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1. Introduction

We consider the problem of estimating the kernel density of an independent sample of points observed on the non-
Euclidean space. The statistical aspect of the problem on the m-dimensional sphere S™ or the directional data was foreseen
in an early paper of Fisher [4]. A survey of statistical methodologies dealing with the kind of non-Euclidean data may be
found in [13,17,3,7,1,11,12,8,10].

The case where the sample space is a compact Riemannian manifold without boundary has been studied by Hendriks [9]
and Pelletier [16]. When considering the statistical problem of estimating a density function defined on the non-Euclidean,
all procedures used in the Euclidean space cannot be properly applied. For solving this problem, the exponential map will be
introduced, which was actually one of the main topics in the dissertation of Park [ 14]. The kernel density estimator defined
by the exponential map on S™ is considered in [15], where the estimator may be compared with one of [7] or [1]. This paper
is to generalize the results of [15] to a complete Riemannian manifold.

Among the works regarding this research area, we already referred to the estimators of Hendriks [9] and Pelletier [16].
Their works lead to consider two points as follows.

e Hendriks’ approach used Fourier analysis on a compact Riemannian manifold is analogous to techniques used in the case
of the Euclidean space. In comparison with Hendriks’ one, we point out that his result does not provide information on
geometric structures of a Riemannian manifold M while being only interested in finding the L?(M)-convergence rate.
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e Pelletier’s estimator is based on kernels that are functions of a Riemannian geodesic distance on a manifold. We point
out that the kernel function is defined by a map such that K : Ry — R, while the kernel estimator is defined by a map

fax :P €M — fuk(p) €R.

In this paper we place the focus on that the kernel function is defined on the tangent space T, (M) of Riemannian manifold
M, and the exponential map for connecting the manifold with the tangent space is used. The purpose of these works is to
establish that the formula of the asymptotic behavior of the bias and the mean square error contains geometric quantities
expressed by terms of polynomials in the component of the curvature tensor and its covariant derivatives on a complete
Riemannian manifold. Also this formula provides that the behavior depends on whether the manifold is curved positively or
negatively. Besides, we state that the estimator achieves an optimal minimax rate over a Holder class of functions defined
on a complete Riemannian manifold under some global losses. For these purposes, we first use the exponential map in order
to connect the manifold valued random sample X; with the argument in the kernel function defined on the tangent space
such that exp, : T,(M) — M, for p € M. The exponential map is defined by exp, & = y: (1), where y¢(t) = exp, t& is the

geodesic throughp € M att = 0 with % lt=0 = & € T,(M). Using the exponential map, we can find the quantity analogous
to (x — X;) /h, which appears in the kernel function defined on the Euclidean space. In the case of R™, the geodesic y passing
through p tangent to § is the straight line of equation y; (t) = p + t§ for t € R. Hence exp, & = y; (1) = p + &. Therefore
the quantity p — X; is equal to explj] X; in the case of R™. It is natural to replace p — X; by epr;1 X; if p and X; are on M. This
enables us to define the kernel density estimator by using the exponential map.

Let (M, g) be an m-dimensional complete Riemannian manifold with metric g. Suppose that we have a collection of i.i.d.
random variables Xy, . . ., X, taking values in M and having a probability density function f with respect to dV,, where dV,
denote the m-dimensional volume element of M associated with the metric g. We then define the kernel density estimator
of f using by the exponential map as follows.

Definition 1. The kernel density estimator with the kernel function defined on m-dimensional tangent space T,(M), for
each p € M and smoothing parameter h > 0 is

~ 1 < 1
= K(-—exp,'X ), 1
Inp) = e ; (h P ) (1)
where Cj, is the positive constant and h is the smoothing parameter such that
m 1 -1
h"Cc,= [ K Eexpp x ) dVg(p). (2)
M

We will prove that the integral computation of (2) is independent of x, for any x € M and C;, — 1ash — 0in Lemma 2.

The paper is organized as follows. In Section 2, we discuss whether the proposed estimator given by (1) is well-defined.
A property of the kernel function is considered and the asymptotic behavior of the estimator is formulated. The lower and
upper bounds on the [2(M) convergence rate are achieved under a certain Hélder condition, and its relative efficiency is
discussed in Section 3. Basic definitions and notations for the differential geometry are described in Appendix A, and also
the proofs of the main theorems are given in Appendix B.

2. Asymptotic behavior

In this section, throughout, we follow the notations and basic concepts of Riemannian geometry in Appendix A. We
suggest a positive kernel function K (-) as a function defined on the m-dimensional tangent space T,(M) such that

/ K(v)dv = / / K (&)™ Tdtdu, () = 1, (3)
Ty (M) & Jo
andforallk=1,2,...and[ =1, 2,

o0
| [ Ko vty @) < oo, (4
& Jo
where dv is a Lebesgue measure on Tp(M) and du, denotes the (m — 1)-dimensional volume element on §, = {§ €
T,(M) : ||&]| = 1}. Usually K is taken as a radially symmetric unimodal probability function in the case of the m-dimensional

Euclidean space. Hence we may choose K (v) = T({v, v)},ﬂ) for v € T,(M), where (., -), is the inner product with respect
to the Riemannian metric gj.

The kernel density estimator of f as the exponential map which associates the value fn(p) defined on the manifold
is formulated in Introduction. The random vector fields exp;1 X;, i = 1,...,n,in (1) are well defined in the following
sense: for each § € &, we define c(§) = sup{t > 0 : d(p, ye(t)) = t}, where d is a Riemannian distance. Since cut
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locus 9D, has zero m-dimensional Riemannian measure in M and M = exp,(Dp) U dD, where the union is disjoint, and
D, ={tE eT,(M) : 0 <t <c(§), & € &}, it follows that

PXeM\D) = [ F@adv00 = [ FRdve0 =0,
M\Dy 9Dp

where D, = exp,(D,). Hence we may consider only random variables X that take values, almost surely, on D, of any point
in a complete Riemannian manifold M. We shall suppose that exp;l Xi, p € M, is defined in this sense.

Remark 1. If M = R™ the identity map (x!, ..., x") of R™, by itself, is an atlas. Considering the usual Euclidean affine
connection, we find that

1 — Xi

—~ exp;, [P " forp, X; e R™. O

h h ~’

We now describe the asymptotic behavior of bias and variance of fn (p) given in (1). First we need Lemma 1 for the
expansions of f. For this we introduce some notations and new symbols as follows (see Appendix A for details of the
Riemannian curvature):

m
pi(p) = Ricy(ei ) = > Ruge@).  (R(er, €)ew. ey = Ryu(p).

k=1

S =Y 0. W= Y B ol = o)
i=1 i

ij,k,I=1

AS(p) =) ViS(p),  (VS,Vf)= Z V,S(p)
i=1

(0, Vf) =) pii(p)Hess f (p) (e, €)).

ij=1
Let y¢(t) = exp, t&. Then under the assumptions f € C°°(M), the following lemma gives the expansion of f (y¢ (t)) with
respect to t.

Lemma 1. We have the expansion of f (yg (t)).

Fe(®) = %t (5)

where y, = Vg - - - Vef. In particular, yo = f(p), y1 = Vef and y, = V¢ Vef = Hessf (p)(§, &).

Proof. Let x = (x!,...,x") be a coordinate system in M at p. In local coordinates, y: is given by X o ys(t) =
x'(t), ..., x™()). If we wrlte £ = g£(x)), we have £ = Z, 1$lax1 with € = X/(0). Therefore, restricting f to Ve, and
then contmuously differentiating f (¢ (t)) with respect to t, we can obtain y,. O

Now we prove that the integral computation given in (2) is independent of x € M and C; — 1ash — 0 under some
conditions.

Lemma 2. Let

1

1
Ch = o K (E exp, x) dV, (p). (6)

Then the integral computation of (6) is independent of x € M. We assume that for some constant «, Ricci curvature satisfies
Ric(£,&) > k(m — 1)|€|? forall € € T,(M) and for sufficiently small § > 0,

o0
/ T(s)e™m V¥sm=1ds < oo. (7)
0

ThenC, — 1ash — 0.
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Proof. For computation of the integral of C, we may choose any point x € M by geodesic spherical coordinates. Then we have

1 1 _ _
G= 1 MT (H(expplx, exp; ' )1/2> dV, (p)
c&)/h
= T(s)y/g(hs; §)dsdp(§), (8)

where c(&) is the (possibly infinite) distance to the cut locus in the direction &. The last integral in (8) can be written as
fM F(p)dVy(p), where F : M — R s a function defined by F (exp,(t& /h)) = T(t/h) for all (t§ /h) € T,(M). Thus the volume
element dV, (p) in (6) can be replaced by dV, (exp,(t& /h)) for any x € M and from (12) in Appendix A the integral of C;, can
be formed. Hence the integral in (6) is independent of x. By the comparison theorem for Ricci curvature, we have

c&)/h
/ f T($)SI (hs)dsdyux (),
& J0

= hm—1

where

(l/ﬁ) sin /kt, Kk >0,

S () = {t, Kk =0,

(1/o/—k) sin/—kt, k <O.
Also note that

Ve ®) _

h—0 (hs)m—1
Hence from (7) and the dominated convergence theorem,
(o]
lim C, = wm_1 / T(s)s™ 'ds = 1,
h—0 0
where wy,,_1 is the area of the surface of the unit sphere centered at the origin in R™. Using Lemmas 1 and 3 of Appendix A,
we obtain an asymptotic formula of bias and variance of f,(p) in the following theorem.

Hereafter we assume that C;, — 1lash — 0. O

Theorem 1. Suppose that the unknown density f is bounded and continuously four times differentiable. We assume that for some
constant ¢ > 0andl=1,2,ash — 0,

(o]
/ T!(5)s™ V+kds = o(e™ ™) fork=1,2,.... (9)
/h

Then we have the bias and variance of the kernel estimator as follows: for fixed p € M,

Bias(fy (p)) E[f;(p) 1-f®

Wm—1
24m(m + 2)

T(s)sm“dSh |: {—4(V5, V) —25(p)Af (p)

00 4 4
—4(p, V*f) + 3 Z \ J(p)} / T(s)sm+3ds:|’éh +o <Z—> , ash— 0,
0

i,j=1 h
and

Var(f(p)) = E [fncp) —EH]’

hmc [f () [ T (s)s™~ 1ds+(Af(p) - f(p)S(p)) / T?(s)s™*"dsh?
h

1 1 .

+24m(m+2){ ( 3|IRI? + 8llpl* + 55 (p)-lSAS(p))f(p)

— 4(VS, Vf) — 25 AF () — 4(p. V) +3) V,-j*,-}-mv)}

i,j=1
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o h?
x [ resasnt| - e+ P pare) f TS s
0

+o((nhm_4)_1 + (nh‘z)_1>, as nh™ — oo and h — 0.

Remark 2. While Pelletier’s kernel estimator does not contain geometric quantities in spite of the estimator on the
Riemannian manifold, the results of Theorem 1 contain the curvature tensor and its covariant derivatives. These geometric
information imply whether the manifold is curved negatively or positively. For example, the Euclidean space R™, the sphere
S™1(p) = {x € R™ : ||| = p} and the hyperbolic space B"(p) are the simply connected spaces with constant sectional
curvatures k = 0,k = 1/p and k = —1/p, respectively. Therefore if M = R™, the scalar curvature S(p) = 0 for all
peR™ O

Remark 3. From the variance part, Var(ﬁ,(p)) has the term

1 1
om (Af(P) - gf(P)S(P)) .

If scalar curvature S(p) > 0 for p € M, then we have, up to order
estimator on R™, and vice versa. O

Var(fn (p)) > Var(fn (p)), where fn is a kernel density

nhm

Remark 4. Recently the density estimator defined on a manifold (or Lie group) has been used for image processing
(e.g. astrophysics, nonparametric clustering mean shift techniques, 3D multiple rigid motion algorithm and so on). The
result of Theorem 1 is motivated by the applications of those. To have the geometric quantities in Theorem 1 seems to us a
warrant to consider how the manifold is curved in practice. O

3. The rate of L, (M)-convergence

In this section we give the optimal minimax rate of convergence of the proposed estimator. As already mentioned in
Introduction, Hendriks [9] is to be noted because he considers a compact Riemannian manifold without boundary to the case
of the generalization of estimation with Fourier series, where the theory builds up the eigenfunctions of the Laplace-Beltrami
operator on the manifold. His approach used Fourier analysis on L, (M) is analogy to techniques used in the case of the
Euclidean space. Therefore he obtained the rate of convergence of the proposed estimator f in L, and L., senses:

E(If = f 1) < 0™ mn=h, E(If = f1112,) < 0™/ @Fmn),

where suppose that the unknown density f has bounded and continuously s(s > m/2) times differentiable. The L, (M)
convergence rate of Pelletier [ 16, Theorem 5], is equal to those of Hendriks.

Now we state the lower and the upper bound on the minimax L, convergence rate in the case where f is in a certain
Holder class. Suppose f is B times differentiable with B-th covariant derivative. For a real function f belonging to C# (M)
where 8 > 0is an integer, we define

vﬂf| Z Jz ’ Vjﬂfvhvjz e Vjﬁf’

J1snip=1

where VAf means any Bth covariant derivative of f. In particular, |Vf| = |f[, |Vf|*? = |Vf|]? = Y.I', Vif Vif. For
0 < y < 1, we define C#*” (M) to be the subspace C# (M) consisting of those functions f for which VAf satisfies a Holder
condition of exponent y, i.e.,

IVAf(x) — VPf(y)| < Kd(x,y)”, forx,y €M, (10)

and take
Zn(M) = P (M) N {f :f >0, / fdv, = 1} NL,.
M

We consider the L,-norm as the global loss function:

1/2
L(f,g)=</M Lf(x)—g(X)Ideg(X)> .
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We assume that

c(§)/h
/ / §“K(s§)v/g(hs; §)dsdup(§) =0 forl < a| < B, (11)
& Jo

where €% = (1)1 ... (™ o; + --- + a; = |o|. To further simplify matters, we shall assume that functions in X,,(M)
may be regarded as taking values on a cube Q € M.

Theorem 2. Suppose the probability function density f on M is in X,,(M). Under the condition (11), an estimator of the
form (1) with h = n~V@#+2r+M has asn — oo,

E<||f(p) —ﬁ,(p)||fz) < O(n*2(13+)/)/(2/3+2y+m))’

where m is the dimension of M.

Theorem 3. Suppose the probability function density f on M is in X,,(M). The lower rate of convergence for the L,-norm is
given by

liminfinf sup E<||f(p) —ﬁ(p)||fzn2<f‘+”/<2f‘+2y+m>> >0,
=00 fo feZmM)

where m is the dimension of M.

Remark 5. The rates in Theorems 2 and 3 are improved under the Holder condition with component y, which could be

compared with those of Hendriks [9] and Pelletier [16], respectively.

The relative performance of the proposed estimator to that of Pelletier’s estimator is of good interest. Therefore we shall
consider statistical efficiency of the proposed estimator. Pelletier considers the following kernel density estimator on a
compact Riemannian manifold M: for fixedp € M

IR 1 dg (p, Xi)
ok (@) = a Z o () K( . >,

i=1

where 6,(q) denotes the volume density function. When f is 2-times differentiable, we compute the asymptotic relative
efficiency (ARE) of f,, x with respect to f; defined by

AMISE(f,)
AMISE(f, x)

where AMISE is the asymptotic mean integrated square error plugging in the optimal bandwidth of each kernel density. By
Lemmas 3.2 and 3.3 in [16], the asymptotic relative efficiency is evaluated as follows:

—m/(m+4) 4/(m+4)
mCq mCq
a(5) +a (i)

—m/(m+4) 4/(m+4)°
mDy mDy
i (%) +0: (%)

ARE(fyx, f) =

ARE(fox. fo) =

where

oo
C = wm_lf T?(s)s™ ds,
0

2
G = (wm_l/ T(s)s'"“ds) /(Af(P))deg(P)’
2m 0 M

Dy = sup sup 6, ' (p)Vol(B(0; 1))K*(0),

M B(q.,rg)
2
D, = ( / ||y||21<<||y||>dy) / (AF () 2V, ().
B(0;1) M
Acknowledgments

The authors would like to thank the reviewers for their careful reading of the manuscript and their constructive
comments.



118 Y.T. Kim, H.S. Park / Journal of Multivariate Analysis 114 (2013) 112-126
Appendix A. Riemannian differential geometry

We review some basic definitions and notations in Riemannian geometry. Given any tangent vector £ € T,(M) there isa
maximal open interval I¢ in R about the origin and an unique geodesic y¢ in M such that y: (0) = p, yg(O) = £.We assume
that M is geodesically complete, that is, s = R. We define the exponential map, viz. exp, : T,(M) — M by exp,§ = y; (1),
thus y;(t) = exp,t§. Now we briefly mention the notions involving cut points. Let §, = {§ € T,(M) || & = 1}
For each £ € &, we define c(§) = sup{t > 0 : d(p, ye(t)) = t}, where d is the Riemannian distance. If we set
Dy, = {t&§ e T,(M)|0 <t < c(§),§ € &} and D, = exp Dy, then exp, maps D, diffeomorphically onto D,, and 13,, is
mapped onto all of M. The cut locus 3D, is the image by exp, of dD,, and for any p € M, the cut locus 9D, has zero measure
in M. For each £ € &, let £ be the orthogonal complement of {R£} in T,(M), and let 7; : T,(M) — Texp, t¢ denote parallel
translation along y:. Then we define the path of linear transformations #4(t; £) : €% — &L by A(t; £)n = (z)"Y(0),
where Y (t) is the Jacobi field along y¢ such that Y(0) = 0 and (V;Y)(0) = n, where V is the Riemannian connection of M.
The proposition of the linear transformations A(t; £) is given in [2, see p. 66]. We set +/g(t; &) = det A(t; £). Using polar
coordinates in T, (M), the m-dimensional volume element of M, dVy, is given by

dVg (exp,(t§)) = v/g(t; §)dtdjuy(§), (12)

where du, denotes the (m — 1)-dimensional volume element on the unit sphere &, in (T,(M), gp).

We turn to the Riemannian curvature. For vector fields X, Y, Z on M, define R(X, Y)Z = VyVxZ — VxVyZ + Vix yviZ,
where [X, Y] = XY —YX.Ris called the Riemannian curvature tensor of V.For p € M, the Ricci tensor Ric: T,(M) xT,(M) — R
is defined by Ric(&, n) = trace(¢ — R(&, ¢)n), and the scalar curvature S(p) is defined to be the trace of Ric with respect
to the Riemannian metric. Thus if {eq, ..., e} is an orthonormal basis of T,(M), we have Ric,(§, ) = ZL (R, e)n, e)),

and S(p) = 3, (R(er, eey, ej).
The power series expansions for 1/g(t; £) can be derived from [5] as follows: if we let & = 2?1:1 gle;, where {eq, ..., en}
is an orthonormal basis of a tangent space T, (M), then we have the following.

Lemma 3. We have the asymptotic expansion in small t:

JeGE) = " 12”‘@) - (13)
where
1 & o
=1y =0, = ——Zpuss ri=—5 ) VinE'eet
ij=1 ij,k=1
m 3 1 2 &

— _Zvy? 4 — 04Ok — — R.+R ijkl,

Y4 Lj%:_]{ = Vit SPiPu T o a’bZ:] iajb kalb}§€$$

Appendix B. The proof of theorems

Proof of Theorem 1. Note that for any p € M, M = exp,(D,) U 9D, where the union is disjoint and the cut locus 3D, has
zero m-dimensional Riemannian measure. Therefore we have

A 1 1
E(fa(p)) = hnc, / K(ﬁ englx)f(x)dVg(x)
M

1 1
= — K (H exp, x)f(x)dvg(x). (14)

hmch expy (Dp)

We work with the geodesic spherical coordinates, given by y(t, §) = exp, t&. If c(§) is the (possibly infinite) distance to the
cut locus in the direction &, the last integral in (14) becomes

1 c€)/h
e, f /0 K(s6)f (v(hs, £))/g(hs: &)dsdu, (€)
&

1 c&)/h
= Flchf / T(s)f (y(hs, §))v/g(hs; §)dsdpiy (§). (15)
& Jo
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The geodesic s — y¢ (hs) has initial velocity hyé’ (0) = h&.Hence y; (hs) = yuz (s) for all h and s. By (8), we obtain

. c)/h
Efa(p) =f(0) + / f T(s)If (v(hs, £)) — f(p)]v/g(hs; §)dsdpp (). (16)
& Jo

Note that for all § € &, c(§) are bounded below by a strictly positive real number. Using the expansions in Lemmas 3 and
1 and the conditions in (9), we write Efn (p) — f(p) as follows: ash — 0,

1
hm=1¢,

A 1
Efa(p) —f(p) = 6(31 (h) + By(h) + Bs(h) + Ba(h) + o(h*)),

where

By(h)

/ / () (gradf (), £)h :1 - prus Fs = 3 Vi e
&p

1]k 1

3
+ ﬂ Z ( SVU Pri + pupkl Z RlajbRkalb) X (hS) 3 Sjékél}deﬂp(s)
i,k =1 a,b=1

1 o0
B = 5 [ [ ToHesso)@ ns {1— > ghs - ZV.p,k(hs>ssfs"
&

ij=1 ij,k=1

1 & 3
o D ( SViput g X oo = ZRlanRkalb)ms) ss’ss}dsdup@)

ij,k,I=1 a,b=1

1 [ee}
Bs(h) = 6/ / TV df (5,8, Ehs™ x {1 - *ZP:SE’(hs)Z - — Z Vioj(hs) E EE
& JO bt 'jk_
1 m 3 1 (
+ 24 Lj%:ﬂ( 5V2,0k1 =+ 3:01]pkl a%; RzajbRkalb) x (hs) S%_Jg’g’]deILp(é)
1 [}
B = o4 TOVAE &6 '™ x f1- =) el — Vil e
24
& J0 l] 1 ”k
1 & 3 (
+ 24 11;:1( 5 Vi pa + pszkl 5 a;% RzajbRkalb) x (hs) Eég’é'}dsdul,(g)

We write By (h) := By,1(m)h + By ,(m)h> + By 3(m)h?*, where

By (m) = / / T(s){gradf (p), £)s™dsdyuy (€).
&

Buam =13, / | T a1, 057 s 6,

Ij 1
1 m [e'9) o
Buatm =~ 55 3 Vi) [ [ 1) arad 92, 8) x e s s 6,
ij,k=1 & JO
We may choose an orthonormal basis {eq, ..., en} of T,(M), and then writing £ = Z}il &le;, we obtain

m

f (grad f (p). £)dup(&) = Y (grad f(p). e) / Eidpy (8)
& &

i=1
=0. (17)

Hence By 1(m) = 0. Also By »(m) is

Bia(m) = —— Z pi / f T(s)(grad f (p). e)s™ & &I dsdp, (£)
ljk 1 & JO

= 0.



120 Y.T. Kim, H.S. Park / Journal of Multivariate Analysis 114 (2013) 112-126

Consider By 3(m) term. Write

of
).

First note that ) i, Vipj = 1/2V;Sand Y [", Vip; = ViS. Then

Nijkl = lp]k

3Vol(§&,) Vol(&,)
—r Z Niiii + 713

Z Nijki “;: SJ sldﬂp(s) = Z (Uzw + nyij + 771]]1)

) m(m+ 2) & (m+2)l#
Vol(&y)
= mm+2) i;("ﬁjj + i+ i)
Vol(§,) & of of
= — 2Vipi— Vipi—
m(m+2)2{ Pjax](l))‘f' ijax,(P)
Vol(Sp)
m(m+2) Z i 8x1(p)
Vol
=2 &) g5 vp.
m(m+ 2)
Hence
Vol(&p) /OC
Bi(h) = ————(VS, V. T(s)s™3dsh®. 18
1(h) 6'11('11+2)( . Vf) ; (s)s" " ds (18)
We write By(h) := By 1(m)h? + B, ,(m)h*, where
1 o0
By 1(m) = 5[ / T(s)Hess f () (£, §)s™ " dsdu, (),
&p
Baatm =~ 3"y / [ THes s 05 s ),
1] 1
Diagonalizing the symmetric bilinear form Hessf with respect to an orthonormal basis {ej, ..., ey} of T,(M), we have

/ Hess f(p)(§. §)du, (§) = ZHGSSf(P)(enej) SE’dup(S)

ij=

= ZHessf(p)(el, ) / EVdppE) + Y Hessf(p)(ei, €) f E'8du, (§)
i=1 ij=1,i#j ép
= Vol(&,) ———tr Hess f(p).
m
Thus
By.1(m) = @Aﬂp) f (o).
m 0

Write ki = pjjHessf (p) (e, e)). Then similarly as computations in By 3(h), we have

Vol(g,) &
ijk J k d — PP i+ K+ K
11;11(]” EEEEdE) m(m + 2) ;(Ku Kijij + Kijji)
Vol(&,)
- m(sz) DPnHeSSf (p)(ej. &) + 2pHess f(p) (er, €)))
Vol(§,)

R e 2
= mm+2) S®Af (D) + 2(p, V).

Hence B, (h) is given as
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By(h) = MAf(p) / ” T(s)s™'dsh?
2m 0

B Vol(§,)
12m(m + 2)

Since fsp E€igk 11, (€) = 0, we have that

(SPIAFP) + 2(p. V2F)) / " T(5)s™3dshe.
0

Bs(h) = o(h*) ash — 0.
Now consider B4(h). As h — 0, we write B4(h) := B4 1(m)h* + o(h*), where

1 o0
By 1(m) = ﬂ/ / T(S)Vdf (€, €, &, §)s™dsduy(§) + o(h?).
& JO

First note that
u P ol(& m
> Vi) [ ey ©) = TS (Ve
=1 & (m+2) 7=

+ V3df (e, €, €1, ) + Vdf (ei, ¢, €, e,-)>

o, Vol(&) < oa
o 3m(m +2) Z Vi (P)-

ij=1
Hence we have that

Vol(8p)

Ba.1(m) = 8m(m + 2)

ZV”f(p)/ T(s)s™+3ds.

ij=1

Now combining the above results (18)-(21), we obtain
Vol(& *°
B + Ba(h) + Ba) + Byl + o) = 2P ar) [ 10t
0

Vol(&p)

A 1 — _ 2
24m(m+2){ 4(VS, Vf) = 25(0) Af () — 4(p, V*f)

ij=1

From (22), it follows that

Vol(&,)

0(8p) m+1 n? ikt LA
Bias(fy(p)) = ——=Af(p) / TE)s™ ds |:24m(m+2)

{—4(VS, Vf)

[e'9) h4
2SI B) — 4o, T +3 YV }f(p)} / T(s)sm+3dsi|c
0

ij=1 h

Next we compute the asymptotic behavior of the variance. Similarly as before we can prove thatash — 0,

c€)/h
P / / T2(5)f (p)y/8(hs; £)dsdpy(§) = Ay (m) + Ay(m)h? + As(m)h® + Ay(m)h” + o(h?),
& Jo

where

Av(m) = f " 12(9)5mdsf (p)
0

T L
hofim) = /g ,, /O 2(s)s H;mﬁ Edsduy (&) (p)

+3 Z Vi J(p)} / T(s)s"dsh* + o(h*), ash — 0.

121

(22)
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1 00 m L
As(m) = —— T2(5)s™2 Y " Vipud'EE dsdp, ()f (p)
12 Js, Jo

ij.k=1

m

1 2 43 3.2 1 2 ¢ ieisksl
Ag(m) = >4 /epfo T*(s)s™ ”Z _gvijpkl + 3PP~ T2 MZZI RigjpRiaiy |E'E'67E dsdp, (6)f (p)-

=1

Since fg E'€ldu, (&) = 0and Y ", pii(p) = S(p), we have
Vol(&

3 o | ) =5 = 2 ( 23

ij=1
So

Ay(m) = —ésqn% f " 12(9)5mHdsf ().
0

Since fsp EEIER 11, (8) = 0, we have that A;(m) = 0. Consider A4(m). Write
3., 1 2 &
Cijt = _EVU Ox + 3PP~ 15 a2:21 RigjbRkalb -
Using the similar computation as in By 3(h) and Z?j k=1 RiiRiit = (1/2) IIR||?, we have

1(&,)
,j;f"“/ EEE () = 15m0(mj-2)( 3IRI + 8] plI? + 552(p) — 18AS(p)).

Hence

Vol(&p)
360m(m + 2)
The computation of the remaining part is essentially the same as the computation of bias. Thus

N 1 1
Var(f,(p)) = w2 —Var (K (E expr))

1 1 , (1 R P 2
_ hmcz[ e (1 (e, x))} G0

Ag(m) = (—3||R||2 + 8|IplI> + 55%(p) — 18AS@)) X / T2(s)s™ 2 dsf (p).
0

_ VOl(gp) *© 2 m—1 L _1 /OO 5 et 5
= e [ /O T(s)s™ dsf (p) + 2m(Af(p> 3f(p)S(p)) | Ts™ dsh
; _ 2 2 2 _
+24m(m+2)[ (=3|IRII* + 8]l plI* + 55%(p) — 18AS(p))f (p)

—4(VS, Vf) = 2S()Af () — 4(p, Vf)) +3 Z Vi J(P)} / TZ(S)S’"”dsh“}

i,j=1

—l{fz(p>+v°'(8‘3 FO)AF () / Tz(s)s'““dsh }+o<(nh'" Y1 4 () )

as nh™ - ocoandh — 0. O

Proof of Theorem 2. From (11) and Lemma 1, we obtain

. 1 c)/h
Efa(p) —f(P) = ——— T$)[f (y(hs, §)) — f(p)]v g(hs; §)dsdpp(§)
hm=1Cy Jg, Jo

C(E)/h
- TSV (160, ) (e, g
hm— 1Ch5‘ i lfgp/ §PT(9)s If (v(0, &) (ej, &)
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x v/ g(hs; S)dsdup(é) (23)
C@Vh ; " sTopt
hm ]Chﬁ' ,,,,, jg= 1/8p/ ST [V df(y(e’g))(ejl""’ejﬁ)
-V ldf (p)(ejy, .. ejﬁ)]vg(hS; §)dsdpy(§), (24)
where 0 is a point in (0, hs). Applying the condition (10)-(24), we estimate
N Kh? c)/h
Efa(p) — f(P)| =< WIGH / f &7 &8 (T (5)s d(y (6, &), p)7 /g(hs; §)dsdyy(&)
,,,,, jﬁ 1Yép
B+ c@&)/h
= % / / &7 - EP|T(5)s" 7 /g (hs; €)dsdyup(&). (25)
hP= 4 ]ﬂ 1Yép

The right-hand side in (25) can be written as

Khf+Y c@/h )
Eap) ~ @] < i / / E91 . £ T ()57 g (hs: E)dsdiy (€)
= =1

J1seees J

L]

The expansion of v/g(hs; £) in Lemma 3 and the fact that G; — 1as h — 0 yield, from (26), that |Efn (p) — f(p)| can be
estimated by

EFu ) — F ()] < / / &7 - EP|T ()" dsdpup (§)

..... Jp=1

KhPty

o0
Vol(&,) / T(s)sPH7+m=1ds 4 o(hP17), (27)
0
where the constant A; depends only on m and 8. On the other hand, the variance part in Theorem 1 can be estimated by

Var(h(p)) < hm")ﬂ) / T2(5)s"ds + o ;m) (28)

From two inequalities (27) and (28), for sufficiently small h > 0, the mean squared error of the kernel density can be
estimated by

/ EL(p) — F(P)PdVe(p) < C2EH) 1 ncsz (29)
Q
where
K*wp_; > B+y+m—1 ’
C = B2 /0 T(s)s ds | Vg(Q),

om_1 [* . -1
G = T (s)s™ 'ds.
nh™ J,

) 1/(2B+2y+m)

From (29), choosing h = ( mey n~Y@B+2r+m then we have

261(B+7)
/ Elfa(p) — f(D)|2dVg(p) < O(n~2F+1)/@B+2y+m)y
Q

So we arrive at the assertion of theorem. O
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It is necessary to give new notations for the proof of the following theorems:

B(p; 8) = {5 e T,(S™) : IE]l < 68}, B(p; §) ={x e M : d(p, x) < 8},
S(p;8) ={xeM:d(p,x) =6}, €(:8) ={& e T,(S™) : |I&]l =6},

where d is a Riemannian distance. Note that we have B(p; §) = exp, B(p; 9).

Proof of Theorem 3. We consider a cube Q < M, i.e, Q lies in the domain of an associated, oriented, coordinate
neighborhood U, ¢ and ¢(Q) = C = {x € R™ : 0 < x < ai=1,...,m)foraconstanta > 0, and a cube of
R™. Thus a cube Q is a compact set. Let K, be a sequence of positive integers tending to infinity. We begin with K" cubes
,,,,, im = dj; X -+ x 4, having center x;, .. j1,-..,Jm = 1,..., Ky, where §;; = [a(; — 1)/Ky, @ji/Ky),i=1,...,m
and x;, ., = (@2j; — 1)/2K,, ..., a(2j, — 1)/2K,). Write C as the disjoint union of G, , & = 1, ..., K", and the center of
Ch.« aS Xn.. Thus we have a partitionof Q on M, Q¢ = ¢ ' (Cro) . =1, ..., K" and take p, « = © ' (Xn.o)- Therefore we
may choose a ball with the property that Q,, D 0 (B, /2kn (Xn.o)), Where By /2k, (Xn,.) denotes the closure of the open ball
of radius a/2K, centered at X, 4.

Letx', ..., x™ denote the local coordinates and g, 1,j = 1,...,m, the components of the Riemannian metric tensor g
as a function of these coordinates. Since g;(x) is C*° and is positive definite for each x in ¢(Q), and hence continuous in
X € ¢(Q), on the compact set ¢(Q), there exists A > 0 such that

gi(®y'y > rlyl?

forally = (y',...,y™) e R™ Hence for all « and n we have

XYY = Aanlyl? = Ayl (30)
forally = (y',...,y™) e R"and x € i;’a/zkn (Xn,o)- For each « let y, (), a < t < b, be a piecewise smooth curve lying in
¢~ (Bajak, ¥n.a)) C Qua With 14 (@) = pno and yu(b) = qne € ¢ ({x € R™ : X = Xpqll = a/2K,}), Where [|IX — X; ol
is the Euclidean distance from x to x, . Working with the coordinates (x! (¥, (t)), ..., x™(y(t))) we use the following
notation

4 d .
X() = axl()’a ().

Let

ol m 1/2
L(va) = / [Zglj(x<ya<t>>>>kf<r>>'<f<r>} dt

ij=1
denote the length of the curve y,(t), a < t < b. From (30), we have
0 < Ale(@na) — Xnall < L(Ya).
Since the curve y, (t) was arbitrarily chosen for each «, we have
0 < Ml@(Gne) — Xnell < d(Pno, Gne) foralle =1,... K
So
& < infd(pre o). (31)
2K, a ’ '

n

Let B(p, §) = {q € M|d(p, q) < 8}. Therefore it follows from (31) that for all o, we have B(p; o, ar/2K,) C Q.. For each
nseta, = air/2K,.
We choose fy € Xy, such that fo(x) = Co > 0 on Q and take a bounded function H; ., defined on T, , (M) such that

1
// H2(t&)t™ 'dtdu, (§) = c, (32)
0 &

Pn,o

where c is independent of n and «. Define g, , on Q by
Zna(X) = C1alHy o (a; " exp, (X))

N3

We may assume that for all « and n it has its support in :E’(pn,a, a,) and

/ e 0V, (X) = 0.
M
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We consider a sequence €, = {€,,]} taking values {0, 1} and then set f{"(x) = fo(x) + ZE’L €n.a8n.« (X). By suitable

choice of Cy, fo and H, 4, the function f;" will be contained in Xy,. Let €(a, 0) = (€1, €2,...,€4-1,0, €441, ..., €gn) and

e(@, 1) =(e1,€,...,€-1, 1, €411, ..., €m). Denote by A, ¢ (1, 0) the Radon-Nikodym derivative ofPfe(u,D with respect
n

to P.e@.,0). Let
fa

Cp = {4 SUDE e(a.O)An,e,a(L 0)2}71‘
e i

Suppose liminf, ., c, = c(0 < ¢ < o0), from the standard arguments to get the lower rate of convergence for the
nonparametric density in the case of the Euclidean space (see, for example, Section 3 in [6]), we obtain the inequality

1/2
liminfinf sup Pf[L(fn,f) (c—f—l) 1(1;"/25,.,}2&, (33)

=00 f feXm(M)

Now we consider the sequence {c,}. Since fo(w) = Co > 0 on Q and supp(gn.«) = ig’(pn,a, a,), we have

Ecwo Ane.a(1,0)% = f (f,f“"”)z(x)(f:(“’m)-l(x)dvgoo}
" M

=11+ f (LD (x) —fn‘<°"°>)2(><)(f,f("’°))_1(X)dVg(X)}
M

n
1
N PR 2(ﬁ+y)/ HZ, —expp” (x) |dVg(x) (34)
0 a'7;’(Pn,unan) ' {n

Introducing the geodesic spherical coordinates on B (p,.«, a,) as used in Section 3, then the last term in (34) can be written as

oL

Pn,a

Hy o (t6)v/g(ant; §)duy,, (S)df} : (35)

Ifweleté = Z?:l &e;, from Lemma 3, it follows that

k m
Vet E) = ("1 e 1Zt 3 2 Pr)E 8 (36)
J1seeesdk=1

Since the Riemannian curvature tensor is a C* covariant tensor field and £2;, _j, (Pn«), the coefficients of gh ... gl for k

even, can be expressed in terms of the curvature tensor and its covariant derivatives, then on the compact set Q, each term
in(36)is

£ k(p)gh -..%‘jk <A

forallp € Q and ¢ € &,, where A is independent of n. Therefore, from this fact and (32), we see that

Efs(mo)An,E,a(],O)z :{ +< ) 2(ﬂ+y)+m[ [
! 3

Pn,a

Hy ()" dtdyuy,, , (€) + O(CIﬁ(B”Hm)} . (37)

If we take a, = n=(/2+2y+m then lim,_, o ¢y = ¢ < 00. Now we compute §,. As we have just seen,
172
L(O, gn,oz) = /_ |gn,a |2(X)dvg (X)
B(Pn,a-an)

1/2
1
= Cmﬁ“’[/-;(p )Hﬁ’“(a expp1 (x))dV (x)]
n,o»0n

1/2
— Claﬁ”*(’"/z){/ / 1-12 L(EE™ ‘dtdupw(s)Jro(an)}
&

Pn,a

— Ca§+y+(m/2) + Oa(a5+y+(m/2))’



126 Y.T. Kim, H.S. Park / Journal of Multivariate Analysis 114 (2013) 112-126

where o, (a2 ™2y may depend on «. But it is obvious that inf, o (a7 T™?) = o(a?™™?). From this it follows that
KM2s, = Cn—(ﬂ+1/)/(2/3+21/+m)(-1 +0(1)
n E)

and hence from (33), n~#+7)/2B+2v+m) jq 3 Jower rate of convergence. This result immediately gives lower bounds to con-
vergence rates in L*(M) metrics:

liminfinf sup E(llf(p)— fn(p)nfzn2<ﬁ+y>/<2ﬁ+2y+m>) >0. O
"0 o feZmM)
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