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1. Introduction

Confidence bands are important tools for model specifications. However, it is difficult to construct precise confidence
bands for nonparametric curves since a supreme norm is usually involved in the statistics. Traditional methods based on
the asymptotic theory have natural drawbacks in their finite sample performance, and this motivates bootstrap methods to
attain more precise bands. In this article, we deal with bootstrap bands construction for a general class of nonparametric M-
and L-estimates; moreover, we adopt additive models to handle the multivariate covariates case. We believe that the devel-
oped technique is essential for componentwise shape inspection of additive models in empirical economics. Applications
can be found in the work of [6] or [4].

Consider Y, X € R4t with variable Y and X € RY.

I(x) = argemin Eyx=xp (Y —6), (1)
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Fig. 1. Plot of true curve (gray), robust estimate with Tukey biweight loss and 5% confidence bands (blue dashed), local polynomial estimate (black),
bootstrap band (red dotted), n = 150.

with p(-) as a loss function described in detail in Section 2.1. For the confidence bands construction, one stream of literature
using empirical process theory follows the asymptotic results of [2], which is further extended by [19], and has recently
been studied by [13] for L-smoothers. However, it has also been shown by [31] that such an asymptotic confidence band
has a much lower coverage probability in a finite sample than what it is supposed to have. The poor performance of such a
band in a finite sample has been well attributed to its slow convergence, see [7]. To address improvement of a finite sample
performance, there is a class of literature on the bootstrap confidence band, see [3,12], among others. Fig. 1 shows a boot-
strap confidence band and an asymptotic band for an M-smoother with p(-) being Tukey’s bisquare loss. One can see that
the asymptotic band is narrower than the bootstrap one. Moreover, the asymptotic band does not cover the true curve while
the bootstrap band does.

Many different resampling techniques have been developed, among which the permutation tests are very popular and
can be adapted to many application scenarios, see [28,1,22,23]. The bootstrap is a class of data driven resampling techniques
that provide non-asymptotic approximations of finite sample distributions of different statistics. In a location model (more
generally a regression model), resampling is done from the estimated residuals, and a typical theoretical analysis leads to the
conclusion that “bootstrap works” in the sense that a suitably centered bootstrap estimator converges to the same asymp-
totic normal distribution as the original estimator under consideration. A large literature body has focused on showing
bootstrap improvements and refinements of approximations via bootstrap resampling, see [8,21,15,11], which discuss the
conditions for bootstrap consistency, and also prove the bootstrap accuracy as an approximation to the exact finite sample
distribution for special types of statistics in a nonparametric framework. However, very few articles have focused on nonlin-
ear statistics (e.g. maximum) in nonparametric regression. [31] proposes a bootstrap procedure and shows its improvement
properties.

This stimulates the current research on finding common properties that loss functions have to share in order to attain
such an improvement. Accordingly, we prove a generalized version in the univariate case for a class of loss function with
bounded influence. The bootstrap becomes difficult when the dimension d of the regressors gets large. One way to avoid
this problem is to impose a structure, such as an additive model, on the multivariate nonparametric function. The additive
structure assumes that the covariates’ effects are separable, and this effect is presented in many economic applications, [10].
Specifically, we consider the regression function

d
mxq, ..., X3 = ij(xj), (2)
=0

with mg(xo) a constant. It is worth noting that the additive structure implicitly assumes that the covariates effects are sep-
arable, and of course this assumption needs to be tested in advance. [32] develops a test on testing the interaction effects;
correspondingly, our method can also be extended to implement similar tests.

It is well known that (2) avoids the “curse the dimensionality” in the sense that one-dimensional convergence rates are
achieved for the estimation of m(xq, . . ., x4), but keeps enough flexibility of the marginal influence of the different variables.
See [14,17,16] among many others. [ 14] focuses on generalized additive models with unknown link functions, [ 17] proposes
a two-stage estimation for quantile regression in additive models, [ 16] shows the equivalence between spline, kernel and
other methods in terms of optimal minimax rate in the additive model estimation. The resulting estimate ri;(x;) in (2) though
needs to be screened for closeness to m;(x;). This requires construction of confidence intervals and bands as a function of x;.
For such screening tests, our tightened bootstrap techniques will be verified. Namely, the bootstrap-based confidence bands
are shown to be very close to the true finite sample distribution-based ones.
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In summary, we investigate a coupling technique that allows us to “tie the straps” even a little tighter for a class of
bounded influence estimators. Theoretically speaking, confidence band construction is made more precise in a variety of
the estimation problems that we consider. The coupling idea is based on mimicking the distribution of the original data via
a controllable random mechanism. Similar results like (9) will be derived for additive models.

The remainder of this paper is organized as follows. In Section 2, we explain the model setup and the bootstrap method
in more detail. Section 3 presents the main results. In Section 4, a small simulation study is presented. Moreover, we show
in Section 5 applications on managerial compensation and the impact on stock markets. Finally, Section 6 concludes with
some comments and directions for future research.

2. Models and bootstrap confidence sets

This section describes the estimator and our coupling techniques, which motivate the obtainable theoretical results, and
discusses some of the assumptions.

2.1. Univariate case

Let us describe the coupled bootstrap in the simple case of nonparametric minimum contrast curve estimation. Here
(X,Y)T e R? The object of estimation is identified via:

I(x) = argemin Evx=xp(Y —0), (3)
where p(-) is a loss function of e.g. Hampel/Huber type or more generally (up to a constant) a negative (pseudo) log likeli-

hood. In the quantile regression case, p(x) = |x|{t — 1(x < 0)} is the check function. Another example for p(-) includes the
trimmed mean, [18]

2
_|x/2, x| <k,
p() = {—k2/2 L klxl, x| >k

or a form of Winsorized mean:

(4)

X, xl <k,

p() = {kz, x| > k.
A sample based version of (3) is:

n
Ih(x) = argminn™" Y~ p(¥i — )Kn(x — Xy), (6)
o i=1

where K,(u) = K(u/h)/h is a kernel function with bandwidth h. Now we generate a bootstrap sample using i.i.d. uniform
random variables Uy, ..., U, € U(0, 1), and then generate:

Y =1,06) +e, i=1,....n, (7)

where g ~ ﬁ(;fxzw(ui) (discussed in detail in (24)) and g = @ (n~'/°) a slightly larger bandwidth than h. The basic idea of
coupling is based on comparing this sample to the pseudo observations:

Yi=IX) +6f, i=1,....n, (8)

(vix=x (Up). Note that given {X;}i ;, the distribution of Yiji and Y; is the same. We will show that for a class of
loss functions the following approximation holds:

where e? =F;!

sup [T ~ 100 — (1,0 = L0} | = 0, 3, (©)

where B is a closed compact set in [0, 1], I3, a slowly increasing sequence (a sequence a, is slowly increasing if n=%a, — 0
for any o > 0), lfl(~) is the nonparametric estimate calculated from {(X;, Yf)}, l;yg (X;) is an estimate calculated from the
bootstrap sample {(X;, Y;)} with bandwidth h,

n
o, def arggnin > oY = O)Kn(x — X)) (10)
i=1

and 7g (X;) is calculated as in (6) from the original sample with bandwidth g. The basic elements in proving (9) are smoothness
of F¢x=x(-) and bounded influence of p(-) in (3).
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2.2. Additive models and bootstrap confidence sets

For any x € RY (d > 1), the nonparametric approach in (6) is not appropriate when d is large, as the standard non-
parametric optimal convergence rate, O, (n~%“+9) 'would be too slow when d is large. Additive models were suggested to
remedy the problems posed by the dimensionality. Recall (2), and impose the additive structure:

d
Y, = ij(xi.j) + & an
j=0
Further, approximate the additive model via a basis function approach:
Li+1

mi(xij) & Y ayvixig).
=1

where the v1(-), v5(-), . .. could be any sequence of functions spanning the L? space. Our implementation uses B-splines, for
example, linear B-splines: consider a sequence of H~! equally spaced knots on the interval [0, 1], which defines the width
H subintervals [IH, (I+ 1)H],0 <[ < (H™! — 1). The linear B-spline basis is:
Hx—I1+1 (I—1)H<x<IH,
vx)=414+1—H 'x IH<x<(+DH,
0 otherwise.

Denote the theoretical standardized B spline basis ¢(-), for the jth variable,j =1, ..., d,

&1 (%)) o V(%) — vi—1(X)Crj/Cl—1,js
Bj1(%) = &1 %)/l P1; (%) |2,

where!=0,...,H7 !, ¢ def [ ¢uj(wf;(wydu with f;(u) is the density for x;, so that EB; ;(x;) = 0, EBj(x)* = 1.

The additive estimate can then be obtained as follows. Define the vectors in (R Tld+ ),

A= (a.af.....a;)",
X)) ={l.gxn".....8xia) "},
where
T
aj = (ayj,...,ay ) ,
T _ T
gxij) = {vikxij),...,vuxij)} .

Finally, let A be the estimation of A:

n
A=argmin)_ p(Y; — AT@ X)), (12)
i=1
and
mj(xij) = a g(xi), (13)

withj=1,...,d.
2.3. Coupled bootstrap for cases of high dimensional covariates

The additive structure in (11) is one solution to the curse of dimensionality, however, the bootstrap approach in (7) does
not work for this modeling scenario as nonparametric estimation of F,x(-) would again run into the “curse of dimension-
ality” problem. We suggest another bootstrap technique, and prove that it strongly approximates a model with the same
asymptotic properties as the original model.

Define

z— {_1 with prob t

1 withprob1 —t, t=1....n (14)

This includes the special case for symmetric error distributions with 7 = 1/2, which is the usual assumption for mean or
robust M-smoothers. Moreover, it generally adapts to the case of quantile regression for asymmetric error distributions. The
bootstrap couple (¢*, &%), the bootstrap residuals and its associate theoretical couple respectively are:

e € 7113 (15)

td—efzii’],', i:l,...,n, (16)

& =
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where
def .
i = i,z:{Fi,sgn(si)(lgiD}s i=1...,n, (17)
and
Fis() EP(lei] < tlse; > 0), i=1,....n, se{l,—1}. (18)

Note that the same Z; appears both in (15) and in (16).
Recall that Fyx—x,{I(X;)} = 7 and, hence, F;x=x,(0) = 7. Now, it is easy to see that V; dof Fi sgn(e;) (J&i]) has a standard
uniform distribution, and if Z; is as above, then ¢; and ZiFi}: (V;) have the same distribution. Formally, note that

E(t)—1+7
Fip1(t) = %
1—1—F(-t)
Foi()= ————,
1—-1

where F;(-) is the cdf of ;. Hence, for t > 0:

P(sf <t) = rP[F;L{Fi,sgn(si)(|s,-|)} <tl+1—1
TP{Fisgneep (l&il) < Fa®}+1—1
tP{e; < 0,F _1(—¢&)) < Fi+1(t)} +tP{e; > 0,F11(8)) < F+1(O)}+1—1
1— 1 —Fi(&) F({t)—1++<
1—1 = T

:TP{8j<O, }+TP(O<8,'<I.')—|—1—‘L'

P |:l — 1 > Fi(g) > 1%r{l —F,-(t)}:| +PO<eg<t)+1—1

1[1—1?{1—5(0}—1]+r{F,~(t)—1+r}+1—r

= Fi(t).

The case t < 0 is dealt similarly. It follows

L(eF) = £(&)). (19)

Our confidence “ideal” interval is conditional on {V;}{_; which has a direct link to the absolute value of errors {|&;|}I_;.
Note, however, that the estimator is asymptotically consistent and its bias does not depend on these absolute values. More-
over, by the law of large numbers, the pointwise width of the conditional confidence interval is within a factor of 1+ 9, (1)
of the unconditional one.

2.4. How does the coupling work?

The basic idea of our approach is to construct an empirically feasible bootstrap sample that strongly approximates a
sample from the true distribution. One example of the coupled bootstrap approach has already been explained in (7) and
(8). It, however, relies on estimators of the conditional distribution Fy|x=x(-), which become very imprecise when d is large.

Another approach proposed in Section 2.3 motivated as the wild bootstrap is based on randomizing the obtained residuals
and using the same random source to mimic the stochastic of the unobservable errors. To get the basic idea, let us assume
for a moment that the distributions of ¢; are symmetric. Then the coupling may be performed via a Rademacher randomized
variable Z; with

PZ=1)=PZ=-1)=1/2

#

and generation of the couple &/ (the bootstrapped residuals), 8? (the theoretical coupling), where {&]', &/} is:

s def o
& = Zi&il
def
ef = Zim;. (20)
With this construction, we are able to establish a result similar to (9).
In a non symmetric distribution (required for quantile regression), one defines Z; withP(Z; = 1) = r and P(Z; = —1) =

1 — 7 assuming the centering Fy)x,{I(X;)} = 7, and the couple (&], 8?) is given by (15) and (16). It was argued that the
distributions of s? and ¢; are identical and also the conditional distributions given {V;}{_, are the same.
The resampling technique will be applied to a nonparametric estimation of an additive quantile regression model. The

reanalysis of the data used by [17] provides us with sharper bands that have not been calculated in that paper.
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2.5. Extension to generalized linear models

The model in Section 2 can be extended to generalized linear models, with the relation g{E(Y|X)} = I(X), where g(-) is
the known prespecified link function. For continuous random variable Y, the extension to the above bootstrap procedure is
trivial. Moreover, it can be also generalized to the models with discrete Y;. For example, for the binary logistic model with
Y; as binary data, define

& =Y; — gllh(), (21)

then &; will be bounded in [—1, 1], and one can apply the same bootstrap procedure as in (20).

3. Main results

The section gives asymptotic results for the estimators described in Section 2. To establish the asymptotic property, some
assumptions are needed:
Assumptions

A.1 The solution I(-) of (1) is two-times differentiable and bounded. We abbreviate ¥/ (Y, -) to ¥ (-), and ¥ (-) = p’(-) (or
subgradient in the quantile regression case) is a.s. bounded by M < oo. E{i/(&)|X} = 0 w.p. 1. Also ¥ (-) is Lipschitz
continuous except for a finite number of points in the compact set B.

A.2 Assume the support of X is [0, 1], the conditional density of ef¢jx=.(:|-), and is bounded by C; and is twice differentiable
in the interior point of [0, 1]¢, and bounded away from 0 by ¢; > 0.

A.3 The kernel function Kj(+) is a product kernel composed from one dimensional kernels with bandwidth h:

Kn(s) = ITL K(sj/h)/h, s =(s1.....50)" € R". (22)
A4 The kernel bandwidth satisfies h ~ n~'/°. Let g be another bandwidth sequence g > h,e.g.,g = O(n~1/9).
A.5 For each j, the true regression function m;(-),j € 1,...,d, is at least one time continuous differentiable function on
[0, 1].

A6 E{g?(X)} = 1forj € 1,....d. [ ®1(X)]le < CH, as., where &,(X) & (¢2(x1)). ... ¢p*(xn)} T withj e 1,.. . d.
A.7 The number of regressors in (12) is of @ (p), where p = dH™' + 1withH™' ~ n'/>, and d = O (n*?).

A.1 is about the continuity and the bounded influence structure of the loss function, it is quite essential for proving the
bootstrap improvement. Also, A.1 includes a very general class of regression loss functions although it does not include the
usual mean regression loss. A.2 assumes W.L.0.G., the covariates are on bounded support and impose assumption on the
conditional density of the error term. A.3 is a standard assumption on the kernel function. A.4 is about theoretical rates
of the bandwidths h and g. h is of the standard optimal rate in nonparametric regression, while g is required to be larger
as we need to mimic the bias of estimation in the original nonparametric regression, see [12]. A.5-A.7 are assumptions on
additive models. A.5 assumes that additive components behave properly. A.6 imposes conditions on the basis functions, and
the linear B-spline satisfies A.6. The above assumptions are all very mild or standard assumptions according to the literature.

We show first convergence results for the bootstrap methods in (7) and (8). The resampling step has been defined in (7),
where the smooth estimate of the conditional distribution is:

Fiepon(® £ Y W11y, — 1 (X)) < t1, (23)
i=1

with Wy, ;(x) = n~1Kp(x — X,-)/fh (x) and fh x) = n! Z?:l Kn(x — X;) the kernel density estimator. To have a correctly
centered estimation for Fx—y (t), we define
dFepx (£)

Feix=x(0) + Co(1 — Fox=x)(0))
CodFgjx=x (1)

Feix=x)(0) + Co(1 — Fex=x)(0))

where (; is a constant defined as

def — ffoo w(u)dF(S\X=X) (u)

Jo Y W dFex— ()

0 =
Note that the estimator in (24) is centered so that

Eﬁﬂx:x,-lp(‘e"*) =0= EFs\x:xi‘//(gu)- (25)

ift <0,

dﬁ(g‘)(:x)(t) = (24)

otherwise
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The influence function of the estimator is proportional to ¥ (-) = p’(-). If it is bounded with bounded derivatives a.e. and
£L(g|X) is such that ||Fiex,=x (-) — Fepx=x)() llo = O (h?I3), then a similar coupling argument as in (7) can be used. Recall
& = F(;\l)(i=x) (Felxi=v), then

¥ (eF) — W (eH)| = Op(N17). (26)

This ensures that
Y () — YEDIK(x — X)) = Op(R°Ty). (27)
i=1

The argument is based on two facts. First from (25) the means are zero and second that (26) holds.
Once the Y*s are generated, one applies (10) to the bootstrap data {(X;, Y;*)}i_; to obtain l:,g (x). Summarizing, we have:

Theorem 3.1. Let assumptions A.1-A.4 be fulfilled and define fﬁ(-) as in (9). Then

sup [Ax(0)| = Op(W2T), (28)
XeB

where
A0 E @ — Do — ({0, — T ). (29)

Let assumptions A.1-A.7 be fulfilled and consider the additive model of (11) with the estimator (12), and the resampling scheme
is considered as in (15) and (16), then

sup | — my) (x) — {(Af — M)} = Ous. (HT).

XxXe

Remark 1. The aforementioned strong approximation results mean that the stochastic behavior of iﬁ (x)—1(x) ((113}1 —m;)(x))
is well approximated by its bootstrap counterpart fﬁ_’g x) —ig (x) ((ﬁl]?k —1;)(x)). This implies in particular that the distribution
of sup, ﬁﬁ (%) —1(x)| (Supyep | (17 ]n —m;)(x)|) is consistently approximated by that of sup, ﬁ;g (x) —7g (x)] (supyeg | (ﬁ1}" —1)(x)]).

Also the rate H2 I, is sufficient for the validity of the bootstrap for supremum-functionals, see [24]. Therefore, the bootstrap
confidence band is a direct consequence of the results.

Remark 2. A similar result was proved by [31] for quantile regression. There the centering ensures that the bootstrap error
distribution has the proper quantile. Here it is generalized to a wider class of centering, and to additive models.

4. Simulation

This section is divided into two parts. First, we concentrate on the univariate x € [0, 1] case and the bootstrap procedure
(7), (8), check the validity of the bootstrap procedure, and compare it with asymptotic uniform confidence bands. Second,
we adopt the bootstrap procedure for the additive model as in (20), and check the validity of the bootstrap band in the same
fashion.

4.1. Univariate case

The simulation setup in the univariate case is:

(1) Simulate (X;, Y;),i = 1, ..., n according to the predefined joint probability density function (pdf) f(x, y). In order to
compare with [9], we set the joint pdf of (X, Y) as,

fx,y) = gly —sin(zx)}1(x € [0, 1]), (30)

g(u) =99 w) /10 + ¢(u/9)/90. (31)

(2) Compute Th (x) asin (6), with p(-) as a biweight loss, &; dof Y — Th X).
(3) Compute the estimated conditional edf as in (A.2) with a Gaussian kernel

Ku(u) = (v27r)~" exp{—u?/2h}/h,

and h = 0.06 is selected by cross validation.
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Table 1
Relative errors and areas (estimated as averaged width of the confidence bands over the grid points) of asymptotic and bootstrap with 1000 repetitions

. def . . . . R
per sample, and 5000 samples. Relative error = |(true coverage — nominal coverage)|/nominal coverage. Standard deviations measuring variability over
samples are shown in brackets.

n 95% 90%
Rel. Err. Area Rel. Err. Area
Boot. 100 0.02(0.015) 2.52(0.547) 0.02(0.014) 2.21(0.746)
200 0.01(0.010) 2.01(0.387) 0.02(0.010) 1.82(0.679)
400 0.01(0.004) 1.33(0.201) 0.01(0.003) 1.13(0.301)
Asym. 100 0.09(0.034) 1.22(0.596) 0.11(0.070) 1.02(0.711)
200 0.06(0.026) 0.91(0.602) 0.10(0.051) 0.67(0.518)
400 0.05(0.018) 0.72(0.314) 0.09(0.043) 0.68(0.325)
(4) Foreachi=1,...,n, generate random variable &/ ~ Fx)(t),i=1,...,n:

Y =1, (%) + &,
withg = 0.2.
(5) For each sample {X;, Y:*}"

i Ji=1

v & supl [ (%) — T GO fx 09 s (&}/y By 2D}

(6) Calculate the 1 — « quantile d} of dy, ..., dy=.
(7) Construct the bootstrap uniform band centered around fh %)

1h(®) £ [V Frewan (6D} Evix (Y2 (eHN .

Fig. 1 shows the theoretical signal curve, the robust estimate using Huber loss function with a corresponding 95% uniform
confidence band from the asymptotic theory and the confidence band using the bootstrap method. The real curve is marked
as the gray solid line. We then compute the confidence band based on asymptotic theory according to [9]. Here, we notice that
the asymptotic band is narrower than the bootstrap band. The width of the bands has not been affected by outliers since we
adopt a robust estimation. To compare which method is more precise, Table 1 presents respectively the simulated coverage
probabilities together with the calculated area of the 95% and 90% confidence band, for sample sizes n = 100, 200, 400.
(Practically we would like to keep the sample size larger than 100 to achieve a reasonably precise estimation.) 5000
simulation runs are carried out and 1000 bootstrap samples are generated for each simulation. From Table 1, we observe that,
for the asymptotic method, coverage probabilities improve with increased sample size and the bootstrap method (shown in
brackets) obtains a larger coverage probability than the asymptotic one, as it has smaller relative errors. It is also observed
that the sizes of the bands decrease with increased sample sizes. Overall, the bootstrap method displays a better convergence
rate, while not sacrificing much on the width of the bands.

compute i,’;y g(-) and the random variable

4.2. Additive model

We now extend the study to the case of multivariate covariates, where we use an additive model for the estimation. The
bootstrap procedure is as follows:

(1) Simulate (X;, Y;),i = 1, ..., n following model (11). The variables x1, x5, x3, x4 ~ U(—2.5, 2.5),
my(x1) = sin(wxq), my(x2) = @ (3x2), m3(x3) = x3, Ma(Xa) = X3,

and ¢; is simulated from a mixture normal density function with density ¢(u/9)/90 + ¢(u)/10.
(2) Compute the estimation 11 (x1), M,(x2), i3(X3), M4(x4) via (13)and &; = Y; — Z;Ll (i j).-
(3) Foreachi=1,...,n, generate random variable ¢,i =1, ..., nasin (15):

4
Y,',i* = Z i’nj(x,-,j) =+ 8?.
j=1

(4) For each sample {x; 1, Xi 2, X; 3, Xi 4, i }, compute ﬁ1j‘(~) and the random variable
def S A " ~ A N
dp = [s;lgz 5]{\/ij(X){f(a|xj:x,-J)(8,' W\ Evixi=x; (W2 (€D} (x) — m;(x)[}.
xe[—2.5,2.

(5) Calculate the 1 — « quantile d% of dy, . .., dp=.
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Fig. 2. Plot of true curve (dark blue), robust estimates and bands (cyan), bootstrap band (red dotted). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Table 2

Relative errors and areas of bootstrap bands for i1y (-), M, (-), m3(-), M4(-) with 1000 repetitions per sample, and 5000 samples. Standard deviations

measuring variability over samples are shown in brackets.

n () ity (-) i3 (-) g ()
Rel, Err. 95% 100 0.08(0.051) 0.05(0.027) 0.08(0.037) 0.09(0.020)
200 0.07(0.042) 0.03(0.015) 0.02(0.018) 0.04(0.019)
400 0.04(0.023) 0.02(0.012) 0.01(0.010) 0.03(0.012)
90% 100 0.06(0.050) 0.09(0.079) 0.06(0.066) 0.04(0.022)
200 0.04(0.038) 0.05(0.026) 0.03(0.048) 0.02(0.014)
400 0.03(0.028) 0.02(0.013) 0.02(0.021) 0.01(0.010)
Area 95% 100 6.76(1.291) 6.99(1.213) 6.87(1.241) 6.69(1.546)
200 5.54(1.112) 4.84(1.007) 4.98(1.115) 4.79(1.134)
400 4.56(0.988) 3.78(1.001) 3.21(0.943) 3.76(1.019)
90% 100 5.99(1.667) 5.45(1.472) 5.75(1.987) 6.01(1.654)
200 4.84(1.331) 4.38(1.112) 4.13(1.198) 4.11(1.219)
400 3.51(0.969) 3.23(0.989) 2.98(0.823) 3.09(1.012)

(6) Construct the bootstrap uniform band centered around 1m;(x;)

(i) = [y fio, @) Ueepgmse (1)} Evigmx, (¥ 2 ()L

The estimation of m;(x;)s j = 1, ..., 4) and their bootstrap confidence bands is shown in Fig. 2.
The simulated coverage probabilities are shown in Table 2. The coverage probabilities are close to the nominal levels and
the widths of the bands are clearly shrinking w.r.t. the sample sizes.

5. Empirical analysis

5.1. Firm expenses analysis

[35] uses a sample of Japanese firms in the chemical industry to examine whether a concentrated shareholding is associ-
ated with lower expenditure on activities with scope for managerial private benefits. We focus on the same regression prob-
lem as proposed in [17]. The dependent variable Y is: general sales and administrative expenses deflated by sales (denoted
by MH5), which is one of five measures of expenditures on activities with scope for managerial private benefits considered.
The covariates are: ownership concentration (denoted by TOPTEN, cumulative shareholding by the largest ten sharehold-
ers), and firm characteristics: the log of assets, firm age, and leverage (the ratio of debt to debt plus equity), the sample size
is 185. The regression model we consider here is:

MH5 = mg 4+ m{(TOPTEN) + my{log(Assets)} 4+ ms(Age) + my(Leverage) + error.
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Fig. 3. Robust estimates (blue), bootstrap bands (red dotted), left up: Log(Asset), right up: Leverage, left below: Age, right below: TOPTEN. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The estimated additive components and its bootstrap confidence bands are shown in Fig. 3. Similarly, it can be seen that the
nonlinear effects are log(asset) and TOPTEN, and the firm age effects are minor compared to the other three. The effect of
leverage is also a little bit nonlinear, and the shape of the curves deviates from what [17] presents, especially for the effect
of TOPTEN. This may be due to the different subjects studied: in our case, robust estimation with Tukey biweight loss, while
in their case the conditional median curve.

5.2. The impact on the stock market

We analyze how four assets (oil, currency, bonds, real estate) affect the stock market. This study would give implications
on the interactions of the economic conditions among different sectors. The data source is ProQuest Statistical Datasets, and
we focus on the United States market. Therefore, the covariates are taken as: the crude oil index, EUR-USD exchange rate,
the 10-year treasury constant maturity inflation index %, the real estate index, and the Y variable is S&P 500 index returns.
The data are synchronized to a weekly frequency. We selected the data during the period of 09/03/2008-11/28/2011.

It can be observed that all of the four markets have nonlinear effects on the stock indices values, Fig. 4, but only the
exchange rate EUR-USD and crude oil prices affect the stock indices returns nonlinearly, Fig. 5. It is not difficult to interpret
the relationships: In Fig. 4, for the exchange rate EUR-USD, the weakness of EUR up to a certain level (<1.27) is negatively
correlated with the stock indices, and then a positive correlation follows, but this relationship is again reversed when the
EUR is too high (>1.43). Oil prices have a negative impact on stock indices at every level, but the effects decrease when
the prices rise. As for the inflation index, when the inflation rate is high, interest rates are typically high, this may reduce
the consumption and investments in the stock market. One can see a negative correlation there when the inflation index is
larger than 0.7. Finally, an increasing real estate index can be a sign of booming economic conditions, therefore the stock
indices rise when the real estate index gets higher. However, when the real estate index is too high, it is likely that there
exists a bubble, so a drop in the market indices is seen.

In Fig. 5, we see a difference in effects on S&P log returns, exchange rate EUR-USD is positively correlated with returns
until a high level (>1.40), the crude oil has major negative effects on stock returns. More nonlinearity is presented in the
plots for the inflation index and the real estate index.

6. Conclusion

We have developed and proved the bootstrap improvement for a wide class of smoothers with bounded influence func-
tions. Moreover, we extended our results to additive models in order to cope with the curse of dimensionality. Our bootstrap
method can be further extended to serve various purposes in additive models. It may be used for componentwise hypothe-
sis testing, testing the separability or interaction and bias correction, see [32]. Furthermore, similar bootstrap improvement
results can be extended to other semiparametric models, e.g. partial linear models, and single index models. Moreover,
different types of resampling procedures can be adopted to directly resample (Y;, X;), such as in [27,22]. And, according
to [1], we are able to deal with cases with discrete covariates.
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Fig. 4. Robust estimate (blue), bootstrap bands (red dotted), Y: S&P index, left up: exchange rates EUR-USD, right up: crude oil price, left below: inflation
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Appendix. Proof

A.1. Proof of Theorem 3.1 in the d = 1 case

To prove Theorem 3.1, we show finally, with (optimal rate) h = @ (n='/°):
max[(f;, — D) — {5, ~ )N = 0,2, (A1)

This is extended to any point x in a compact set B in (A.12).
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Proving (A.1) can be done by showing first:
max |y (e}) — ¥ ()| = Op(°T). (A2)
Recall the definition of Ij'wx (+) in (24), it is the induced conditional cdf of {1/ (¢])}{_;. By [5] we have for a small b:

e bSUP |Feep) () — Feepo (0] = Op(R2T). (A3)
t|<b,i=1,...,

Also recall (24) F(E‘X) is a scaled version ofﬁ(g‘x). Then according to A.2, the inverse function ofﬁ(g‘x)(-) and F.x)(-) will also
be close in the sense that

max|8 —&f| = max|F(£‘X)(U,) Frpo U] = 0p(h21y). (A4)
Moreover, for a §; = (DP(hZFn) uniformly, define F];|X(~) as the conditional c.d.f. of ¢ (¢) on X,
W () — W(ED)| = [FyyFyx{y E)IX}HX] — v (e,
= [y Fy ¥ (91X} + 81X:] — w (&),
= |Fyx[Fyix {0 (91X} 4 8ilXi] — F 5 [y (9 () X} 1X3]]

1
*81' = Gp(hzrn)s
C1

IA

by A.2. Therefore, (A.2) is proved. As ¥ (-) plays a role in the estimation via the zero functions defined below, to prove (A.1),
we first want to write the estimation difference (7}; — D(X;) and (l;’;, e l)(X;) written w.r.t. to their zero functions defined
as follows.

def 1

GO.X) £ — 3 Wi ()Yl — 0+ ).
j=1
l n
= = WGy (F = o)),
j=1
1 n
Gi (0, X) = —th,j(xi)w{s}—9+l<x,»)}],

= wah,m 0)}.

Note that, for the flrst moment, we have the natural equality as follows, so we can focus on the difference in the second
moment,

Er V() = 0= Er (), (A5)
We abbreviate Er,,_, as E and EI‘;S‘X:X,_ as E*, define
160 & aremin Ep(Y — )Ky (X — %), (A6)
0
T,x) & argminE* p(Y* — 0)Ky (X — %), (A7)
0
T.06) £ Gi{l (%), X} — GE{I(Xp). Xi) (A8)

as the unbiased versions of the true function. It is not hard to derive that the bias has the order of 9, (h?).
EG(I(X). X))
DEGHU(X:). X;)
{R°1"(X) /2 + fe XU XD R [fix XD HIK |17 + Op(h?).

Similarly forﬁlvg X)) — ig (X;), we have
T —Toxy = =KX o7 ) i)
BT OBEERGE (X)), Xi) & v

{h21)(X0) /2 + f )T, (X0 [fe X MIKIIZ + Op(h?),

T06) — 10%) +0X) — (X)),
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where || K||2 &f [ s2K?(s)ds. A balance between bias and variance term would lead to the choice of the rate has @ (n~'/°I,),

and we have |T(X,-) —1(X) — {Nljg X)) — 7g X} = (9p(h2), so we can write the difference of the bias term as (9p(h2) in the
following derivation.

Remark. In the case when ¥ (-) is not differentiable, in particular for the quantile case, the above stochastic expansion is
still valid, see the stochastic expansion in [20].

According to A.1, excluding the non-differentiable v/ (-) case, one can use the Lipschitz condition of the function ¥ (-),
and v (-) is bounded, we have, 3 a constant C, such that,

1 ¢ ~ n ~
max T, ()| = max |~ 3 Wi (X0 { (& — (X +1,06) — (] =106 + 109},
j=1

IA

1 & ~ n ~
max D Wi GI(Cler =T (%) + (X))} — {gf —106) + 16D
j=1

So we can break the upper bound of max; |T,(X;)| into two terms, the first term max; T, 1 (X;) involves the bootstrapped
error and its theoretical couple, which has been proved by (A.3), and the second term max; T, »(X;) is concerning the

convergence rate of 7g(-),

IA

1. 1.3 S ~ ~
max T, ()| < max —C 3 - Wy (0| (ef — &))] +max —C 3 Wa 0011l 06) — (X0} = {106) — 160},
j=1 j=1

IA

max T 1(X;) + max T, 2 (Xi).
1 1

max; |T,.1(X;)| is known to have the rate ©,(n~'/?h%?2r;), and

1 - U /
max To > (X) = max —C 3 Wi (X0 {l; (Xisi0) = (Xij.0)}06 = X)| + Oy (),
j=1

where X;j o is a point between X; and Xj, and C is a constant, according to the mean value theorem. sup,. |7;, x) —lI'®|is

of the rate ©,(g ' (ng) /21, + g*), see [33]. Therefore the optimal rate for g would be @(n~'/°) in our case (as in A.4), this
rate is slower than the choice of h, which confirms the results in [12]. Then we can achieve

max T, 2 (X)) = Op(h*I}).
1

As the second derivative of the loss function v (-) does not exist at zero, we use the local version of equicontinuity lemma
from chapter VII.1 in [29]. Our loss function has the following expansion with the remainder term defined as r{y, 6 (x)}

ply — 0@} = ply — 10} +{6 — 1)} {y — 1)} + 10 — 1) [r{y, 0 (0}, (A9)

define R;(Y*, T, () = n' Y0 r(Y7 (X)), Ra(Y.106)) & n= Y7, (Y, 1)) are the high order function, we need to

prove it satisfies the equicontinuity condition around the pointTg X andT(X,'). namely, for each n and ¢, 36 such that,

limsupP( sup [IRE(L) —Ri(p)ll > 1) < e, (A.10)
no v -Tgll<s

limsupP( sup ||R.,(I') — Rn(7)|| >1n) < €. (A11)
nopyr=j<s

According to the equicontinuity lemma in [29], first of all we can prove that |r(y, #)| has an envelope, by having the
function r (y, 0) satisfying certain conditions. _ _

So we can achieve the estimations are linked to the zero functions around the point Iz (X;) and I(X;) respectively, as fol-
lows:

Gi{IXp), X;}
 OEE*G: {I5 (X)), Xi)
GL{I(X), X;}
IEGH{I(X), X3}

T () =T (X) = + Op((n)~172),

T —TX) = — + 0,((nh)~12),

where JEE* G, {Tg (Xi), X;} denotes the partial derivative of EE*G} {6, X;} w.r.t. 6 taking value at the pointTg (X).
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This means,
% (] 1 (7,
it 060 — 00 — B ) +1060)| = — aEi{G’g%()X’;}X} aigé’%;ﬁf}
IEGH{IX), X GE (I (X)), X} — GR{l(X), Xi}]
C 9EE*Gy{I, (X, X OEGE{IX), Xi}
N Gr{l(X)), X} [OEE* G2 {I; (X)), X;} — DEGH{I(X)), Xi}]
9EE*G {5 (X)), Xi}OEGH{I(Xy). X}

Gp(hz)a

+ 0, (h%).

Therefore, since G{ly(X;), X;} and GA{I(X;), X;} are known by S.LLN. to have strong consistency to E*G*{l,(X;), X;} and
EGA{I(X)), X;}, we have,
miaX |’l\;’g(xl) - /I\g(xl) - iﬁ(X,) + 1(X1)| = O(mlax Tn(Xi)) + (9p(h2Fn) + (9p(h21"n),
and (A.1) is proved.
Define the order statistics Xq1), ..., X 0f X, ..., Xy, so the claim (28) can be proved from (A.1) using the fact that

sup [Ap(x)| < max |A,(X)| +max  sup A (Xp) —AX)I, (A12)
! boxelXa) Xl

it suffices to consider the speed of the last term. With Lipschitz continuity of A, (-):

max  sup |An (X)) —A(X)| < c; maxsup |X; — X[, (A13)
boxelXay X(irn) tox

where ¢, > 0is a constant, this upper random bound is of order 9, (n~"4logn) = Op (h?I7,). The uniform bound for || X; — x||
results from the uniform law of large numbers over a ball of size n=1/%, see [26, Theorem 1.1].

Remark. For the non-differentiable vy (-) cases, in particular the quantile regression case, one can still establish similar
inequality, as

1< ~ ~ ~
max |~ > Wi (e =T 06) + k%)) — ¥ (ef —10X) + 1))}
j=1
1¢ . . -
< max 3 Wi (X0l (U {e] — 500 + L)) — ¥t =T0%) + 1D
j=1

Define Y & |y (e] — T, (%) + L, (X)) — ¥rie] —10%) + (X))} = O,(h?) because, so
P(Yij > csh?) < E(1¥il)/(csh®)

Op({ls (%) + I (%) — 1X) + 10X} /).

Then the argument follows from the above proof.

Moreover, one can also use the strong consistency of Gﬁ, Gy to E(Gﬁ) and E*G; respectively based on A.1 and Lemma 2.4
of [25].

A.2. Proof of second part of Theorem 3.1

The number of regressors in (11) is of order p = H~'d + 1. [30] shows that as long as n~!(plogn)*/?> — 0 then the
estimators of the regression parameters are consistent and have the standard variance. In our situation,

n~'n'/>23 1ogn = 0(1), (A.14)

and therefore the condition is satisfied.
Now we have a look at the behavior of the design matrix in (12).

LA E -y plyi— AT o (X)),
i=1

VLA En Y ylY; — ATO (X)) (X)),
i=1

VZELA) E —VEY{Y — ATo (X))o (XD (X))
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Recall that
A= argmin f(A).
A

Lemma 14 of [34] ensures that with probability approaching 1, A exists uniquely and that V.£(A) = 0. In addition, there
exists M(x) = A' & (x), such that
sup [(x) — m(x)| < CooH”. (A.15)

xeB

According to the bounded influence condition A.1, the jth term,j € 1,2, ..., H 'd + 1.

J

(VLAY = [ -0 Y Ym0 + e — 4 (X)) — z/x(oncp(x,-)]
i=1

IA

n! ZC3|{AT¢(X1') + & _AT¢(Xi)}(p(Xi)|:| ,

i=1 j

< n_lZC3|{AT¢(Xi)+81_AT¢(Xi)}¢(Xi)|:| .
i i

We know first that,
El[{m(X) — m(X)} P (X)]j| = O(H?).

Let &; = {Im(X;) — M(X)® (X;)| — E[m(X;) — M(X;)® (X;)|};, by Bernstein’s Lemma:
Lemma A.1. Let Zy, ..., Z, be independent r.v.s.

log E exp(tZ;) < E(Z*)t%/2
forallt € [0, co]. Then

n
>
i=1

n
2 Z EZ? | < 2exp(—t?).
i=1

P >t

Finally, we can derive that,
n
'Y &= 0us (WL, j#£ 1 (A.16)
i=1
The last term
n
{Z e,rp(x,-)}
i=1

Therefore, one has a collective term from (A.16) and (A.17),

IVLA) | = Os. (H¥? + H V207121,

n! = O (n"V21). (A17)

J

where || - || denotes the L, norm.
By assumptions A.5,A.7,Vl = 1, ..., H™!, the d dimensional vector cD,T(X,-) satisfies,

BlIblI?/d > EbT & (X)®1(X:)b > «| b1 /d,

where « and § are two constants.

Lemma A.2. Assume A.1and A.5, asn — oo,

IA — Al = Ogs (H* +H 20721,
maxn ||ﬁ‘l(X,) - ﬁ(X,)H = Oqs. (H + Hilnil/zrn)-

iel,...,
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Proof. According to similar equicontinuity arguments, exists an (H~'d + 1) x (H~'d + 1) matrix A, such that
IA = Al = O({V*ELA)) =V LA},
since
VCELX) = @(X)@ (X)) VEY (Y; — A @ (X).
According to assumption A.7,
Caly-1g41 = VZEL(XD) = Caly-1411,
therefore
1A —All = Oas (HY* + H /207213,
Moreover, by Cauchy-Schwarz inequality

‘max_|m(X;) —m(X;)|
iel,..., n

IA

max [|A — A]l | (X))

= (9a.s.(H3/2 + H_l/zn_l/zrn)ga.s.(H_l/z)»
Ous.(H+H 'n721).

We would like to check for the pseudo observations Yl-j =mX) + 8? .
{1 (Xia) — e (Xia)} — (A (Xik) — mie(Xi0)}]
<|A@T AT AT + AN KW,
= O(IVEE"L* D)~V L W) — VELA)(-VLAN @ X)| +H),
as V2E£*(A)~! and V2EL(A)~! are both bounded,
{1 (Xia) — (X} — (A (Xik) — mie(Xi0)}

=0 ([n" Y W) — vl +A 00 — ATRX))SX) D (X)| +H? ).

i=1

=0 ([ (WEh —vE)ex) e x| +H |,
i=1
=o (| Y ter —eloX)TeX)| +H ),

i=1

n
=0 (|0 (&l — Zinde ()T @ (X)) | + H
i=1

One can derive using a coupling argument,
{0 (X i) — A (X)) — M (Xik) — M)} = Oas. (™ V2(H? + 072 0)H™Y? + H?)
= (90.5.(H2)~
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