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Abstract

Nyblom (J. Multivariate Anal. 76 (2001) 294) has derived locally best invariant test for the
covariance structure in a multivariate linear model. The class of invariant tests obtained by
Nyblom [9] does not coincide with the class of similar tests for this testing set-up. This paper
extends some of the results of Nyblom [9] by deriving the locally best similar tests for the
covariance structure. Moreover, it develops a saddlepoint approximation to optimal weighted
average power similar tests (i.e. tests which maximize a weighted average power).
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1. Introduction

In a multivariate linear regression model
Y=XB+E, (1)
where Y and E are nxm, X is n x p fixed and of rank p, and n=p+m, B

is an p x m matrix of parameters, it is often assumed that the rows of E
are independent. Violations of this assumption occur in plausible situations, in
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particular in multivariate time series models (for references and examples see [4,9]).
It is, thus, important to develop powerful tests capable of detecting these possible
violations.

Nyblom [9] has considered the case where E has a multivariate normal distribution
with mean matrix 0 and covariance matrix Q(0)® 2%, where Q(0) and X are,
respectively, a known n x n matrix, and unknown m x m matrix, 6 is an unknown
scalar parameter, and Q(6y) = I,. Nyblom [9] analyses tests for Hy : § = 0 against a
suitable alternative of the form H; : 6€ @, by focusing on tests invariant under the
group of transformations

Y->YP+ XA

for an arbitrary p x m matrix 4 and a positive definite m x m matrix P. Nyblom’s [9]
main contribution is the derivation of locally most powerful tests in the class of tests
invariant under the transformations above for one-tailed alternatives. Nyblom [9]
also identifies situations in which the locally best test does not depend on the
direction of the departure from the null hypothesis.

This paper extends the results of Nyblom [9] in two different ways. Firstly, we
derive the locally best similar test of Hy : 8 = 0y versus H, : 0>0, and H; : 6<6,.
The resulting test statistics have simple functional forms, and when the sample size n
is large the locally best similar tests coincide with the locally best invariant tests of
Nyblom [9]. Secondly, in order to allow for alternatives parameterized by a vector
0eR? (rather than a scalar) and for two-tailed alternative, we discuss the
construction of optimal weighted average power similar tests. The contribution of
the paper here is in the use of the saddlepoint method to provide computable
expressions for such tests in quite general situations.

The remaining part of the paper is organized as follows. Section 2 characterizes the
class of similar test for Hy: 0 = 0y, and gives the density function of the matrix
characterizing all similar tests. Sections 3 and 4 derive, respectively, the locally best
similar test for one-tailed alternatives and an approximation for the optimal
weighted average power test. Section 5 modifies the locally best invariant/similar test
and the weighted average power test to make them invariant under permutations of
the columns of Y. Section 6 discusses the calculation of the critical values for all
tests. Possible applications are given in Section 7. Section 8 discusses Monte Carlo
simulations comparing the power of the tests suggested in the paper with the test of
Nyblom [9]. Finally the conclusions follow.

2. Characterization of similar tests

In this section, we assume that 0 is a g-dimensional vector. The following theorem
characterizes the class of similar tests for Hy : 0 = 0y in (1).

Theorem 1. The class of similar tests for Hy:0 =0y against any alternative
whatsoever is characterized by the vector V = CYT™' where T is an m xm
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upper triangular matrix with positive diagonal elements such that T'T = Y'MyY,
My =1,—X(X'X)"'X" and C is an (n — k) x n matrix such that C'C = My and
CC' =1, .

Proof. Under the null hypothesis the statistics B = (X'X) 'X’Y and S = Y'MyY
are sufficient for the nuisance parameters (B, X) [8, Theorem 10.1.1]. Moreover, they
are (boundedly) complete by Theorem 1, p. 144 of [7]. Let W = CY. Theorem A9.8
of [8] guarantees that W can be uniquely written as W = VT where V = WT~!is an
n x m matrix such that V'V =1, and T is an m x m upper triangular matrix with
positive diagonal elements such that 7T = S. O

The class of similar tests coincide with the class of invariant tests under a suitable
group of transformations as the following theorem makes clear.

Theorem 2. Let U, be the group of m x m upper triangular matrices with
positive diagonal elements, and My, be the group of p xm matrices. The
problem of testing Hy: 0 = 0y versus Hy :0€©; is invariant under the group of
transformations

G = {(A7D) : Ae UﬂlXﬂ'HDEMPXm}j
with group operation (A, D) (A2, D;) = (A1 A2, D1 A2 + D5) acting on Y by
(4,D)Y = YA + XD.

Moreover, the maximal invariant under the action of G is the matrix V defined in
Theorem 1.

Proof. The invariance under the action of G can be easily verified. The fact that V' is
a maximal invariant can be verified in two steps. First the action Y — Y + D has as a
maximal invariant W = CY, where C is defined in the statement of the previous
theorem. Then the maximal invariant under the action W — WA is easily found to be
V=wr-'. O

These results are analogous to those for the linear regression model derived
by King and Hillier [6] and are also hinted at in [9]. Nyblom [9] does not
investigate these tests further because they are deemed too complicated. However, we
will show in Section 3 that the functional forms for the locally best tests are
quite simple.

Under the null hypothesis the matrix V is uniformly distributed over the Stiefel
manifold V'V =1I,. The distribution under the alternative hypothesis is given
by the following theorem. Note that when m = 1, this reduces to Eq. (2) of King and
Hillier [6].
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Theorem 3. Under the alternative hypothesis

) >
pdf( v 0) = (n—p+1)m (n,mmlc‘g(e)c |
2n) 2 =w 2
n—p m+l m
2

where E; is an m X [ matrix such that E; = (6"), i=1,2,..

Proof. Note that the n — p x m matrix W = CY ~N(0, [CQ(0)C'|®ZX) so that

_(n=p)m 7117
pdf (W) =@2n)" 2 |CQOC 23|

X etr{— % (ceoyc)y 'we! W’}

transform W to VT. The Jacobian is given by Theorem 2.1.13 in [8] as (dW) =

17, £777(dT)(dH) where (dH) denotes the unnormalized invariant Haar measure

on the Stiefel manifold V'V = I,,. Then

Vl— m n—,

pdf (V) = 2T ca) ) 31z

X / ezr{—l V'(cQo)c)™ VTZIT’} IT %7 @m),
Unven 2

i=1

where U,,x,, is, as before, the space of all m x m upper triangular matrices with
positive diagonal elements. This integral can be evaluated using Lemma A.1 in the

appendix with r =n—p, 4 = V’(CQ(@)C’)f1 Vand D=X. O

Knowledge of the density of V' under the alternative hypothesis allows us to
construct optimal invariant/similar tests for Hy : 8§ = 0, against a specific alternative
of the form H, : 6 = 6, where 0, is a fixed ¢ x | vector. In this case the optimal test
has the form: reject Hy if

—P

! l ﬂm ! !
V'(CQ0,)C")” P H "V(CQ0)C) T VE | <ky,

where k, is a suitable constant such that the size of the test equals «. In the context of
tests for on the covariance matrix for the linear regression model, King [5] has
argued that with a careful selection of 0, this test can be powerful against more
general alternatives. This choice, however, is problem dependent. In the rest of the
paper, we will consider two classes of similar/invariant tests which are optimal
according to two generally accepted criteria, and have general applicability.
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3. Locally best invariant/similar tests

When 6eR and no uniformly most powerful test exists, one often appeals to a
locally best invariant/similar test. This is a test which maximizes the slope of the
power in a neighbourhood of § = 6, and, for the testing set-up under consideration,
it is characterized in the following theorem and corollary.

Theorem 4. The locally best invariant test for Hy : 0 = 0y versus H; : 0> 0y has the
form: reject Hy if

r{V'QVVD}>k,,
where k, is a suitable constant, D is a diagonal matrix with diagonal elements equal to

(m+m—p+1)/2—i, i=12,....m and dQ(0) = QY (0)d0, @V (0,) = QY. The
locally best invariant test for Hy : 0 = 0y versus H, : 0<00 has the form: reject Hy if

r{V'QVVD}y <k,
where k', is a suitable constant, and Q") and D are defined as above.

Proof. Since the logarithm is a strictly monotonic increasing function, the class of
locally best invariant/similar test for Hy: 6 = 6y versus H; : 6>0, has the form:
reject Hy if

_ (8In(pdf (V)
i P,

Let Q) be defined as above and U = My Y. Then the derivative of In (pdf(V)) at
0 =0, 1is

0131()1(31“(1’8‘?(’/))) - —’;“zr{cg<1>c’}+< 2” ’”2“> a{(V'QOy)y

m

+>° o {EV'QVVE}
i=1
- —%IV{CQ“)C’}

+ zr{V’Q<1>V<<”2p m“) m+Z EE’)}

The first part of the theorem follows from here. The second part can be obtained
similarly by evaluating limg_,¢- (%) O

Corollary 1. For large n, the locally best invariant test Hy : 0 = 0y versus Hy : 0> 0y is
approximately: Reject Hy if

r{V'QVV} >k,
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where k, is a suitable constant. Analogously when H) = 0 <0y the locally best invariant
test is approximately: Reject Hy if

r{V'QVV} <kl

where k!, is a suitable constant.

Note that these correspond to the locally best invariant tests derived by Nyblom [9].

4. Optimal weighted average invariant/similar tests

Locally best invariant/similar tests can be constructed only if §€R. This restricts
the class of problems to which this criterion can be successfully applied. Moreover,
nothing guarantees the optimality of such tests for non-local alternatives. As an
alternative to locally best invariant/similar test we consider weighted average
invariant/similar tests of the form: Reject Hy : 0 = 0y, against the alternative H :
0eoO, if

7(w) = [ w(Opdr (Vi) v >k,

where, once more, &, is a suitable constant, and 7(0) is a suitable weighting function.
In the case under consideration 7'(n) has the form

n—p m+l

/ 2(0)[CQO)C 3V (co) ) v
0,

< [T |E/V (CQ0)C) ' VE]|'do (2)

m
-1
and if n is large this integral can be approximated by using the saddlepoint method.
Theorem 5. Suppose |V'(CQ(0)C'")"' V| has an absolute minimum 0* in the interior of
Oy, ie. 6 solves

dy In |V'(CQUO)C) V| = tr{[V’(CQ(O)C’)’l V] dpe [V (CR(0)C) ! V}} -0,
with

A2 In|V'(CQO)C) ' V|>0
for all 0€ Oy, where dy denotes the differential at 0 = 0. Then

q
3 z L n—p_ m+l
7w~ (22) wo a0 Hxra 0)xr Fax E v caeey v
m |
< JL 1EV/(caw) e VE @) 2 + 00 E ), ()

i=1

where A(0%) is the n x n Hessian matrix of In |V'(CQ(0)C) "' V| at 0 = 6"
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Proof. This result follows from Theorem 9.5.1 in [§]. The order of convergence is
given by Estrada and Kanwal [3]. A simplification is achieved by noting that

[ca(O)C'| = |2O)IX'e”' (0)X|/|X'X|. O

Extension to the case of a maximum on the boundary can be done but are much
more involved numerically.

Often Q7'(0) has a simpler structure than Q(0). This is the case, for example, if
Q0) =L, + 37, i(0)Q;, where Q; are fixed n x n symmetric matrices, w;(0) are
smooth functions of 0, m is a fixed number, and w;(0) = 0. Also, the presence of the
matrix C in the approximation makes the computations difficult. The following
result simplify the calculations in many situations.

Lemma 1. Let E = My Y, then
V(o)) V| = E'Q0) " —eO) ' X (x'Q0) ' X)" Xx'Q0) " |E|/|E'E).

Moreover, let ||A||, be the spectral norm of the matrix A. Then if for every 0, matrix
|E'Q Y (0)E||, = ||E'MxQ ' (0)MxE||, diverges for almost every E, as n goes to
infinity, then

[V'(C0)C")™ V|~ |E'Q(0) E|/|E'E

for almost every E.

Proof. Let H = (C, X), where X = X(X’X)fl/z. Then the matrix H is orthogonal

and H'Q(0)"'H = (H'Q(0)H)"". From the inverse of a partition matrix it follows
that

(C'QO)C) " =c'e)'c - o) ' XX'e0) X' X'e0) ! C
=C'QO)" —eO) ' xx'eo) ' x) ' x'e0v)|C
and the first statement of the lemma follows.
Let X = 9(9)71/2)( and E = Q(Q)fl/zbq. Then

V(o)) V| = (E'E|)|E'E|)|L, — E'X(X'X) ' X'E[E'E]"|.

We need to show that ||E'X(X'X) ' X'E[E'E]"||,—0 when the conditions stated in
the lemma hold. Because of the submultiplicative property and the fact that £'E is a
square matrix:

||E"X(X'X) " XE[E"E) " ||, <||E'X(X'X) " X'E[],/ || E'E]]-
Write X(X'X) "' X’ = H(% %)H' where H is an orthogonal matrix, then

00
|EH(E VH'E|, (1325 wiwill,
\EHH'E|, X, wivilly

IE'X(X'X) " XEE'E] |, <
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where w; denotes row i of H'E. Note that

k k
< Z [lwiw'|], = Z wiw; < 00
) p

i=1

/
iW;

because this is the norm of a finite sum of positive semidefinite matrices. Since the
denominator diverges, the ratio tends to zero as the sample size increases and

|E'X(X'X) "' X' E[E'E]""||,—~0. Since the determinant is a continuous function the
second part of the lemma follows. [

When the sample size is large, 6" can often be approximated by the value of 6
which minimizes

[E'Q(0)"EI/|E'E| = |EE+ ) oi(0)E'QE|/|E'E] (4)

i=2

and this is a simple optimization problem in most cases. Once 6" has been found we

can use it in (3) to calculate |V’(CQ(9*)C’)71V|7%+IMT+]. Note that, in general,
replacing | V' (CQ(0°)C') ' V| with |E'Q(0) ' E| /| E'E| in this expression does not lead
to a good approximation for 7'(n) because small approximations errors are amplified
by the fact that |V/(CQ(0")C')"'V| is raised to the power — 24 melin (2).
However, (4) can often be used to approximate |V'(CQ(0*)C')"'V| in A(6") since
this term does not depend on n.

5. Invariance to the order of the columns of Y

Some people may feel uneasy with the fact that pdf (V;6) in Theorem 3, and thus
the locally best tests of Theorem 4, the weighted average power test in Egs. (2) and
(3) are not invariant under permutations of the columns of Y (and V) (see [1,9]). The
tests proposed above can be easily modified to take this into account. Let u =

(15 ta, --- thy) be a permutation of the integers (1,2, ...,m), and let P, be an m x m
matrix in which all components are zero except the elements in position (y;,i),
i=1,2,...,mwhich are 1. Then we can construct the weighted average power test by

also averaging over all possible permutations of the columns of V|
Z / 0)pdf (VP,;0)/mldV,
o

where the summation is over all permutations u of (1,2, ...,m). We can also use the
density of ¥ averaged over all permutations of (1,2, ...,m) to derive the locally best
tests. Then we have the following results analogous to Theorems 4 and 5,
respectively.
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Theorem 6. If 0 is a scalar, the locally best invariant tests for Hy : 0 = 0y versus one
tailed alternative, which is also invariant to permutations of the columns of V' coincide
with the locally best tests of Nyblom [9] given in Corollary 1.

Theorem 7. Suppose that 0 R?, | V'(CQ(0)C") ™" V| has an absolute minimum 0 in the
interior of O,

2 m m m
Ti(n)~<nn> 7(07)|Q( )\72|X’Q_1(0)X|’2|X’X|2

! w\ 1\ —1 —u+m—H * .t
x [VI(CQO)C) V|2 2 |A07)]72(1/m!)
x Z H [E[P, V' (CQ(0")C') " VP E|™ +0( ’*1),

where A(0") has been defined in Theorem 5.

6. Calculation of the critical values

The tests considered are similar so the critical values for the tests suggested can be
easily calculated by a Monte Carlo simulation:

1. Generate Y by setting B=0 and E~N(0,1,®1,) in (2).
2. Compute a value of the locally best similar test or the optimal weighted average
similar test and save the result.
. Repeat (1) and (2) M times.
4. Order the saved values of the locally best similar test or the optimal weighted
average power similar test and, to estimate the critical value of size «, take the
observation in position oM.

[99)

The accuracy of the method obviously increases as the number of repetitions M
increases. Alternatively, the techniques of Monte Carlo tests can be used to calculate
the p-values efficiently (see among others [2]).

7. Applications

The largest class of models to which we can apply the tests developed above
consists of multivariate linear models for which there is separability between the n
(time, say) and the m (individuals or space, say) dimensions. Harvey [4] call these
models seemingly unrelated time series equations. In this case Q represent the
temporal covariance matrix. Nyblom [9] has considered the case where each rows of
Y follows the same AR(1) or MA(1) process. The optimal weighted average power
test can be easily constructed for more general cases in which the columns of Y
follow common higher order AR, MA or ARMA models.
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There are situations in which the tests developed above can be applied even
though the covariance matrix of the multivariate linear model has a more complex
structure than Q(A)®2X. In fact, it is sometimes possible to achieve this by first
reducing the problem using further invariance arguments. For example, consider the
mixed effects model

Y=ZD+VU+ W, (5)

where Z is a fixed n x p; matrix, W~N(0,2(0)®2), V is an n x p, fixed matrix
(p1 +p2=p), U~N(G,I,,® V) and is independent of E, and X~ and ¥ are unknown
m x m matrices and D and G are, respectively, a p; x m and p, x m matrix of
unknown parameters. This is equivalent to (1) with X = (Z, V), B= (D', G’) and an
error

E=VU+W~NO,VV'Q¥+Q(0)QX).

The testing problem is invariant under the group of transformations G defined in
Theorem 2, so the maximal invariant is given by the matrix V defined in Theorem 1.
By noting that the matrix C (defined in Theorem 1) is orthogonal to X, and thus, to
V, it is easy to check that under the null hypothesis V is uniformly distributed over
the Stiefel manifold, and under the alternative its density is given in Theorem 3.

In a random effects model G equals the zero matrix, and the matrix 7 does not
appear among the regressors. The invariance considered in Theorem 3 is not enough
to reduce the problem to the one analysed. However, we can note that the testing
problem is also invariant to the transformation Y —Y + VU where U is any
N(G,1,® ¥) random matrix, and the problem becomes analogous to the mixed
effects model just considered.

8. A numerical example

In order to compare the performance of the locally best invariant/similar
and the optimal weighted average power test with that of Nyblom’s [9] test we
consider a Monte Carlo experiment. The regressors are generated according to the
model:

Xy =cti+CuXe—1i+t &y, 1=2,...,p
and
X = la

where ¢;; and ¢y; are uniformly distributed on the interval (0, 1) and ¢, is normally
distributed with mean zero, variance generated from a chi-square distribution with p
degrees of freedom, and &y; are independent }(ﬁ. The random variables ¢j; and ¢y; are
independent of each other and of &, ¢y; and the variance of ¢,;. After generating the
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regressors we construct model (1) and £~ N(0,Q2(0) ® 2). Because of the invariance
arguments we can set B =0 and X = [, without loss of generality.

We consider the case where the rows of Y form an AR(1) process with zero
start-up value. The critical values are generated using 50,000 replications and
the power is calculated using 10,000 replications for any value of 0 under the
alternative.

Two phenomena are always observed. Firstly, the power function of the locally
best invariant/similar tests is indistinguishable from the power function of the
Nyblom’s [9] test. The power functions of the weighted average power tests T'(n) and
Ti(n) are basically equal.

Fig. 1 shows a typical result when testing for Hy : 0 = 0 versus 0 >0 (with n = 0,
p =4 and m = 3). The locally best invariant/similar test (LBI) and Nyblom’s test
have identical power functions. The power functions of 7'(1) and Ti(1) are also
exactly alike. They are below the power functions of the locally best similar/invariant
test and Nyblom’s test (note that tests based on 7'(1) and Ti(1), with n(0) = 1 for all
0, are in fact two-tailed tests). By taking the weighting function as the indicator
function Ijp~¢; which is equal to 1 for 0>0 and zero everywhere else, the resulting
tests T'(Ijp-oy) and Ti(I9-oy) are indistinguishable from the locally best tests (see
Fig. 2) even ignoring the problem that the maximum occurs at the boundary in some
cases. These conclusions hold for different values of n, m and p.

When testing for Hy : 0 = | versus 0<1 the situation is very different. A typical
result is reported in Fig. 3 (n = 30 and p = 4 and m = 3). In this case the weighted
average power tests 7'(1) and Ti(1) seem to perform much better than the locally
best tests even though the weighted average power tests are in fact two-tailed tests.
Again, this conclusion holds for different values of n, m and p.

R

0.60 |

Power

D.40 A-mmmmmmmmm s

0.20 -

0.00

0.0 0.1 0.2 0.3 0.4 0.5
[:]

Fig. 1. Typical pattern for the power functions for the weighted average power (7°(1)), the weighted
average power test with invariance under permutations of the columns of V' (Ti(1)), the locally best
invariant/similar (LBI) and Nyblom’s (Nyblom) tests for Hy:0 =0 versus H;:0>0 at the 5%
significance level for n =30, m = 3 and p = 4.
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-=-Ti({g>0})
- LBI
Q20 g e e e - Nyblom [~
0.00 T T T T
0.0 0.1 0.2 0.3 0.4 0.5

0

Fig. 2. Typical pattern for the power functions for the weighted average power (T (I{y>0})), the weighted
average power test with invariance under permutations of the columns of V' (Ti(Iy~y)), the locally best
invariant/similar (LBI) and Nyblom’s (Nyblom) tests for Hy:0 =0 versus H;:0>0 at the 5%
significance level for n =30, m = 3 and p = 4.

Power

0.3 0.5 0.7 0.9
6

Fig. 3. Typical pattern for the power functions for the weighted average power (7(1)), the weighted
average power test with invariance under permutations of the columns of V' (Ti(1)), the locally best
invariant/similar (LBI) and Nyblom’s (Nyblom) tests for Hy:0 =1 versus H;:0<1 at the 5%
significance level for n =30, m = 3 and p = 4.
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9. Conclusions

When constructing tests for the covariance matrix of the multivariate linear
regression model, it is natural to simplify the problem using invariance or similarity
arguments, and to construct locally best invariant/similar tests. These can be used to
test one-sided alternatives when the covariance matrix is parameterized in terms of a
scalar parameter. For more complex models, optimal weighted average power
similar/invariant tests can be employed, but often require the evaluation of
complicated multivariate integrals, which limits their practical use. However, in
the set-up under consideration, a saddlepoint technique can be used to approximate
the test statistics on which optimal weighted average power similar/invariant tests
are based. Simulations suggests that the weighted average power tests perform at
least as well as locally best invariant/similar tests, and in some situations they
perform significantly better.

Appendix A

Lemma A.1. Let U,y,, be the space of all m x m upper triangular matrices with
positive diagonal elements, A be m x m, and D be m x m, m<r. Then

rooromel M
/ etr{—T'ATD" 1}H £71(dT) = 27T, ( )|D\2|A|’2+ 14!
i=1

mxm i=

with

Proof. Note that

mr
m

/ etr{—Y' YD}(dY) = ZF’E) / etr{—S'SD™ I}Hs“ds
rXm z

Unxm

and also that

mr

T2

r—=m—1
/ etr{—Y’YD‘l}(dY):—r/ etr{—SD-1}|S| 3 (ds)
T(5) Js=o
—77|D[2
So

/ etr{—S'SD" }Hz’ i(dT) = 27T, (3)|D2
UnIX’TI
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Let S = BT, and B'B = A, the Jacobian is (dS) = [[1, b7 7(dT)

/ etr{—T'ATD~ 1}H (bati)"™ IH B (AT —mrm(g)mﬁ

m

11 bl(;rm+172i/ etr{—T' ATD" 1}H 07(dT) =27 ’”Fm< )\DP

i=1

r m .
etr{-T'ATD '} | | ¢;7/(dT) =27"T, ( )|D\§ p(remt1-20)
Jo i I

i=1
Aicr a
A=
a; Aji

If we write A; as A; = B )B where B(; is the i x i upper triangular with positive
diagonal elements and B, = B, then

Let

2
b: =a; — d A a;

1

=i |4l

So

m
[T 23 =4l 142 (Aol A o (At | A

i=1
=7 A A A

m

:|Am|m+1 H |Ai|7l~
i=1

Note that 4,, = A. Since we have

m
H b;(r+m+l —2i) H b (r+m+1) H bz,
i=1

i=1
m ‘| —(r+m+1) m

“\[] s 117
i=1

i=1
=4

[|An7+lﬁ |A |7
14| H 4

The lemma is proved. [
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