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Limit Theorems for Change in Linear Regression
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We consider some tests to detect a change-point in a multiple linear regression
model. The tests are based on the maxima of the weighted cumulative sums
processes. The limit distributions may be double exponential or maxima of
Gaussian processes depending on the set where the maximum of the weighted
cumulative sums of residuals is taken. The design-points can be fixed or random.
We also give a few applications of our results. € 1994 Academic Press, Inc.

1. INTRODUCTION

Let v, y3, .., y, be independent random variables. We assume that
under H, they satisfy the linear model

_V,=BXIT+8,, lslsn’ (1'1)

where p=(f,, B,, -, B4) is an unknown vector and X, = (1, X5 5 s Xy )
are known design-points. We assume throughout this paper that the errors
£y, €3, .., €, are independent identically distributed random variables with

Ee;=0, O<g’=vare, <o and Elegl* < o0 for some v>2.
(12)
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Under H, there is a change in the linear model at the k*th observation, i.e.,

(1.3)

Yi

Bx! +¢,, I<i<k*
). =
yx[ +e¢, k*<i<n,

where k* and y € R are unknown parameters and p s y. Tests for H, in the
case of simple regression models (d=2) discussed by Quandt (1958, 1960)
became the starting point of further research for change-point in linear
models. For review and historical accounts we refer to Brown, Durbin, and
Evans (1975) and Kim and Sigmund (1989).

Let
_ 1
Ye=7 Yis
k 1<igk
_ i
Xy =7 X,
k I1<igsk
< 3 \T
Qn (xl—xll)(xl xn)
I<i€n
and
X Vi
X Vs
X,,— . s Yn_ :
X, Yn

The least-squares estimator of § is denoted by

ﬁnz (ﬁln‘ eery ﬂdn)= (X,.{-Xn)il X,T Yn'

James, James, and Siegmund (1987) suggested that we reject H, for large
values of

max |U, (k) (1.4)
where
ko\'? P — Fu—PBul®e—x,)7
U, (k)= L r
() (1—k/n> (1 =k (Re = K0} (Re = RV AQ (I K

Brown, Durbin, and Evans (1975), among others, mention the
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possibility of using functionals of the process of cumulative sums of
residuals

Y (= Fa—Bux,—%,)7), I<k<n (1.5)

Igigsk

For a discussion on residuals and their applications in statistics we refer to
Cook and Weisberg (1982) and Davison and Snell (1991). It is easy to see
that

U,(k)=w,(k) R,(k), (1.6)
where
n 12 -
R, (k)= (k(n —k)) lgsk (yi=Fu—Bu(x;—%,)7) (1.7)
and

“)n(k)= (l _k(ik_in)(ik_in)r/(Qn(l _k/n)))~]/2' (‘8)

Thus U,(k) can be considered as weighted normalized cumulative sums,
where the weight is w, (k) of (1.8). Brown et al. (1975) noted that R, (nt)
converges weakly to a Gaussian process in 2[¢,,¢,], O0<t, <t, <l
However, the limit process is so complicated that it is very unlikely to yield
exact formulas for the distribution functions of its functionals. Kim and
Siegmund (1989) made a similar remark for the limit of U,(nt) in
D[t,,1,], 0<t,<t,<1. Also, it is very easy to check that the limits of
U,(nt) and R, (nt) must be different. If we are interested in the weak
convergence of U,(nt) it is essential that we consider these processes in
D[, 15], 0<t,<t,< 1. It follows from the main results in Sections 2
and 3 that max, ..., |U, (k) -5 oo and max, <, ., |R,.(k)| %> oo, and
therefore U, (nt) and R,(nt) cannot converge weakly in 2[0, 1] (cf. also
Maronna and Yohai, 1978).

Brown et al. (1975) suggested the functionals of U, (k) and R, (k) as test
statistics without any motivation and specifying the alternative hypothesis.
Using maximum likelihood arguments, Kim and Siegmund (1989) derived
max, ¢4, |U,(k)| to detect a change only in the intercept term of
regression. Quandt (1958, 1960), Maronna and Yohai (1978), and Worsley
(1983) derived the maximum likelihood ratio test against H, assuming that
the errors are normal random variables. The distributions of the statistics
in Quandt (1958, 1960) and Worsley (1983) are unknown. We show (cf.
Theorem 2.3 and the remark at the end of Section 3) that the statistics
max, ¢ x <, |U,(k)| and max, ¢, ., |R, (k)| suggested by Brown er al. (1975)
are consistent against H,.
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Kim and Siegmund (1989) studied the distribution of max,,,, < <., | U, (k)|/,
0<t,<ty<1, when d=2 (67 is the least-squares estimator of ¢2.) They
obtained approximations for the significance levels (cf. also Hawkins,
1989). We believe that it is more natural to consider max, ¢4, |U, (k)|
than max,, <x <, |U.(K)|, O0<t, <1, <. It is not clear how to choose
t,, 1, and our decision (rejection-acceptance) may depend on the choice of
these parameters. In this paper we study the asymptotics of

Z,.(f,j)=Am3X}lU,,(k)I (1.9)
isk<j
and
T,(i,j)= max. IR, (k) (1.10)
IShk<j

for various choices of / and j. It turns out that under H,, Z,(1, n) and
T,(1, n) have the same limit distribution. The “middle” part Z,(nt,, nt,),
0<1t,<t,<1, does not contribute to the distribution of Z,(1, n) and the
random variables Z,(nt,, nt,) (0<t, <t,<1), Z,(1, n) are asymptotically
indepenent if H, holds. We prove in Theorem 2.3 that our statistics are
consistent against H,.

In the next section we investigate the distributions of Z,(i, j) and
T, (i, j) when x;, 1 <i<n, the design points are non-random. Section 3
contains similar results assuming that x;, 1<i/<n, are random variables.
We discuss a few applications of our results in Section 4 and the proofs are
presented in the last section.

2. NonN-RanDoM DESIGNS

In this section we assume that there is a function (¢} = (/5(1), ..., f,(1))
such that

X =filifn),  2<j<d, 1<ign (21)

We assume a few regularity conditions,

max sup |f/(s)] <o, (2.2)

2<jgsd 015
therankofA={5,..j,Isi,jsd}isd, (2.3)

where
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and

sup g(t)<1, (2.4)

O<r<i

where

2
s0=gi=p, L {i [ swra=[ el

0- ¥ {j £20s) ds—<[o' £(s) ds>2}.

2<j<d

If d=2, then (2.3) means that f is not constant on [0, 1]. Condition (2.4)
implies that w,(k) < co for each 1 <k <n.
Let

a(x)=(2log x)'7?

and

b(x)=2log x + 3 log log x — 3 log m.

THEOREM 2.1. We assume that (1.1), (1.2), and (2.1)-(2.4) hold. Then we
have

lim P {é a(logn) Z,(1, n) < x + b(log n)} =exp(—2e~ ) (2.5)

n— o0

and

n—

lim P {clr a(logn) T,(1, n)< x + b(log n)} =exp(—2e~"). (2.6)

Also, if ,(n)—0, A,(n) =0, m, =nl,(n) > co, and m,=nl,(n) — oo, then
we have

683/48/1-4
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1 1
hm P{ <% log m,) Z,(I,m)<x+b <5 log m,)}

=exp(—2e~ %), (2.7)
1 1 1
lim P Elogm, T,(1, m)<x+b 5108’"1
=exp(—2¢~7), (2.8)
. 1 /1 1
lim P —a<—logmz Z,(n—my,n)<x+b{=logm,
n— o a 2 2
=exp(—2e~7), (2.9)
. 1 /1 1
lim P{—a(=logm, }T,(n—my,n)<x+b|=logm,
"n— o g 2 2
=exp(—2e~ 7). (2.10)

We note that Huskava (1993) also proved (2.6). Theorem 2.1 shows that
Z(1, n) and T(1, n) are determined by the first and the last elements of the
maxima. We use large weights on the tails and therefore tests based on
(2.5) and (2.6) are more powerful on the tails (k* is too small or large) and
less powerful in the middle. James et al. (1987) also pointed out that the
restriction of the maximum to [n¢,, nt,] increases the power to detect a
change occurring near n/2 and without restriction the power attains the
minimum when change occurs near the middle. However, it is very easy to
combine Theorem 1 of Kim and Siegmund (1989) with our Theorem 2.1
and we can obtain some asymptotic tests which are powerful on the tails
as well as in the middle. Also, it is an interesting observation that Z,(1, n)
and Z,(nt,, nt,) are asymptotically independent. We have the same resuit
for T,,(1, n) and T,(nt,, nt,).

THEOREM 2.2. We assume that (1.1), (1.2), (2.1}-(2.4) hold and
0<t,<t,<1. Then we have

lim P{—a(logn)Z (I, )< x+ b(log n), —- Z,,(nt,,nrz)sy}

n— o

=exp(—2¢~ ") lim P{l Z,,(nt,,nrz)Sy} (2.11)

and
lim P{ a(logn) T,(1, n)<x+b(logn) T (ntl,nt2)<y}

n— o

n— oo

1
=exp(—2e~ ") lim P{ T,,(nt,,nlz)sy}. (2.12)
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Kim and Siegmund (1989) give an approximation for the tail percentiles
of the distribution functions of (l/6)Z,(nt,, nt,) and (1/0)T,(nt,, nt,).
Hence, we can compute or at least approximate the limit distributions in
Theorem 2.2. We also would like to point out that the limit distributions
of Z,(1,n), T,1,n) and also Z,(1,m,), Z,(n—m,,n), T,(1,m),
T,(n—m,, n) do not depend on the design-points, ie., on the unknown f.
However, the limits of Z,(nt,,nt;) and T,(nt,,nt;) do depend on f;
therefore we must specify f, if our test is based on Z,(nt,,nt,) or
T,(nt,, nty). We can use Theorem | of Kim and Siegmund (1989) and
Theorem 2.2 to obtain a test with good properties against changes on the
tails or in the middle. We reject H, if (1/0) a(logn) Z,(1, n)—b(log n) or
(1/0) Z,(nt,, nt,) are large. Using the independence in Theorem 2.2 and the
approximate critical values in Kim and Siegmund (1989) we can construct
the rejection region.

Next we discuss the consistency of the tests based on Theorems 2.1
and 2.2. For the sake of simplicity we assume that d=2. Thus under the
alternative we have

_{Bl+ﬂ2xi+£i’ 1<ig[nr] (2.13)
T+ yaxi+ e [at]+1<i<n, )
where (8,, B,) # (71, 72) and

x;=f(in), 1<isn (2.14)

THEOREM 2.3. We assume that (1.2), (2.13), (2.14) hold and [ is a
continuous and increasing function on [0, 1]. Then there is a Ay (0, 1) such
that

lim inf | ER, (nAy)|/n"? > 0 (2.15)
and
lim inf | EU, (nAo)|/n"/? > 0. (2.16)

It is clear that consistency follows from Theorem 2.3.

3. RaNDOMLY DISTRIBUTED DESIGNS

We assume in this section that the design-points {x, 1<i<n} are
random. For the sake of simplicity we assume d=2, i.e., we consider the
simple linear model

yi=Bi+Brxi+e; 1<ign, (3.1)
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where ¢, ¢, .., £, are independent identically distributed random errors
satisfying (1.2). The least-squares estimators of f§, and f, are denoted by

ﬂln and BZn'
First, we consider the case when x, is given by
xi=f(&) (3.2)
where

£, &,, &,, ... are independent, identically distributed
random variables, 0 <& <1 and E¢ = u > 0. (3.3)

We also assume that
{&;, 1 <i<n}and {&, 1<i<n) areindependent. (3.4)

The design function f of (3.2) satisfies the regularity conditions

sup |/ (1)l < o0 (3.5)
[ EGES]

and
O<varf (£)< oo. (3.6)

The next result shows that Theorem 2.1 remains true when the design-
points are random.

THEOREM 3.1. We assume that (1.2) and (3.1)}-(3.6) hold. Then we have
(2.5(2.10).
We can also prove an analogue of Theorem 2.2. Let {B(r), 0<r<1}

be a Brownian bridge.

THEOREM 3.2. We assume that (1.2), (3.1)~(3.6) hold and 0 <1, < t, < 1.
Then we have

1 1
lim P{;aaogn)zn(l,n)<x+b(logn>,;zn<m.,m2)<y}

n— x

=exp(—2e ") P{ sup |B(1)l/(x(1-1))""* <y} (3.7)

n<rsn

and

h— o

1
lim P {l a(logn) T,(1, n) < x + b(log n), p T.(nt,, ntz)sy}
o

=exp(—2e ) P{ sup |B()I/(¢(1-1)"*<yp}. (3.8)

nsisn
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A minor modification gives that in Theorem 3.2 the weighted Brownian
bridge can be replaced by a Brownian bridge which makes the applications
easier.

Remark 3.1. If the conditions of Theorem 3.1 hold, then we have

lim P {— a(logn) Z,(1, n) < x + b(log n),

" — x

1 .
— max n—l/2 Z (yi_}—’n_ﬂbr(xi_xn))‘Sy}
Ol<sk<n 1<i<k
=exp(—2¢~ ") P{ sup |B(1)<y} (3.9)
O0<rgl

and

1
lim P {— a(log n) T, (1, n) < x + b(log n),
o

n—

1 L

- —12 - nl<n

alrSnE:nn Iszi:<k ‘ y” ﬂZn n )' )}
=exp(—2e™) P{ sup |B(1)l <y} (3.10)

O0<rx

Next we consider a model in which the design-points x;, 1 <i<n, are
random and may be an increasing function of i. We assume that

x;=f(n;/n),  where n,=¢ +&+ - +4. (3.11)

We also need some regularity conditions on f,

sup |f"(1)] < oo, (3.12)
0gr<g
1 1 1 2
[ aes (37 o a) (3.13)
HYo Ho
and
sup (1) <1, (3.14)
0<rg1
where

t((1/) [§ fus) ds — [g f(us) ds)?
(l—t)_[of2 s)ds — (fo f(us) ds)?)’

The following theorem shows that it does not make any difference whether
x;, 1 <i<n, are defined by (2.1), (3.2), or (3.11).

r(t) =
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THEOREM 3.3. We assume that (1.2), (3.1), (3.3)~(3.5), and (3.11)-(3.14)
hold. Then we have (2.5)~(2.10).

Conditions of Theorem 3.3 are very similar to the conditions in the non-
random case. This is not surprising since in this case the random points in
(3.11) can be replaced by non-random points and still have the same limit
theorems. Let

S()=f(1p) (3.15)
and
%= f(ifn) =1 (iun). (3.16)
We again consider (3.1) but x; is replaced by x,,

yi=Bi+B:%+e, 1<ign (3.17)

We compute the statistics in (1.9) and (1.10) using the non-random points
in (3.16). The corresponding statistics are denoted by Z,(i, j) and T, (i, j).
It turns out, for example, that Z,(1,n) and Z,(1, n) are asymptotically
the same and similarly Z,(nt,, nt,) and Z,(nt, nt,) have the same limit
distribution.

THEOREM 3.4. We assume thar (1.2), (3.1), (3.3)-(3.5), (3.11)-(3.14)
hold and 0 <t, <t,< 1. Then we have

n— oo g

. 1 5 t .
lim P {; a(logn) Z,(1,n)< x+ b(logn),— Z,,(nt,, ntz)Sy}

1 .
=exp(—2e~*) lim P{—Z,,(nt,,ntz)sy} (3.18)
o

n— x

and

. 1 . 1.
lim P{;a(logn)T,,(l,n)<x+b(logn),;T"(ml,mz)sy}

n— o

=exp(—2e~¥) lim P{l T,,(ml,mz)sy}. (3.19)
g

n— o

Kim and Siegmund (1989) can be used again to obtain selected values
of P{(1/) T, (nt,, nt;)<y} and P{(1/0)Z,(nt,, nt) < y}.

Comparing the results of Sections 2 and 3 we can observe that the limit
distributions of Z,(1, n} and T,(1, n) do not depend on the assumptions on
the desing-points. We have the same limits in the non-random as in
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the random cases. However, we obtained completely different limit
distributions for Z,(nt,, nt,) and T,(nt,, nt,). It is well known that

sup |B(1)l/(1(1—1))"? £ sup IV (o)l

n<rsn 0< 1< (log(((1 — n)/r)(e2/(1 — 22

where {V(t), —oo<t<oo} is an Ornstein-Uhlenbeck process with
parameter 1 (i.e., EV(t) V(s)=exp(—|t—s|)). Thus the tables in DeLong
(1981) can be used to obtain the numerical values of the limit distributions
(3.7) and (3.8).

We note hat Theorem 2.3 remains valid in the case of randomly
distributed design-points.

4. APPLICATIONS

We discuss a few applications of our results. The limit theorems in
Sections 2 and 3 contain the unknown variance o’ The mean-square
estimator 62 of 67 is an unbiased estimator of ¢ under H,. Assuming that
v=4in (1.2), one can easily show that our results remain true when ¢? is
replaced by 2. However, under H,, 2 grossly overestimates ¢, which
may cause a failure to detect that H, is false. Under H, we have only one
change-point, so we can use the following estimator of . We split the data
into two subsets {(y,, X;), 1<i<n/2} and {(y;, x;) n/2<i<n}. Let 62,
be the mean-square estimator of 2 from {(y;, x;), 1 <i<n/2} and 62 , be
the mean-square estimator of o from the rest of the data. We define
o’ =min(é} ,,62,). An elementary exercise shows that |o*’— ¢’ =
O,(n""?) under H, as well as H,, if v>4 in (1.2). Hence our results
remain true if ¢ is replaced by oF. (If we have at most k change points, the
data must be split into k+ 1 subsets, and the estimator is the smallest
mean-square estimator from the subsets.)

Our first example is the Old Faithful geyser. A geyser is a hot spring that
occasionally becomes unstable and erupts hot water and steam into the air.
One of th most well known geysers is Old Faithful in Yellowstone National
Park (U.S.A.). Old Faithful erupts at an interval of about 40-100 min, with
eruptions lasting from 1 to 6 min. Cook and Weisberg (1982) contains a
scatter plot of y=interval to the next eruption versus x=duration of
current eruption for 237 eruptions of Old Faithful in October 1980. The
scatter plot suggests that the duration can be divided into two categories,
short and long durations. We asked whether we should fit separate
lines to the short and long durations. We used Z,;;(1, 237)/0%;,; and the
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observed value of the properly scaled and shifted Z(1, n) was 2.37, giving
a p-value 0.17, so we can use a linear model to predict the next eruption
of the geyser.

The next example uses multiple linear regression. Moore and McCabe
(1989) report data which were collected on 224 freshmen computer science
majors at a large university. Of particular interest was the cumulative grade
point average after three semesters. The average high school in mathe-
matics (x,), science (x;), and English (x,) were recorded, and therefore our
design vector is x = (1, x,, x5, x,). Moore and McCabe (1989) suggest that
multiple linear regression can be fitted to these data. First, we ordered
these data according to the scores in mathematics. The rejection of H,
should mean that we must use different multiple linear regressions for low
and high scores in mathematics. We computed Z,,,(1, 224)/c%,=3.11 and
the corresponding p-value, calculated from the extreme value limit
theorem, is 0.13. Then we ordered the data according to the scores in
science and English and obtained 0.15 and 0.25 as p-values, respectively.
This means that the same multiple linear regression can be used for all
scores.

Finally, we considered the model of an index of gross domestic product
in the United States as depending on labor-input index (x,) and capital-
input index (x;) between 1929 and 1967. Maddala (1977) considered the
log-linear model. His F-test was not significant, contrary to his expecta-
tions. Our asymptotic test gave p-value 0.003, clearly indicating that the
coefficients are not stable.

We also performed a small scale Monte-Carlo simulation. We assumed
that the errors follow a triangular distribution with density 1+ x if
—1<x<0and 1—xif 0 <x< 1. We considered the case of non-stochastic
designs as well as random x/s. The sample sizes were in the range 40-200,
and the simulations were run 50 times in each case. We considered the
simple regression model (d=1) and multiple regressions (d=2, 3). The
outcome of the simulations did not depend on d. Under H, we could not
reject H, at the 0.1 significance level at 95% of the simulations. The
behavior of the rest was very good under H,. We always rejected H, when
H, was true at the 0.05 significance level. It seems to us that practically we
always reject H, when it is false. Thus these tests are conservative.

The distribution of the maximum of a Gaussian process converges
slowly to the double exponential distribution. It follows from the proofs
that the double exponential limit distribution comes from the result that
it is the limit of the distribution function of the suitably normalized
SUP mer<t— iy [ BN/ — 1)), where {B(1),0<t<1} is a Brownian
bridge. In the case of small sample sizes (50 <n<200) the discretized
version of | B(1)|/(¢(1 —t))"7?, as in Yao and Davis (1986), provides a better
approximation for the critical values.
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5. PrROOFs
We start with a well-known result.

LemMA 5.1.  We assume that (1.1), (1.2), and (2.1}~(2.4) hold. Then, as
n— oo, n"*(B,,—B) goes in distribution to a d-dimensional normal random
variable with mean 0 and covariance matrix ¢*4 "

We need only a very simple consequence of Lemma 5.1. Let =
(B2 - Ban) and B* =(f,, ..., B,). By Lemma 5.1 we have

n'2(Bx —B*)=0,(1). (5.1)

Using the definitions of R, and B} we can write

R,(k)=V,(k)— A,(k), (5.2)
where
n 172 k
V.(k)= £, —— g |,
( ) <k(n_k)) <ls;sk n ls;sn )
n 172 .
— * _ R*)x* _x*
An(k) k(n—k)) k(Bn B )(xk xn) s
and x* = (x5, ... X4, XF = (1/k)Y <icx x*. The distribution of

max | V,(k)] is well known (cf,, for example, Csérgé and Horvath (1988))
and it is summarized in the following lemma.

LEMMA 5.2. We assume that (1.2) holds. Then we have

lim P{la(logn)]max |V,,(k)|<x+b(logn)}-—-exp(—Ze""). (5.3)

n— o g <k<n

If 2,(n)—=0, 2,(n)—=0, m,=nld,(n)—> 0, and m,=nl,(n) - oo, then we
have

1 1 1
lim P{—a(-logm,) max |V,,(k)[<x+b<—logm,>}
n— o 22 2 I<k<sm 2
=exp(—2e ") (5.4)

and

1 1 1
lim P —a(—logm2> max |V,,(k)I<x+b<—logm2)}
n— oo (42 2 n—m<k<n 2

=exp(—2e~%). (5.5)
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If
cy(n) n—cy(n)

(
n—cy(n) c,(n)

y(n)=

then we have

1 1
lim P{ <§logy,,) max |V,,(k)|<x+b(%logv,,>}

n—s o k<
=exp(—2e™ ). (5.6)
The limit theorems for max |R, (k)| will follows from Lemma 5.2 if we
can show that A,(k) is negligible. We also prove that max |R,(k)| and

max |U, (k)| have the same limit distributions. These proofs are based on
the following technical lemma.

LEMMA 5.3. We assume that (2.1)-(2.4) hold. Then we have

n \*_
l‘gfi‘n(n_k) (X, —X%,)(X, —%,)'<C,, (5.7)
max |w, (k)= (1 - g(k/m)~"*| < Cy/n (58)
lsk<n

and
,

.L_ _ _ ~1/2
lTA<nk(n—k)|l g(k/n)) |<C37 (59)

where C,, C,, and C, are constants.

Proof. 1t follows from (2.1) and (2.2) that

Sa=Sl=[p T fum—i 5 am

lgigk Ilgign

1 .
S(E—;) l<;</\/)(l/n) k<;$n/}(l/n)
< Cy(n—k)/n, (5.10)

which implies (5.7). Similar arguments give

k/n 1 2
(e —%,)(%, = %,) "= ¥ {%fo sa=| f_,(r)dt}

2<j<d

_k k/n 1 2
(ik_in)(ik—in)r_ Z {n n 0 (t)d[_-[k/ f}(t)dt}

2gj<d

< Cs(n—k)n2 (5.11)
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It is easy to see that

Q,/n=0+ 0(1/n). (5.12)

Hence, from (5.11) and (5.12) we obtain

k(ik — in (ik - in)T

T+ k/m) O, —glk/n)} < Cg/n, (5.13)

which implies (5.8). One can verify
}‘f}) glt)/t < o0, (5.14)
lim g(1)/(1 —1) < o0, (5.15)

11

and therefore (5.9) follows from (5.8).

Now we are ready to proceed with the proof of Theorem 2.1.

Proof of Theorem 2.1. First we prove (2.6). Let a, =n/log n. We see
from (5.1) and (5.10) that

,max |4,(k)| = Op((log n)~'?), (5.16)
max |4,(k)] =0,(1) (5.17)
aysksn—u

and
max  |A4,(k)|=0,((logn)~'7?). (5.18)

n—aysk<n

Using (5.6) we obtain

max |V, (k)| = Op((loglog log n)'"?), (5.19)

aygksn—a

which immediately implies

a(logn) max |V, (k)] —a(x+b(logn)) - —co. (5.20)

agsk<sn—a

Similarly, by (5.17), (5.19), and (5.2) we have

a(logn) max |R,(k)| —a(x+b(logn)) - —co. (5.21)

asksn—a
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From (5.16), (5.17), (5.18), (5.20), and (5.21) we obtain

1
lim P{—a(logn) max [V,,(k)—A,,(k)I<x+b(logn)}
g

n-— x Isk<n

Iim P{éa(logn)max( max |V, (k)—A,(k)|,

n—sx I1sk<a

max |V,,(k)—A,,<k)|)<x+buogn)}

n—aq sk<n

1
lim P{—a(log n)max( max |V, (k)},

"n— x g 1€k

max |V,,(k)|)<.\‘+b(logn)}. (5.22)

n—ay£k<n

Using (5.20) and (5.4) we have
. 1
Iim P{;a(log n)ymax( max |V,(k),
" x Il k<

max |V, (k}))<x+b(log n)}

n—a £k<n

|
lim P{;a(logn) max |V,,(k)|<.\‘+b(logn)}
I<k<n

" — i

=exp(—2e™ "), (5.23)

which completes the proof of (2.6).
Next we prove (2.8). Let a,=m,/logm,. Arguing similarly to
(5.16)-(5.21) we obtain

max |4, (k)| = 0p((logm,) '), (5.24)
I<k<sa
max |4, (k) =0 p((m,/n)'*)=0,(1), (5.25)
max |V, (k)| = Op((log log log m,)'"?). (5.26)

Hence we have

a(flogm,;) max |R, (k) —a(x+b(ilogm,))—> —0 (5.27)

argk<m
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and

a(tlogm,) max |V, (k)] —a(x+b(ilogm,))—>—c0. (5.28)

aysksm

We just proved that max, i, [R,(K), max, <, IR, (k)
Max; i <a, | Valk)|, and max, o, ., |V,(k)] must have the same limit
distribution. Hence (2.8) follows from (5.4).

The proof of (2.10) is similar to that of (2.8) and therefore is omitted.

Now we show that (2.6), (2.8), and (2.10) imply (2.5), (2.7),
and (2.9). Using (5.8) we find that max, ..., |R,(k)w,(k)] and
max, <, <, |R,(k)(1 —g(k/n))~'"?| must have the same limit. We apply
(5.9), (2.8) and obtain

max [R,(k)(1—g(k/n))~"?| = Op((log log n)'"*/log n) ~ (5.29)

I1<k<a
and (5.9), (2.10) give
max  |R,(k)(1—g(k/n))~"* = Op((log log n)"*Nlog n). (5.30)

n—ay<k<n

Similarly to (5.21) we have

a(logn) ~max |R,(k)(1—g(k/n) | —alx+b(log n)) = — oo
wkSn (5.31)

Hence (2.5) follows from (5.21) and (2.6).
By (5.8) it is enough to consider max, ; ¢, |R,(k)(1—g(k/n))~"?.
Using (5.9) and (2.8) we have

max |Rn(k)((1 —g(k/n))"/Z_. ]),

I1sk<ar
— m 12
—O,,(n (log log m,) ﬂogm,). (5.32)

Similarly to (5.27) we have

a(ilogm,) max |R,(k)(1—g(k/n))~ "2

argsksm

—a(x+b(Llogm,) 5 — . (5.33)

Hence (2.7) follows from (5.27), (5.33), (5.32), and (2.8).
The proof of (2.9) is very similar to that of (2.7) and hence is omitted.

Proof of Theorem 2.2. We show the asymptotic independence in (2.12)
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only. Using Lemma 5.3, (2.11) follows from (2.12). In the proof of
Theorem 2.1 we showed that

lim P {— a(logn) T,(1, n) < x + b(log n)}

n— o

1
= lim P{—a(logn)max( max |V, (k)l, max |V, (k)|)
o

n— I Ssk<say n—aysk<n
< x+b(log n)}. (5.34)

By the central limit theorem and the definition of a; we have

n 2 k
\ksxm (k(n—k)) f_l Z

I<isn
n Y2k
max
n—aqpsk<n k(n—k) n

Putting together (5.34)-(5.36) we obtain

=0,(1/(log n)'?) (5.35)

and

=0,(1/(logn)"?).  (5.36)

)

I1<ign

lim P{ a(logn) T,(1, n)<\+b(logn)}

"n—x

DI

I<igk

)

_ 1 n 2
P
im { a(log n) max <1 ;nkasxal <k(n —k))

n-— o
1/2
n
max g
n a|<k<n<n(n—k)) Z !

k<ign
Let B* denote the least-squares estimator of B* based on {(vi, X;),
a <i<n—a,}. It is easy to check that under (1.2)

><x+b(log n)}. (5.37)

B —BX =o0p(n~"?). (5.38)
We define

- n vz
— * _R*)g* __g*
A=) kB - Bz —x)
Lemma 5.3 and (5.38) imply
sup |4, (k)— A, (k)| =0p(1). (5.39)

nn<k<nn
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Next we introduce

~ n 12 k
V”(k)=<k(n—k)) <Z g—= X £,~>, nty <k<nt,.

ay<i<k a<i<n—a

The central limit theorem gives

max |V, (k)— P, (k)| = 0,(1/(log n)'?). (5.40)

ny<k<snn
Thus we have

max |R,(k)— R, (k) =o0p(1), (5.41)

nn<k<nn

where R, (k)= V,(k)— A4,(k). Tt is clear that max,,, <4<, |R.(k)| and

n 1/2 n 1/2
max max max
I<k<a n(n—k) ’n—ulsk<n n(n—k)

are independent, and therefore (2.12) follows from (5.37) and (5.41).

Y &

Igigk

Y &

k<ign

)

Proof of Theorem 2.3. The estimator of 8, is denoted by B,,. Tt is easy
to see that

im B = B*= o f(1)dt—< [ f(t)dt
nllrr;ﬁz,.—ﬂ _yz+(ﬂl_)}1)Iéfz(f)df—(jéf(l)dt)z

§o £2(e) dr—[& fr)de [} f(s)ds
fo 20 di—(fo f(eyde)®

+(B2—72)

Thus we have

1 o L (AA), i 0<A<t
lim E Z (yi_yn_ﬂ"Z(Xi—x"))—.{fz(l), if T</{<l,

n—o e

where

1
=41 = 0B = r)+ (B2 B { [ S0 =1 [ g0 )

1
+ABr—72) | f(0)
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and
LA =By =y) + 2+ B [ S0 dr+ys [ S0y d

_i{fﬁl+ﬁzjorf(’)d1+(l—T))’l‘*‘?zf f(’)df}

—ﬁ*{j 1) dr — Af 1(0) dt}

If £1(A)=0 for all A€ (0, t], then we must have f|(4) <0, which implies
fB,=p*. Similarly, if f5(4)=0 for all Ae[r, 1) we must have y,=f*
Hence i, =y,=f* and therefore f,(4) =0 implies §, =y,. Thus we have

lim - n E Z (yi_yn ﬁn” Xy ) =0
nex 1<igsni
for all Ae(0, 1) if and only if 8, =y, and §,=7y,, which completes the
proof of (2.15).
It is clear that (2.15) implies (2.16).

The proofs of Theorem 3.1-3.3 require a generalization of Lemmas 5.1
and 5.3 for random design points.

LEMMA 54. We assume that (1.2), (3.1)-(3.6) hold. Then, as n - oo, we
have

"l/z(ﬂ v — B2)=0p(1) (5.42)
and
nk 1/2 B _ l
max ( |%, — X,| = Op((log log n)'"?), (543)
I<k<n n—-k
m;::lx [w,(k)— 1| = Op((log log n)/n). (5.44)
I1<k<n

Proof. 1t is well known that

n2l<l<n 21<l<n'x Zl<1<n i
nZl<1<n'i (ZISiSnxi)l

Using (3.3) we have immediately

Baw—B2= (5.45)

XX *(l ) x,->2=varf(c>+op<n-“2). (5.46)

nl<l<n nlsisn
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Thus it is enough to show that

nm Y xie,=0,(1) (5.47)
1<ign
and
1
. Yo oxnm2 Y g=0p(1). (5.48)
1<isn 1<ign

The central limit theorem and the weak law of large numbers imply (5.47)
and (5.48), which also completes the proof of (5.42).
We apply the central limit theorem and obtain

Q,/n=var f(§)+O0p(n""?). (549)

Let z;,=x,— Ex,. Thus we can write X, —%,= (1/k){> 1cick2i —
(k/n) ¥, <i<nz:}, and therefore Lemma 5.2 implies (5.43).
Putting together (5.43) and (5.49) we obtain
k('fk - fn)z

max O —kjm) O p((log log n)/n),

which gives (5.44).

Proof of Theorem 3.1. We follow the proof of Theorem 2.1. Using (5.42)
instead of (5.1) we can check that the contribution of 4,(k) to the maxi-
mum of R,(k) is negligible, and therefore Lemma 5.2 implies (2.6), (2.8),
and (2.10).

By (2.6) and (5.44) we have

max |R,(k)(w,(k)—1)| = Op((log log n)*?/n),

Il<sk<n

and therefore (2.6), (2.8), and (2.10) imply (2.5), (2.7), and (2.9).

Proof of Theorem 3.2. 1t is enough to prove (3.8) because by (5.44) it
implies (3.7). As in the proof of Lemma 5.4, let z,=x,— Ex,. Donsker’s
invariance principle yields

(5 amt T oa) R ar ) Bu)

Igism Igisn

where {B(r), 0<t<1} is a Brownian bridge. Hence (5.42) gives

max |4, (k)] =0 ,(n""?). (5.50)

nfy<k<nn

683/48/1-5
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In the proof of Theorem 2.2 we showed that max, <, ., |V, and
Y &

1/2
N n
T¥=max| max
t<k<a \k(n—k) I<igk

n 1/2
n—fll;lg)li<n<k(n—k)> Z & )

ksisn
are asymptotically equivalent, where a, =n/logn. By (5.40) and (5.50),
max,, << |R, (k)] and max,, i< |V, (k)] must have the same limit
distribution. The random variables 7,* and max,,, <« <, | V.(k)| are inde-
pendent for each n, which establishes the asymptotic independence in (3.8).
The asymptotic distribution of T,(!, n) was computed in Theorem 3.1 and
therefore it is enough to show that

[}

1 max |7, (k)| -2 sup |B(1)|/(1(1 — 1)) (5.51)

O nn<sk<nn n<r<n

Donsker’s invariance principle gives
1 I
~ ¥, (n0) =R B)/(1(1 - 1),

and therefore by (5.40) we have immediately (5.51).

Proof of Remark 3.1. It follows from the proof of Theorem 3.2. We showed
that it is enough to consider T} and max, o, .((k(n—k))"*/n) |V, (k).
Applying (5.40) we obtain

k(n—k))"? -
max U=y - 7,001 = 0p01),

Isk<sn

which implies (3.10). Using (5.44) one can easily check that (3.10) yields
(3.9).

The following lemma is needed in the proofs of Theorem 3.3 and 3.4. We
compare f3,,— f§, of (5.45) and

MY cicnCiXi=DicicnXiDicicnb
nleisn "2?_(21@@: -’ei)z

BZIx—ﬂ2=

We also define




CHANGE IN LINEAR REGRESSION 65

LEMMA 5.5. We assume thar (1.2), (3.1), (3.3)~(3.5), and (3.11)-(3.14)
hold. Then, as n — oo, we have

n"2(B,— B,) = 04(1), (5.52)
max |A4,(k)— A,(k)| =0,(n""?logn), (5.53)
1<hk<n
max |R,(k)— R, (k)| =0p(n"""?log n) (5.54)
1<k<n
and
max |w,(k)— (1 —r(k/n))~"? =0p(n""?logn). (5.55)
I1gsk<n

Proof. Komlos, Major, and Tusnady (1975, 1976) constructed a
Wiener process { W(r),0< 1< o0} such that

Ini — uk —yW(k)| = O(log k) (3.56)
and

E [0 — pk —yW(k)|" = O(log k) (5.57)

for all T> 1, where y? = var &. A two-term Taylor expansion and (3.11) give
1= & —f"(ig/n)(n; = ip)/n] < Co(n,— ip)*/n®. (5.58)
Thus we have
E |(x;—%)/i'"?| = O(1/n). (5.59)
Similar arguments give

E |(x2—%2)/i'? = O(1/n). (5.60)

It follows from (5.59) and (5.60) that

Ly a(tr ) (s (g x))mom

nycicn Ry <ign nycigcn Nicicn
(5.61)

Next we show

Z g,(X;—x;)

I<ign

=0,(1) (5.62)
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and

Y O (#2-x2) Y &=0,n). (5.63)

lgisn l<€isn

We note that

E Y &(t—x)=0, (5.64)

1gigsn

and by (5.57) and (5.58) we have

E< 5 e,(.\",«—x,))—=oz Y E(t—x,)

1<ign

= 0(1). (5.65)

Now (5.62) follows from (5.64) and (5.65). The central limit theorem
implies that

n~2 Y g=0,(1) (5.66)

By (5.58) we have that n='2Y, _,_, (¥} —x?) is asymptotically normal,
which completes the proof of (5.63). By (5.61)-(5.63) we have immediately
(5.52).

Next we use (5.58) and obtain

oo 0 2 ) 2 (B

1<i<g I1Ssigk

| .
- f(%) (n,-—iu)}‘<C7 max |n,— iu|/n?

1<i<
"ll<lS isn

=0p(n~ ). (5.67)

We apply (5.56) and obtain

max

Il<k<n

= O((log n)/n). (5.68)

ﬁZf()(n,

1<i<k
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The scale transformation of the Wiener process gives

{nk Y f< )W(z) 1<k<n}

I<igk

({,m./zmzﬁf( ) <i),l<k<n}. (5.69)

By Garsia (1970) and (3.12) we have

. nl/2 kin , W d
knm )3 f( ) <n)_7 PATURAU r(

I<igk

= 0p((log n)/n). (5.70)

max

Igshksgn

It is easy to see that
1
L 1) W(t) di=0p(1). (5.71)
Integration by parts gives
u , 1 u
[ £ wieyde== [ iy dur)
0 HY0
1 1 u
== f(u) W)=~ [ flur) aw(o),
H Ko
and therefore Darling and Erdds (1956) imply

max

I<k<n

n 172 k/n
(E) f(tu) W(t)dt(=0,,((log log n)'?). (5.72)
0

Hence we have

max |A,(k)— A, k)|

( ) (fan —
sfr-n-(p LA 131,,*")}\

n 1/2 . _ _
(k(_n_—k)) k(ﬁzn_ﬂZn)(xk_xn)\
—D,,+D,, (5.73)

< ma
l<k<n/2

+

ax
I<k<n/2
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Using (5.1), (5.52), and (5.67)—(5.72) we have
D,,=0,(n""?*(loglog n)'"?). (5.74)
Similarly, (5.52) and (5.10) give

D,,=0p(n""?). (5.75)
Observing that

1 kin

1 ¢!
n'”2 {E ) (ut) W(;)dl_;JO S (ut) W(I)dt}

_ ) l_l k/n 1 }
=n" {(k n)fo f'(ut) W(t)dr Lm/ ut) W)y,

Erd6s and Darling (1956) imply
[t =ky2m)

= 0,((log log n)'?). (5.76)

f S ur) Wit dl——ff(/u W(t)dt

max n
nf2<k<n

Thus similarly to (5.74) and (5.75) we have
max |A,(k)—A,(k)|=0p(n""?logn),

n2sk<n

which completes the proof of (5.53).
By (5.2), (5.53) implies (5.54).

The proof of (5.55) is similar to that of (5.53) and therefore it is omitted.

Proof of Theorems 3.3 qnd 3.4. It follows from Lemma 5.5 that Z,(i, j)
(T.(i, j)) and Z,(i, ) (T,(i, j)) must have the same limit distribution.
Hence these results follow from Theorems 2.1 and 2.2.
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