Isserlis matrix of Ξ. With Ξ “ pξijq1ďi,jď2d the entries of the
(symmetric, positive semidefinite matrix) IsspΞq are given by

ξikξjl ` ξilξjk, 1 ď i ď j ď 2d, 1 ď k ď l ď 2d.

See Anderson [1], Theorem 3.4.3 and Theorem 3.4.4. Due to our assumption that X1 and
Y1 have the same covariance matrix Σ, the Isserlis matrix depends on Π and Σ only. So
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in what follows it is also written as IsspΠ,Σq. From Roverato and Whittaker [24], we know
that

det IsspΞq “ 22d
pdet Ξq2d`1

and hence IsspΞq is positive definite. Denote by JHppq P Rdpd`1q{2ˆd2 the Jacobian of the
continuously differentiable map vechpHp¨qq : Rd2 Ñ Rdpd`1q{2 at p. The matrix JHppq has
full row rank. Let M P S2d be partitioned as

M “

ˆ

M11 M12

M21 M22

˙

(5.8)

with submatrices M11,M12,M21,M22 P Rdˆd. Denote by B P Rd2ˆ2dp2d`1q{2 the full row rank
matrix that is uniquely determined by

@MPS2d
B vechpMq “ vecpM12q.

Then V pΠ,Σq “ B IsspΠ,ΣqBJ ą 0.

Proposition 5.1. For given i P t1, du, let βippq be a normalized eigenvector associated with
the eigenvalue `ippq of Hppq. For each fixed ϑ P Θ such that Hppq P S id we have that, as
nÑ 8,

?
n t`ipp̂nq ´ `ippqu ù N r0, NipΠ,Σqs, (5.9)

where

NipΠ,Σq “ tβippq
J
b βippq

J
uDJHppqV pΠ,ΣqJHppqJDJtβippq b βippqu ą 0.

Moreover,

lim
nÑ8

Ni

"

S12
n ,

1

2

`

S11
n ` S

22
n

˘

*

“ NipΠ,Σq in Pϑ-probability. (5.10)

Proof. From (5.7) it follows that

?
n tBvechpSnq ´BvechpΞqu ù Nd2

“

0, B IsspΠ,ΣqBJ
‰

,

equivalently,

?
n pp̂n ´ pq ù Nd2r0, V pΠ,Σqs. (5.11)

The delta method gives

?
n tpvechpHpp̂nqq ´ vechpHppqqu ù Ndpd`1q{2r0,JHppqV pΠ,ΣqJHppqJs.

Note, that pβippq
J b βippq

J
˘

D does not vanish. Use Lemmas 5.1 and 5.2 to see that the
assertions (5.9) and (5.10) hold.
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Set Ni,n “ Ni tS
12
n , pS

11
n ` S

22
n q {2u. Under the conditions of Proposition 5.1,

lim
nÑ8

PϑpNi,n ą 0q “ 1.

We define the test statistics

T1,n “ ´

?
n `1,n

a

N1,n

if N1,n ą 0 and 0 otherwise, (5.12)

and

T2,n “

?
n `d,n

a

Nd,n

if Nd,n ą 0 and 0 otherwise. (5.13)

As a simple consequence of Proposition 5.1, we have the following result.

Theorem 5.1. a) Assume that the parameter space is restricted in such a way that Hppq P
S1
d . Then

lim
nÑ8

Pϑ pT1,n ě u1´αq “

$

’

&

’

%

1, if `1ppq ă 0,

α, if `1ppq “ 0,

0, if `1ppq ą 0.

b) Assume that the parameter space is restricted in such a way that Hppq P Sdd . Then

lim
nÑ8

Pϑ pT2,n ě u1´αq “

$

’

&

’

%

1, if `dppq ą 0,

α, if `dppq “ 0,

0, if `dppq ă 0.

Theorem 5.1 ensures that for the testing problems (5.1) and (5.2) the corresponding tests
with rejection regions tT1,n ě u1´αu and tT2,n ě u1´αu are asymptotically of given size
α P p0, 1q. Moreover, the tests are consistent.

Remark 5.1. The test statistics T1,n and T2,n are built from the estimators

Ni,n “ Ni

"

S12
n ,

1

2

`

S11
n ` S

22
n

˘

*

of the unknown variances NipΞq “ NipΠ,Σq of the limit normal distributions of `i,n “
`ipp̂nq, i “ 1, d, given in Proposition 5.1. Obviously, NipΞq is consistently estimated also by
NipSnq. Thus, replacing Ni,n by NipSnq, Theorem 5.1 still holds.

Other related consistent tests can be obtained in the following way. The testing problems
(5.1) and (5.2) can be also stated as

H1 : λ1pΠ,Σq ě 0, K1 : λ1pΠ,Σq ă 0
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and

H2 : λdpΠ,Σq ď 0, K2 : λdpΠ,Σq ą 0.

Suitable estimators of these eigenvalues are the eigenvalues λ1,n ď ¨ ¨ ¨ ď λd,n of the matrix

`

S11
n ` S

22
n

˘´1 `
S12
n ` S

21
n

˘

.

Let us speak of the sample canonical correlation type coefficients λi,n. For the latter, arguing
as above one can derive an asymptotic distributional result corresponding to that for `i,n “
`ipp̂nq given in Proposition 5.1. For ϑ “ pµ, b,Π,Σq P Θ with

1

2
Σ´1{2

pΠ` ΠJqΣ´1{2
P S id,

the variance ÑipΞq “ ÑipΠ,Σq of the limit normal distribution depends continuously on
pΠ,Σq. Estimate ÑipΠ,Σq by

Ñi,n “ Ñi

"

S12
n ,

1

2

`

S11
n ` S

22
n

˘

*

and define the test statistics

T̃1,n “ ´

?
nλ1,n

b

Ñ1,n

if Ñ1,n ą 0 and 0 otherwise, (5.14)

and

T̃2,n “

?
nλd,n

b

Ñd,n

if Ñd,n ą 0 and 0 otherwise. (5.15)

It is seen that if the parameter space is restricted in the way that Σ´1{2pΠ`ΠJqΣ´1{2{2 P S1
d ,

then

lim
nÑ8

PϑpT̃1,n ě u1´αq “

$

’

&

’

%

1, if λ1pΠ,Σq ă 0,

α, if λ1pΠ,Σq “ 0,

0, if λ1pΠ,Σq ą 0.

(5.16)

and that if the parameter space is restricted in the way that Σ´1{2pΠ ` ΠJqΣ´1{2{2 P Sdd ,
then

lim
nÑ8

PϑpT̃2,n ě u1´αq “

$

’

&

’

%

1, if λdpΠ,Σq ą 0,

α, if λdpΠ,Σq “ 0,

0, if λdpΠ,Σq ă 0.

(5.17)

Thus, the tests with rejection regions tT̃1,n ě u1´αu and tT̃2,n ě u1´αu are consistent and
asymptotically of given size α P p0, 1q. Of course, it is possible to replace Ñi,n by ÑipSnq, i “
1, d; the assertions (5.16) and (5.17) still hold; see Remark 5.1.
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In view of the volume efficiency based dominance result we are led to consider also the
testing problems

H3 : det
`

p2Σq´1Λ
˘

ď 1, K3 : det
`

p2Σq´1Λ
˘

ą 1 (5.18)

and

H4 : det
`

p2Σq´1Λ
˘

ě 1, K4 : det
`

p2Σq´1Λ
˘

ă 1. (5.19)

On writing the elements M P P2d in the canonical partitioned form shown in (5.8), we define
the function D : P2d Ñ Rdˆd by

DpMq “ Id ´
`

M11
`M22

˘´1 `
M12

`M21
˘

, M P P2d.

One has

det DpSnq “ det
´

Id ´
`

S11
n ` S

22
n

˘´1 `
S12
n ` S

21
n

˘

¯

“

d
ź

i“1

p1´ λi,nq,

which is a natural estimator of

det
`

p2Σq´1Λ
˘

“ det
`

Id ´ p2Σq´1
pΠ` ΠJq

˘

“

d
ź

i“1

p1´ λipΠ,Σqq .

We aim to suggest asymptotically studentized versions as test statistics. To this end, we first
derive the limit distribution of det DpSnq. Note that det DpMq ą 0 for M P P2d. By symmetry
of M, regard D as a matrix-valued function of vechpMq. In this sense, D is differentiable,
its Jacobian JDpMq P Rdpd`1q{2ˆ2dp2d`1q{2, M P P2d, is continuous and of full row rank at all
M P P2d. At regular A0 P Sd, the gradient (row vector) JdetpA0q P Rdpd`1q{2 of the function
detA, A P Sd, also regarded as a function of vechpAq, A P Sd, does not vanish. It follows
that

vpMq “ Jdet pDpMqqJDpMqIsspMqJDpMq
JJdet pDpMqqJ

is positive for each M P P2d. Due to (5.7), by applying the delta method and using the
continuity of v we obtain the following result.

Proposition 5.2. For each ϑ “ pµ, b,Π,Σq with associated matrix Ξ it holds that, as nÑ 8,

?
n tdet DpSnq ´ det DpΞqu ù N r0, vpΞqs (5.20)

Moreover,

lim
nÑ8

vpSnq “ vpΞq in Pϑ-probability.
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Putting Ln “ vpSnq, we define the test statistics

T3,n “

?
n tdet DpSnq ´ 1u

?
Ln

and T4,n “ ´

?
n tdet DpSnq ´ 1u

?
Ln

.

For the testing problems (5.18) and (5.19), we suggest the test with rejection region tT3,n ą

u1´αu and tT4,n ą u1´αu, respectively.

As consequence of Proposition 5.2 we get the following result.

Theorem 5.2. a)

lim
nÑ8

Pϑ pT3,n ě u1´αq “

$

’

&

’

%

0, if det DpΞq ă 1,

α, if det DpΞq “ 1,

1, if det DpΞq ą 1.

b)

lim
nÑ8

Pϑ pT4,n ě u1´αq “

$

’

&

’

%

0, if det DpΞq ą 1,

α, if det DpΞq “ 1,

1, if det DpΞq ă 1.

Thus the tests are asymptotically of given size α P p0, 1q. Moreover, the tests are consistent.

Remark 5.2. The test statistics T3,n and T4,n are built with the estimator Ln “ vpSnq of
the unknown covariance matrix vpΞq of the limit normal distributions of det DpSnq given in
Proposition 5.20. vpΞq “ vpΠ,Σq is a function of Π and Σ only. It is consistently estimated
also by L̃n “ v pS12

n , pS
11
n ` S

22
n q {2q . Replacing, Ln by L̃n, Theorem 5.2 still hold.

The special case d “ 1 deserves special attention. In fact, if d “ 1, the testing problems
(5.1) and (5.18) as well as the testing problems (5.2) and (5.19) coincide. By noting that
det pp2Σq´1Λq “ 1´ρ, where ρ is the correlation coefficient of X1 and Y1, the testing problems
can be simply written as H3 : ρ ě 0, K3 : ρ ă 0 and H4 : ρ ď 0, K4 : ρ ą 0, where ρ
denotes the correlation coefficient of X1 and Y1. In what follows, let us consider the latter
testing problem only. Setting

Wn “
2S12

n

S11
n ` S

22
n

,

one gets

T4,n “
?
n
Wn
?
Ln
.

One can then apply (5.20) to see that, as nÑ 8,

?
n pWn ´ ρq ù N r0, p1´ ρ2

q
2
s.
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It is worth noting that Wn has the same limit distribution as the empirical correlation
coefficient Rn “ S12

n {
a

S11
n S

22
n ; see Muirhead [19], p. 159. In fact, due to the assumption

varpX1q “ varpY1q we have two consistent estimators Wn and Rn for ρ. Estimating ρ by Rn,
one has Ln “ vpSnq “ p1´R

2
nq

2, so

T4,n “
?
n

Wn

1´R2
n

.

Replacing Rn by Wn we obtain the related test statistic

T̃4,n “
?
n

Wn

1´W 2
n

.

The test based on T̃4,n with the rejection region tT̃4,n ą u1´αu behaves asymptotically as
that based on T4,n, i.e.,

lim
nÑ8

PϑpT̃4,n ě u1´αq “

$

’

&

’

%

0, if ρ ă 0,

α, if ρ “ 0,

1, if ρ ą 0.

However, a better even non-asymptotic procedure is available. Denote by SX´Yn and SX`Yn

the sample variances of Xi ´ Yi, i “ 1, . . . , n, and Xi ` Yi, i “ 1, . . . , n. Let

Bn “
SX`Yn

SX´Yn ` SX`Yn

.

Then Bn “ pWn ` 1q{2 and

?
n´ 1

Wn
a

1´W 2
n

“
?
n´ 1

2Bn ´ 1

2
a

Bnp1´Bnq
.

To give the distribution of this test statistic in the case where ρ “ 0, we can (and do)
assume without loss of generality that the Xi, Yi, i “ 1, . . . , n, are independent unit normal
variables. Then pXi ´ Yiq{

?
2, pXi ` Yiq{

?
2, i “ 1, . . . , n, are also independent unit normal

variables. It follows that Bn has the Beta distribution Brpn´ 1q{2, pn´ 1q{2s. This implies
that

?
n´ 1

2Bn ´ 1

2
a

Bnp1´Bnq

has the tn´1 distribution (Student’s t distribution with n´1 degrees of freedom); see Devroye
[6], p. 430. Thus, in the special case d “ 1 we have a t-test for the testing problem H : ρ ď 0,
K : ρ ą 0; the rejection region is

#

?
n´ 1

Wn
a

1´W 2
n

ą tn´1;1´α

+

,

where, for given α P p0, 1q, tn´1;1´α is the quantile of order 1´α of the tn´1 distribution. In
fact, arguing as in Lehmann and Romano [16], Section 5.13, it can be shown that it is the
uniformly most powerful unbiased test.
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6. Numerical illustrations and simulations

The comparison approach used here is an asymptotic one. In order to check the extent to
which these results are reflected in the power performance of the tests in finite sample cases,
we consider an intraclass correlation model as a special case; see, e.g., Srivastava and Carter
[27] for more details about this model.

Let d “ 2 and let the covariance matrix Ξ defined in (2.2) be of the special form Ξ “

σ2tp1 ´ ρqI2d ` ρ112d11
J
2du where 112d “ p1, . . . , 1qJ P R2d, σ2 ą 0 is the common variance

of the components of the random d-vectors X1 and Y1, and ρ P p´1{3, 1q is the intraclass
correlation coefficient. As the power of the Hotelling tests does not depend on σ2, we choose
σ2 “ 1. The mean vectors are assumed to be a “ EpX1q “ 0 and µ “ b “ EpY1q “ p0.4, 0.4q

J.
Due to the fact that the test statistics Tn and T 1n have noncentral F distributions, power
calculations are easily done. For given level α “ 0.05 and intraclass correlation coefficient
chosen to be ρ “ 1{6, ρ “ ´1{6, and ρ “ 1{20, Figure 1 shows the power curves of the
tests as functions of the sample size n P t5, . . . , 100u. A positive (negative) parameter value
of ρ corresponds to the hypothesis H1, meaning that the Hotelling test in paired samples
dominates its counterpart in independent samples (H2, meaning that the Hotelling test in
independent samples dominates its counterpart in paired samples). For positive (negative)
values of ρ, one expects to see that the power curve of the Hotelling test in paired samples
is above (below) the power curve of the Hotelling test in independent samples. In fact, we
find that this is realized, at least if the sample size n is large enough (precisely, n ě 7 if
ρ “ 1{6, n ě 18 if ρ “ 1{20).

To give a first insight into the power performance of the tests presented in Section 5, we
provide the result of a small simulation study. It deals with the testing problem (5.1) and
the test associated with T1,n (the T1,n test) only. The special model considered is most easily
described by the distributional identities

X1
D
“ U1 `

ˆ

ρ1 0
0 ρ2

˙

W1, Y1
D
“ V1 ` ε

ˆ

ρ1 0
0 ρ2

˙

W1

with parameters ε P t´1,`1u, 0 ď ρi ă 8, i “ 1, 2, ρ1 ‰ ρ2, and independent bivariate
random vectors U1, V1,W1 with the same distribution N2p0, I2q. So, again d “ 2.

The submatrices Π and Σ are given by

Π “ ε
´

ρ21 0

0 ρ22

¯

and Σ “
´

1`ρ21 0

0 1`ρ22

¯

.

One has p “ pερ2
1, 0, 0, ερ

2
2q
J

and `1ppq “ min pερ2
1, ερ

2
2q . The parameter value ε “ 1 (ε “ ´1)

corresponds to the hypothesis H1 (alternative K1). If ε “ 1, it is useful to distinguish the
cases 0 “ ρ2

1 ă ρ2
2, say, and ρ2

1 ą 0, ρ2
2 ą 0.
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Figure 1: Power curves of the Hotelling tests in paired samples (black) and independent samples (red);
sample size 5 ď n ď 100; intraclass correlation parameter ρ “ 1{6 (a); ρ “ ´1{6 (b); ρ “ 1{20 (c)

If ε “ 1 and ρ2
1 “ 0, ρ2

2 ą 0 then `1ppq “ 0; we then speak of an underlying distribution
belonging to the “boundary” of the hypothesis H1. If ε “ 1 and ρ2

1 ą 0, ρ2
2 ą 0 then

`1ppq ą 0, in which case we speak of an underlying distribution belonging to the “interior”
of the hypothesis H1.

By Theorem 5.1, for large n the error probability of the T1,n test should be approximately
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Table 1: Power of the T1,n test; significance level α “ 0.05. The first (second) row in each line shows the
power for the sample size n “ 100 (n “ 200).

ρ2
2

ε ρ2
1 1/4 1/2 3/4 1 4/3 2 4

+1 0 0.07012 0.06286 0.06310 0.05971 0.05766 0.05600 0.05475
0.06725 0.05858 0.05703 0.05690 0.05611 0.05392 0.05373

1{100 0.05893 0.05035 0.04839 0.04681 0.04521 0.04614 0.04409
0.04975 0.04553 0.04335 0.04087 0.04092 0.04058 0.03804

9{100 0.01328 0.00968 0.00923 0.00932 0.00855 0.00816 0.00784
0.00482 0.00355 0.00320 0.00284 0.00279 0.00295 0.00292

ρ2
2

1/50 1/30 1/20 1/15 1/8 1/5 1/3

-1 0 0.20883 0.22939 0.26494 0.30283 0.44343 0.63256 0.86868
0.22749 0.26517 0.32074 0.38116 0.61046 0.84171 0.98456

1/100 0.22261 0.24535 0.28096 0.31662 0.45758 0.64079 0.87353
0.24802 0.28605 0.33964 0.39664 0.62163 0.84533 0.98501

9/100 0.38453 0.40437 0.43515 0.46057 0.57648 0.72599 0.90446
0.50717 0.53206 0.57251 0.61384 0.75922 0.90592 0.99039

equal to the given level α in the first case; it should be approximately equal to zero in the
second case. Table 1 shows the power of the T1,n test for given level α “ 0.05, sample size
n P t100, 200u and parameter values ρ2

1 P t0, 1{100, 9{100u and ρ2
2 P t1{4, 1{2, 3{4, 1, 4{3, 2, 4u

if ε “ `1, ρ2
2 P t1{50, 1{30, 1{20, 1{15, 1{8, 1{5, 1{3u if ε “ ´1. The findings are in accordance

with the theoretical considerations.

7. Conclusion and outlook

For given parameter values Π and Σ, Theorem 4.1 provides a concise answer to the question
that in terms of classical asymptotic efficiency concepts one of the Hotelling tests in paired
samples or independent samples dominates the other one. It would be of interest to obtain
similar results on the basis of other efficiency notions. For the Chernoff efficiency, for exam-
ple, which is similar in nature to the Hodges–Lehmann efficiency, it should be possible to
present an answer in the same vein.

Section 5, which dealt with pretests for superiority, is by no means complete. Of course,
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there are other testing problems of interest, e.g., the testing problem

H5 : sup
µPRdzt0u

µJp2Σq´1µ

µJΛ´1µ
ě 1 and inf

µPRdzt0u

µJp2Σq´1µ

µJΛ´1µ
ď 1,

K5 : sup
µPRdzt0u

µJp2Σq´1µ

µJΛ´1µ
ă 1 or inf

µPRdzt0u

µJp2Σq´1µ

µJΛ´1µ
ą 1.

For a first approach to this testing problem one may be led to use test statistics based on
the extreme eigenvalues `1,n and `d,n, the test statistic T5,n “ maxp

?
n`1,n,´

?
n`d,nq, for

example. We postpone the exploration of the necessary theoretical details to be done with
this or other testing problems to future work.
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[25] Rubĺık, F., 1994. On Hodges–Lehmann optimality of LR tests. Kybernetika. 30, 199–210.
[26] Serfling, R. S., 1980. Approximation theorems of mathematical statistics. Wiley, New York.
[27] Srivastava, M.S. and Carter, E.M., 1983. Applied multivariate statistics. North-Holland, New York.
[28] Titchmarsh, E. C., 1978. The theory of functions. Oxford University Press, Oxford.
[29] Wieand, H. S., 1976. A Condition under which the Pitman and Bahadur approaches to efficiency

coincide. Ann. Statist. 4, 1003–1011.
[30] Wilkinson, J. H., 1965. The algebraic eigenvalue problem. Clarendon Press, Oxford.

35


