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1. Introduction

Let 'V, be the Euclidean space of n x n real symmetric matrices equipped with the inner product (a, b) = trace(ab). Let
dx denote the Lebesgue measure on 'V, assigning the unit mass to the unit cube. Let 'V, denote the cone of positive definite

matrices in 'V, and let V: denote its closure. For x € V, let |x| denote the determinant of x.

Letc € Viandg e A, ={0,4, %, ..., "1} U (%5}, 00). The random matrix Y taking its values in V' is said to follow
the Wishart W, (g, c¢) distribution if its Laplace transform is given by

Ic|?

O = =g

c—0ev!,

see Casalis and Letac [4] and references given therein. When q > "2;1 that is when Y takes its values in V;1, this distribution
has density of the form

H ) = 29 exp (= (€9 105 @)
Y Ta(q) DA

where I', denotes the multivariate gamma function, see Muirhead [19]. When g € A, and g < % the distribution is

singular and is concentrated on the boundary of V. In the special case g = 0, it is the Dirac measure concentrated at the
zero matrix.
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A random matrix X, taking its values in V;, is said to follow the matrix generalized inverse Gaussian distribution,
MGIG,(—p, a, b), if it has density of the form

fix) = x5 exp (— (@, x) — (b, x7")) 11 (o), (1.1)

K" (a, b)
where Kp(") is the matrix variate modified Bessel function of the third kind, see Herz [6].
Letac [12] has observed that the MGIG,(—p, a, b) is well defined iff p, a, b satisfy one of the following three conditions:

1l.a,be VS andp eR,
2. a € V] withrank(a) =m € {0, 1,...,n—1},b € V;  andp > ”_';_1,

3.ae vV, be V] withrank(h) =m € {0,1,...,n— 1}andp < —" ’;"1

This extends earlier definitions of the matrix variate GIG as given in Bardorff-Nielsen et al. [ 1] or Butler [3].
The MGIG distribution has the following property, which will be used later on

if X ~ MGIG,(—p, a, b) then X~' ~ MGIG,(p, b, a). (1.2)

There are several connections between the Wishart and MGIG distributions considered in the literature, see e.g. Bardorff-
Nielsen and Koudou [2], Butler [3], Koudou [7,8], Koudou and Ley [9], Koudou and Vallois [10,11], Seshadri and
Wesotowski [20]. Here we are interested in those which are extensions of the Matsumoto-Yor (MY) property of the
univariate gamma and generalized inverse Gaussian distributions. The gamma y (p, a) and the generalized inverse Gaussian
GIG(q, b, ¢) distributions are defined by the densities

FO) <y’ e™ 0 100y ()
and
g(x) o X' e g oo (),

respectively, where p, a, b, c are positive numbers and q is real.
Matsumoto and Yor [17,18] considered the transformation v that takes (x, y) € (0, +00)? into (0, +-00)?, where

vy =(x+y " T = x+y7).

They observed that if two random variables X and Y are independent and follow the GIG(—q, a, b) and y (q, a) distributions,
respectively, then the two random variables U and V defined as (U, V) = ¢ (X, Y) are also independent and follow the
GIG(—q, b, a) and y (q, b) distributions, respectively. Letac and Wesotowski [ 14] proved the converse to the MY property,
that is the following characterization: if X and Y are independent and U and V are also independent, where (U, V) =
v (X,Y), then (X, Y) ~ GIG(—q, a, b) ® y (g, a). In the same paper it was shown that this result holds true also for matrix
variates, namely the authors considered the transformation i for X and Y positive definite random matrices and proved
both the direct MY property and its converse in this case (under certain smoothness conditions, weakened later on in
Wesotowski [21]): if X and Y are independent r x r positive definite matricesandU = (X + Y) 'andV =X 1— (X + Y)™!
are also independent then X and Y follow a matrix variate GIG and Wishart distribution, respectively.
For any s x r real matrix z of full rank, denote by P(z) the linear mapping

XEV > P@)x =2zxz" € 'V,

(z* denotes the transpose of the matrix z). Massam and Wesotowski [ 16] extended the MY property to more general situation,
where matrix variates have different dimensions: X and Y are independent positive definite matrices of dimensions r x r
and s x s, respectively. They considered the transformation 1, defined as follows

V2 (x,y) = (P@x+y) ", x7 —=PE)P@x+y "),

where z is a given constant s x r matrix of full rank and obtained the following characterization (under certain smoothness
conditions): if X and Y are independent and U and V are also independent, where (U, V) = v,(X, Y), then X and Y follow
a matrix variate GIG and Wishart distribution, respectively.

On the other hand, Massam and Wesotowski [15], interpreted the original MY property as a bivariate property with
respect to the simple tree with two vertices and one edge and extended it to a p-variate property with respect to any tree with
p vertices. Moreover, they proved the converse of this extended version of the MY property, obtaining the characterization
of the product of one gamma and p — 1 generalized inverse Gaussian distributions. To this end they considered certain
transformations induced by leaves of such a tree.

In this paper we extend the multivariate version of the MY property on trees considered in [15] to the case where the
components of a random vector corresponding to the vertices of the tree are replaced by random matrices of different
dimensions. We prove this generalized MY property and its counter-part being a joint characterization of one Wishart and
p — 1 matrix generalized inverse Gaussian distributions.

The proof of our characterization is given under the assumption of strict positivity and differentiability of the densities.
Here we do not use Laplace transforms to identify the Wishart variables (the Laplace transform approach was used in [15] to
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work out the gamma distributions in the proof of the converse of the MY property on trees). Instead our approach is based
on certain independence property (given in Lemma 4.1 in Section 4) and Theorem 4.1 from [16].

In the next section, we will prove some lemmas (which are just extensions of the ones given in [15] to the case of ma-
trices) that we will use to obtain our main results. Section 3 is devoted to the statement and the proof of the matrix variate
version of the MY property on trees. We also define there a matrix variate analogue of the W¢ distribution defined in [15].
In Section 4 we formulate and prove the converse of the MY property, that is, the characterization of the product of one
Wishart and p — 1 MGIG distributions. The section starts with the lemma describing an independence property induced
by the transformations related to the matrix variate version of the MY property on trees. This lemma enables us to use the
results of [16] in our proof of the characterization.

2. Preliminaries

Let T = (V, E) be an undirected tree of size p, where V = {1, ..., p} is the set of its vertices and E is the set of its edges
(a set of unordered pairs (i, j) such that the distinct vertices i and j are linked in T). Let L C V denote the set of leaves of T
(a set of vertices with only one neighbour).

Let us choose integers nq, ..., n, and for 1 < i < j < p let us fix arbitrary rectangular matrices k; with n; rows and n;
columns with the only restriction that k; = 0 when (i, j) ¢ E. Let us call Kr this fixed set (kjj)1<i<j<p and define k; = kfj
when 1 <i < j < p, where k,?j denotes the transpose of the matrix k;.

Finally, let M(T, Kr) be the set of (ki, ..., kp) such that k; = k;; is positive definite of order n; and such that the bloc
matrix K = (kjj)1<,ij<p is positive definite.

Thus we have

kl k12 k1p

M, Kr) = ko= (ki kp) € Vo x oo x Wy K= | R0 K ke e
&
ko1 kp2 ky =1

We can direct an undirected tree T by choosing any vertex r € V as a single root and directing all edges towards it. In
a tree T directed in this way, we say that a vertex j is a child of a vertex i if there is a directed edge fromitojin T and a
vertex k is a parent of a vertex i if there is a directed edge from k to i in T. Let ¢, (i) denote the set of children of i and let p;, (i)
denote the set of parents of i in the directed tree T with root r. Note that each vertex has at most one child (if i is a root then
c;(i) = ¥) and each vertex may have several parents (if i is a leaf then p, (i) = 0).

Foragivenrootr € Vandaleafl € L, [ # r, wedefine T~' = (V™" E™)), where V' = V \ {I}, E"' = E\ {(l, c;(I))}. Let
K;-1 be a given set of off-diagonal blocks obtained from Ky by discarding k¢, ¢y # 0and ky = 0, i € V\ {l, c-(D)}.

Now we will prove some properties of the set M(T, K7). The following lemmas are the matrix variate analogues of
Lemmas 2.1-2.5 obtained by [15]. Note that the second equality in Lemma 2.2 in [15] does not hold for j = ¢, (I) (but
this small lapse does not influence the proof of the main result of [15]).

Lemma 2.1. Let k = (ki, ..., k,) € M(T,Ky). Forany root r € V and leaf | € L (I # 1), define k™' = (k;',i € V\ {1}) (of
p — 1 components) by

k' =k, ieV\{lcO}, (2.1)
kot = ke — Plke, ki

Thenk=' € M(T~, Ky—1).

Furthermore, for any k™' € M(T™", K;—1) and any k; € V;; we have

(ks K Ky + PR KT i) € MT, K. (2.2)

Proof. Without loss of generality we can assume thatr = 1,1 = p and ¢, () = p — 1. Then K can be partitioned as

A B
K=1c D:| :
where
[k k12 e kg ay— ke,
ka1 ky S Kae -1 ke, 1y
A= o . - A ,
k-1 kew-12 0 kewy—1 kgwy—1c0
L kw1 keaz o kqoen-1 Kee @y
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0
0
B= e s C = [0 o --- 0 klcr(l) kl] s D= k[.
0
ke.
Observing that
A B I 0] [A-BD7'C B
C D||-D7Ic L|— 0 D
we get
A B 1
K| = ‘c D‘ =|A—BD"'C||DI.
Hence
K| = [k [K~'], (2.3)
where
k1 k12 e kigay— kic @
ka1 ko e ko ay—1 ko)
l(fl=[A_BD71C:|= . e e e (2‘4)
kew-11 keo-12 0 kew-1 ke y—1¢r0)
ket keaz o kewao-1 kea = Pkaaki!

Note that all principal minors of K™' except the last one are the same as in the matrix K. Therefore they are positive. Since
IK| > 0and k; € V,, by (2.3) [K™!| > 0 and we have

K= (k1, e, kcr(l)—h kcr(l) — P(kcr(l)l)kf]) € M(T_l, Kp-1).
To show that for any k= € M(T~, Ky-1) and any k; € V$ (2.2) holds true it suffices to observe that all principal minors
of the matrix K are positive. It is obvious for the first ¢ (I) — 1 minors. To see that this is so for the ¢, (I)th principal minor of

K observe that this minor is the determinant of the matrix which all entries are equal to the respective ones of K~! except
for the element with index (¢, (I), ¢, (I)) which is equal to

- —1
ke = (K)o T Plkesanky

Since K~! and P(kcr(,),)k,_] are positive definite, the ¢, ()th principal minor of K is positive. From (2.3) it follows that the Ith
principal minor of K is also positive. O

For arootr € V in the directed tree T we define the mapping v : M(T, Kr) — 'Vﬂ*1 X oo X ’V;; by

l//r (k], ...,kp) = (kL(r)a ...,](p,(r)), (25)
k; ifi e L\ {r},
kiy = 1k — Z P(k,-j)k]f(l) otherwise. (2.6)
Jjepr ()
Remark 2.2. For arootr € V in the directed tree T there exists the unique (kl,(r), e kp,(r)) such that (2.6) holds. It can be
easily proved by reversed induction on the distance d = d(r, i) between the root r and avertexi € V = 1, ..., p of the tree

T = (V, E): If all the k;j () are known for d(r, j) = d + 1 then k; (-, can be defined by (2.6).

Let us illustrate the definition of the mapping v, with the following example.

Example 2.3. Let T be the tree of size p = 6 with V = {1,2,3,4,5,6}, E = {(1,2), (2, 3), (2, 4), (4,5), (4,6)} and
Ky = {k12, k23, k24, ka5, kas}. Let us choose r = 1 as the root of T.
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The mapping v, is of the form
Y1 (ki, ... ke) = (kiays -0 ke, (1) -

where ks’(]) = ke, 1(5,(1) = k5, k3’(1) = k3, k4,(1) = k4 — P(k45)k§}l> — P(k46)k(?,21)' kz.(]) = kz — P(kzg)k;}l) — P(k24)k;}1),
k],(l) = k] — P(’<12)1<;}1).

Lemma 2.4. Foranyrootr € Land leaf | € L, | # r, we have

ko =kio forjeV™" and ki, =k forjeV\{cD)}.

Proof. Let 2, C V denote the unique path in T linking [ and r. Since for j & ., k; ) does not depend on k;, we have
k]f('r) = kj (). On the other hand, for any j € #; \ {l}, k; (- depends on k; only through Icc_rl(,) = ke, — P(ke, )k " and thus
we also have k; (., = k; ) for such .

To prove the second equality observe first that k; ., ¢y = kj.) forj # 1, ¢; (). Now let us consider a tree T~! directed by

choosing a vertex ¢, (I) as a root. This gives k]T(’Cr(,)) =kj o forje Vi\{c:(D}. O

Lemma 2.5. For any root r € V, the mapping ¥, : M(T, Kr) — ’V,f] X -0 X 'V% defined by (2.5) and (2.6) is a bijection and
its Jacobian is equal to one.

Proof. It is obvious that the mapping v, is into V,Tl X oo X V;; . To prove that v, is onto we proceed by induction on the
size p of the tree T.
Forp = 2,letr = 1and | = 2. Then

Y1 (k1. ko) = (ki) ka,ny) = (ki — P(ki)ky ' ko) = (k' k)

By Lemma 2.1, (kl’l, kz) € M(T, Kr). Hence (k; — P(ki2)k; ', k2) € Vi x v} and we have K = [kl k“] evrh

k21 ko ny+ny
K= k] k12 _ I k12k51 k] — P(l(]z)](;1 0 I 0
- k21 kz ] 12 0 kz kz_lklz 12

and thus x'Kx > 0 for allx € R"™2 x =£ 0.
Now assume that v, is onto for any tree T,,_; of size p — 1, any set Kr,_, and any k € M(T,_1, Kr,_,). Choose an arbitrary
rootr € V and leafl € L, | # r. Without loss of generality we can assume thatr = 1, = pandc.(l) = p — 1.

since

By Lemma 2.1, k™' = (k;',..., kp_i]) = (k1. ke @y—1: keey — Pk )k ') € M(T™', Kp—1). Hence, to prove that v,
is onto, it suffices to show that if K~/ e Vgp_l then K € Vg,, . where K™' is defined by (2.4). But, from Lemma 2.1,
i=1 Mi i=1"M
(kl", e kc:l(z)fv k;'(l) + P(I<Cr(1)1)l<f], kl) € M(T, Kt), so the result follows.
Thus the mapping 1 is a bijection. From (2.5) and (2.6) it follows that the Jacobian of v, is of the form
idy, — * *
J = Det 0 e k s
0 0 idy,

where Det denotes the determinant of operators acting on Vp, x --- x V,, and * denotes the part that is not needed in
calculations of the Jacobian. Hence the Jacobian of v, is equal to one. O

Lemma 2.6. For any root r € V, we have

K| =[] Ikl 2.7)

ieV
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Proof. We proceed by induction on the size p of the tree T.
For p = 2 the result follows from the expression for the determinant of a partitioned matrix in terms of its submatrices:

ki ki
kz] k2

= [ky — P(ki)ky | ko] = k1,1 lka, ()]
= |kq] |kz = Plkan)ky | = k1,20 k2, 2)]-

Now assume that (2.7) is true for any tree T,_; of size p — 1, any set Kr, , and any k € M(T,_1, KTp—l)' Choose an arbitrary
rootr € V and aleafl € L, | # r. Without loss of generality we can assume thatr = 1,1 = pand ¢, () = p — 1. Then, as in
the proof of Lemma 2.1, we get

K=

K| = Ikl [K~'| = [kpo| K]
where K is defined by (2.4). Since, by Lemma 2.1, k™ = (ki'..... k1) = (ki.....keo-1. keq) — Pkeak ') €
M(T~!, K;—1), the induction assumption implies
K= T Ikl
iev-!
Hence, by Lemma 2.4,
K| = k| [T kel = [kun| TT Ikl =[] Ikl ©
iev—! ieV\{l} ieV
Lemma 2.7. For any root r € V and for any a = (a], ey ap) € Vpy X+ X Vp,, we have
(a, k) = Z (ai, ki) = Z ((ai, ki) + <P(kicr(i))acr(i)s kf(lr)» .
ieV ieV

Proof. From the definition of the inner product and (2.6) we obtain

(a, k) = Z (ai, ki) = Z<ai, ki) + Z P(kif)kj,(1r>>

ieV ieV jepr ()

= > lai ki) + Z<“i’ ) P(k"f')’<f?<]r>>

ieV iV jepr (i)
= Ylakio)+ 3 Y (Plai,).
ieV i€V jepr(i)

Since eachi € V \ {r} has only one child, changing the order of summation in the last expression yields

(a, k) = Z ((ai» ki) + <P(kicr(i))acr(i)» /<,-T<1r)>) . O

ieV

3. The matrix variate Matsumoto-Yor property

Let T = (V, E) be a tree of size p and let K7 be a fixed set.
Let us define a probability distribution Wf(q, Kr, a) on M(T, Kr) by the density

fk) o< [K|7exp (— (a, k) Iur iep) (K, (3.1)
where a = (a1, e ap) € V,Tl X - X V,j; and g > —1is a scalar. It will be proved in Theorem 3.1 that the right-hand side
of (3.1) is the density of a finite measure. This distribution can be viewed as a generalization of the p-variate W distribution
defined in Section 3 of [ 15].

Note that for p = 2 the distribution given by the density (3.1) corresponds to the one given by Seshadri and We-
sotowski [20]: they defined a distribution W; 5(q, c, a, b) to rephrase the MY property and related characterization for matrix
variates having dimensions r x r and s x s, originally stated and proved in [ 16]. Moreover, whenp = 2and n; = n, = 1,
i.e. when K is a matrix valued in V2+ , (3.1) is the density of the conditional distribution of the diagonal elements of K given
its off-diagonal elements in the case when the distribution of K is quasi-Wishart, see Geiger and Heckerman [5], Letac and
Massam [13].

The direct Matsumoto-Yor property on trees for matrices of different dimensions is established by the following theorem.
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Theorem 3.1. Let T = (V, E) be a tree of sizep (p > 2). Let K = (K1, ..., K,) ~ Wf(q, Kr, a). Define X, = ¢ (K), r € V.
Then for each r € V the components of X, = (X1,(r), o ,Xp’(,)) are independent. Moreover,

Xr,(r) ~ Wnr (Qra ar)

and

Xj.(r) ~ MGIGy(qj, aj, P(Kic, ) ac,j)  J € V\ {r},

where q; — "";1 =q,ieV.

Proof. Choose any r € V. We know from Lemma 2.5 that the mapping ¢, : M(T, Kr) — V;t X oo X V%’ is a bijection and
its Jacobian is equal to one. Hence, by Lemmas 2.6 and 2.7, we can rewrite the density (3.1) of K as

fk) oc [K|%exp (= (a, k) Iur k) (k)

1

_mtt _
= [Tkl 7 exp {— ) (<af ki) + <P("fcr<z‘>)acr<na ’<f,<lr)>) ] Ly (ki)
ieV ieV '

et
= |kr,r |72 exp {_ (an kr,(r))} Ivnt (kr,ry)

1

_nitl _
X 1_[ ki, |%~ "2 exp [— Z ((ai, ki,(r)) + <P(kicr(i))acr(i)’ k,;(1r>>>} IV:T,- (ki r))-

ieV\{r} iev

Therefore we obtain the product of one Wishart and p — 1 matrix GIG distributions. O

4. The characterization of the Wishart and MGIG distributions

In this section we will prove a characterization of one Wishart and p — 1 matrix GIG distributions, that is the converse
to the Matsumoto-Yor property on trees for matrix variates of different dimensions. The essential part of the proof of this
characterization is the following observation.

Lemma4.1. Let T = (V,E) be a tree of sizep (p > 2). Let L C V be its set of leaves. Let the set Kr be given and let K =
(Kq, ..., Kp) be avector of block random matrices taking its values in M(T, Kr). Let X, = - (K), r = I3, I, € L.Ifthe components
of Xi, = X1,ap)» - - -» Xp,qy)) are jointly independent, then the random matrices Xy, ) and Xs, ) — P(ksZc,1 (52))Xq_11(52)’<,2) are
independent, where s, = ¢, ().

Proof. We have

Ve (K) = (X1.00s -+ Xpn) » (4.1)
where
K; ifiel\{r},
Xin =VKi— Y PkpX ), ifieV\L (42)
Jjepr ()
r = Iy, I,. Since we assume that the components of X;, = (Xi ¢,), ..., Xp,q,)) are jointly independent, it suffices to show

that X, (s;).q,) can be written in terms of some X ¢;)'s, except for Xi, ().

Obviously, each X; () is a function of K. From (4.1) and (4.2) it follows that Xq1 (s2).(,) depends on K only through the
components Kj such that j € V \ {s;, ,}. It is therefore of interest to look how each K; can be written in terms of Xj ¢,)’s.
Observe that forj € V'\ {s,, |}, each Kj can be written in terms of some X;,(,'s, except for Xi, (). Thus X, (s,), 1, is a function

of some X; (,)’s where j # I,. Hence X, ¢,y and X;, ;) — l-"(ksm1 )X are independent. O

1
cpy (s2),(2)

Our characterization of one Wishart and p — 1 matrix GIG distributions will be given under the assumption of strict
positivity and differentiability of the densities. These technical conditions are due to the fact that we will use the following
result (Theorem 4.1) from the paper of Massam and Wesotowski [ 16]:

Theorem 4.2. Let X and Y be two independent random matrices taking their values in 'V and 'V; respectively. Assume that X
and Y have strictly positive differentiable densities with respect to the Lebesgue measure. Let

Yo (6,y) = (P@x+y) ", x7 ' =PE)P@x+y)7"),

where z is a given constant s x r matrix of full rank. Let (U, V) = ¢,(X, Y).
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If U and V are independent, then there exist (a, b) € V;t x 'V and scalars p and q satisfying p — q = ? p > % such
that X and Y are independent GIG and Wishart with

(X, Y) ~ MGIG,(—p, P(z")a, b) ® Ws(q, a).
It also follows immediately that U and V are independent GIG and Wishart with
(U, V) ~ MGIGs(—q, P(z)b, a) ® W;(p, b).

We will need Lemma 4.1 and Theorem 4.2 to identify the matrices with Wishart distributions. To obtain further the matrix
GIG distributions, we will use the induction argument, similar to the one used in [15] in the proof of the characterization
of the product of one gamma and p — 1 GIG laws (Theorem 4.1). It is worth noting that the proof in [ 15] was split into two
parts. In the first part by applying Laplace transforms (which was an adaptation of the method used in Theorem 4.1 in Letac
and Wesotowski [ 14]) the gamma distributions were identified. Then the induction argument gave GIG’s variables.

Here we do not use Laplace transforms to work out the Wishart variables. Instead our approach is based on the inde-
pendence property observed in Lemma 4.1 and on Theorem 4.2. To get the matrix GIG variables we adopt the induction
approach from [15] to the matrix variate situation.

Theorem4.3. Let T = (V,E) be a tree of sizep (p > 2). Let L C V be its set of leaves. Let the set K be given and let
K = (K1, ..., Kp) beavector of p random matricesn; x n; (i = 1, ..., p) taking its values in M(T, Kr). Let X, = v (K), r € V.
If, forany root r € L, the components of X, = (X1,¢r), - . ., Xp, () are mutually independent and have strictly positive differentiable
densities with respect to the Lebesgue measure then there exist a; € V,; , J € V and scalars q; satisfying

n; n; 1 L.
-5 =6—5>"5 i,jev,

such that
er(r) ~ Wnr (Qr» ar)
and
Xi.ry ~ MGIGy;(q;, aj, P(Kic,))dc, ) J € V\A{r}.
Proof. Let us consider two leaves I, [, € L. Let &, C V denote a unique path in T linking I and L. By choosing [; as a

root and then by choosing [, as a root we obtain two different directions of T. Consider two mappings ¥, and v, defined
by (2.5) and (2.6), corresponding to these two directions of T and let X, = v (K), r = I;, l,. We have

U (Ki o K) = (X - X)) s (4.3)
where
K; ifi e L\ {r},
Xim =1Ki— > PkpX; ) ifieV\L (4.4)
Jjepr (@)

r = I;, I, and we know that for r = [;, I, the components of (X; (), ..., Xp, () are mutually independent.
We begin by proving that the distributions of X; (), r = I, I, are Wisharts.
Note that for i & #,1,, the ith component of v, (K) is equal to the ith component of v, (K):

Xi.ay) = Xi(ty)-
Let s; denote the only neighbour of [;, i = 1, 2. From (4.3) and (4.4) it follows that
Xy, = K, (4.5)
_ -1 -1
Xty =Koy =Pl )K" — > PlkyXi (4.6)

Jepiy 2\ P11,
and since {cj,s,)} = P, (s2) N $y,1, we obtain
-1 -1
X5yt = Ks, — P(kszfll (52))X511(52),(12) - Z P(kszj)xj,(lz)7 (4.7)
J€piy 52\ Py 1,

Xiy.(tp) = Kiy — P(kyys, )Xs;](lz)' (4.8)
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From (4.5) and (4.6) we have
K, =X, y)» (4.9)
-1 -1
Koy =Xty +PRoyp)X Gy + D Plko)Xid- (4.10)
Jjepi; 52\ Py,

Plugging (4.10) into (4.7) and using the fact that p;, (s2) \ #,1, = p,(s2) \ Py, and for j & 2,1, we have X; o) = X; (), we
obtain

X5y, (1) = X0 + P(kszlz)xl_l(ll) — P(ksyq,, (52))Xc_1(52),(12)' (4.11)

2 Iy
Inserting (4.9) and (4.11) into (4.8) we get

X’zs(lz) = Xlzv(h) - P(klzsz) I:XSZ'U]) + P(kszlz)xl;l(h) - P(kszfll(52))Xc711(52),(12):|_1 . (4.12)
Let

X=Xy
and

Y =X — P(kqu] (52))XC711(52),(12)'

By Lemma 4.1, X and Y are independent.
Now define

-1
U= stq(lz)

and
V= Xp.0)-

From the assumption that the components of (X; ¢,), ..., Xp,q,)) are mutually independent it follows that U and V are
independent. Moreover, using (4.11) and (4.12), we can rewrite U and V in terms of X and Y as follows

U= [Y 4 Plky,)X]™'
and
V= X" = Plkys,) [Y + Plkey)X] 7

Thus, from Theorem 4.2 and from (1.2), we get that there exist a,, € V;;z . G5, €V, , and scalars qy,, g5, satisfying

n, ns, 1
QI2—7—Qs2—7>—5
such that
Xlz.(lz) =V~ sz (qlzv alz)» (413)

Xy, 4y = X~ ~ MGIGy, (G, @1, P(Kys,)as,),

Xsy.(iy = U™" ~ MGIGy,, (qs,, as, , P(ks,1,) )
and

Y ~ W,,S2 (Gs, as,).

Similarly, swapping the roles of I; and I, we have that there exist a;, € V;; S Vn*l and scalars qy,, gs, satisfying
1 S

n, ng, 1
qll_7—qsl_7>_5
such that
Xiy.ay) =V ~ Way, (@, @), (4.14)

Xy =X~ MGIGy, (qy,, ai,, P(ky,s,)as,),
XS],(l]) = 07] ~ MGIGnsl (q51 ’ aS] ’ P(kslll)all)
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and
Y ~ Wnsl (q51 s asl)~

Now we will prove that all X; ), where j € V \ {r}, r = I, I, have matrix GIG distributions. We will apply induction
with respect to the size p of the tree G.

Observe first that the condition that for any root r € L, the components of X, = (Xi,¢), ..., Xp () are mutually
independent, can be rewritten as
fr.y (ke ) 1_[ fiiy (ki) = hk) (4.15)
icV\(r}

a.s. with respect to the Lebesgue measure for k = (kq, ..., k,) € M(T, Kr), where f; () is the density of X; oy, i € V, 1 €
L, ki is the ith component of (k) and h is a function independent of r. Moreover, f; () is the density of the Wishart
distribution W, (q,, a,).

We will prove that if for any tree T, of size p > 2, for any set of off-diagonal elements Kr, and for any k € M(T, Kr), Eq.
(4.15) holds under the assumption that f; (. is the density of the Wishart distribution W,,, (g, a;), then there exist a; € V,jlf
and scalars q; i € V' \ {r}, satisfying

k o ! ,jev
i — - = i~ = > _77 b
q; 5 qi 5 5 J
such that the densities f; (), where i # r, are the densities of the matrix GIG distributions MGIGy, (q;, a;, P(kic, i) c.(i))-
For p = 2 the result follows directly from Theorem 4.2, since in this case T = {l;, l,} and we have that there exist

ay, € Vo, a, € W; and scalars qy,, q;, satisfying
1
n n 1
G — =g, — 2> =
2 2 2
such that
Xy ~ Way, (@ @), (4.16)

Xlz,(ll) ~ MGIG"IZ (q12 , Ay, P(k1211 )(11]) = ]\/IGIGn‘2 (q,z, a, P(klqu (lz))aq] (,2))7
XIL(’Z) ~ W”IZ (qlz ) alz)7
X1y, ) ~ MGGy, (quy, @iy, P(kiyiy)ap,) = MGIGng, (G, a1 P(Kiy e, 1))y, 7)) -

Now we assume that the result holds for any tree T,_; of size p — 1, for any set of off-diagonal elements Kr, and for any
k e M(Tp_] , Kt 71).
From (4.15) it follows that

Foan Gy )i anCirap) T Fuan Kian) = Fipan Ry t))op 0 Rspon) [T fitnr (i)
ieV\{l1,lp} ieV\{sy,lp}
Using (4.7) and (4.8) and noting that k, ¢,y = ki,, we can rewrite the above equation as
-1

So.an Rifyan Gy ayy) l_[ fianKiap) = fo.ap | ki = Pkiysy) | ks, — Z P(kszj)k;(}Z)

ieV\{l1.h)} Jjepr, (s2)

stz,(lz) ](52— Z P(ksy')k{(llz) l_[ fi,(lz)(ki,(lz))~ (417)

Jjepry (52) ieV\{s2.l2}
Let now fix k;, and consider ke M(T7", K;-1,), defined as in Lemma 2.1. By Lemma 2.4, we can rewrite (4.17) as
—1 —L
foap)fivan ) [T o)

ievTI2\{l1}
-1

-1
= Fity | Ky = Plysy) | K + Pl )iy = - Pl [k )]

Jjepry (52)

—_ _l —
X fouty [ K + Pl )k, = 3 Plko) [k 2] [T f®k) (4.18)

Jjepi, (s2) icv2\{(s;}
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and obtain the following equation

I —1 =l
foan®i ) ] fantii) =g ] fabd).

iev=2\({1}} ievT2\(s;}
where
-1
o) (k,2 — P(kys,) (X + P(kszlz)kl;]) )fsz,(lz) (X + P(kszlz)kl;1>
g(x) =
f’z,(h) (klz)
and

—1
x=k2— Y Pksy) [ J(lz)]

Jjepi, (s2)
Since the set py, (s) in T is equal to the set ps, (s,) in T2 we get
_
X= kSz (s2)

and our equation takes the form

—1 — — —
Sinan (i Gy l_[ fun k@) =g (ksz,2(s2>) 1_[ St (ki ) (4.19)
ievTi2\{h) iev2\(5)
Note that we can always choose k;, in such a way that (4.19) holds a.s. with respect to the Lebesgue measure for
k™2 € M(T™2,K;—1,) and that L™ C (L \ {l,}) U {s,}. Moreover, (4.19) implies that g is also a density.
Since (4.19) holds for any I; € L™, we get an analogue of (4.15) for a tree of size p — 1: for any root r € L2

!
Lkt TT fiteg) = he®) (4.20)

ieV\{r}

a.s. with respect to the Lebesgue measure for k=2 € M(T7%, Kr-1,), Where either s, ¢ L™ and then f?g = fi.(r is the
density of X",

i, (r
andr € L72\ {s;},f 2 (52) = fi a1, is the density of X; () fori € V=2 \ {s,}, fS
independent of r

Moreover, f (,) is the density of the Wishart distribution W, (gr, a,): either s, ¢ L~ and then it follows from the fact
that f; (- in (4.15) is Wishart or s; € L2 and then (4.20) corresponds to the independence conditions analogous to the ones
defined by (4.3) and (4.4) but taken with respect to the tree with leaves in the set (L \ {L}) U {s3}. This, due to the first part

of the proof in which Wishart matrices were identified, implies that f (s ) is also the density of the Wishart distribution.

) =X, (r) forie V2andr € L™2 ors, € L™ and then f 2 (r) = fi. is the density of X; (rz) =X () forie V70

= g isthe density of X ) and h is a function

2.(2) T s (s

Thus from our induction assumption it follows that the functlonsf,(ll), i € V72\ {I;}, on the left hand side of (4.19) are
densities of the matrix GIG distributions. More precisely, there exist a; € V;jr_ ,Jj € V, and scalars g; satisfying
G——-=4——- >—3
such that
) - -
XI1,(211) = Xy, ) ™~ Wml (@, @,)
and
— ~ ~ ~ . —
Xy = Xiany ~ MGIGy (G5, @j, P(kic, ))dq, ) J € V™2 \ {1},
— ~ o~ ~ . —
X; &y = Xi.(s) ~ MGIGy, (G, 8, P(Kicy, )y, ) J € V™2 \ {52}

Similarly, swapping the roles of I; and I, we have that there exist g; € V,jjf , j € V, and scalars g; satisfying

such that

- _
Xy (1) = Xby.tz) ~ Way, (15 a,)
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and
—1 . _
X 1y = X4 ~ MGIGy, (g5, aj, P(kic,, ))ac,, ) J €V "\ {B},
- R
X &) = X1 ~ MGIGy (a5, aj, Pk, ), ) G €V \ s} .

Hence we know the distributions of X; ) foranyj € Vandr = Ij, L, € L(X;,,¢,) and X, (,) were found earlier, see (4.13)
and (4.14)).

It remains to prove that the two sets of parameters, for r = [; and r = L, are identical, that is ; = g; and @; = q; for any
j € V. Adopting the notation from (4.16) we can define

qn =4 4, =4, ay = ay, ai, = ai,, Aey, (1) = ey (1) and Qe (1) = Aoy (1)

Using our independence equation

l_[fi,(l])(ki,(ll)) = Hfi,(lz)(ki,(lz))v (4.21)
ieV ieV
and knowing that f; ¢,), j = l, L, i € V, are densities of Wisharts and matrix GIG distributions identified above, we obtain
that the left-hand side of (4.21) is proportional to

nj+1

1_[ |kiv(’1)|ai_T exp (_ <(~111, k’lv(h))) l_[ ]exp <_ (ﬁ,-, ki-(’1)> - (P(k,-q] (i>)afl1 ®> kij&ﬂ» '

ieV ieV\{ly

Since q; — % =q, — n% forany i € V, it follows from Lemmas 2.6 and 2.7 that the above expression may be rewritten in
the form

- n 1
KI5 exp > lai ki) ) - (4.22)

ieV
Similarly, on the right-hand side of (4.21) we have

np, +1

K|% = exp (Y (@i ki) | - (4.23)

ieV

Taking logarithms of (4.22) and (4.23) we get, respectively,

1
(ézl - %) log (IK|) + > _ (@ ki) (4.24)
ieV
and
1
(qzz - %) log (IKJ) + ) _ {ai. k) . (425)
ieV

Comparing (4.24) and (4.25) and using linear independence of the functions log (|K|) and (a;, k;) as functions of k;, i € V,
we get

gi=¢q; and a;=a; foranyieV.

This completes the proof. O
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