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Abstract

This paper concerns the matrix Langevin distributions, exponential-type distributions
defined on the two manifolds of our interest, the Stiefel manifold V% ,, and the manifold Py,
of m x m orthogonal projection matrices idempotent of rank k& which is equivalent to the
Grassmann manifold Gy ,,_r. Asymptotic theorems are derived when the concentration
parameters of the distributions are large. We investigate the asymptotic behavior of
distributions of some (matrix) statistics constructed based on the sample mean matrices in
connection with testing hypotheses of the orientation parameters, and obtain asymptotic
results in the estimation of large concentration parameters and in the classification of the
matrix Langevin distributions.
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1. Introduction

The Stiefel manifold V7, is the space a point of which is a set of k orthonormal
vectors in R” (k<m), so that Vi, = {X(m x k); X'X = I}, where I is the k x k
identity matrix. The manifold V,, is an analytic manifold with dimension km —
tk(k +1). For m =k, V,, is the orthogonal group O(m) of m x m orthonormal
matrices. A random matrix X on Vj,, is said to have the matrix Langevin (or
von Mises—Fisher) distribution, denoted by L(m,k;F), if its density function is
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given by [14]
etr(F'X)/oF\(3m;3F'F) with F an m x k matrix, (1.1)

where etr(4) = exp(tr 4), and the ,F, is a hypergemetric function with matrix
argument due to e.g., [12,19,24]. Writing the (unique) singular value decomposition
(s.v.d.) of F of rank p(p<k) as

F=TA460" with T'eV,,,0eV,, and A =diag(l,...,%),
d= e =,>0, (1.2)

the 4;’s control concentrations in the directions determined by the orientations I" and
©. Here V,,, denotes the 277th part of ¥, consisting of matrices whose elements of
the first row are positive. The distribution has the modal orientation I’ G)/, which is
unique if and only if 1z >0.

The Grassmann manifold Gy, is the space whose points are k-dimensional
hyperplanes in R™ containing the origin, and is equivalent to the manifold Py,
the set of all m x m orthogonal projection matrices idempotent of rank k. The
manifold Py, is an analytic manifold with dimension km — k?, on which we shall
conduct statistical analysis.

For a random matrix P on Py ,,_, the distribution having the density function

etr(BP) /1 Fy (Yk; im; B) (1.3)
is a slight modification of the Downs’ [14] distribution (1.1) on the Stiefel manifold,
and may be called the matrix Langevin distribution on Py ,,_i, which is denoted by

L®)(m, k; B). Here B is an m x m symmetric matrix having the (unique) spectral
decomposion (s.d.) of rank p,

B=TAI" with T'eV,,, and A =diag(ii, ..., 2,), A1 = =7 (1.4)
We impose identifiability restrictions on B,

tr B = b being fixed (L.5)
or

rank B = p<m. (1.6)

The distribution has the mode FlF/l, for I = (I'1I';), with I} being m x k, which is
unique if and only if rank B>k and /A > 4;,1. When B is positive semi-definite, the
/;’s may control the concentrations of the distribution about the mode. Chikuse and
Watson [11] defined and discussed distribution (1.3) as a special case of a more
general family of distributions expressed in terms of zonal polynomials or
hypergeometric functions with matrix argument.

Both of the L(m, k; F) and L\*)(m, k; B) distributions are of exponential type and
have been used most commonly on our manifolds Vy ,, and Py ,_k, respectively. The
sample mean matrices X =", X;/n and P =Y/, P;/n are sufficient statistics
and useful for inferential problems, where X7, ..., X,, and Py, ..., P, are random
samples of size n from the respective distributions. The distributions of X, P and
related statistics are expressed in integral forms involving hypergeometric functions
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with matrix arguments, which seem to be intractable in themselves, and thus we must
resort to asymptotic theory. Chikuse [5] and Chikuse and Watson [11] obtained some
asymptotic results on distributional and inferential problems concerning the matrix
Langevin distributions, for the cases of small concentrations (i.e., near the
uniformities) and large sample sizes on Vj, and Py ,_k, and Chikuse [6] for the
case of high dimension m on V. In this paper we discuss asymptotic theorems
concerning the distributions for the cases when the concentration parameters A’s are
large on both Vy,, and Py k.

For the special case k = 1, the observations from the unit hypersphere V', are
directed unit vectors, i.e., directions, and those from the real projective space Gy -1
are axes or undirected lines through the origin, i.e., one-dimensional subspaces.
There exists a large literature of applications of these directional statistics and its
statistical analysis. Most directional statistics in practice occur in two or three
dimensions, i.e., on the circle (m = 2) and the sphere (m = 3). Directional analysis of
data played important roles in the Earth Sciences, Astrophysics, Biology,
Meteorology, Animal Behavior and many other fields; see e.g., [16,26].

The analysis of data on the general Stiefel manifold V7, is required in particular
for k<m<3 in practical applications in the Medical Sciences, Astronomy and other
fields. See [14,16,20,27] for the analyses of the data of vectorcardiogram orientations
and of measurements of orbits of commets. One is naturally interested in k-
dimensional subspaces as observations from the general Grassmann manifold
Grm—k- We note that if X is an observation on the Stiefel manifold ¥ ,,, XX’ is an
observation on the manifold Py, equivalent to the Grassmann manifold Gy ,—.
Examples of observations on Gy, arise in the signal processing of radar with m
elements observing k targets. The Grassmann manifold is a rather new subject
treated as a statistical sample space.

In Section 2 we investigate the asymptotic behavior of distributions of some
(matrix) statistics constructed based on the sample mean matrices in connection with
testing hypotheses of the orientation parameters I' and @ of the L(m,k;F)
distribution and of the orientation parameter I" of the L")(m,k; B) distribution,
when A’s are known and large.

Section 3 discusses asymptotics in the estimation of large concentration
parameters A’s and in the classification of the matrix Langevin distributions for
large A’s. We deal with the maximum likelihood estimators (m.l.e.’s) and related
maximum marginal and/or maximum semi-marginal likelihood estimators of A,
which are given by the solutions of systems of partial differential equations involving
hypergeometric functions with matrix arguments. We show methods to give
approximate solutions for large A’s. Asymptotic distributions of the classification
function are obtained in the problem of classification into one of two matrix
Langevin distributions under the condition of local closeness of the two distributions
on each of our manifolds.

Some more discussions of the L(m,k; F) and L'¥)(m,k; B) distributions and the
related statistical analyses on the manifolds V, and Py ,,_r may be found in e.g.
[8,20,22,25] and [9,10], respectively.
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Before closing this section, we present some distributional results which are
relevant for the discussion in the following sections.
Let Z be an m x k random matrix (of rank k). For the (unique) polar

decomposition of Z, Z = HZTé/z, with H; = Z(Z/Z)fl/ze Vim and T, =Z'Z,

we have (see [17, Lemma 1.4]; [24, Theorem 2.1.14])
m—k—1)/2
(dZ) = (72 )1 ()| T "™V a7 [dH ), (1.7)

where (dZ), (dTz) and [dHZz] are the Lebesgue measures on the spaces of m X k
matrices and of k X k symmetric matrices and the normalized invariant measure on
Viem (see [15,18]), respectively. Here A'/2 denotes the unique square root of a positive

semi-definite matrix 4, and I'y(a) = n*¢-1/4 Hf;l I'la — (i —1)]. Throughout the
paper, density functions of distributions are expressed with respect to the Lebesgue
measures and the normalized invariant measures on the respective spaces and
manifolds; for the invariant measures on Gy ,—r and Py, see [11,18].

An m x k random matrix Z is said to have the normal N,, (0, I,, ® I;) distribution
if the density function is given by

"k (Z) = (2m) "Petr(-12'7),
so that the characteristic function is given by
D7(T)=E(etr T'Z) = etr(—3T'T),

for an m x k matrix 7. The random matrix Y = Z}/ZZZ;/z + M, for an m x k
matrix M and m x m and k x k positive definite matrices 2 and X», respectively, is
said to have the normal N, (M,2Z ®ZX,) distribution, whose density function is
written as

—k/2 —m/2

o I(Y: M, 21 ®22) = 5] |5 ez A (Y — M2y,

2. Asymptotics in connection with testing problems
2.1. On the Stiefel manifold Vi,

We are concerned with the matrix Langevin L(m, k; F) distribution (1.1) with the
s.v.d. (1.2). When the concentration parameter A is known and large, we consider
testing the null hypothesis

Hoy:I'=Ty and O =0, with I'yeV,, and Oye ¥V, given, (2.1)

against a sequence of local alternative hypotheses

—1/2 /2

oo a7 with Wi, = o,

~1/2

r=o+wA YU, + 4

H] :
0 = (O + Vol YU, + A PWhw, a1

with Y50, = 0,
(2.2)
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so that we can write
¥, =Ty & and ¥, =0y &,

for certain (m — p) x p and (k — p) x p matrices @ and &, respectively, where I’ 0l
and @; are chosen such that (I F()l)eO(m) and (0, @()L)EO(k), respectively.
Under the hypothesis H; (2.2), we can write

r=ry+%A"? —irea Pwiw a7

+ 0477

and

1/2 ~1/2 ~1/2

0 =0y + ¥ad ' —1ooA™ P, AT L o),

where 0(/171) denotes the terms of order / in the elements of A~ .

For the sample mean matrix X = Z';:l X;/n with a random sample X, ..., X,
from the L(m, k; F) distribution, we shall investigate asymptotic behavior for large A
of the following matrix statistics in connection with the above-mentioned test:

I _ I, - [(X0p)4'" Y
Y =n2| " | (Ie® — 500" = n'/? Uy o 0)12 =),
I g %0,4" Y
(2.3)
Z =n'2A"Pry(r0e — )(00 05)
1/21 41/2 I o 1217 oL
=n [/1 (Ip —F()X@g) —A F()X@() } = (Z] Zz) (24)
and
v =2y, A" (2.5)
we note the similarity between (2.3) and (2.4) with the relationship Z; =
A2y 471
1 .

The characteristic function of Y under the hypothesis H; (2.2) is, for an m x p
matrix T = (T} Té)/ with T being p X p,
@y (T) = E(etriT'Y) = etr(in'2 4" T]) 0", (2.6)
where
0 = oFi (bm; 344') [oFi (b3 347)
with
A =0OyAl

+ [—in @A (T + TiIG ) + @A * @\ Ty + Oy d34"71]

+ 1004 P& 0, A7 T — 100 A P dhdy AT + O by d Ty ]

+o '
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We have
/ 2 3/2 1/2
AA" = O5(A7) + 03/2(/1 )+ O01(A)+0(A"7), (2.7)
where

0s(A%) = @y A°0),  03(A”7) = 03, + 04y,

with
O3y = —infl/z@oATlA'/z@() I @0/13/262@&
and |
01(4) = ~n' QoA X(T{Ty + T312)4"0) + 01 + 0 + Oy $24250, (238)
with
0 = — Ou(in 24\ T4 + 14 dhd,47 )0
_ in71/2@0A1/2T{A1/2(D/2@OL.

Now, when A4A’ is of rank p having nonzero latent roots
at,...,ay(a}>= - >a;>0), the function (Fj(3m;3AA") is asymptotically, for large
A, expressed as in [23, Section 5]. The latent roots a; for the matrix A4’ given by (2.7)
may be obtained by using the perturbation theory for large A. The following lemma

on the perturbation theory is essentially due to Bellman [3, Chapter 4].

Lemma 2.1. Let By, By and B, be k x k symmetric matrices, By have latent roots
&1y ..., & and the corresponding latent vectors xy, ..., x; of unit length, and &; have
multiplicity one for a fixed i. Let By be perturbed to

B=B)+¢eB +¢ B+ O(c),
and assume that the corresponding perturbations of &; and x; are
p=<&it ey +8n+0E) and  y, = xi+exp + & xp+ OE).

Then we have

& = xiBix;, (2.9)
X = Z —5-]—(1)5-xj with  cj) = —xj/»lei (2.10)
J=lj#i > !
and
i = xiBix;1 + x;Byx;. (2.11)

Proof. Equating the coefficients of ¢ and &2 in By, = u,y; gives

(Bo — &ilik)xin = (S dk — Br)x; (2.12)
and

(Bo — Cilk)xin = (Sl — Bi)xn + (&l — Ba)xi, (2.13)
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and equating the coefficients of ¢ in yjy; = 1 gives

xix;; = 0. (2.14)
Premultiplying (2.12) by x} and using Byx; = &;x; and xjx; = 1 gives the desired result
(2.9). Since the right-hand side of (2.12) is expressed as Z _1 C(iXj, with ¢;(;) being
given in (2.10) and ¢;; = 0, substituting x;; = ZJZU# bjiyx;j, with bju) = xjxi,
into the left-hand side of (2.12), and using Box; = x;, j=1,...,k, we obtain
bii(& — &) = ¢y, for j#i,j=1,....k, which yields the desired result (2.10).

Similarly, premultiplying (2.13) by x}, in view of (2.14), gives the desired
result (2.11). O

Putting A = NAy, with N(>0) large and A, fixed, and ¢ = N~/ we apply
Lemma 2.1 to the matrix
AA

B="5 = 0:(A5) + £035(A3%) + £ 01(Ao) + O(&),
where O;(-), O3)5(+), and Oy(-) are defined by (2.8). We obtain
2 2i 32
Si=4loi, Cin= 1/2) P,
Sn = — Joi Z(TITI +0D) + g $112 + 920
ii
2 DGl T + 2o T k
Z /LOj 01 1ij 0/ 1/1) + Jo; Z ¢§,/'—p,i7 for i — 1, P
J=T#i Zy — A J=p+1

(2.15)
and
&i=¢&1=¢82=0, fori=p+1,..k,

where 2; = NAg;, i = 1, ..., p, and, in general, 4;; indicates the ij-element of a matrix
A. We can express the latent roots a; as

2
oSl <o & 3
5z T e 22 - =22 | + o).
Thus, substituting (2.15) into (2.16) and using Muirhead [23, Section 5] with large
AA’ and Az, we obtain, from (2.6),

=N (2.16)

1
Py (T) =exp

—tr T\ T
3 riydy +

12 12, .2
Zp: Z (/11'/ T1,,+/1/ Tvi)
Ai+ 2

=1 =1
—tr TyTs — 2in' 2 tr & Tz} [1+ 04"

| —

A similar method is applied to Z defined by (2.4). Next, the characteristic function
of the vector v = (Vy, ..., Vpp), of the diagonal elements of V' = (V) defined by
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(2.5), for a p x 1 vector £ = (1, ---,lp),, is also expanded, by using the perturbation
method, as
®,(t) = Eexp(it'v) = exp| in zp: _Aati ﬁ (1— Zi[,)*(m*p)n/z
; p plim 2 o ) L ;
P 21'(/11- + /1~t-) —n/2 .
| - il T+ 40) 1+ 0(A
) E { li+ 2 } [1+0(4 )]

Hence, although the vector variate v is correlated, v =tr V = Zl;:l Vi is shown to
be asymptotically distributed as noncentral 2, . , with r =1pn(2m—p—1), for
large A.

The above discussion is summarized in
Theorem 2.2. Under the hypothesis Hy (2.2), for large A, the distributions of the
matrix statistics Y, Z and V defined in (2.3)~(2.5) have the following asymptotic
properties:

(1) Y1 and Y, are independent, and Y, is distributed as normal Np,_p, (fnl/zqﬁl,
Ly ®1,). The distribution of Y1 is such that the diagonal elements of Y\ are equal to
zero almost everywhere, that (Y, Y]_/,-)/, i#], is bivariate normal with zero means and
covariance matrix

NV
(4i4})

g —hy . A .
th gj=-—+ d hy=h; = ) )
<—hj,- gi ) with g5 =77, o by =l =T Jor 12

and that Y;; is independent of all the other elements Yy;;[(i',j") # (j,1)] of Y\. Here we
assume the ratios 1;/7; are constant for large A.

(i) Z, and Z, are independent, Z, is distributed as normal
Np‘,k,p(—nl/Z(I)lz,Ip@Ik,p), and the distribution of Z, is similar to that of Y| except
that the variance of Z;, i#], is g;; = i/ (%i + 4;) instead of g;.

(iii) Y, and Z, are independent.

(iv) v =tr V is distributed as noncentral y.,.. ,, where r =%pn(2m —p —1) and

A=, O,

Remark 2.3. We note that, with L; being the density of the sample under the

hypothesis H;, i=0,1, log(Ly/L;) = —n(tr Iy X’@o/ll/z(l)/l T trO; X’Fo/ll/ztplz),
ignoring the terms of O(1). Therefore, it might be recommended to use statistics
based on Y, for the test on the parameter I', Z; on the parameter ©, and Y; and Z,
combined or tr V' on the parameters I' and @ simultaneously, for large A.

Corollary 2.4. Putting ®, =0 and &, =0 in Theorem 2.2 yields the asymptotic
properties under the null hypothesis Hy (2.1).
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For the rest of Section 2.1, we obtain some asymptotic results for large A
concerning the L(m, k; F) distribution with the (unique) s.v.d. F = I'40" of rank
p =k, which can be derived from Theorem 2.2. Letting X be a random matrix
distributed as L(m, k; F), we can express

1/2

X=r0 +rv,A""?0' +r*v,A"?6' + 0(4™"), for large 4,

where Y; and Y; are independent random matrices distributed as described in (i) of
Theorem 2.2 with @, = 0; indicating that X approaches the mode I O in probability
for large A.

We consider the problem of testing the null hypothesis Hy : I' = Iy and @ = 0y
against the alternative hypothesis H; : I'£1y and © #®,, when A is known and
large. Putting the (unique) s.v.d. of the sample mean matrix X of sample
size¢ n as X = H  X,;H,, where HieVy,, HyeO(k), and X; = diag(xy, ..., xy),
x1> -+ >x; >0, we have the m.l.e’s of ' and ©, ' = H, and ® = H, (see Section
3.1), and the likelihood ratio test statistic is given by 2n tr(X,; — FB)_(@O)A, being
distributed asymptotically for large n and A as )(12((,717,() under Hy. We have already
seen that tr V = 2ntr(f; — I"f))_(@o)A is distributed asymptotically for large A as
Xﬁk(szkfw/z under Ho.

Now, interpreting the terms in the indentity “ntr(fy — I 6/\_’ Op)A =
ntr(ly — X;)A+ntr(X; — I'iXO0)A”, as the dispersion of sample about true
mode being equal to the sum of those of sample about sample mode and of

sample mode about true mode, the argument of analysis of variance may lead us
to use the F-test statistic

(/1) [tr(Xq = ToXO0) A]/[tr(I — Xa) A, (2.17)

with fj = k(m — k) and f> = ink(2m — k — 1) — f;, which is distributed asymptoti-
cally for large n and A as Fj, 5, under Hy; statistic (2.17) becomes asymptotically
noncentral Fy, 1., ¢ 4, With 4 = Z?:l @;@i under the alternative hypothesis H; (2.2).

Khatri and Mardia [21] considered some problems of the concentrated matrix
Langevin L(m, k; F) distributions, e.g., the maximum likelihood estimator of A and
some test statistics. Large-concentration asymptotics for the Langevin distribution
with k£ = 1 were obtained in connection with some test problems by Watson [27,28].

2.2. On the manifold Py,

We are concerned with the matrix Langevin L") (m, k; B) distribution (1.3) with
the s.d. (1.4) of rank p<m [see (1.6)], where A = diag(4i, ..., 4,), A1 =---=4,>0, is
known and large. We consider testing the null hypothesis

Hy:I'=Ty with I'je Vom given, (218)
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against a sequence of local alternative hypotheses

Hy: T =(To+ %A )L, + A7 P a7
=T+ PA? = 1reaA” P wa™? 1 o4 with Wy =0,
(2.19)
so that we can write ¥ = I'y @ for an (m — p) x p matrix ®.
For the sample mean matrix P = E?:l P;/n with a random sample Py, ..., P,

from the L*)(m, k; B) distribution, we shall investigate the asymptotic behavior for
large A of the matrix statistic S in connection with the above-mentioned test, where

1/2 1/2
S =2n 4 0 (I'y F()L)I(Im—P)(FO Fd_) . "
- 0 I,
, APri(r, — B)roa'?  A"?r(1,, — P)ry <S11 Sﬂ) (2:20)
= 4N ’ ' N . .
Iy (L, - ProA”> 1§ (1, - P)Iy S 5

The characteristic function of S under the hypothesis H; (2.19) is, for an m x m
symmetric matrix 7 = (7};) having the partition in accordance with (2.20),

&5(T) = E(etriTS) = etr[2in(/1T11 + Tzz)]Qn, (2.21)
where
O = 1Fi(3k; 3m; A) /1 F\ (3k; 3m; A)
with
_ A1, = 2Ty, 10’ ea™ — a7 ' 0)A'? AP (@ - 2iTy)
(@ —2iT},) A" P’ — 2iTy,
+ o' (2.22)

We use the asymptotic expansions for the | F} functions with the matrix argument A
and with the matrix argument A4 of type (2.22) for large A (see [13, Theorems 3.2 and
3.1, respectively]). In view of the Kummer relationship for the ;| F; function (see [19,
(51)]), we obtain, from (2.21),

. —(m—k)n/2
Og(T) = |1, — 2T | " "2 Ry Ym — k) (m — p);

(@ — 2iTp) (I, = 2iTyy) " (& = 2iTpa) + 2iToy — d&|}"[1 + 047, (2.23)
from which Sy, Si2, and S», are seen to be, in general, dependent.
Now putting 77; = 0 and T, = 0 in (2.23) gives the limit characteristic function of
S22

D5, (T2) = {1 Fi[3(m — k)3 4(m — p); 20T} (2.24)
When p <k, the right-hand side of (2.24) indicates the characteristic function of the
matrix variate 2 ZLI R;, where the R; are independent and uniformly distributed on

the manifold P,,_i (n—p)—(m—k) = Pm—kx—p- When p = k, it follows that we have Sy =
2nl,,_; (almost everywhere) which is independent of S}, and Sy, in the limit.
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In the sequel, we assume that p = k. By the inversion of (2.23), we have the limit
joint density function f¢(S) of Si1, Si» and S, with respect to the measure (dS) =
(dS11)(dS12)(dS),

2m(m—l)/2
(

13(S) = ap, / etr(—iST)®s(T)(dT) with a,, =
2m)

(2.25)

where
@5(T) = |1 — 20Ty | """ Pete n(@' - 2iT)
x (I — 2iTy) " (@ = 2iTy) + 2T — d&).
Evaluating (2.25) with T5, = 0, with respect to (dT,) and then (d7T};), we obtain the
limit joint density function of Sj; and S

f;fll,Slz(Sll , SIZ) = {2k(l11—k)(n—l)/2(4nn)
—k
X ISu = ﬁSle’lz\[(m ! etr(—1S1 — @S, — nd' @),

for Sll — S125’12/2n>0; (2.26)

that is, S}, is marginally distributed as normal Nk,m_k(—2nd5/,2nlk®lm_k), and
S — S1281,/2n(>0) is distributed as Wishart Wy ((m — k)(n — 1), I;) conditionally
with given Sp».

To obtain the limit marginal distribution of S;; from (2.26), we have only to
evaluate the integral I, say, with respect to (dS12) for S >S12S),/2n in (2.26).
Making the transformation S, —S;,H for HeO(m — k) and integrating over
O(m — k) in view of the integral representation of the (F) function (see [19, (27)]), the
term etr(—®S),) can be replaced by (F) [%(m —k); %fI)/diSle’lz} in the integral /. Next,
transforming the resulting integral with respect to (dS);) to that with respect to
(dU), where U = S;ll/lezSﬁzSﬂmﬂn, assuming k<m — k, in view of (1.7), the
integral I becomes

I
(m—k)/2 m—2k—1 (m—k)(n—1)—k—1]/2
F=cfsul"2 [ ol e
0

120/ 0S| U)(dU), (2.27)

k(m—k -1

L m = k)= 1))}
n—1)—k—1]/2

X 0F1[ (m— k),an

for a suitable constant ¢. Expressing the ¢F function in (2.27) as the inverse Laplace
transform of the (Fj function (see [19, (29)]), integrating over 0 < U <[ in view of
the integral representation of the | F) function (see [19, (47)]), and finally evaluating
the inverse Laplace transform of the | F| function (see [19, (29)]), we are led to, for a
suitable constant ¢/,

(m—k)/

I_L|S1| ()Fl[(m k) ,271@(15511]
Summarizing the above results establishes

Theorem 2.5. We assume that p = k and that the hypothesis Hy (2.19) holds. For large
A, the distribution of the matrix statistic S = (Sy;) defined by (2.20) has the following
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asymptotic properties:

(1) Sy is independent of S\1 and Sy», and it holds that S»y; =2nl,_j almost
everywhere.

(i) Sy, has the marginal normal Nk,m,k(—ZnCD/, 2nly ® 1,1 distribution, and hence
S128, follows the marginal noncentral Wishart Wi(m — k,2nly; 4n2(15/q5) distribution
(assuming k<m —k). Sy —SnS|,/2n is distributed as Wishart Wy[(m — k)
(n— 1), 1] conditionally with given S\, (assuming Si; — S1287,/2n>0).

(iii) Sy has the marginal noncentral Wishart Wi[(m — k)n, I; 2n®'®] distribution.
The conditional density function of Si» given Sy is given by

— m—k)(n—1)—k—
Fk[%(m — k)l’l] |Ik — (ZnS“) 1S125€2|[( Jn1) 11/26t1‘(—¢512)

nk(m_k)ﬂrk[%(m - k) (n - 1)] |2}’ZS11 |(m—k)/2 ()F] [%(m — k)n; %nd5/d551 1] '

Remark 2.6. From Theorem 2.5, it might be suggested to use statistics based on Sy;
for the test on the parameter I', for large 4. We note that, with L; being the density
of the sample under the hypothesis H;, i = 0, 1, log(L¢/L,) = —n tr(Al/ZF{)PFold) -
<D’I"0l }_’FOA]/z), ignoring the terms of O(1). Therefore S;, (or S12.57,) may be also a
useful matrix statistic for the test on the parameter I, for large A. Further correction
terms of O(A*l)7 in terms of the noncentral Laguerre polynomials with matrix

arguments, of the asymptotic expansion for the distribution of S;; have been given
by Chikuse [7].

Corollary 2.7. Putting ® = 0 in Theorems 2.5 yields the asymptotic properties under
the null hypothesis Hy (2.18).

For the rest of Section 2.2, we discuss some asymptotic results for large A

concerning the L) (m, k; B) distribution with the (unique) s.d. B = I'AI" of rank
k<m, which can be derived from Theorem 2.5. Letting P be a random matrix

distributed as L) (m, k; B), we can express

~1/2

P=rr" +1rA " 2surt +1r' 8,47 °r' + 0(4™")  for large 4,

where S|, is distributed as Ny« (0, 21 ® I, ); indicating that P approaches the

mode I'T” in probability for large A.

We consider the problem of testing the null hypothesis Hy : I' = I'y against the
alternative hypothesis H; : I'# Iy, when A is known and large. Putting the (unique)
s.d. of the sample mean matrix P of sample size n as P = HP,H', where
H=(H, H})eO(m) with H, being mxk, and P,;=diag(p,...,pm) =
diag(Py1), Pa)), 1 >p1>--- > py >0, with Py being k x k, we have the m.Le. of
I', I'=H, (see Section 3.1), and the likelihood ratio test statistic is given by
2n tr(Pdm — I'oPr. 0)A, being distributed asymptotically for large n and A as
;{lzcmfk(k )2 under Hy. We use the argument of analysis of variance, where we
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have the identity “ntr(lx — [oPIo)A = ntr(lx — Pyy)A + ntr(Pyay — [oPTo)A”,
and we have already seen that 2ntr(fy — I’ oPT. 0)A is distributed asymptotically for
large A as xikwfk). Thus we may use the F-test statistic

(/) (Pay — ToPTo) A/ [tr(Ie — Paiy) Al (2.28)

with fi = km — k(k +1)/2 and f, = nk(m — k) — f1, which is distributed asympto-
tically for large n and 4 as Fj, 5, under Hy, and as noncentral o omudo under the
alternative hypothesis H; (2.19).

3. Other asymptotics
3.1. Estimation of large concentration parameters

3.1.1. On the Stiefel manifold Vj. ,

Let X1, ..., X, be a random sample from the matrix Langevin distribution (1.1)
where 41> --->1,>0 are distinct, and put X= Z;’:lX,-/n. The m.le’s I, (:), and
A = diag(/,, ...,)Cp) of I',®, and A are given by the matrix of the latent vectors of
XX, that of XX, corresponding to the first p largest ones of the latent roots

x1, ..., xp of XX (x;>-->x;>0), and the solution of

dlogoFi(m; 1A%) /0% = xi, i=1,...,p, (3.1)

respectively (see [21]).

The matrix variate X is a sufficient statistic, and its density function f3(X; F) was
obtained by Chikuse [4]. It is seen that f¢(X;F) is invariant both under the
simultaneous transformation

IF'-H,I' and I'->H,I', for H eO(m) (3.2)

[and I'* > H,I't, where (I'l'*)e O(m) is the matrix of the latent vectors of XX'],
and under the simultaneous transformation

O-H,0 and O-H,0, for HyeO(k) (3.3)

[and @+ > H,O L, where (@@ 1)e O(k) is the matrix of the latent vectors of X'X].
Therefore, X, = diag(xi, ..., xx) is quasi-sufficient for A in the sense of Barnard [2],
and it is suggested to estimate A based on the marginal distribution of X,. It is

seen that this maximum marginal likelihood estimator (m. marginal le.) A =

diag():]7 ...,}:p) of A is obtained as the Bayes estimator of A by employing the
uniform prior distributions for I' and @. Then the marginal likelihood function is
given by

k 2 = 2.1
oF M (S 1A% 2 X3) [ [o F (b 147",
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which leads to the m. marginal l.e. /:1 given by the solution of
_ 1.1 72 ()1, 132 2%2\1/97. _ P
O[—nlog oF\(3m;3A%) +logoFy" (3m; 347, n°X3)]/04; =0, i=1,...,p. (3.4)

Here the pF§k> is a hypergeometric function with two matrix arguments (see
e.g., [19]). o

Next, taking the simultaneous transformation (3.2) only into consideration, X’ X is
quasi-sufficient for ® and A. The maximum semi-marginal likelihood estimator
(m. semi-marginal lLe.) A* = diag(ﬁ, e /:;;) of A is obtained from the distributions
of X'X, and is equivalent to the Bayes estimator of A obtained by employing the
uniform prior distribution for I'. Then the semi-marginal likelihood function is
given by

oF1 (bm; 0 4°0' X' X) /[y Fi (bm; A7)

It is seen that the m. semi-marginal L.e. of @ is equal to the m.lL.e. @, and the m. semi-

marginal Le. A* is given by the solution of

O[-nlogoF (%m;}—‘fl*z) + logyF, (%m;%nzfl*zz\_ﬁ(]))}/aif =0, i=1,...,p,
(3.5)

where X, (1) = diag(xy, ..., x,).
When we take the simultaneous transformation (3.3) only into consideration, XX’
is quasi-sufficient for I and A, and a similar method leads to the m. semi-marginal

l.e.’s of I and A which are equal to the m.l.e I and the m. semi-marginal l.e. A* given
by (3.5), respectively.

Systems (3.1), (3.4), and (3.5) of partial differential equations can be solved
approximately for small A (see [5]). Here we shall show a method to evaluate the
approximate estimators of large A. Using the asymptotic expansion for ¢F; (%m, %/12)

for large A (see [23, Section 5]), (3.1) becomes

m—p 1 & 1 Ay .
= = ——+0A ) =x;, i=1,...,p, 3.6
LY ol ) 56)

<

and, similarly for large /:1*, (3.5) becomes

m=p)n—1) 1 ¢ !

T R
2nA; J=L#E AT+ A
1 2 Xi A2 .
+ﬂ Z ﬁ‘f’O(/l )20, l=1,...,p. (3.7)

J=li#i Xid} + xj/lj*-‘
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Using the asymptotic expansion for ,F.* (%m;%/iz, n?X2) for large A (see [23, (6.4)]),
(3.4) becomes

1 & A A
- d A7?) = i=1,...,p. .
D - +0(A72) =0, i=1,..p (38)

It is seen that the above three kinds of estimators are asymptotically equivalent to
one another for large sample size n. Asymptotic solutions (3.6)—(3.8) may be
obtained by iterative methods. For a simple comparison, let us consider the case
p = 1. We have

Ir=(m—1)/2(1 —x)] + 00,

Doy

Ay = [(m = 1)/2n(1 = x))] + 001 )

*
1

and

>

Fi = (k= 1)/2n(1 = x)] + 021 ),

‘1

and hence, 4, >/ﬁ>il, ignoring the terms of 0(/11_1), where the first and second
equalities hold if and only if m = 1 and k = 1, respectively.

3.1.2. On the manifold Py ,_x

Let Py, ..., P, be a random sample from the matrix Langevin distribution (1.3),
where A; > --- >4, are distinct with p<m [see (1.6)], and put P = Z?:lP,-/n. Let the
sd. of P be P=HP;H, where HeO(m), and P, =diag(pi,...,pm),
1>p;>-->p,>0. Due to Chikuse and Watson [11], the m.l.e. I of T is seen to
be Ay, where A = (A, Hj}) with H, being m x p, and the m.l.e. A = diag(/y, ..., 4,)
of A is given by the solution of

dlog Fi (Y dm; A)/0J; = piy i=1,...,p. (3.9)

The matrix variate P is a sufficient statistic, and its density function is seen to be
invariant under the simultaneous transformation

I'-HI' and I'->HI, for HeO(m) (3.10)

(and 't - HI'*, where 't = A'). P, is quasi-sufficient for A in the sense of

Barnard [2], and we shall estimate A based on the marginal distribution of P, by the

Bayes method employing the uniform prior distribution for I'. Then the marginal
likelihood function is seen to be

oF" (A nBy) [ Fy (s s )],



390 Y. Chikuse | Journal of Multivariate Analysis 85 (2003) 375-394

which leads to the m. marginal l.e. A= diag()il, ey j,,) given by the solution of
d—nlog | Fy (Y tm; A) +logoF" (A, nPy)) /07 =0, i=1,....p. (3.11)

The approximate evaluation of systems (3.9) and (3.11) of partial differential
equations for small A was given (see [11]), and here we shall solve the systems for
large A. Using the asymptotic expansion for |F; (%k;%m;fl) for large A (see [13,
Theorem 3.2]), (3.9) becomes

1—[(m—k)/2.]+O(A ) =p;, i=1,..,p, (3.12)
that is,
hi=m—k)/R(1—p)+0U"), i=1,...p. (3.13)

Similarly, using the asymptotic expansion for oFém)(/:l,nl_’d) for large A (see [13,
Section 5]), (3.11) becomes

— — 1 u 1 4
(1 py—m=km—mtp 1 3y FOA =0, i=1,...p.

2n/; A - 4

(3.14)

It is seen that the above two kinds of estimators are asymptotically equivalent to
one another for large sample size n. An asymptotic solution given by (3.14) may be
obtained iteratively. For the simple case p = 1, we have

A= (m—k)/2(1 = p)] + 00 )

and
A=Ay = [m = 1)/2n(1 = p)] + 00y ).

Therefore, ignoring the terms of O(Xfl), we have /, 251, where the equality holds if
and only if m = 1.

3.2. Classification of the matrix Langevin distributions

3.2.1. On the Stiefel manifold Vj. ,

We consider the problem of classification into one of two (known) matrix
Langevin distributions m; : L(m, k; F;), with the s.v.d.’s F; = I74;0}, j = 1,2. For the
classification analysis the reader may be referred to a standard textbook of
multivariate statistical analysis (e.g. [1]). Taking the ratio of the density functions,
the best classification rule is such that, given an observation X € V; ,,, we choose

m o if u(X) =tr(F) — F,) X>c¢
and

my  if u(X)<e, (3.15)
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for a suitably chosen constant ¢. The misclassification probabilities are given by
Pr(u(X)<c|m) and Pr(u(X)>=c|m). We investigate the asymptotic behavior of the
classification function u(X) when A, and A, are both large.

We may be interested in the situation where the two populations are locally close
in the following sense. Assuming that A; = A, = A being of rank p, for simplicity of
argument, we consider the case where the following conditions are satisfied:

[y= (T + A+ A7 P a7 with i =0

and

1/2 —1)2

@ = (O, + Vol Y1, + A PPh w7 with P40, =0,  (3.16)

so that we can write ¥; = Ffd)l and ¥, = @f@bz for certain (m — p) x p and
(k — p) x p matrices @, and @,, respectively.
The characteristic function of u(X) when n; is true is
™ (1) = Eqe™X) = oF\(m; 144') o F\ (bm; 147),
with
A= (1+it)O, Ay — itOL AT, (3.17)
Under condition (3.16), we have
AA' = 02(A%) + 035(A77) + 01(4) + 0(4"?),
where
0s(A%) = 0,420}, 03,(A?) = —it(0, 4 Bh01 + 6f 0,40))
and

3/2 1/2

0\(A) =it0, (A P& &, A" + 1A B0, 47 4 147 P, 47 0]

1/2 1/2

1 (i) (0,400,470, + 6F D AD501).

Putting 4 = NA, with N (>0) large and A, fixed, and ¢ = N~'/2, we apply the
perturbation method to the matrix B = 44’/N? as in Section 2. Writing the latent
roots u; of B as y; = & + &&; + &*¢p + O(&), we obtain

&= o, &n =0,

J

2
En=at(1+ l.l)/l()i< @;d§]> , for i=1,....p,
=1 ii

&i=¢&1=¢8,=0, fori=p+1,.. )k,
where 1; = NAy;, i = 1, ..., p, leading to

"™ (1) = exp Hé(ﬁ - it)} 1+ 047 "), withs=tr (/Zi: qs}qu).
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The characteristic function (15(n2)(t) of u(X) when = is true is given in the form (3.17)
with 4 = it@, AT} + (1— it)@z/ll"/z. Interchanging ““i#”” with ““1 4 i¢”” in the previous
discussion for <I>(m)(t) may yield

@™ (1) = exp[=15(2* + in)][1 + O(47")].

Summarizing the above discussion yields

Theorem 3.1. The classification function u(X) defined by (3.15) for the problem of
classification is distributed asymptotically, for large A, as normal N (%5, 0) when m; is

2
true, and N(—10,0) when my is true, where 6 = (> ¢]/¢j) may indicate a local
distance between the two sets of orientations (I';,0;), j = 1,2. The misclassification
probabilities are given by

PuX)<c|m) = (211(3)_1/2 /_; exp 215 <u - ;5) 21 du

and

0 r 2
Pu(X)=c|m) = (2n5)“/2/ exp %(w%&) ] du.

3.2.2. On the manifold Py,

We shall consider a similar classification problem into one of two (known) matrix
Langevin distributions ; : L) (m, k; B;), with the s.d.’s B; = FJ-AFJ'-,j = 1,2, with 4
being of rank p <m. The best classification rule is such that, given an observation
Pe Py i, we choose

my if u(P) =tr(B) — By)P=c¢
and
ny, if u(P)<ec, (3.18)

for a suitably chosen constant ¢. We may be interested in the case where the two
populations are locally close, that is, when

[y= (T + YA+ A7 P9 wa™ 7 with vy =0,

so that we can write ¥ = I't ® for a certain (m — p) x p matrix @.
The characteristic function of u(P) when =; is true is
™ (1) = Epe™®) = | Fy(Y;dm; A) /1 F (ks dm; A), (3.19)
where
AL i@ oa™ + a7 O D) —ita P

_ —1/2
A= . 12 T oA 7). (3.20)
—itdA —itdd
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Using the asymptotic expansions for the | F| functions with the matrix argument A
and with the matrix argument of type (3.20) for large A (see [13, Theorems 3.2 and
3.1, respectively]), and assuming p = k, we obtain

&™) (1) = exp[1(22 — i)][1 + O(A~"%)] with & =2tr &',

The characteristic function of 43(n2)(t) of u(P) when 7, is true is given by (3.19)
together with (3.20) with ““ir”” being interchanged with ““1 + ir””, and hence
&™) (1) = exp[-1(22 + in)][1 + O(4~"%)).

Thus summarizing the above discussion yields the following.

Theorem 3.2. The classification function u(P) defined by (3.18) for the problem of
classification is distributed asymptotically, for large A, as normal N (%5, 0) when m; is

true, and N (—%5, 0) when m, is true, where 6 = 2 tr P may indicate a local distance
between the orientations I'y and I'y. The misclassification probabilities are given by
.

P(u(P)<c|n1)=(zn5)"/2/ exp —21—5 (u—%5> du

and

P(u(P)>c|m) = (m)“/z/w exp| - <u+15) du.
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