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Hotelling’s T2 tests in paired and independent
survey samples: An efficiency comparison
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Postfach 60 09, D-30060 Hannover, Germany

Abstract

Hotelling’s T? tests in paired and independent survey samples are compared using the tra-
ditional asymptotic efficiency concepts of Hodges—Lehmann, Bahadur and Pitman, as well
as through criteria based on the volumes of corresponding confidence regions. Conditions
characterizing the superiority of a procedure are given in terms of population canonical
correlation type coefficients. Statistical tests for checking these conditions are developed.
Test statistics based on the eigenvalues of a symmetrized sample cross-covariance matrix are
suggested, as well as test statistics based on sample canonical correlation type coefficients.
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1. Introduction

Let n,d € N, n > d. Consider independent and identically distributed pairs of random
vectors (X1,Y1),. .., (Xan, Yo,) with values in R? x R? and distribution £(X1,Y;). In many
situations, one can choose between the experimental design of a paired survey sample with
observations of the independent and identically distributed random vectors

(X1, Y1), (X, Y0) (1.1)

and the experimental design of independent survey samples with observations of the two
independent blocks of independent and identically distributed random vectors

Xl,...,Xn and Yn+17...,Yén.
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In the latter case, one can also set X! = X; and Y/ = Y,,4;, i = 1,...,n, so that one then
deals with observations of the independent and identically distributed random vectors

(XL, Y)),..., (X, Y)). (1.2)

n’ - n

Thus, formally, there is a sampling scheme involved here, just as in the paired sample case.
Denoting by 1 ® v the product of probability measures p and v, one can set

vx = L(X)) = L(X]) and vy = L(V}) = L(Y]),

and hence £(X],Y/) = L(X]) ® L(Y]), while in the paired sample case, one generally has
L(X1, Y1) # L(X1) @ L(Y1).

As both sampling schemes involve the same number n of observations, it is natural to ask
which of the two designs is best. The purpose of this paper is to address this issue in the
special case where the joint distribution £(X7,Y7) is multivariate normal and where, based
on each of the sampling schemes (1.1) and (1.2), one wishes to test the following hypotheses:

H: vx =vy, K: vx #vy. (1.3)

To fix ideas and provide motivation, let us first deal with a very special bivariate normal
case.

Example 1.1. Assume d = 1 and

(1) =4[ 6)-( %)

where 02 > 0 and p € (—1,1) are known and a,b € R are unknown. The law of the
independent samples is then given by

() =2 G)-(5 )l

Setting p = a — b, one can then write the testing problem (1.3) as H : p =0, K : u # 0.
Suitable test statistics are

VX Yl Yl Y

V2021 =) 202

For given a € (0,1), denote by u;_q/2 the quantile of order 1 — /2 of the standard normal
distribution, denoted A(0,1). The statistical tests with rejection regions {T,, > u1_n/}
and {1}, > ui_qp2} are of exact size o € (0,1). We compare the tests by means of the
corresponding error probabilities of the second kind fr, and (v ,,. Defining

Yy(r) =Py —2) —P(—y—2z), zeR, ye(0,0),
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where ® is the distribution function of A(0, 1), we have, for given p # 0,

Vi Vi ﬂ)'

Brn = ¢u1a/2{m u} and B, = ?ﬂul,a/z <\/T7

It is easily seen that

< >
Brn = ¢ By for each n e N if and only if p{ = » 0.
> <

Thus the paired survey sample experimental design is preferable if X; and Y; are posi-
tively correlated. If the correlation is negative, the independent sampling scheme domi-
nates. The quality of both procedures is equal if the correlation is zero. Comparing the
length 2n~Y 2Ui—aj20/20%(1 — p) of the related confidence interval for p in paired samples
with the length 2n~"2u; /202 of that in independent samples, the same conclusion is
drawn.

In general, however, crisp and blanket conclusions such as these on the superiority of one
of the sampling schemes over the other are not possible. There is only sparse literature
dealing with this problem on a rigorous basis. For 2 x 2 contingency tables, comparisons
of McNemar’s one-sided symmetry test (paired samples) and Fisher’s one-sided two-sample
exact test (independent samples) were conducted by Kniisel [11] using Pitman’s asymptotic
efficiency concept and Frischmuth [7] using the Hodges-Lehmann efficiency concept. The
latter author presents also a result obtained from the comparison of the one-sided one-sample
t-test (paired samples) and the one-sided two-sample ¢-test (independent samples) by means
of the asymptotic Hodges—Lehmann efficiency; see also Section 4. Establishing properties of
the power functions of these t-tests for finite sample sizes, Pollak and Cohen [21] came to
divided conclusions regarding the superiority of either one of these t-tests.

Before dealing with Hotelling’s T2 tests in paired and independent survey samples, it is
helpful to state some useful facts; this is done in Section 2. The basis of our comparisons
are the asymptotic efficiency concepts of Hodges—Lehmann, Bahadur and Pitman, as well
as criteria based on volumes of confidence sets. Details on these notions are given in Sec-
tion 3. An efficiency comparison of the Hotelling tests is presented in Section 4. Conditions
characterizing the superiority of a procedure are derived in terms of population canonical
correlation type coefficients. Statistical tests checking these conditions are developed and
discussed in Section 5. Test statistics based on the eigenvalues of {S!? + (S12)T} /2 where
S12 is the sample cross-covariance matrix of the random vectors X;,..., X, and Y;,...,Y,
as well as tests based on sample canonical correlation type coefficients, i.e., the eigenval-
ues of {S12 4+ (S12)T} (S 4+ 622)7" with S and S22 as the sample covariance matrix of
Xq,...,X,and Yy, ... Y, respectively, are suggested. Section 6 contains a numerical study
on the power performance of the two Hotelling tests in the finite-sample case; these findings
are in line with our theoretical considerations. The result of a small simulation study on the
power performance of one of the superiority tests is also presented there.



2. Hotelling’s T? tests

For any k£ € N, denote by
Pr = {A e R"* . A is symmetric positive definite}

the set of symmetric positive definite £ x k matrices. In what follows, we assume that

X4 a > 10
() -2 ) (o 3)) e
where a,b € R? are unknown and X, IT € R%*?, chosen in such a way that

> II
_ (m E) € Po. (2.2)

are also unknown. Note that in this case the common covariance matrix > of X; and Y] is
also positive definite. Obviously,

(31) =) o =)

With u = a — b, the testing problem (1.3) can be written as

(11

H: p=0, K: p#0. (2.3)

We consider testing (2.3) by using Hotelling T2 tests in paired and independent survey
samples. A detailed description is given below. However, let us first give a preview of
the main findings obtained with the efficiency comparisons of these two tests. Set A =
25 — (1 + ") € Py. It turns out that the efficiencies of Hotelling’s T2 tests in independent
samples with respect to Hotelling’s T2 test in paired samples can essentially be described
by the ratio of two quadratic forms, viz.

n'(22) " 'n/nTAT,

ranging between 0 and 2, where the parameter € R? is determined by the alternative used
for the calculation of the efficiencies, or are given by the ratio of the related determinants,

det(2%) ' /det A,

ranging between 0 and 2%. Moreover, it will be shown that the superiority of one of the
sampling designs can be characterized by the eigenvalues A;(IT, X)) < -+ < A\(I1, X) of the
symmetric matrix X=Y2(IT + IIT)X72/2. See the discussion in Section 4 for details.

Note that in the case IT = IIT, |\ (I, £)], ..., [\a(II, X)| are the population canonical corre-
lation coefficients of the partitioned matrix =. Therefore, we are led to speak of the canonical
correlation type coefficients A;(I1, 3), ..., Ag(I1, X). In the special case d = 1,

n"(28) /AT ) = det(28) T /det AT = 1 — p,
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where p is the correlation coefficient of X; and Y;. Thus, as in Example 1.1, paired survey
sampling turns out to be the better experimental design if the correlation between X; and Y;
is positive. If the correlation is negative, the independent survey sampling dominates. The
quality of both procedures is equal if the correlation is zero. See also Frischmuth [7], who
compared the one-sided one-sample t-test (paired samples) and the one-sided two-sample
t-test (independent samples) by means of the asymptotic Hodges—Lehmann efficiency.

Let us now come back to a short description of the Hotelling tests. Under the sampling
scheme (1.1) it is convenient to use Hotelling’s T? test statistic based on the differences
Zi=X; =Y, i=1,...,n. Of course, Z; ~ Ny(u,A). Hotelling’s T test statistic (modified
so as to have the F-distribution) is

n(n—d) ov .z 15
T,=——"—-2 (S -
where
1 < - 4
SZ: Zz_Zn Zz_ZnT
=N B )
is the sample covariance matrix computed from Zi,...,Z,. Since n > d, SZ is positive
definite with probability 1. The distribution of 7, is the same as that of
Wi /d
——— ~ Fy,4(9),
Wo/(n—d) % (%)

where § = ng/A 'y and Wy ~ x2(8), Wao ~ x2_, are independent; see Muirhead [19],
Theorems 1.3.6 and 6.3.1. For given « € (0, 1), denote by Fc};fd the quantile of order 1 — «
of the (central) F-distribution with d and n — d degrees of freedom. The rejection region of
Hotelling’s 77 test is

{Tn = Fi,%) (2.4)

It is of exact size «, and it is consistent. Based on the sample 71, ..., Z,, it is the likelihood
ratio test for the testing problem (2.3); see Muirhead [19], Theorem 6.3.2. Define

GL(d,R) = {A e R™: A regular}.
Based on the sample Z1, ..., Z,, under the group of transformations
(Z1y.. Zn) — (AZy, ..., AZ,), AeGL(d,R),

the testing problem (2.3) is invariant and Hotelling’s T? test (2.4) is the uniformly most
powerful invariant test of size «; see Muirhead [19], Theorem 6.3.4.

Under the independent sampling scheme, we choose Hotelling’s two-sample T2 test. The
test statistic (modified so as to have an F-distribution) is

n(2n—1-d) ,

T = iy K EOTSY ) - Y, (25)

n n n

bt



where SX" and SY" are the sample covariance matrices of the sample variables X7/, ... , X!
and Y/,...,Y, and SV = (SX' 4 S¥")/2. The statistic T/, has the same distribution as

wi/d

Wjan 1 —d) ~ Fram-a®). (26)

where & = nu" X" u/2 and W{ ~ x3(0"), Wy ~ x2,_,_, are independent; see Muirhead [19],
Theorems 1.3.6 and 6.3.1. The rejection region of Hotelling’s two-sample T2 test is

{T) = Fian1_a}- (2.7)

It is a consistent test of exact size a. In fact, it is the likelihood ratio test. Moreover, under
the group of transformations

X X! AX] +c¢ AX] +c d
((y)(y)) - ((AYI’—FC)’”"(AY,{—FC))’ AcGL{AR), ceRY,

the testing problem (2.3) is invariant and the test (2.7) is the uniformly most powerful
invariant test of size a; see Muirhead [19], Theorem 6.3.5.

3. Efficiencies

Let (2,2(,B) be a statistical experiment, i.e., a measurable space (£,2) endowed with
a family of probability measures B = {Py : J € O} indexed by some parameter ¢ in a
parameter set . Fix a subset (J # Oy < O, set ©; = ©\O( and assume that the subsets

mOI{PgZﬁE@O} and ‘Blz{Pﬁzﬁe@l}

of P are disjoint. Consider the question of determining whether the true unknown proba-
bility measure Py is an element of Py (hypothesis H), or an element of P; (alternative K)
through a test of the hypotheses

H:19eBy, K:9e0;. (3.1)

Consider treating the testing problem (3.1) by non-randomized statistical tests with rejection
regions of the form {T" > ¢}, where T': (2,2) — (R, *B) is a test statistic (a map from 2 into
R, measurable with respect to 2 and the Borel-c-algebra % on R), and ¢ € R is a critical
value. Denote such a test briefly by 7. In what follows, we deal with sequences of tests
(T0)nen and (7)) nen for (3.1), defined in a specific way. We make the following assumptions.

(a) (R,6) and (R, &') are measurable spaces.

(b) G :(,2A) — (R,6), ieN,and (/: (,2A) > (R, &), i € N, are sequences of random
variables. For each ¥ € ©, the (;,7 € N, and the (], 7 € N, respectively, are independent
and identically distributed under Py € ‘B.
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(c¢) For each n € N there exist statistics
tn 1 (R",8") > (R,®B) and ¢, :(R",&M) - (R,B)

defined on the n-fold product space (R",&") of (R, &) and the n-fold product space
(R'™, &™) of (R, &), respectively, such that

T, =t,(¢"™) and T, =t,(C'"), neN,

where ¢ = (¢1,...,¢) and '™ = (¢, ..., ).

Comparisons of sequences of tests T = (T),)nen and T7 = (T),en are usually done in the

special case (R, &) = (R',&') and (; = ¢/, i € N. Then T}, = t,(¢"™) and T/, = ¢/ (("™) for

79
all n € N, which means that the sequences of tests 1" and 7" are based on the same sequence
of statistical experiments, viz.

(R*,&" {PS" 19e@)), n=>1.

In our more general setting, the sequences of tests T and 7" are based on the different
sequences of statistical experiments

n 1(n)
(R, &" {PS"” :9e®)), n=>1, and (R™&™{P{" :9e@)), n=>1,
respectively. Of course, it is tacitly assumed that the sets
¢(m) ¢(m) ¢ ¢(n)
o =1{P; :9€0©y} and P; ={P; ;0e€06}
are disjoint, as are the sets

gw) = {Pé'(") e ©p} and ‘Bgl(n) = {Pgl(n) :U € 61},

First, we give a brief overview of the well-known asymptotic efficiency concepts of Hodges—
Lehmann, Bahadur, and Pitman, and show their suitability for comparison purposes in our
context. For detailed discussions in the traditional setting, see Groeneboom and Oosterhoff
[8], Nikitin [20], Puri and Sen [23] and Serfling [26].

3.1. Hodges—Lehmann efficiency

Fix a € (0,1). Let T = (T},) be a sequence of tests (test statistics) T, and let (c,) be the
sequence of associated critical values ¢,, € R such that

sup{ Py, (T,, = ¢,) : ¥p € O} < « for all n € N.

7



For ¥ € ©4, denote by (1., (9) = Py(1,, < ¢,) the error probability of the second kind at 9.
If there exists dr () € (0,00) such that

—dp(¥) = lim lln Br . (9),
n—ao0 N

dr (1) is called the Hodges—Lehmann index of 7. Note that this definition differs from that
given in the literature, where 2dr(?)) is usually called the Hodges-Lehmann index of 7.
In what follows, we consider test statistics of the form T,, = ¢,(C (M) given above. Then
as n — o, dr(9) describes the exponential rate of convergence of the error probability
of the second kind to zero. If for two given sequences T and T” of competing tests the
Hodges-Lehmann indexes dr(¢) and dp(¥) exist, the ratio

eprp(9) = di(9)/dr (D)

is called the Hodges-Lehmann efficiency of 7" with respect to 7. In typical cases, the
Hodges—Lehmann efficiency does not depend on a. Set

dPCl
Kcl(ﬁl,f}g)zjln f; dP§t, 1,05 €6,
dps!

if Pgi <« Pg;, and K¢, (¥1,7s) = o0 otherwise. K¢, (97, 02) is the Kullback-Leibler information
of the distribution Pg; with respect to the distribution Pgi. Defining

KCI (@0,19) = 1nf{K¢1 (191,19>,’l91 € @0},
one then has

1
liminf — In Br,(9) = —K¢, (09, V);

n—o N

see, e.g., Kourouklis [13]. Thus, if

1
lim sup ﬁln Brn(¥) < —K¢ (09,9) <0,

n—a0

it follows that dr(J) = K¢, (B0, 9). The sequence of tests T' is then optimal in the sense of
Hodges—Lehmann.

3.2. Bahadur efficiency

For all t € R, set G,(t) = sup{Py,(T,, = t) : 9y € Op} and define L,, = G, (T,). Let J € O;.
If there exists ep () € (0, 00) such that

1
lim —In L, = —cp(¥) in Py-probability,
n—o N,
8



cr(¥) is called the Bahadur slope of T'. Note that this definition differs from that given in
the literature, where 2cp(¥) is usually called the Bahadur slope of T. For given level o and
given (€ (a, 1), denote by Ny = Np(«, 3,19) the sample size needed to achieve power g at
¥ € ©5. Then, in typical cases, Ny ~ —Ina/c(¥) as a — 0; see, e.g., Nikitin [20], p. 5. If
the Bahadur slopes exist for the sequences of tests 7" and 7", the ratio

errz(9) = e/ (9) /er(D)

is called the Bahadur efficiency of 7" with respect to T". In view of the reasoning given above,

it provides an approximation to the ratio Ny/ N of sample sizes Ny and Ny required with
T and T'. Setting
KCI (19, @0) = Hlf{KCl (19, 192), 192 € @0}

one then has

1
liminf —InL,, > —K¢, (¥, 0q) Py-a.s.;

n—0 N

see, e.g., Nikitin [20], Theorem 1.2.3. If ¢p(¥) = K¢, (9, ©y), i.e., if for each ¢ > 0

1
lim Pﬂ{— In L, + K¢ (9, 00) > 5} ~ 0,
n—0o0 n

the sequence of tests T is called optimal in the sense of Bahadur.

Let © be a metric space. Let g € 00, and (¥;);en be a sequence of parameters ¥; € O, i €

N, such that lim; ., ¥; = vy. If the Bahadur efficiency 61731,?7«(’(92') exists for each i € N, and if
also the limit

errp{Uo, (Vs )ien} = lim e (0:)

exists, the latter is called the local Bahadur efficiency of 7" with respect to T at ¢, with
approximating sequence (¥;);ey in O1.

3.3. Pitman efficiency

Fix a € (0,1). Suppose that O is a metric space and that 00y ¢ ©y. Take Jy € 00y and a
sequence (U, )nen of parameters ¥, € ©1 such that lim,,_, ¥, = Y. Let us think of T = (T,,)
and T = (T} )nen as sequences of statistics for testing, for each given n € N, the simple
hypothesis H : ¥ = ¥, against the simple alternative ¥ = 9J,,. Let ¢,(99) € R and ,(Jy) € R
be two sequences of critical values such that, for every n € N,

Py AT, = c,(Vo)} <a and Py {T! = c,(¥y)} < «
and

Hm Py, {T, > c,(Vo)} = and  lim Py {T > ¢, (¥o)} = cv.
n—oo

n—00
9



If there is a map h : N — N and € (0,1 — «) such that the limits
lim Py {T,, < cp,(99)} = lim Pgn{T]i(n) < cﬁz(n)(ﬁo)} =0
n—o0 n—o0
and
epr {0, (Un)nen} = 7}1_r>r010 n/h(n) € (0, 0)

exist, the latter is called the Pitman efficiency of 7" with respect to 1" at 1, with approxi-
mating sequence (U,)nen in ©4. Often, T, and T}, are distribution-free when the hypothesis
is true, so that the sequences of critical values do not depend on the specific choice of pa-
rameter ¥y € 00,. Moreover, in typical cases the Pitman efficiency depends neither on «
nor on [3.

3.4. Volume efficiency

Inspired by the well-known correspondence principle relating (families of) statistical tests
and confidence regions, we are led to a different comparison approach based on expected
volumes of confidence regions. For a discussion on the expected volume as a criterion for the
accuracy of a confidence region, we refer to Pratt [22]. Let us first provide some theoretical
background. Fix a € (0,1). For some given p € N, let § be a map § : © — RP. Take
no € 6(0) such that Oy = {¥ € © : 6(¥) = ny}. Suppose that for each n € N, b, is a map
b, : R™ — ‘BP such that

vﬁe@ {(21,...,Zn)ERn :5(’(9)Gbn(21,...,2n)}€6n
and
Voeco PéCI """ C")({(zl, oy 2n) ERM 1 0(0) € by(z1,. ., 20)}) =1 — a

Then, (by,)nen is a sequence of confidence regions at level 1 — « for §(¢J). Defining, for n € N
and (z1,...,2,) € R",

toom (215 .-, 2n) = Lif o ¢ b, (21, ..., 2,) and 0 otherwise,

and setting T}, , = tpo.n(Cis - - -, Cn), we have a sequence of non-randomized level a tests with
rejection regions

{TUO,” = ]‘} = {770 ¢ bn((h ceey Cn)}

for the testing problem (3.1). In fact, replacing 79 by any other n € §(0), there is a sequence
of non-randomized level « tests (indexed by n € §(©)) with rejection regions

{Tnyn = 1} = {77 ¢ bn(Cly .. aCn)}

10



for the testing problems
H,:0(0)=n, K,:600)#n.
Denote this family of sequences of tests simply by T = (T},)en and set

Brn,=b(C,...,¢) =ba(Cly e G

Suppose that, for all n € N,
{(s,2) e RP x R";s€b,(2)} € BP ® G".

This assumption ensures that, for each n € N, the map z — SbT(z) ds, z € R", where
the symbol ds means integration with respect to the Lebesgue-Borel measure on B”, is
measurable and that

Volr,, = J ds

BT,n

is a random variable. Let 0 < Ey(Volr,,) < o for each 9 € ©, and view Ey(Volr,,), J € O,
as a quantification of the localization of 0(¢) by Br,. Then, for two given such sequences of
confidence regions (b ),cy and (bz/)neN (two such families of sequences of tests T' = (T,)nen
and 7" = (T} )nen), define

Eg(Volr,) )
vol - %) Tn
Pl {Eﬁ(VO1T’,n)} el (3.2)

and call this ratio the volume efficiency of the family of tests 7" with respect to the family
of tests T'. The exponent 2 appearing on the right-hand side of (3.2) is applied here to state
the conclusions drawn with the various comparison approaches in a simple unified way; the
results given below will clarify this. If the limit

eREHO) = Jim el (0

exists, it is called the asymptotic volume efficiency of the family of tests 7" with respect to
the family of tests 7.

4. Comparison
First, we compute the efficiencies and show that the Hodges—Lehmann efficiency, the local
Bahadur efficiency and the Pitman efficiency are given by

E?%TOL H> E) = E%ETO% H7 E) = E;’,T(nv H7 Z) = UT(QZ)AW/WTA*L’?,
11



respectively, where the parameter n € R? is determined by the alternative used for the
computation of the efficiency, and that the asymptotic volume efficiency is given by

EpG(ILE) = det(28) " /det A7
Finally, we use A\ (II,X) and A\y(I1, X), the extreme eigenvalues of the matrix
SV2I + TR Y22,
for the characterization of the superiority of one of the sampling designs over the other.
Dealing with the model (2.1) the basic sequences of random variables chosen are
G=2Z;=X;-Y; and (= (X],Y]), ieN

The parameter sets are

6 = {(1,0,11,%) e RY x RY x R x R (1) € Py} (4.1)

nrs
and
O = {(u, b, I1,2) € © : u = 0}.
For (IL, X) € R4 x R4 such that (3= &) € Pag, define
A=AILY) =22 — (I1+1I") (4.2)
as before. To be specific, for ¥ = (u,b,I1,3) € © one has

X1

PO N () (2 )

—_

SO
Xi

Pﬁzl = Na(p, A) and Pﬂ<Y{> :N%[(M;b)v(%g)]'

4.1. Computation of the Hodges—Lehmann efficiency

First, for convenience, we state two identities needed in the proof of Proposition 4.1. For
p € N and positive real 7, let V' ~ Xf,(n). The moment generating function of V' is given by

E{exp(tV)} = exp (t—")(l Co) PR te (—o,1/2). (4.3)
1—2t
Let Vi ~ Nd(l/l, Al) and ‘/2 ~ Nd(VQ, Ag), (Vl, A1>, (]/27 AQ) € Rd X Pd. The Kullback—Leibler

information of P"? with respect to P"! is

pn 1 1 1
Jln d dP" = ) Indet(A;TA) + §(V1 — )" AT (v — ) + 5 tr(AyTA) — g (4.4)

dPV2

12



Proposition 4.1. For given fized alternative specified by the parameterd = (u,b,11,3) € O4,
the Hodges—Lehmann efficiency of Hotelling’s two-sample T? tests T" in independent samples
with respect to Hotelling’s T? tests T in paired samples is given by

Erir(p, 1L E) = eprp(9) = p' (28) p/p' A .

Proof. For 9y = (0, by, Iy, Xp) € Oy, set Ag = 25y — (Il + 1] ). We then have

1 1 1 d
K¢ (¥9,0) = —= ln det(A"1Ag) + —uTA_lu +3 tr(A™1Ag) — 5
— —Z{ In X + (A — 1)} + = /FA n
i=1
where Aj, ..., \q are the positive real eigenvalues of A™'Ag. Given that —Inx + (z —1) > 0

for positive real x # 1, it follows that
K¢ (80,0) = p" A /2

see also Kourouklis [13], Example 3.2. Arguing as for the sequence (¢! ),en below or just
refer to Kourouklis [13] to obtain

1

limsup — In Br,(9) < —p A~ /2.
n—oo N

Thus, Hotelling’s T test based on the sample variables Z; is optimal in the sense of Hodges—

Lehmann. The Hodges-Lehmann index is

dr(9) = 1A /2.

To get the corresponding result for Hotelling’s two-sample T2 test, we can call on results of
Baringhaus [5], Kallenberg and Kourouklis [10] and Rublik [25], dealing with the Hodges—
Lehmann optimality of likelihood ratio tests. For illustration, we prefer to give the derivation

for the special case under consideration. Let A}, ..., \; be the positive eigenvalues of ¥7'3.
Note that
1
K (09,9) = —Indet(S7'5,) + §(u +b—bo) S+ b —by)
1
§(b — Do) " E2THb — by) + tr(XTEg) — d
4 1
:Z —In X + —1)}+—(u+b—bo)TE*1(u+b—bo)
v 1 i
E(b—b 0) X270~ bo)

1

5(# +b—bo) X7 (1 +b—bo) + 5(5 —bo) 'E7H(b — bo) (4.5)

1

Z It 4.

> 1, (4.6)

13



where equality holds in (4.5) and (4.6) if and only if 3y = ¥ and by = b + p/2, respectively.
It follows that
Kﬁfl (607 79) = NTZilﬂ/Zl'

Let ¢/, = Fi;;f‘_l_ 4- By using Markov’s inequality we deduce from (2.6) and (4.3) that, for
each 7 < 0 and sufficiently large n,

- o Td R e
Brrn¥) = Py (TW] = 52— ¢, W3 = 0)
Td
< Eo{ exp(TW{)}Eﬁ{ exp ( s e——— c;lWé)}
' ; rd R
- 1 -2 “(1 g 20 = ’)
eXp<1—27>< (A Gy g L

This implies

T 1 +o4

=,y
1272t = 1

1
limsup — In G, () <
n

n—aoo
so that as 7 — —o0,
: 1 Tyt
limsup — In G, (¥) < —p' X770 /4.
n—oo N

Therefore, also Hotelling’s two-sample T2 test based on the sample variables (X/,Y/) is
optimal in the sense of Hodges—Lehmann. The Hodges—Lehmann index is

dp(9) = 'S /4.

This proves the assertion. O

4.2. Computation of the Bahadur efficiency

Often it is possible to compute the Bahadur slope in the following way. If there exist a
function b : ©; — R such that

Vyeo, lim T,, = b(¢¥}) in Py-probability,
n—ao0
an open interval I o {b(?) : ¥ € ©1}, and a continuous function ¢ : I — R such that

1
Vier lim —InG,(t) = —g(t),

n—o N,
then
1
Voco, lim —InL, = —g{b(¥)} in Py-probability.

n—o0 M,

In this case, the Bahadur slope is given via the function ¢r = g o b; see Bahadur [4],

Theorem 7.2. A related result suitable for our purpose is as follows.
14



Lemma 4.1. If there exist a function b: ©; — R such that
Voeo, lim T, = b(¥) in Py-probability,
n—0oo

an open interval I = {b(¥) : J € ©1}, and a function g : I — R continuous from the left
such that

1
Vier limsup —InG,(t) < —g(t),
n—oo N
then
. 1
Voco, Vewo lim Pﬁ[— In L, + g{b(9)} > g] ~0.
n—a0 n

In addition, if gob = K¢ (-,00), T is optimal in the sense of Bahadur for all ¥ € ©;.

Proof. Let ¥ € ©;. For given € > 0, choose § > 0 such that
b(¥)—del and £=¢e— ‘g{b(ﬂ) — 0} — g{b(z?)}! > 0.

Since G,, is decreasing, one has L, < G,{b(d) — d} on {T,, > b(¥) — 6}. Given that
limsup,,_,, InG,(t)/n < —g(t) for all t € I we deduce that

1
HkEN vn}k E In Gn{b(ﬁ) — (5} + g{b(ﬁ) — 5} < E.
This implies

In G, {b(9) — 8} + g{b(¥) — 6} + |g{b(¥) — 6} — g{b(V)}]

Jken Vopzr €2

SI—=3~

> —InG,{b(¥) — 6} + g{b(V)}.

Thus, for n > k,
Pﬂ[% In Ly, + g{b(9)} > e] < Pﬁ[% In G {b(¥) — 8} + g{b(¥)} > &, T,y > b(¥) — 5]
+ Pﬂ[% In L, + g{b(9)} > =, T, < ) |
<Py{T,, < b(d)) — 6}.

The result then follows from the fact that Py{T,, < b(J) — 0} — 0 as n — 0. O

Proposition 4.2. For given fized alternative specified by the parameter 9 = (u, b, I, %) € Oy,
the Bahadur efficiency of Hotelling’s two-sample T? tests T' in independent samples with
respect to Hotelling’s T? tests T in paired samples is given by

epr 7 (9) = In{l + p" (28) '} /In{1 + A"}
15



Proof. Consider the independent samples. We then have

lim 4d(n — 1)

T g = AT # almost surely

For ¥y € ©g, Markov’s inequality, (2.6) and (4.3) yield

dd(n — 1 1 /
_ddin=1) g t} — Py, <”2—W{ - W= 0)
n

-1 t
< Eﬂo{ exp (%W{) }Eﬂo{ exp ( - §W2/) }

d 2n—1—d
2

(L+t/4) =,

=n

valid for all ¢ € [0,00). This implies

. 1 4d(n — 1) t 1 t
limsup —In Py — ST > b < —ln (145 ) <~ (14 ), te[0,00),
im sup - In O{n(Qn—l—d) . } n {1+ sln(l+3 € [0, 0)

Using (4.4), it turns out that K (9,00) = In{l 4+ ' (2X)"'x}/2 in independent samples.
Lemma 4.1 yields the optimality of Hotelling’s two-sample T2 test, i.e.,

ern(9) %111{1 T 25) .

In paired samples, analogous considerations yield that Hotelling’s 72 test based on the
sample variables Z; is optimal in the sense of Bahadur and the Bahadur slope is

1
er() = 5In(1+p' A7 p);

for an alternative approach, see also Koziol [15]. The proposition is thus proven. O

Turning to the local Bahadur efficiency, let us assume that the parameter ¥y € ©¢ and the
approximating sequences (¢;) are determined as follows.

(LB) 99 = (0,b,I1,X) € Oy, (U;) is a sequence of elements v; = (vm;,b;, 11;,%;) € Oy,
where (1;) is a sequence of positive real numbers v; — 0, (1;) is a sequence of vectors
n; € R1\{0} tending to n € RN\{0}, b; — b, Il; — II, 3; — 3. Let A; = 2%; — (II; + 11, ).

Corollary 4.1. Assume that the condition (LB) is true. Then the local Bahadur efficiency
of Hotelling’s two-sample T? tests T' in independent samples with respect to Hotelling’s T*
tests T in paired samples is given by

Err(n, 1L Y) = eprr{do, (%i)ien} = 0" (22) " 1n/n" A,
16



Proof. By Proposition 4.2, the assertion follows from

(0; 2pT (2571 p; T(oy)~!
lim—cT( )=limyﬂ7Z< jl)nzn( ) 77'
imw op(Vi) i vEnl AT, nT A=y

O

Note that for the proof of Proposition 4.2, we derived and exploited the Bahadur optimality
of the Hotelling tests. General results of Bahadur [3] and Arcones [2] on the Bahadur
optimality of likelihood ratio tests may be fruitful in comparing the sampling schemes for
other models.

4.8. Computation of the Pitman efficiency

Turning now to the Pitman efficiency, let us assume that the parameter ¥y € © and the
approximating sequences (v,,) are determined as follows.

(P) Yo = (0,b,I1,%) € Oy, n € RN{0}. For n € N, let u, = n/y/n + o(1/y/n), 9, =
(tn, by, 11, 5,) € ©1, where b, — b, 11, — II, ¥, — 3. Denote by h(n) the integer
part of nnyT A='n/nT (28) 'y, n e N.

Proposition 4.3. Assume that condition (P) is true. The Pitman efficiency of Hotelling’s
two-sample T? tests T' in independent samples with respect to Hotelling’s T? tests T in
paired samples is given by

E?’,T(U? 11, E) = eg)“’,T{ﬁO’ (ﬁn)HEN} = 77T(22)_177/77TA_177-

Proof. Introduce the independent unit normal random variables Uy, ..., Uy, V1, V5,... One
then has

2
Sy (Us + /i AT )
T.d 2
SIVE/(n - d)

and

S (04 o 2200 ofa)
STV (2h(n) — 1 d)

1=

9

Thmd 2

D e
where ‘=" means equal in distribution. As n — oo, almost surely

S (Ui VAT d)

SV2/(n - d) =
17

(Ui + 4/ nTA‘ln/d>2



and

s (0 htnr 25, un/df

AT op) —1—d) g (Ui + m) _

)

Thus

2
(Uz- + 4/ nTA*ln/d> ~xa(n"A M)

d
=1

7

and

> (v T @) )~ i @) ).

Let Gy be the distribution function of the x?(b)-distribution, b € [0, o). For each b € [0, 0),
G} is uniformly continuous and strictly increasing on [0, ). With

cn(Vo) = Fdl,;gah c,(Po) = Fc%,Ev?—l—d
and 8 = G,77-1,{Gy (1 — @)}, one has

lim ¢, (¥) = lim ¢, () = Gy (1 — a)/d

n—00 n—0o0

as well as
lim Py, (T, < 0(00)} = lim Py, {Th < chioy(00)} = 5

and

. no_ .7 -1/ Tr-1
r}ggo—h(n) n (2%) n/m AT

]

For considerations related to that given in the proof of Proposition 4.3, the interested reader
is referred to Puri and Sen [23], who deal with the Pitman efficiency concept for (one-
dimensional) models with asymptotically non-normal test statistics.

We point out that the results presented in Proposition 4.1, Corollary 4.1 and Proposition 4.3

confirm the findings of Kourouklis [14] and Wieand [29] on the coincidence of the three
different efficiency approaches.
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4.4. Computation of the volume efficiency

To carry out the comparison based on the volume efficiency, we define § : © — R? by
d(0) = p for ¥ = (u,b,11,¥) € ©. The volume efficiency has to be computed for the two
sequences of families of Hotelling tests for the family of testing problems

H,:0(0)=n, K,:000)#n

indexed by 1 € R?. This means that we have to deal with the associated confidence regions
for the subvector p of ). In paired samples, based on 7, ..., Z, the convergence region of
level 1 — « for p is the confidence ellipsoid given by

nin—d), 5 15 _
Bro = {neR": DO 8(Z, = 1) (S2) "\ (Zn — 1) < Filu}
T, HE d(n . 1) ( lu) ( n) ( M) d,n—d
In independent samples, based on (X7,Y]),..., (X!, Y/) the convergence region of level 1 —«

for p is the confidence ellipsoid given by

n2n—-1—-d), - - YN e
Brin={neR": (4d(n—_1))(X’ = Y= ) (SEY) K = Y- ) < Flaiaaf

n n

Proposition 4.4. The volume efficiency of Hotelling’s two-sample T? tests T" in indepen-
dent samples with respect to Hotelling’s T? tests T in paired samples is given by

gt gy = Zn—1-d)f (Fin")?" det A (T(2)D(22£=1)) 7
T T T 0d (g — d)d (Fyom_g)tdet ¥ | T(254)0 (25

The asymptotic volume efficiency of the sequences is given by

EpRG(ILY) = eff () = det(28) " /det A7

Proof. Using the well-known formula for volumes of ellipsoids as given, e.g., in Section 9.1
of Konigsberger [12], the random volume of the confidence ellipsoid in paired samples is

/2 di(n —1)4
lr, = Fl-e Yddet SZ.
Volzn ['(d/2 + 1)\/nd(n - d)d( an"a)" det 57

The random matrix SZ has the Wishart distribution Wy(n — 1, A/(n — 1)); see Muirhead
[19]. Using Theorem 3.2.15 in Muirhead [19], it is

det S D
d
(=1 Gein H Cni
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with independent random variables C,,_q, ..., C,_1, where C; ~ X? forall je{n—d,...,n—
1}. Then,

/2 dd u d
Eo(Volza) = 5573 \/ndm — g FhtardeeA [ [E(VE)

r'G)

2 d? 1-a \d9d
= T2+ 1)\/nd(n—d) (FanZa)2det Ay

In independent samples the random volume of the confidence ellipsoid is given by

d/2 4ddd — ]_ d A4
Volgry, = — \/ (n=1) (Fiopyg)?det S5

T(d/2+ 1)\ nd2n —1—d)

Since S and S are independent random matrices with the same Wishart distribution
Wa(n — 1,%/(n — 1)), the random matrix 25XY" has the Wishart distribution W;(2(n —
1),%/(n —1)); see, e.g., Muirhead [19], Theorem 3.2.4. One has

, det (25X
(n—1)4 TR chn 1—i>

with independent random variables Co,—1_g, ..., Cop—2, Where C; ~ X forall je{2n—1—
d,...,2n — 2}. Therefore,

/2 2ddd d
Eg(VOlT/m) = ( — d)d (F;’ES_I_d)ddet by 1_[ Eﬁ (\/ CZn—l—i)

I'(d/2+ 1)\ n%2n—1 e

7_([1/2 4ddd (2n 1)
= 50 det L ——2 1
F(d/2+1)\/nd(2n—1—d) (Fizner-a)de INEE)

2

and

{Eﬂwolm }2_ (20 —1-d)* (Fin%)" detA { (5)r <>}
Bo(Volra) | 29 (n—d) (Fipy p)?det SAT(ghT () f

2
Denote by XZJ—@ the quantile of order 1 — « of the x? distribution. Then

11—« 11—«
lim Fd2n g = lim Fdn d= Xdl a

n—0o0 n—

Furthermore, one has, for each y € R, I'(x)/T'(x + y) ~ 1/2¥ as x — o0; see, e.g., Titchmarsh
[28], Section 1.87. Consequently,

lim

n—0o0

Ey(Volr,) |°  det(2%)!
Eg(VOlT/m) - det A1
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4.5. Results of the comparison

Let I; be the d x d unit matrix. For ¥ = (u,b,I1,3) € ©, one has
(28) A =1, - SN I+ 117) /2.

Denote by ¥7'/2 the positive definite square root of ¥~!. The eigenvalues A\;(I,Y) < --- <
MN(ILY) of S7HIT+T7) /2 = I; — (2X) A are the same as that of the symmetric matrix
SV2(I + TT)%~12/2. Obviously, —1 < N\,(II,X) < +1 for all i = 1,...,d. Based on these
eigenvalues, there are criteria characterizing the superiority of one of the sampling designs.

Theorem 4.1. The following statements hold.

a) EWH(ILY) = []L, {1 — ML)}

b) M(TL %) > 0 < sup,ega oy (i, I, X) < 1 < sup,cga o) Eprp(n, 11, %) < 1
< SUP,cra\ (0} E%T(U,H,Z) < 1.
M(ILY) > 0= ERJ(ILY) < 1.
C) )‘1 (Ha Z) > 0= Sup,ueRd\{O} EH’%T(M) Ha Z) <le SupneRd\{O} EL}?T(”? Ha E) <1
<= supneRd\{o} EP/’T(T], H, Z) < 1.
M (LY = 0 = ERI(ILY) < 1.
d) )\d(H, E) <0< infMeRd\{O} EH,I"T<,U/, H, E) > 1< infneRd\{o} EL}?T(T], H, E) >1
= infr]eRd\{O} EP/7T<77, H, Z) > 1.
M(ILY) < 0= EFG(ILY) > 1.

e) A(IL X) < 0 < inf,cga (o EH,IjT(/L, I, ¥) > 1 < inf,cga (o EL}?T(W, I,Y) >1
< infneRd\{O} E¥/7T(’I7, H, E) > 1.
M(ILY) < 0= ER(IL %) > 1.

Proof. Note that the eigenvalues of (2X) 1A = I;— X" Y(II+117)/2 are 1 — A\ (I, %), ..., 1—
As(I1, %), Thus,

d
ERS(ILY) = det(28) A = [ [{1 - ML D)}
i=1
This proves statement a) of the theorem. Denote by A2 € P, the square root of A. Define
K(A, %) = AY2(2%)TAY2,
K(A,Y) has the same eigenvalues as (22)7'A. Set ¢ = A2y for v e RA\{0}. Then,

v (28) B ETK(A,X)E
vTA=ly S
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and so

KA T2
PR = e My
and
ETK (A, X)E v (28) "ty
1-M(ILY) =sup >——= =sup ————.
1 ) 57}8 &i¢ W}g JTA—1p

This proves assertions b)—e) of the theorem with the appropriate change of notations. [

5. Pretests for superiority

Assume that observations (from earlier studies, for example) obtained with the paired sam-
pling scheme are available. Given a choice between paired or independent survey sampling
in future research, any indication as to which design is preferable would be welcome. In
view of the results just obtained, this motivates treating the testing problems

T 2% -1 T 2% -1
Hy: sup M(T# <1, Kiy: sup M(T# > 1 (5.1)
peRd\{0} M Atp peRd\{0} M Aty
and
T 1 T 1
po(25) " po(28)
Hy : f 1, Ky: f <1 5.2
25 Ry A 27 R0y A (5:2)
based on observations of the paired sample variables (X1,Y1),. .., (X,,Y,), say, where
(+) Yy (s
Py :NZd[(#b )’(HT 2)] (5.3)

and ¥ = (u,b,11,%) is an element of the parameter set © defined in (4.1). As before, put

= = (HET g) . To describe the test statistic to be suggested, we start with the empirical

covariance matrix S, of (X1,Y7),...,(X,,Y,) given in the partitioned form
Sl gl2
Sp = (521 522>

with random d x d matrices S, 512, 52! and S?2. For any k € N denote by vec : RF**¥ — R¥
the vector operator defined by

VeC(M) = (?77,11, N 1 Y 117 S ,mkk)T, M = (mij)lsi’jgk S Rka.
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Set p = vec(Il) and define the estimator p, = vec(S'?). For a symmetric matrix M e R¥**
we use the common notation M >0 (M > 0,M < 0, M < 0) to express that M is positive
definite (positive semidefinite, negative semidefinite, negative definite). One then has

pl(28) "

-1 -1
vueRd MTAfllu 1 A (22) —_ A

0 = 22 —A

vV WV A A
vV WV A A
ANV V

For the last equivalence, see, e.g., Gruber [9], Theorem 8.8. Denoting by ¢ (p) < -+ < £4(p)
the eigenvalues of the symmetrized cross-covariance matrix

H(p)z%(H+HT)=E—%A,

it is seen that the testing problems (5.1) and (5.2) can be stated as

Hy:li(p) =0, Ky:l(p)<0 (5.4)
and

Hy : ly(p) <0, Ky:ly(p) > 0. (5.5)
Denote by (1, = (1(pn) < -+ < lan = la(p,) the eigenvalues of symmetrized sample

cross-covariance matrix
R 1 1
H(pn) = 5 (8" +8321) = 5 (S2 + (8.)7).-

The first tests to be suggested are based on these empirical eigenvalues. In order to determine
the asymptotic properties of these tests, results on the behavior of these eigenvalues are
needed. For k € N, let S := {A € R¥*; A is symmetric}. For i = 1,...,k, denote by
S; < &y, the subset of matrices M € S; with unique ith eigenvalue. Define the operator
vech : S, — RFF+D/2 1y

VeCh(M) = (mn, sy M1, 22, v oy T2, - - >mkk>T> M = (mij)lgi,jsk € Sy,

and denote by D € RF**k*+1/2 the duplication matrix, i.e., the unique matrix with the
property

Vaes, vec(M) = Dvech(M);
see Magnus and Neudecker [18], Section 3.8. D has rank k(k+1)/2. Putting G = (D"D)"'DT
it is

Vares, vech(M) = Gvec(M).
Identifying S), with R¥k+1/2 it is seen that S; is an open subset of Sy. In fact, by the
Wielandt-Hoffman theorem the vector (I (M), ..., x(M)) of the ordered eigenvalues l; (M) <
o < (M) of M is a continuous function of M € Sj. See Wilkinson [30], p. 104. In what
follows, an additional smoothness property of the eigenvalues as functions of M is needed.



Lemma 5.1. (Magnus [17]) Let i€ {1,...,k} be fized. Let by; be a normalized eigenvector
associated with the unique eigenvalue lo; of My € Si. Then, there are measurable functions
li S, — R, b : S, — R* and an open neighborhood U < S,i of My, such that l; and b; are
continuously differentiable on U and

li(Mo) = los, bi(Mo) = bog,

Yuer Mbi(M) = 1;(M)b;(M), YM e Sy : bi(M) b(M) = I.

The differential of I; for M € U s given by

oL(M)

dvech(M) = (bi(M)" ®b:i(M)") D, M U, (5.6)

where ® denotes the Kronecker product.
For the proof we refer to Magnus [17]. In what follows, v~ means convergence in distribu-

tion.

Lemma 5.2. Let M,,,n € N, be symmetric random k x k matrices and let M € S; be a
matriz such that

vn{vech(M,) — vech(M)} v Nyes1)2(0, A) as n — oo

k+1)/2xk(k+1)/2

with a covariance matriz A € R¥ Then, as n — o0,

Vi AL(My) = (M)} s N0, {6:(M)T @ b:(M) T} DADT (b (M) @ bi(M)} .
Proof. This follows from Lemma 5.1 by using the delta method. ]

Let us come back to the model (5.3) posed at the beginning of this section. In what follows,
to deal with the testing problem (5.4) and the testing problem (5.5) we assume that the
parameter space O is restricted in the way that H(p) € S} and that H(p) € 8%, respectively.
It holds that

vn{vech(S,) — vech(E)} v Nagas1)2[0,Iss(Z)] as n — oo, (5.7)

where Iss(Z) € Sagraa+1)/2 1s the Isserlis matrix of =. With Z = (&;)1<i,j<24 the entries of the
(symmetric, positive semidefinite matrix) Iss(Z) are given by

fikfjl + guéjk, 1<i<j<2d, 1<k<Il<2d.

See Anderson [1], Theorem 3.4.3 and Theorem 3.4.4. Due to our assumption that X; and
Y] have the same covariance matrix X, the Isserlis matrix depends on II and ¥ only. So

24



in what follows it is also written as Iss(II, X). From Roverato and Whittaker [24], we know
that
det Iss(Z) = 22(det =)+

and hence Iss(Z) is positive definite. Denote by Jy(p) € R¥4+1/2%d the Jacobian of the
continuously differentiable map vech(H(:)) : R® — RU4+D/2 gt . The matrix Jy(p) has
full row rank. Let M € Sy be partitioned as

M1 M12
M = (M21 M22> (5-8)

with submatrices M, M*2 M2 M?2 € R¥?, Denote by B € R *2d(2d+1)/2 the fyll row rank
matrix that is uniquely determined by

Vies,, Bvech(M) = vec(Mz).
Then V(I ¥) = Blss(IL, £)BT > 0.

Proposition 5.1. For given i € {1,d}, let 5;(p) be a normalized eigenvector associated with
the eigenvalue ;(p) of H(p). For each fized ¥ € © such that H(p) € S, we have that, as
n — oo,

VAl (pn) — Gi(p)} v N0, N;(I1, 2)], (5.9)
where
N(ILX) = {Bi(p)" ® Bi(p) " }DTu(p)V (11, %) Tu (p) " D" {B:i(p) ® Bi(p)} > 0.

Moreover,

n—ow 2

1
lim N; {Sﬁf, = (St + Sff)} = N;(I1, X) in Py-probability. (5.10)

Proof. From (5.7) it follows that
v/n{Bvech(S,) — Bvech(E)} v N[0, Blss(IL, )B'],
equivalently,
Vi (Pn = p) v N[0, V(IL E)]. (5.11)
The delta method gives
Vin{(vech(H (p,)) — vech(H(p))} > Niasn)2[0, T (p)V (IL Z) T (p) ']
Note, that (5;(p)" ® B;(p)")D does not vanish. Use Lemmas 5.1 and 5.2 to see that the

assertions (5.9) and (5.10) hold. O
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Set N;, = N; {S}2, (S} + S22) /2}. Under the conditions of Proposition 5.1,
lim Py(Nj, > 0) = 1.

n—0o0
We define the test statistics

o
T, =— va if Ny, > 0 and 0 otherwise, (5.12)
1n

B

j

and

_ \/ﬁgd,n
\/ Nd,n

As a simple consequence of Proposition 5.1, we have the following result.

Ton if Ny, > 0 and 0 otherwise. (5.13)

Theorem 5.1. a) Assume that the parameter space is restricted in such a way that H(p) €
S;. Then

17 Zf gl(p) < 07
lim Py (Thn > o) = § 0, if (a(p) =0,

b) Assume that the parameter space is restricted in such a way that H(p) € S¢. Then

17 ngd(p) > 07
lim Py (T > t1-0) = { @, if La(p) = 0,

Theorem 5.1 ensures that for the testing problems (5.1) and (5.2) the corresponding tests
with rejection regions {71, > ui_.} and {T>, > u1_,} are asymptotically of given size
a € (0,1). Moreover, the tests are consistent.

Remark 5.1. The test statistics T}, and 75, are built from the estimators

Niw = N {822, (24 52}

of the unknown variances N;(Z) = N;(II,X) of the limit normal distributions of ¢;, =
li(pn), © = 1,d, given in Proposition 5.1. Obviously, N;(Z) is consistently estimated also by
N;(Sy). Thus, replacing N;,, by N;(S,), Theorem 5.1 still holds.

Other related consistent tests can be obtained in the following way. The testing problems
(5.1) and (5.2) can be also stated as

Hli)\l(H,Z)ZO, IC13>\1(H,E)<0
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and
Ho : N(T1, X)) <0, Ko Ng(I1, X) > 0.
Suitable estimators of these eigenvalues are the eigenvalues A\, < --- < Ay, of the matrix
(St 4 522) 7" (S12 4 521

Let us speak of the sample canonical correlation type coefficients A, ,,. For the latter, arguing
as above one can derive an asymptotic distributional result corresponding to that for ¢;,, =
l;i(pr) given in Proposition 5.1. For ¥ = (u, b,11,¥) € © with

1 ‘
52—1/2(11 +ONHx2e S,

the variance N;(Z) = N;(II,%) of the limit normal distribution depends continuously on
by

(I, ©). Estimate N;(II, ) by

Ni,n = Nz {Srlfa

N | —

(534 552)}
and define the test statistics
len \/ﬁ )\l,n

= ——F= if ]\71,71 > (0 and 0 otherwise, (5.14)
\/ Nl,n
and
= >\ n . < .
Typ = Vi dan Ny, > 0 and 0 otherwise. (5.15)

Nd,n

It is seen that if the parameter space is restricted in the way that S~V2(IT+117)%"12/2 € S},
then
1, if \(ILD) <0,

lim Py(Tipn = u1o) = 4 a, if \(IL, %) = 0, (5.16)
n—oo
0, if \ILE) > 0.
and that if the parameter space is restricted in the way that L~ Y2(IT + IIT)X12/2 € 84,

then
1, if \g(IL Y) > 0,

lim Py(Top = u1_o) = { o, if A(I1,2) = 0, (5.17)
0, if \(ILYT) <0.
Thus, the tests with rejection regions {71, > u_o} and {Ty, = ui_o} are consistent and

asymptotically of given size a € (0, 1). Of course, it is possible to replace Ni,n by Ni(S,,), i =
1, d; the assertions (5.16) and (5.17) still hold; see Remark 5.1.
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In view of the volume efficiency based dominance result we are led to consider also the
testing problems

Hs: det (2X)7'A) <1, Ks: det ((2X)7'A) >1 (5.18)
and
Hy: det (2X)7'A) =1, Kq: det ((2X)7'A) < 1. (5.19)

On writing the elements M € Py, in the canonical partitioned form shown in (5.8), we define
the function I : Pyy — R4 by

D(M) = I — (M™ + M?2) ™ (M2 + M?'), M € Py,

One has

ISH

det D(S,) = det (Id —(SM 48282y sgl)) = T = i),

i=1

which is a natural estimator of

det ((28)7"A) =det (I, — (2X)7'(II+11")) = ﬁ (1-X1LY)).

)

We aim to suggest asymptotically studentized versions as test statistics. To this end, we first
derive the limit distribution of det ID(.S,,). Note that det D(M) > 0 for M € Pyy. By symmetry
of M, regard D as a matrix-valued function of vech(M). In this sense, D is differentiable,
its Jacobian Jp(M) € RUd+1D/2x2d2d+1)/2 N1 e P, is continuous and of full row rank at all
M € Pay. At regular Ag € Sy, the gradient (row vector) Juei(Ag) € RU41/2 of the function
det A, A € S, also regarded as a function of vech(A), A € Sy, does not vanish. It follows
that

V(M) = Jaee (D(M)) Fo(M)Iss(M) Tp (M) Taer (D(M)) "

is positive for each M € Pyy. Due to (5.7), by applying the delta method and using the
continuity of v we obtain the following result.

Proposition 5.2. For each ¥ = (p, b, 11, X)) with associated matriz = it holds that, asn — oo,
Vn {detD(S,) — det D(Z)} v~ N[0, 0(Z)] (5.20)
Moreover,
lim v(S,,) = v(E) in Py-probability.

n—oo
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Putting L,, = v(S,,), we define the test statistics
D -1 D -1
b _NADE) -1 JR{deD(s) - 1
’ VL ’ VL

For the testing problems (5.18) and (5.19), we suggest the test with rejection region {73, >
Uy—o} and {Ty, > u1_a}, respectively.

As consequence of Proposition 5.2 we get the following result.

Theorem 5.2. a)

0, if detD(E) < 1,
hHolo Py(T5,, = u1—o) = S, if detD(Z) =1,
(1, if detD(E) > 1.
b)
(0, if detD(E) > 1,
hnolO Py (Typ = ui—o) = S, if detD(Z) =1,
(1, if detD(E) < 1.

Thus the tests are asymptotically of given size o € (0, 1). Moreover, the tests are consistent.

Remark 5.2. The test statistics T3, and T}, are built with the estimator L,, = v(S,,) of
the unknown covariance matrix v(Z) of the limit normal distributions of det D(.S,,) given in
Proposition 5.20. v(Z) = v(II, X) is a function of IT and ¥ only. It is consistently estimated

also by L, = v (52, (S!! + 522) /2) . Replacing, L, by L,, Theorem 5.2 still hold.

The special case d = 1 deserves special attention. In fact, if d = 1, the testing problems
(5.1) and (5.18) as well as the testing problems (5.2) and (5.19) coincide. By noting that
det ((2X)7*A) = 1—p, where p is the correlation coefficient of X; and Y7, the testing problems
can be simply written as Hz : p >0, Ks:p<Oand Hy:p <0, Ky:p >0, where p
denotes the correlation coefficient of X; and Y;. In what follows, let us consider the latter
testing problem only. Setting

25,7

one gets

One can then apply (5.20) to see that, as n — oo,
VAW, = ) e N0 (1= )



It is worth noting that W,, has the same limit distribution as the empirical correlation
coefficient R, = S}?/,/S11522: see Muirhead [19], p.159. In fact, due to the assumption
var(X;) = var(Y;) we have two consistent estimators W,, and R,, for p. Estimating p by R,
one has L, = v(S,) = (1 — R?)?, so

W,

Typ = )
b ¢51—Ri
Replacing R,, by W,, we obtain the related test statistic

~ W,
ﬂmzv%l—wﬁ

The test based on T47n with the rejection region {T4,n > u1_q} behaves asymptotically as
that based on T}, i.e.,

0, if p<0,
lim Pﬁ(Tan = ul_a) = a, if p = 0,
n—0oo

1, ifp>0.

However, a better even non-asymptotic procedure is available. Denote by SX=Y and SX*+Y
the sample variances of X; —Y;, i =1,....,n,and X; +Y;, 1 =1,...,n. Let
SX+Y

n

SXY 4 gxX+Y

B,
Then B, = (W, +1)/2 and

W, 2B, — 1
Vn-1——2 —/n—1 n .
1— W2 24/B,(1 — B,)

n

To give the distribution of this test statistic in the case where p = 0, we can (and do)
assume without loss of generality that the X;,Y;, i = 1,...,n, are independent unit normal
variables. Then (X; — Y;)/v/2,(X; + Y;)/+v/2,i = 1,...,n, are also independent unit normal
variables. It follows that B, has the Beta distribution B[(n — 1)/2, (n — 1)/2]. This implies
that

9B, — 1
24/B,(1 - B,)

has the ¢,,_; distribution (Student’s ¢ distribution with n—1 degrees of freedom); see Devroye
[6], p- 430. Thus, in the special case d = 1 we have a t-test for the testing problem H : p < 0,
IC @ p > 0; the rejection region is

NS

Wy
{’Vn — 1\/T7W3 > tn—l;l—a} ;
where, for given a € (0,1), t,_1.1_o is the quantile of order 1 — « of the t,,_; distribution. In
fact, arguing as in Lehmann and Romano [16], Section 5.13, it can be shown that it is the

uniformly most powerful unbiased test.
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6. Numerical illustrations and simulations

The comparison approach used here is an asymptotic one. In order to check the extent to
which these results are reflected in the power performance of the tests in finite sample cases,
we consider an intraclass correlation model as a special case; see, e.g., Srivastava and Carter
[27] for more details about this model.

Let d = 2 and let the covariance matrix = defined in (2.2) be of the special form = =
o2{(1 — p)lag + pliagly,} where 1oy = (1,...,1)T € R?*¥ 52 > 0 is the common variance
of the components of the random d-vectors X; and Y, and p € (—1/3,1) is the intraclass
correlation coefficient. As the power of the Hotelling tests does not depend on o2, we choose
0?2 = 1. The mean vectors are assumed to be a = E(X;) = 0and u = b = E(Y;) = (0.4,0.4)".
Due to the fact that the test statistics 7;, and 7, have noncentral F' distributions, power
calculations are easily done. For given level @ = 0.05 and intraclass correlation coefficient
chosen to be p = 1/6, p = —1/6, and p = 1/20, Figure 1 shows the power curves of the
tests as functions of the sample size n € {5,...,100}. A positive (negative) parameter value
of p corresponds to the hypothesis H;, meaning that the Hotelling test in paired samples
dominates its counterpart in independent samples (Hsy, meaning that the Hotelling test in
independent samples dominates its counterpart in paired samples). For positive (negative)
values of p, one expects to see that the power curve of the Hotelling test in paired samples
is above (below) the power curve of the Hotelling test in independent samples. In fact, we
find that this is realized, at least if the sample size n is large enough (precisely, n > 7 if
p=1/6,n=18if p =1/20).

To give a first insight into the power performance of the tests presented in Section 5, we
provide the result of a small simulation study. It deals with the testing problem (5.1) and
the test associated with 77, (the T3, test) only. The special model considered is most easily
described by the distributional identities

X12U1+(%1 [?Q)Wl, Ylgvl—i-e(%l £2>W1

with parameters € € {—1,+1}, 0 < p; < 0,7 = 1,2, p1 # pe, and independent bivariate
random vectors Uy, Vi, Wi with the same distribution N3(0, I5). So, again d = 2.

The submatrices 1I and X are given by

Hze(pfo) and Zz(Hp? 0 )

0 3 0 1+p3
One has p = (ep%,0,0,¢p2)" and £1(p) = min (ep?, ep2) . The parameter value ¢ = 1 (e = —1)
corresponds to the hypothesis H; (alternative Ky). If € = 1, it is useful to distinguish the

cases 0 = p? < p3, say, and p? > 0, p3 > 0.

31



1.0

0.8
0.8

0.6
1

0.6

04
0.4

0.2
0.2

0.0

5 20 40 60 80 100 5 20 40 60 80 100

5 20 40 60 80 100

(c)

Figure 1: Power curves of the Hotelling tests in paired samples (black) and independent samples (red);
sample size 5 < n < 100; intraclass correlation parameter p = 1/6 (a); p = —1/6 (b); p = 1/20 (c)

If e =1 and p? = 0,p2 > 0 then £;(p) = 0; we then speak of an underlying distribution
belonging to the “boundary” of the hypothesis H;. If € = 1 and p? > 0,p3 > 0 then
¢1(p) > 0, in which case we speak of an underlying distribution belonging to the “interior”
of the hypothesis H;.

By Theorem 5.1, for large n the error probability of the Ti, test should be approximately
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Table 1: Power of the T4, test; significance level a = 0.05. The first (second) row in each line shows the
power for the sample size n = 100 (n = 200).

1%

e 1/4 1/2 3/4 1 4/3 2 4
11 0 0.07012  0.06286 0.06310 0.05971 0.05766  0.05600 0.05475
0.06725 0.05858 0.05703 0.05690 0.05611 0.05392 0.05373
1/100  0.05893 0.05035 0.04839 0.04681 0.04521 0.04614 0.04409
0.04975 0.04553 0.04335 0.04087 0.04092 0.04058 0.03804
0/100  0.01328 0.00968 0.00923 0.00932 0.00855 0.00816 0.00784
0.00482 0.00355 0.00320 0.00284 0.00279 0.00295 0.00292

2
P2
1/50 1/30 1/20 1/15 1/8 1/5 1/3
-1 0 0.20883 0.22939 0.26494 0.30283 0.44343 0.63256 0.86868

0.22749 0.26517 0.32074 0.38116 0.61046 0.84171 0.98456
1/100  0.22261 0.24535 0.28096 0.31662 0.45758 0.64079 0.87353
0.24802 0.28605 0.33964 0.39664 0.62163 0.84533 0.98501
9/100  0.38453 0.40437 0.43515 0.46057 0.57648 0.72599 0.90446
0.50717 0.53206 0.57251 0.61384 0.75922 0.90592 0.99039

equal to the given level a in the first case; it should be approximately equal to zero in the
second case. Table 1 shows the power of the 77, test for given level o = 0.05, sample size
n € {100,200} and parameter values p? € {0,1/100,9/100} and p3 € {1/4,1/2,3/4,1,4/3,2,4}
if e = +1, p3 € {1/50,1/30,1/20,1/15,1/8,1/5,1/3} if ¢ = —1. The findings are in accordance

with the theoretical considerations.

7. Conclusion and outlook

For given parameter values II and >, Theorem 4.1 provides a concise answer to the question
that in terms of classical asymptotic efficiency concepts one of the Hotelling tests in paired
samples or independent samples dominates the other one. It would be of interest to obtain
similar results on the basis of other efficiency notions. For the Chernoff efficiency, for exam-
ple, which is similar in nature to the Hodges—Lehmann efficiency, it should be possible to
present an answer in the same vein.

Section 5, which dealt with pretests for superiority, is by no means complete. Of course,
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there are other testing problems of interest, e.g., the testing problem

T(2n)! T(2%)~!
Hs: sup %>1and inf A2 M (T Jl K ,
perevjoy 11 AT R peRi\foy T AT
T2y)-! T(oyn)-1
Koo sup BEH g gy Bk
pera\oy M AT perd\(0)  puT A7

For a first approach to this testing problem one may be led to use test statistics based on
the extreme eigenvalues ¢, and {4,, the test statistic T5,, = max(y/nlyn, —/nlay), for
example. We postpone the exploration of the necessary theoretical details to be done with
this or other testing problems to future work.
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