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Abstract

We consider the estimation of the support of a probability density function with iid
observations. The estimator to be considered is a minimizer of a complexity penalized excess
mass criterion. We present a fast algorithm for the construction of the estimator. The
estimator is able to estimate supports which consists of disconnected regions. We will prove
that the estimator achieves minimax rates of convergence up to a logarithmic factor
simultaneously over a scale of Holder smoothness classes for the boundary of the support. The
proof assumes a sharp boundary for the support.
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1. Introduction

We will present a method for the estimation of a support of a multivariate
probability density function. The method works also for the estimation of the
support of an intensity function of a Poisson process. The estimator is spatially
flexible, allowing us to estimate supports which consist of disconnected components.

The estimation of density support may be applied to the detection of abnormal
behavior of the system, plant, or machine. We may apply our estimator to define a
nonparametric multivariate method for statistical quality control, which could
extend the Shewart methodology based on tolerance regions, see Derman and Ross
[7]. Support estimation may also be applied to measure performance of an enterprise
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in terms of technical efficiency measured by distance from the observed productivity
to the boundary, see Deprins et al. [6]. We may apply our estimator to the estimation
of the support of a Poisson intensity. This may be applied for example to estimate
the boundary of a forest, when the location of individual trees is distributed
according to a planar Poisson process with unknown intensity function.

The previous methods for the support estimation may be classified at least to three
categories:

1. piecewise polynomial estimators,
2. estimators which are a union of balls centered at observations,
3. estimators which are based on the convex hull of sample points.

Piecewise polynomial estimators are defined for boundary fragments by
partitioning the fragment to intervals and by estimating the boundary on each
interval by a polynomial. For star-shaped sets, one may use piecewise polynomial
approximation on sectors. A piecewise constant estimator was proposed by Geffroy
[12]. Korostelev and Tsybakov [19] study piecewise polynomial estimator of
maximum likelihood type. They derive minimax rates of convergence when the
support has a sharp boundary. Hérdle et al. [15] consider support estimation with a
piecewise polynomial estimator when the boundary of the support is not sharp.

The estimator which is a union of balls centered at observations amounts to
estimating the support of the density by the support of a kernel estimate whose
kernel has a ball-shaped support. These types of estimators were considered by
Devroye and Wise [8], Cuevas and Fraiman [5], Walther [31], Baillo et al. [1].

When the support is a convex set, it makes sense to estimate it by a convex hull of
sample points. This type of estimator was studied by Rényi and Sulanke [26,27],
Chevalier [4]. Ripley and Rasson [28] defines a blown-up version of the convex hull
in order to eliminate bias. A review is given by Schneider [29]. Korostelev and
Tsybakov [21] and Mammen and Tsybakov [22] derive the minimax rates of
convergence for the estimation of a convex set. Korostelev and Tsybakov [21]
establish 96% efficiency of a certain blown-up version of the convex hull estimator.
Korostelev et al. [18] consider sharp asymptotics for the case when the support is a
monotone boundary fragment. Gijbels et al. [13] consider estimation of a support of
a distribution when the support is a convex set or bounded by a monotone function.
Their problem arises in an econometric problem where the frontier functions of
production sets shall be estimated.

Korostelev and Tsybakov [20] contains results on estimators belonging to all three
categories. Hall et al. [14] consider a different type of estimator which is based on
order statistics. Mammen and Tsybakov [22] study density support problem under a
general setting of entropy conditions. Their set up includes regions with boundaries
that fulfill smoothness conditions (Dudley classes) and convex sets. Polonik [25]
derives rates of convergence for support estimation based on excess mass estimates.

We will define a new type of estimator which does not belong to any of the
previous groups. The closest relative is the group of piecewise polynomial estimators,
since the simplest form of our estimator may be seen as a histogram-type estimator
with a data-dependent partition. Our method is related to the classification and
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regression trees as defined by Breiman et al. [3], and to dyadic CART as defined by
Donoho [9]. This type of method was first applied to boundary estimation in
Donoho [10], who studied the estimation of the boundary of two-dimensional
regression function with regular and fixed design.

The methods of category 1 in the above classification suppose that we know the
number and rough location of disconnected components of the support. The
methods of category 3 presuppose that the support is a convex set. Our method is in
this respect more flexible. The methods of category 2 are vulnerable to the curse of
dimensionality, since they are kernel-type methods based on local averaging. Our
estimator is based on economical splitting of the sample space, making it possible to
efficiently estimate high-dimensional supports.

In this article, we propose to estimate the support by minimizing a complexity
penalized excess mass functional. Excess mass functional is defined as —P,(4) +
/. mes(A), where P,(A) is the empirical probability, mes(4) = [, dx, A=R? and
A>0. Excess mass functional was proposed to be applied in level set estimation by
Hartigan [16], Miiller and Sawitzki [23], Polonik [25], Tsybakov [30]. Excess mass
functional is useful also for the support estimation when we choose 4 to be small.
The corresponding estimator is robust to outliers and we have feasible algorithms for
solving the minimization problem. Indeed, we may apply a dynamic programming
algorithm which solves the minimization problem for spatially localized subsets of
the support and then builds the global solution from the previously solved local
problems. When the boundary of the support is sharp, that is, the density has a jump
on the boundary, then by choosing 4 to be smaller than the jump, the level set at level
A is equal to the support of the density.

We will prove that the proposed method has nearly minimax rates of convergence
simultaneously over a scale of Holder smoothness classes for the boundary. We will
consider cases when the Holder smoothness index s is in interval (0,2]. The cases
s€(0,1] and se(1,2] require different estimators. We will prove the results using the
oracle inequality approach. We have followed the approach of Donoho and
Johnstone [11] in that we choose both the basis and a model under that basis instead
of choosing only the best model in a single basis. The method of using exponentially
growing collection of bases has been applied for example in Donoho [9] for fixed
design regression, in Donoho [10] for fixed design boundary estimation, in Barron
et al. [2] for various density, regression, and boundary estimation problems, and in
Klemela [17] for multivariate density estimation.

In the statements of theorems we will make certain assumptions concerning the
underlying distribution. This does not mean that the estimator would not behave
favorably also in cases where these assumptions are not satisfied. We will define
estimators without model assumptions, unlike in some cases where the support has
been assumed to be star shaped or convex.

In Section 2, we define two estimators. First one is optimal for Hélder smoothness
index se€ (0, 1], d>2 and second one for Holder smoothness index s (1, 2] for d = 2.
In Section 2.3, we present algorithms for the construction of the estimates. In Section
3, we formulate theorems on the rate of convergence of the estimators. In Section 4,
we give three simulation examples. The proofs are given in Section 5.
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Simulations which were made for this article may be reproduced with an
R-package which is downloadable from http://www.denstruct.net.

We will denote mes(4) = [, dx. With I, we denote the indicator of set AcR?:
Li(x) = 1 when xe 4 and I,(x) = 0 otherwise. Euclidean distance in R? is denoted
by || - ||. We apply the same notation for the Euclidean distance in R?~!. The relation
ay~b, means lim,_, » (a,/b,) = 1. Generic positive constants will be denoted by

C,Cy, Cy, ... Denote [T, [ai, bi] +n = Hjj:l [a; — n,b; + n] for n=0.

i=1

2. Definition of the estimators

We will consider two types of estimators: (1) an estimator which is a union of
rectangles and (2) an estimator which is a union of rectangles and parts of rectangles,
resulting from a skew split. Estimators are minimizers of a complexity penalized
excess mass criterion among sets which can be represented as a union of sets in a
certain partition.

Let Xi,...,X,eR? be random vectors with density function whose support we
want to estimate.

2.1. Block estimator

Let us first consider an estimator which is a union of rectangles. We start with
defining the set of partitions with the help of which we define the class of sets on
which we search the minimizer. We will consider partitions which are a result of a
series of dyadic splits, when by a dyadic split of a rectangle we mean a split along
some coordinate axis which divides the rectangle to two equal parts.

2.1.1. Set of partitions

We will denote by P,(R) the set of dyadic partitions of R, where RcR? is a
rectangle. This set consists of partitions of R that result from of a series of dyadic
splits. We will give a recursive definition below.

Definition 1. We say that P, (R) is the set of dyadic partitions of R = Hﬁlzl [a;, bi], with
fineness parameter a>0, if
1. {RYeP,(R);
2. if ZeP,(R) and P = H;’!:] [¢;,di] €2, and
di —¢;> (b, — a,~)2"’“
for some i =1, ...,d, where
Jy=Ta(d—1)"logynT, (1)

then (P\{P})u{P1, P} eP,(R) where Py, P, are the results of the dyadic split of
P in the ith direction.
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The definition implies a bound for the maximal fineness of partitions in set P,(R):
at most J, splits will be made to any direction and the rectangles in the finest
partition have volumes greater or equal to 2~ mes(R).

For the choice of the rectangle R we apply two methods.

1. With a priori considerations one finds a rectangle which contains the support. We
make this assumption to analyze rates of convergence of the estimator.
2. Denote by R~ the smallest rectangle containing observations whose sides are

parallel to the coordinate axes, and choose R = R~ + 5, where >0 and we apply

notation [[Z,[a:, b +n = [1°,[a — n,bi +n]. We choose R in this way in

simulation examples.

We will denote later P, = P,(R).

2.1.2. Collection of sets
As the available class of sets from which we search a minimizer we consider

A, =A,(R) ={A(2,W): Z2eP,(R), WeW (P)}, (2)
where #7(2) is the set of 0—1-markers associated with partition 2,
W(2) = 10,1} = {(wr)peyi wre{0, 1} (3)

and A(2, W) is the set which is the union of those sets in partition 2 which are
marked with 1 by set of markers W = (wp)p_,,

A2, W) =] {Pe?: wp=1}. (4)

2.1.3. Complexity penalized excess mass criterion
Let the excess mass functional be

1 n
BA) = = 3 LX) + 2mes(4),
i=1

where I4(x) =1 when xe 4 and I4(x) = 0 otherwise, and 4>0. We will define the
complexity of a set A€ A, to be the number of sets in the corresponding partition.
Let

D(W)=#{wp=1: wpe W}, (5)
where We W (2) with ZeP,,. Let the complexity penalized excess mass criterion be
En(P, W, o) = . (AP, W)) +oD(W), (6)
where ZeP,, We W (2), A(?, W) is defined in (4), and «>0.
2.1.4. The estimator

We define the block estimator with the excess mass criterion by
Ay = AP, W), (7)
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where

(@fq, W,i) = argmin &,(2, W,q), (8)
PP, WeW ()

o>0 is the smoothing parameter, and &, is defined in (6). In addition to the
smoothness parameter ¢, this estimator depends on the “fineness” parameter a and
“level set” parameter A. Theorem 2 gives conditions for the choice of these
parameters.

2.2. Half block estimator

Let us consider an estimator which has the form of a union of rectangles and
halves of rectangles resulting from a skew split. We will call this estimator half block
estimator. We will use a “library” of sets resembling the one defined in Donoho [10]
with the help of wedgelets. In this section, we will restrict ourselves to the case d = 2.

The definition of the half block estimator differs from the definition of the block
estimator only in that we consider a different set of partitions which will define the
class of sets from which we search a minimizer.

We will consider partitions which are a result of a series of dyadic splits, with
possibly a split not parallel to the coordinate axes at the final stage. We will give a
recursive definition below.

Definition 2. We say that P?(R) is the set of dyadic partitions of R = H;i:l [ai, bi]
which contains skew splits, with fineness parameters ¢>0 and >0, when d = 2, if
1. {R}eP?(R)
2. if 7ePP(R) and P = H?’:] [¢i,di]€?, and
di—c¢;> (bl — a,-)Z*j“
for some i =1, ...,d, where
Ju=Tad 'log,n], 9)

then (2\{P}) U{P1, P} ePP(R), where Py, P, are the results of the dyadic split of
P in the ith direction,

3. if ePP(R) and P = H?:I [¢i,di]€ P, and
di—ci>= (bl — ai)2’j’

for some i = 1, ..., d, then (2\{P})U{P, P,}eP?(R), where P, P, are a result
of a skew split of P whose endpoints are on the boundary of the rectangle P, and
the set of possible endpoints forms a grid with stepsize

6i=(bi—a)27", Ly=[bd+1)" log 7|

in ith direction. The grid is such that it contains the four vertices of P as grid
points.
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The definition allows splits not parallel to coordinate axes only for the rectangles:
once this kind of split is made, it is not anymore possible to split results of this skew
split. To be able to do skew splits we need that L,>J,.

We define the half block estimator with the excess mass criterion by

A, = A7, W), (10)
where A(2, W) is defined in (4):

(P75, W) = argmin  &,(2, W,q),
PeP? wew ()

# ' (P) is as defined in (3), &, is defined in (6), and & >0 is the smoothing parameter.
In addition to the smoothness parameter o, the estimator depends on the “fineness”
parameters a and b, and “‘level set” parameter A. Theorem 3 gives a result on the rate
of convergence of this estimator.

Remark 1. The half block estimator is related to the wedgelet estimator as defined in
Donoho [10], who considers the estimation of the boundary of a regression function
when the design is fixed and regularly spaced.

The wedgelet estimator has the binwidth n~'/? in the finest rectangular partition.
This corresponds to the choice ¢ = 1. The wedgelet estimator allows “‘subpixel”
splits of the rectangles, and these splits have discretization step n~2/3. This
corresponds to the choice b = 2.

The partition in the definition of the wedgelet estimator is slightly more restrictive
than the partition of the half block estimator. The partition of the wedgelet estimator
is defined by the condition that every rectangle will be split by a “quad-split”: a
split which will result in four rectangles. The partition of the half block estimator
grows with dyadic splits. This will add flexibility and computational complexity, see
Section 2.3.

2.3. Solving the minimization problem

Let us discuss algorithms for solving the minimization problem in the definition of
estimators /fi and /IZ which were given in (7) and (10).

One may solve the minimization problem by first building a large multitree whose
terminal nodes represent bins of the rectangle containing the support. A path leading
to a bin will represent a possible way of choosing splits. Thus, to each bin of the
initial rectangle R corresponds many terminal nodes of the tree. The minimization
problem is solved by pruning the tree.

2.3.1. Growing the tree
Construct a multitree with a single root node and at most 2d children for every
node. The root node will correspond to the initial rectangle R containing the
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support. We have d ways of choosing the splitting direction and each binary split will
result in two bins. Thus, 2d children will represent the rectangles resulting from
binary splits in d directions.

For the case of block estimator at most J, splits will be made for each direction;
thus, the tree will have dJ, levels where J,, is defined in (1). The half block estimator
will have dJ, levels, where J,, is defined in (9).

We will record the number of observations in each bin. When some bin is empty
we will not split it anymore. The resulting tree will have at most

dJ,
Z (zd)l — 0((2d)dfn) — O(”lad 10g2(2d)/(d—1))
i=0

nodes for the case of block estimator and O((2d)*") nodes for the case of half block
estimator. In the case of half block estimator, we have to record also the frequencies
at the results of a skew split. Note that in the case of the wedgelet estimator defined
in Donoho [10] the tree would have

i , .
(Y = o)
=0

1

nodes.

2.3.2. Pruning the tree

To prune the tree, we start from the next to the highest level, and travel to the
root node one level at a time. For each node, we find out whether the split to
some of the d directions helps (whether it results to a smaller complexity penalized
excess mass criterion). If the split does not help, we will cut the tree below the
node.

We will formulate a lemma which formalizes the idea that we may solve the global
minimization problem (8) by first solving localized subproblems, and building the
global solution from the previously solved local problems. This lemma is given for
the block estimator.

Lemma 1. Let R be the initial rectangle of the estimator and let Ry < R be a rectangle.
Let P,(Ry) be defined in Definition 1. Define the set which solves the minimization
problem when we localize to the rectangle Ry:

AS(Ry) = A(Z5(Ro), Wi(Ry)),

where

(F(R), We(R) = argmin  6,(2, W5
PePy(Ry),Wen(P)
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Let Ryc R be now fixed and denote with R, ; and R, ; the left and the right rectangle
resulting from dyadic split of Ry in ith direction, i =1, ...,d. Let

En(PE(R1), WE(R1), ) + En(Z5(Ran), Wo(Ra,), ),

gn( 7 Z(Rl,i)a WZ(RIJ)’ O(),

gn(; ;(RZJ)7 Wz(RZ,i)7OC) 1= 17 ad}

Then,
Ry, when M = &,({Ro}, ),
AS(Ry;)UAS(Ry;), when M = &,(Z(Ry.), WE(Ry,), %)
A2(Ry) = + Eu(Z(Ra), WE(R2), ),

AZ(Rl,i)7 when M = g”(’g}:(Rl-,i)a WE(RIJ)#%
AS(Ry,), when M = &,(25(Ra,), We(Ra.), a0).

Proof. Let the collection of sets A, (R) from which we search a minimizer be defined
in (2). We may express A,(Ry) recursively:

An(Ro) :{Ro}U{Alqul ./‘1/€(EA,,(R,1€J‘)7 k = 1,2, = 1, ,d}
2 d
vl U Au(Re).
k=1 i=1

On the other hand, when #;€P,(Ry;), WieW (P«), k=1,2, i=1,....d, then

En(P1UPy, WO Wa,a) = Ex(P1, Wi, 0) + En(Pa, Wa, ).

Indeed, this follows directly from definition (6) since £, and £, are partitions of
disjoint rectangles. We have proved the lemma. [

In particular, when we choose Ry = R in Lemma 1, then Ai(R) = /Ii is the global
solution defined in (7).

We give in the following the pseudo-code for the pruning algorithm in the case of
the block estimator.

® Input for the algorithm is the smoothing parameter o>0 and a multitree,
whose nodes represent certain bins. We will denote by left;(m) and right;(m)
the pointers to the left and the right child of node m, when the split is in the
ith direction, i =1,...,d. Assume that for each node m we have calculated
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emComp(m) = —freq(m)/n + Ames(m) + o, where freq(m) is the number of
observations in the set corresponding to m.

® Qutput of the algorithm is a binary tree. This binary tree is pruned from
the original multitree. We represent this subtree by giving for each node
pointers “‘left” and “right”, which point to the left and the right child of
the node.

® An internal data structure of the algorithm is the decoration S which gives for
every node of the tree the minimal excess mass complexity for the collection of
sets localized to the rectangle associated with this node.

—_

set maxdep = dJ, (maxdep is the maximum level of the multitree).
2. go through levels starting from the next to the highest level: for dep =
(maxdep — 1) to 1
(a) go through the nodes m at level dep
(b) if m is leaf node then S(m) = emComp(m)
(c) else
i, let M = min{E;, El" E"": j = 1, ..., d}, where we denote
E; = S(left;(m)) + S(right;(m)),
EF = S(left;(m)),

E'EM — S(right,(m)).
ii. if emComp(m)< M then make m terminal node:
(A) S(m) =emComp(m);
(B) left(m) = NIL, right(m) = NIL;
iii else if M = E; then node m will be split to ith direction and it has two
children:
(A) S(m) = E;;
(B) left(m) = left;(m), right(m) = right,(m);
IV else if M = EM™ then node m will be split to ith direction and it has only
the right child:

(A) S(m) = E[right;
(B) left(m) = NIL, right(m) = right;(m);
v else if M = E* then node m will be split to ith direction and it has only
the left child:
(A) S(m) = EFtY;
(B) left(m) = left;(m), right(m) = NIL
(d) end if
(e) end go
3. end go

In the case of the half block estimator one has to make more comparisons at each
node to find out whether some of the skew splits will be better than the splits along
the coordinate axis.
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3. Rates of convergence of the estimators

We consider estimation of the support of a uniform density f: RY >R,
f =14/mes(A),

where d>2, A<[0,1]°, I4(x) =1 when xeA and I,(x)=0 otherwise, and
mes(4) = [, dx.

We will denote by f the true underlying density and for BeRY we will denote
gp = Ip/mes(B). We will denote by S(g) the support of function g so that for
example /= gg( 1)

Boundary fragments have been a prototype model for studying set estimation. We
will assume the boundary fragment model in analyzing the behavior of the block
estimator defined in Section 2.1. To analyze half block estimator defined in Section
2.2 we assume that the support of the density is star shaped. In the case of half block
estimator we have assumed also that d = 2.

3.1. Block estimator

To prove a result for the rates of convergence of the block estimator, we define a
scale of Holder smoothness classes for smoothness index 0 <s<1 for the boundary
fragment model.

Let 2, be the Holder class of functions of smoothness 0 <s<1 and radius L>0

on [0, 1]‘171. That is,
|h(2) = h(u)| < L[t = ul

for all ¢, ue|0, l]d_l and he #,. We assume also that for he A,
y<h(t)<1

for a fixed y>0. Denote by 4; the boundary fragment whose boundary is given by #,
Ay = {x=(x1,....,x0)€[0,1]": 0<xg<h(x, ..., xq-1)}-

A class of uniform densities whose support is a smooth boundary fragment is
defined by

Ty = {94, he A}, (1)

where g4, = 14,/mes(A4;).
Consider the loss function

d\(4,S(f)) = mes(AAS([)),

where S(f) is the support of the true density / and A denotes symmetric difference:
AAB = (A\B) u (B\A). Notation for the loss function reflects the fact that in terms of
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the boundary functions the loss is equal to the L; error. Let
s

y =
s+d—1
be the exponent of the minimax rate of convergence.

Theorem 2. Let estimator /fi be defined in (7) based on iid observations X1, ..., X,.
Choose the fineness parameter a>1, parameter of the excess mass functional
0<Ai<]1, and initial rectangle R = [0, l}d. Consider class F; defined in (11) where
0<s<l1. Let

=, 0%" (12)
n

where 0< C, < co. When C, is sufficiently large, then

lim sup(n/log, ()" sup Eydy (A, S(/)) < 0.
fe%k

n— oo
A proof of Theorem 2 is given in Section 5. For the choice of «, see Eq. (28).

Remark 2. A proof that rate »n" is the minimax rate of convergence for Hélder
boundary fragments is given in Korostelev and Tsybakov [20, Section 7.3].

Remark 3. Estimator /IZ does not depend on the smoothness parameter s. Thus,
Theorem 2 shows that the estimator is adaptive in the sense that it achieves nearly
minimax rates simultaneously over a scale of smoothness classes.

Remark 4. To achieve optimal balance between bias and variance we need blocks
with width n~"/6+4=1) On the other hand, to achieve minimax rate the finest
partition should have blockwidth smaller than the minimax rate of convergence:
n~s/t4=1) When 0<s<1, then n~ /641 satisfies

p1/@d=1) _ =1/(s+d=1)

and minimax rate satisfies
p1/d < s/ (std=1)

We want to achieve minimax rates simultaneously over scale se (0, 1] and thus the
finest partition should have blockwidth
min{n~ /@D pldy — p=1/d=D), (13)

That is why we choose in Theorem 2 the finest binwidth to be n=%(@~1) where a>1.

Remark 5. We have considered iid observations with n as the sample size. When
considering regression function estimation with regular fixed design, then the

corresponding step of the regular grid is n~/<.
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When 0<s<1, then by (13), one needs the binwidth of the finest partition to be
smaller or equal to n~ /@~ Thus, since n="/@~1) <n=1/4 with fixed regular design

we are not able to estimate the support with the rate n~/¢+¢=1)_This was pointed out
by Korostelev and Tsybakov [20].

3.2. Half block estimator

To prove a result for the rates of convergence of the half block estimator, we
define a scale of Holder smoothness classes with smoothness index 1 <s<2 for sets
with star-shaped boundaries.

Let o7 be the Holder class of functions of smoothness 1 <s<2 and radius L>0
on [0,2x). That is,

[ (1) = K ()| < Ljt — uf™"

for all ,uel0,2n) and he #;. We assume that for he #,
r<h(¢) <3
for y = 0.1. Denote by A4, , the star-shaped set centered at neR? whose boundary is
given by h:
Appy={x=u+ (rcos¢,rsin¢): 0<r<h(¢),$el0,2n)}.
A class of uniform densities whose support is a star-shaped set is defined by
Fy=1ga,, Anu<[0,17, he #,, ueR?}, (14)
where g4 = I4/mes(4).

Theorem 3. Let estimator /Iz be defined in (10) based on iid observations X1, ..., X,.
Choose the fineness parameters a=1 and b =2, parameter of the excess mass functional
0<A<1, and initial rectangle R = [0, 1]2. Consider class F defined in (14), where
l<s<2. Let

e L (15)

where 0< C, < co. When C, is sufficiently large, then
lim sup (n/log.(n))" sup Erdi(4;,S(f))< 0,
n— oo 7

feF,
where r =s/(s+d—1),d = 2.
A proof of Theorem 3 is given in Section 5. For the choice of «, see Eq. (33).
Remark 6. A proof that rate »" is the minimax rate of convergence is given in

Korostelev and Tsybakov [20, Section 7.3], for the boundary fragments. A
consequence of this is that the same rate is minimax for the star-shaped sets.
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Remark 7. When 1<s<2 (and d = 2), then blocksize n~'/6+4=1) for the optimal
bias—variance balancing satisfies

—1/d s+d—1)

n <n’1/( .

Thus, we choose in Theorem 3 the finest blocksize to be n=4/4
1 <s<2, the minimax rate n~/(+td-1)

n72/(d+1) < nfs/(erdfl) )

, where a>1. For
satisfies

We have that

min{n~ /4 p~ @D} = p2/d+D),

That is why we choose in Theorem 3 the finest stepsize of skew splits to be n?/(@+1)
where b>2.

Note the difference from the case 0 <s< 1, where the minimum blocksize from the
bias—variance balancing was smaller than the minimum blocksize from the rate of
convergence. See Eq. (13).

)

Remark 8. Previously, Barron et al. [2] have proved a similar type of result. Instead
of excess mass functional they propose to apply a different contrast function. Their
estimator is of piecewise polynomial type and is not able to adapt to the case when
the support of the density has a number of disconnected components.

4. Simulation examples

We give simulation examples for the block estimator. In simulation examples, we
consider examples which do not satisfy the conditions of Theorem 2. The definition
of the estimator does not depend on these conditions and we may conjecture that the
estimator is usable in a wide range of different situations.

The simulation examples are mixtures of standard two-dimensional Gaussian
densities whose support is in fact the whole R?.

We chose the initial rectangle R for the simulation examples by first choosing R~
to be the smallest rectangle containing observations whose sides are parallel to the
coordinate axes, and then taking R = R~ + 5, where n = 0.1. The finest partition of
R was chosen to contain 64° bins. The parameter A of the excess mass criterion was
chosen 4 = 0.1 in all examples.

The first example is the standard Gaussian density in R? centered at (0,0). We
generated a sample of 100 observations from this density. Fig. 1 shows three block
estimates with excess mass criterion. In Fig. 1(a), we took o« = 0.0006, in (b) we took
o = 0.00065, and in (c) we took o« = 0.0008. The choice of the smoothing parameter
as o = 0.00065 gives the best result.

The second example is an equal mixture of two standard Gaussians in R?>. Means
of the components of the mixture are (0,0) and (8,0). We generated a sample of 125
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2 -1 0 1 2 3 2 -1 0 1 2 3 2 -1 0 1 2 3

(8) a = 0.00006 (b) a = 0.00065 (c) a =0.0008

Fig. 1. Estimates for a Gaussian density.
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(a) a = 0.0001 (b) o = 0.0005 (¢) a = 0.0007

Fig. 2. Estimates for a mixture of two Gaussian components.

observations from this density. Fig. 2 shows three block estimates with excess mass
criterion. In Fig. 2(a) we took o = 0.0001, in (b) we took o« = 0.0005, and in (c) we
took o = 0.0007. The choice of the smoothing parameter as o = 0.0005 gives the best
result.

The third example is an equal mixture of three standard Gaussians in R?>. Means
of the components of the mixture lie in vertices of a triangle with sidelength D = §,
that is, the means are

(0,0), (D,0)=(8,0), (D/2,DV3/2)~(4,6.9).

We generated a sample of 150 observations from this density. Fig. 3 shows three
block estimates with excess mass criterion. In Fig. 3(a), we took o = 0.00005, in (b)
we took o = 0.0006, and in (c) we took o = 0.0009. The choice of the smoothing
parameter as o = 0.0006 gives the best result.
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(a8 o = 0.00005 (b) o = 0.0006 (c) a =0.0009
Fig. 3. Estimates for a mixture of three Gaussian components.
5. Proofs

We will give proofs for Theorems 2 and 3. The proofs are organized by giving in
Section 5.1 oracle inequalities, giving in Section 5.2 bounds for the theoretical error
complexity, and finishing proofs in Section 5.3. The proof of oracle inequalities is
almost the same for both block estimator and half block estimator but the
approximation theoretic considerations in Section 5.2 are different for the two
estimators.

5.1. Oracle inequality

For 2P, or 2eP? and Wew (2), let K(2?, W,x) be the theoretical error
complexity,

K(2,W,0) = d\(A(2, W), S(f)) +aD(W), (16)
where S(f) is the support of the true density /. Let A°(f) and A%P(f) be the best

approximations to S(f) in terms of theoretical error complexity, when we search
over sets used in the definition of the block estimator and half block estimator:

A(f) = A", W), (17)
where

(P2, W) = argmin  K(2,W,a)
PP, Wel (P)

and
AO,D(f) = A(QO’Da WO,D)? (18)
where

(PP WOPY = argmin  K(2, W,q).
PePP Wew (2)

no
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We have an upper bound for the theoretical error complexity of complexity

penalized excess mass estimators /Ii and /ff,. This upper bound consists of theoretical
error complexity of best approximation with an additional stochastic term.

Lemma 4. Let /Iz and /Ifl be defined in (7) and (10). Let 0< <1 be the parameter of
the excess mass functional. We have for f € F ¢, when 0<s<1,

K (5, Wy, 0) < Co(K(2°, W, ) + v, (45) = va(4°(1)))
and for fe F s, when 1 <s<2,

K(Z8, W2, 0) < Co(K(2"P, WOP ) + v, (AS) — v (A"P (1))

for positive constants Cy, Cy, where
1 n
() == > 1i(X) = Pr(4) (19)
=1

for AcRY.
Proof. The proof is same for AS and A¢. We will write the proof for AS. We have by
the definition of A, that

Ku(75, WS, 0) <Ky (2°, WP, ). (20)
Also, excess mass functional may be written as

yo(A) = 2mes(A4) — v,(4) — Pr(A4). (21)
Denote by S;(f) the level set of density f at level

Si(f) = {xeR% f(x)=2}.
Then, for 4A=R?,

Jmes(A) — Py(4)

= 2mes(S,(/)) = (i) + [ 1) = Aans () (22)
From (20) and (21) we have
Jimes(S) — va(dS) — Py(dS) + xD(AS)
<ames(A°(f)) = va(A"(f)) = Pr(A°(f)) + aD(4°(f)).
Combining this with (22) implies
/ F) = Al g () dx + aD(W7)

< / () = AL pas, () dx + aD(W) + v, (AS) — v(do(£)).  (23)
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The minimal jump size of the densities over considered classes at the boundary of the
support is 1. Thus,

/ () = Al () dx=min{2, 1 — 2 (45, S,(1).

All densities in considered classes are bounded by M = y'~?. Thus,

e

These two inequalities and (23) imply the lemma, because for 0 <A< 1, the level set
S, (f) is equal to the support of the density: S;(f) = S(f). O

() (%) dx<max{4, M}di (A" (f), S:(f)).

We will need an upper bound for the cardinality of the class of all sets in all
partitions.

Lemma 5. Set of partitions P, for the block estimator is defined in Definition 1. We
have that

ger (2d) ™ — 1 dl -
2| <y DT 21 o aon a1y,
#(/Up ) o (n )

Set of partitions IP,? for the half block estimator is defined in Definition 2. We have
that

L def (d/2)" 1 1
# U 2| <NE 42 . 22L,,+1 _ 0(n2b/(d+l)na logz(d/Z))'
Y, @)=

Proof. For the case of block estimator cardinality is bounded by the number of
nodes in a tree with dJ, levels, with one root node, and 2d children for every node.
To the root node corresponds initial rectangle R and every rectangle may be split to
two children in d directions, which results to 2d children. Thus, we have bound

I i (2d)dJ"+l —1 log, (2d)dJ,
; (2d) == ——=00 2(2d) Ay,

For the case of the half block estimator, each rectangle may be split with a skew
split whose endpoints lie in a grid with cardinality 4 - 277/5, where 4 - 277 is the length
of boundaries of rectangles in ith level, and § = 27 % is the stepsize of the grid. Thus,
we have at most 2(4 - 27/5)* children resulting from a skew split. Thus, the total
number of sets is bounded by

dJ, dJ,+1
- 20 A2 2L+ (d/2)" " —1
§:24 /62 (2d) = 4* -2 am-i O
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Now we may prove that the risk of estimators may be bounded by the theoretical
error complexity. We will start with the block estimator.
Lemma 6. Consider estimator /IZ defined in (7). Let o be defined in (28). We have that
Eypdy (4, S(f)) < CIK(#°, W°,0) + 7]

for a positive constant C.

Proof. We have

Erdy(45, (/) < CoK(2°, W°,9) + EfV,
where

V = max{d, (4, S(f)) — Cok(#°, W°,a),0}
and Cy is from Lemma 4. It remains to prove that

EV=0n"). (24)
Denote

B, = (Sup sup  w(A(2, W)™ v(A(2, W) — vn(AO(f))I<é>,

PP, Wew (P)

where & = /8, v, is defined in (19), and we define with an abuse of notation

w(A) = w(A(P, W) =n"" (x+ LD(W))
with x>0 and

L =log.(N), (25)
where N is defined in Lemma 5. First we prove that on B,, V<&Cyn~'x, that is

(V>ECom'x)c B (26)
Secondly, we prove that

P(B;) < Cexp{—x}. (27)
We have that

EV:(:Cbn*‘/ P(V>ECon'x) dx
0

and thus (24) follows from (26) and (27).

Proof of (26). By the definition of B, we have that on B,, v,(A%) — v,(4°(f))
gfw(/ii). Thus, by Lemma 4, on B,

K(Z2, W, 0) < Go[K (20, W, a) + Ew(AL)]
= Go[K(2°, W0, 0) + En~! (x + LD(WX))]



J. Klemeld | Journal of Multivariate Analysis 88 (2004) 274-297 293
We choose
o= éCbn’IL, (28)
where L is defined in (25), ¢ = /8, and C, comes from Lemma 4. Thus, on B,,
d (A5, S(f)) < Go[K(7°, WP, 0) + En™ '],
We have proved (26).

Proof of (27). Define with an abuse of notation,

1

g = m (14 — IAO(‘/'))a

where A = A(2, W), A°(f) = A(#°, W), 2eP, and Wew (#). We have that
—w(A) "' <, (X)<w(4)"'. Thus, by Hoeffding’s inequality, see for example

Pollard [24, p. 191],
2
>§> Sexp{—ni 1;}(14)} (29)

P/’(‘% > na(Xe) = Epng(X)
i=1

Since & = /8, we have

n&w(A)
8

Now, for 4 = A(?, W),

=x+ LD(W). (30)

va(A) = va(A°(f)) = w(A) <1 Z 4 (Xi) — Ean(X1)>'

Then, by (29) and (30),
PBY< Y > exp{—[x+LD(W)]}. (31)
?)

PeP, Wew (2
Denote
Y(k)y={(2,W). PeP,, WeW (?),D(W) =k}

so that #¥ (k) is equal to the number of ways we may choose k sets from the set of
all sets in all partitions. Now, defining N as in Lemma 5, by Stirling’s formula,

N\ Nt /eN\F
#lp(k)<(k )gklg(k) .
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Thus, continuing from (31),
o0

P(B)< Z Z exp{—(x+ Lk)}

k=1 (2,W)e¥(k)
0 eN k
< ;<7> exp{—(x + Lk)}

< Cexp{—x}, (32)
by the choice of L in (25). We have proved (27) and thus the lemma. [

We may prove a similar lemma for the half block estimator.

Lemma 7. Consider estimator /IZ defined in (10). Let o be defined in (33). We have that
Erdi(4;,S(f)) < CIK(Z"P, WP ) +n7]

for a positive constant C.

Proof. The proof is similar to the proof of Lemma 6. The difference is that we set
0=ECn 'L, (33)

where ¢ = /8, C, comes from Lemma 4,
L = log,(N),
and N is defined in Lemma 5. O

5.2. A bound for the theoretical error complexity

So far the proofs have been similar both for the boundary fragment model and for
the star-shaped sets. In this section, we give a separate treatment for the two cases.

Let A°(f) be defined in (17). We will give a bound for the error-complexity
of A°(f).

Lemma 8. Let % be defined in (11) for 0<s<1 and let K be defined in (16). We have
that

IOge I’l) s/(s+d—1)

sup K(2°, Wo,cx)<C< p

feZk

for a positive constant C, when o is defined in (12).

Proof. Let f €7, and let h:[0,1]°"" -0, 1] be the function defining the boundary of
the support of f. That is, f = g4, = I4,/mes(A4;). Let us choose Ny so that

2%~ (n/log (n)) "+,
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Let 2 be a partition of [0, l]d_l to rectangles whose sidelength is 2= (and volume is

2-(@=1)Noy We may construct a function /g : [0, l]df1 — R, which is piecewise constant
on partition 2, that is,

hy = Z aplp,

Pe?

where ap€(y, 1], and with the property
[ =l = 0%,
0,14

This construction may be done with a piecewise constant interpolation of 4. On the
other hand, S(f) = 4, and thus

dl<s<f>7AhD)=d1(Ah,Ah0>=/[ L ol
0‘1(—1

Now choose N; so that 2M ~n!/?. Make a grid 0 = q; < --- <qa = 1, where the
distance between gridpoints is 2~V . Define function A which approximates /:

ho="_ aplp,

Pe2

where dp are the gridpoints closest to ap:
|dp — ap| = min{|b — ap|: be{qi,....,qm}}.

We have that
/ lho — ho| = O(271).
[0711(1—1

Then

di(S(f), 4;,)
We have that 2=V = 0(27M) for all 0<s<1. We have proved that

di(S(f). 4;) = 027"™). (34)

Now, because fineness parameter a> 1, then 4 i €A, where A, is defined in (2). See
the discussion leading to Eq. (13). Let D(A,;O) be the complexity of set A (with an

abuse of notation). By construction, D(4;; ) = 2~ Thus,

n s/(s+d—1)
aD(4;;) = 0((1(’%1) ) (35)

Eqgs. (34) and (35) imply the lemma since the bounds are uniform with respect to
fesz. O

02N 27N,

Consider secondly the case of star-shaped sets.
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Lemma 9. Let 7, be defined in (14) for 1 <s<2, and let d = 2. We have that

1 s/(s+d—1)
sup K(2"P, WP )< C (—Oge ”)
feZ% n

for a positive constant C, when o is defined in (15).

Proof. We may apply Lemma 8.5 (Edgel approximation), Lemma 8.6 (Edgelet
approximation), and Lemma 8.7 (Counting ancestors) from Donoho [9] to prove the
required bound. Indeed, by Remark 1 the set of partitions @f is larger than the
corresponding set of Donoho [9]. Thus, we have at least the same approximation
properties. [

5.3. Finishing the proofs

Proof of Theorem 2 follows from Lemmas 6 and 8. Proof of Theorem 3 follows
from Lemmas 7 and 9.
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