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1. Introduction

1.1. There is an abundant literature concerning functional data analysis (FDA) and prediction of stochastic processes in
infinite dimensional spaces. In particular, the books by Ramsay and Silverman [50], Ferraty and Vieu [31], Ferraty and
Romain [30], Horvath and Kokoszka [35] and the recent book edited by Bongiorno et al. [9] contain interesting theoretical
and practical results. See also [11,13]. In general, X takes its value in I = L2([0, h]) or in C = C([0, h]), but, in some
situations, one may consider that a jump does exist if there is a large peak: see, for example the annual sediment in [9, p.
8]. Thus, it is perhaps more natural to consider the space D = D([0, h]) which is cadlag and equipped with the Skorohod
metric d° (see [6, p. 125]): with that metric, D becomes a separable complete metric space. Note that this metric is not easy
to compute. In this paper, we consider cadlag processes from a functional point of view: by this way, we work in the context
of FDA with jumps.

1.2. Works dedicated to jumps in stochastic processes appear very often: actually, there are more than 1200 papers
concerning them. Thus, we may only give recent and limited references. For example, processes with jumps are widely
used in finance: we may refer to [20,54]; [39, part 2], [29, ch. 10]; [49], etc.; but applications can also be found in fields as
varied as the environment, medicine, reliability, etc., see e.g. [33,4,16,10]. Many mathematical models have been proposed
and studied [25,42,34,24], and statistical estimation appears e.g. in [18,17,26], etc. Note that the pioneer paper concerning
jumps appears in Lévy [44]. Other references of interest will appear below.
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1.3. Now, here and in the books quoted in Section 1.1, our purpose is somewhat different since we want to observe a process
over a sequence of time intervals. More precisely, let (&;, t € R) be a real measurable continuous time process. We put

Xn(®) =&t 0<t=<h nez (1.1)

where h > 0 is a time interval. The process may contain some jumps and we envisage to detect them and to estimate
intensity of jumps, given the data X1, ..., X,.

Another motivation should be prediction of X, over the time interval [nh, (n + 1)h]. One way to predict X, would
be to treat continuous time and jumps separately (see [51,1,52], etc.). As an example, consider the functional autoregressive
process of order 1 (ARD(1)):

XTH—](t) = p(Xﬂ)(t) +Zﬂ+1(t)7 0 S t S hv ne Zs

where p is a continuous linear operator with respect to the sup-norm. Then, in order to separate the continuous part from
the jump’s part, we may suppose that p(D) C C.That condition is satisfied by the Ornstein-Uhlenbeck process driven by a Levy
process, cf Example 2.1. Another classical example is given by: p, (x)(t) = foh r(s, t)x(s)ds, 0 <t < h,x € Dwherer satisfies
Example 2.2, see also [21,35], etc. Thus, p,(x) € C. Finally, the condition p(D) C C seems quite standard and characterizes
the unpredictability of jumps by confining them in the innovation process. Now, the best probabilistic predictor of X;,, 1 is
p(X,) and it can be approximated by using an estimator of p. An exponential rate is obtained in [11, p. 222-235], when the
detector and intensity of jumps appear in the current paper. One direction (currently under development) will consist in
combining the two approaches to improve the prediction.

1.4. A more general model should be the ARMAD(p, p) process defined by
Xy = p1(Xn1) — -+ = ppXn—p) =Zn — p1(Zn-1) — -+ — 0,(Zo—p), NEZ,

where X, and Z, are D-valued and where pj, ,oj’,j, j =1,..., pare continuous linear operators with respect to the sup-norm.

In order to study this process, it should be possible to work in the space D([0, h]P) (cf[43]). Note that if p;, ,o]./,j,j’ =1,...,p
are C-valued, X;, and Z, have again the same jumps.
Now, since this model is difficult to handle, and in order to simplify the exposition, we take p = 1 and write

Xo — pXno1) =2y — p'(Zy—1), neZ,

note that, Z,_; may be replaced with an exogenous variable (see for example [32]).

1.5. We now give some practical examples of jumps over time intervals:

- a patient’s electrocardiogram at each minute [46,48,45];

- the temperature day by day [56];

- El Nifio southern oscillation (ENSO): a prediction over one year shows a jump in May [5];

- wave amplitude [55];

- pollution day by day [35];

- credit cards transaction and its prediction [35];

- another example is electricity consumption: it admits a jump early in the morning and in the evening (see [3,27,28]);

- administration of a drug treatment: each day produces a shock at time intervals (see [40]);

- astronomical time series with 100000 data (see [48]);

- earthquake and explosion: [46];

- predicting ozone [36,22,15,23];

- predicting the euro—dollar rate [41];

- finally, the mistral gust during one day or one week is one of our objective for prediction: 240000 data are at our disposal.
Predicting the greatest jump should be of interest, see [37].

1.6. In our considered framework, preliminary results were first obtained by Bosq [12] and, the case of observations in
continuous time also appears in [7]. Here, we use high frequency data (HFD); this scheme appears in many situations (see
[8,19,2] among others). Concerning prediction with HFD, practical results will be studied later with combined predictors. In
particular, we will apply the results to the mistral gusts with big data.

1.7. In Section 2, we introduce the ARMAD(1, 1) model which is connected with FDA:
Xo—m—pXyy —m) =Zy — p'(Zoo1), NEZ (1.2)

where mis a trend and p(D) C C, p’(D) C C so that (X,,) and (Z,) have the same jumps. We give several properties of (1.2)
as well as examples. In the following, we study various types of jumps.

In Section 3, we consider data of the form X,»(qin), ¢ =0,...,q0,qn = 1,i = 1,...,n; where ¢ and g, are integers
and (Xi, ..., X,) are D-valued realizations of (1.2). We consider the case of fixed but unknown instants of jumps t, ..., t,
where t;, denotes the jth jump, j = 1, ..., k and k is unknown too. In this part, each jump may occur randomly at time ¢;
with unknown probability p; € 10, 1],j = 1, ..., k, so the number of jumps is a random variable dependingoni=1, ..., n.
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We propose and study detectors of jumps and next, we derive estimators of each intensity of jumps by estimating p; and
plug-in the detectors.

Section 4 is devoted to the case of random instants of jumps: 0 < Ty < T, < --- < T, < 1 with K; a N-valued random
variable. We consider the case where intensities of jumps have the same ordering in each X;. To estimate these intensities,
we detect the k, k > 1, first jumps by considering separately each X;. Here, as K; is random, the difficulty is to select the
sample paths with at least k jumps. In this section, we also derive results for estimating the maximal jump.

In Section 5, we consider a final scheme, the completely random one where the ordering of jumps varies from each sample
X;. Similarly as in the previous section, we detect the jumps with each trajectories considered separately. To estimate their
intensities, their random ordering makes the problem intricate but we propose a method in the case where the number of
jumps is fixed. It is based on a trick, derived from Viéte’s formula, that allows us to provide estimations (based on numerical
approximation for a number of jumps greater than 4).

2. ARMAD(1, 1) processes

2.1. Model and properties

In order to study the jumps of the real continuous time process X = (X;, 0 <t < h), h > 0, we consider the space
D = D([0, h]) of cadlag real functions defined over [0, h]. The sup-norm ||x|| = supy,y |x(t)| entails non-separability of D.
Thus, it is more convenient to use the modified Skorohod metric d° (cf [6, p. 125]); with that metric, D becomes a complete
separable space.

The process X being defined on the probability space (£2, 4, P), we suppose that it is 4 — £ measurable where D is the
o -algebra generated by d°. Concerning measurability we refer to [38].

Now, if p is a bounded linear operator, i.e. || pll , = SUPyep jxj<n I0X) || < 00, then, it is H-D measurable. Also if there

is a jump at to, x = x(tp) — X(t, ) is a continuous linear form on (D, ||-|), see [47].
We consider the ARMAD(1, 1) process defined as

Xo—m—pXoy —m) =2, — p'(Zy_1), nez, (2.1)

where p and p’ are bounded linear operators, m = E (X,), and (Z,) is a strong white noise, i.e. the sequence (Z,) is i.i.d., and
such that E [|Z,|?> < oo, E (Z,) = 0. Note also the presence of the trend m.

In order to show existence of the ARMAD process we make the following assumption, weaker than those considered
in[7]:

Assumption 2.1 (A2.1).3jo > 1 : [p?||, <1and3j; =1 : ||pit], < 1.

Lemma 2.1. If Assumption 2.1 holds, we have
0 .
X —m=p ZO P (20— 0 @r1p). nez, (22)
j:

so the process (X, — m, n € Z) is stationary and (Z,, n € Z) is the innovation of (X,, n € Z).

Proof. To simplify the exposition, let us assume that m = 0. We may write Y, = Z, — p'(Z,_1),n € Z then, (Y,) is an
equidistributed sequence and ||V, || < |Zull + || 0’| , I1Zn—11l, thus

EYall? < 2B11Z:J + 2 |05 B NZoa 1? < 201+ |0 |DE 1201 < oo

Now, we study

B| Y s = X ok ot (1ol 1oy

J=k+1 JJ' =k+1

) <E (I%I?) (Z ||p||{,;)2

j>k+1
and A2.1implies )", oI, — 0 which gives (2.2). Finally, the condition 3j; > 1: || p71|| , < 1gives invertibility and
- —> 00
consequently, (Z,) is the innovation of (X;;). H
We consider the following assumption:
Assumption 2.2 (A2.2). p(D) C C, p'(D) C C; also,m € C.
From (2.1) and A2.2, one obtains for each time of jump t, (fixed or random)
Ay (to) = Xn(to) — Xn(t(;) = Zy(to) — Zn(t(;)v nez

which shows that X, and Z,, have the same jumps and that (An(to)) is i.i.d. This assumption is reasonable since we have the
following examples. Here, we may suppose that m = 0 in order to simplify the exposition.
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Example 2.1. Consider the Ornstein-Uhlenbeck driven by a Levy process given by:

t
& = / e 99 dI(s), teR (O > 0)
—0o0

[14,20] and observed over a sequence of time intervals. By using (1.1), we obtain an ARD(1) process that satisfies X, (t) =
P9 (X)) (6) + Zys1(t), 0 < t < h, n € Z, where the linear operator p, has the shape py (x)(t) = e ?'x(h),0 <t < h,x € D
and with

nh+t

Znia(t) = / e V=9 dr(s), 0<t<h, nez.
nh

Then (Z,) is a strong white noise which may contain jumps, and since py(x) € C, X, and Z, have the same jumps.

Example 2.2. Set p, (x)(t) = foh r(s,0)x(s)ds,0 < t < h,x € D,with|r(s,t) = r(s,t)| < c |t —t|"0 <a < 1,0

t,t’ <h,c > 0,then

IA

h
pr0€) = pe0(®) e~ [ ol es —— 0
0

|t—t'|—0
since x is bounded (see [6], p. 122). Then, a classical example of ARMAD(1, 1) may be derived with X;, — p;(X,—1) =
Zy — pr(Zyn—1), n € Z where p,s satisfies a similar condition as p,.

Example 2.3. Put X, = p(Xy) + Zy+1, n € Z, where ||p’0 ||£ < 1 for some j, > 1. Then, it is possible to predict X, 1 by
considering continuous time and jumps separately (see [51,1,52]). Thus, we may suppose that p(D) C C.

2.2. Discrete data

Here the data are supposed to be discrete. They take the form X,-(qin), £=0,...,qy,q, > 1,i=1,...,n, where £ and
qn are integers and g, — oo asn — o00. Now, in all the following we set h = 1 so if (&, t € R) is the real measurable
continuous time process such that X;(t) = &;_1, one observes &; at nq, + 1 discrete times 0, qn”, .., n— q;l, n.

The instants of jumps associated with X; are denoted by Tj, . . ., Ti,, they can be fixed or random, as well as K;, and they
satisfy 0 < Ty < ---Ty, < 1,i = 1,...,n, almost surely (a.s.). Next, in order to avoid local irregularity we need the
following hypothesis:

Assumption 2.3 (A2.3).For0 <o < 1, (s, t) € [0, 1]%:

(i) For x € D, the functions p(x), p’(x) and m are Holderian:
o)) — pR)(S)| < al@) |t —s|* (a>0),
|0/ (X)) — p'(x)(s)| < bXx) |t —s|* (b > 0),
[m() —m(s)| < cnlt —s|*  (cm > 0).

(i) Fori.i.d.and integrable M;: |Z;i(t) — Zi(s)| < M; |t —s|*, (s, t) € I, where Iy, = [0, Tj; PU---U [Tik; » 1%,i=1,...,n

Note that Example 2.2 satisfies A2.3-(i) with a(x) = ¢ fol |x(s)| ds and that the Ornstein-Uhlenbeck process or the fractional
Brownian motion with jumps satisfies condition A2.3-(ii).

In the following, we will use repeatedly the following result since it gives a measure of proximity between increments
of X and Z.

Lemma 2.2. Under the condition A2.3-(i), we have:

1Xi(s) = Xi(t)| — 1Zi(s) — Zi(D)|| < (a(Xi—1) +b(Zi—1) +cm I = pll o) Is — €™,
i=1,...,n,(,t)e[0, 1]
Proof. The relation (2.1) gives

IXi(s) — Xi(O)] = 1Zi(s) — Zi(O)| + [pXi=1)(s) — pXi=1) (D)

+ 0" @) () = ' @) O] + I = pll Im(s) — m(©)] (2.3)

next, A2.3-(i) implies |Xi(s) — Xi(t)| < 1Zi(s) — Zi(t)| + (@(Xi—1) + b(Zi—1) + cm Il — pll2) Is — t|*, and reversing the
inequality, one obtains the result. ®
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Note that if m is constant, it disappears in (2.3) and the term cp, || — p||; is no longer relevant. One may handle this case
with the choice ¢, = 0. The next result shows that, excluding the jump’s times, X; satisfies also a Hélder type condition. It
is a direct consequence of Lemma 2.2 and condition A2.3-(ii).

Corollary 2.1. Under Assumption 2.3, we have
IXi(s) — Xi()] < (@Xi—1) +b(Zi—1) + Mi+cmlll — pll)Is—t1*, i=1,....n
provided (s, t) € I = [0, Tq[?U--- U [Tk, 1[%,i=1,...,n.
Now, throughout the paper, we will suppose that Assumptions 2.1, 2.2 and 2.3 hold.

3. Fixed jumps with k unknown

3.1. Framework

In this part, we consider the model (2.1). The (Z;) are i.i.d. functional random variables such that each Z;,i = 1, ..., n,
has at most k distinct jumps, with a fixed but unknown k > 1. These jumps may occur randomly at fixed times tq, ...,
withO =1ty < t; < -+ <ty < tgg1 = 1suchthattj; —t; > § > Oforallj =1, ..., k — 1. More precisely, we set:

Ay =Zi(t) —Z(&))| = X&) =Xt =Yy, i=1,....n

where Z,»(tj_) = lim,n0Z(t; — n) and (I, j =1, ..., k) are positive random variables that describe the jump amplitudes.
Here, we suppose that P(I; > §;) = 1 for some positive §; and, that (Y;, j = 1,...,k) are independent random
variables with Bernoulli distribution B(p;), p; €10, 1],j = 1, ..., k. Also, Y; and I; are independent, which means that
E (4§ = E(Ayj) =pE ) > 0,j=1,..., k Hereafter, we present an example illustrating the considered framework.

Example 3.1 (Case k = 1). Consider n independent copies of Y; with 8(p) distribution, p; € ]0, 1] and (W;(t), W5(t), t €
[0, 1]) where W; and W, are two independent C-valued processes. We set

Zi(t) = Wit (OTo,1;,( () + W (OLjr, 11 (£), i=1,...,n, t €[0,1]

with Tj; = t; €]0, 1[if Y;; = 1 and T;; = 1 otherwise. In this case, intensities of jumps are given by |Z,-(t1) — Zf(tl_)| =
[Wiq(t1) — Wi (t1)] Yi; and each sample path has at most one jump located at t;. Note that p; = 1 gives a systematic jump
at ty. Such modeling refers to short-term perturbations that can be interpreted as impulses: for example, we may think of
treatments where impulses correspond to the periodic administration of some drugs.

Finally for convenience, we suppose that E A,y > --- > E A, > 0 for some given permutation (o(l), e a(k))
of (1,..., k). By this way, we denote by t,; the jump time having the jth intensity As;,j = 1,...,k Our aim is
to estimate the amplitudes E (I;;),j = 1,...,k on the basis of the discretely observed X, ..., X, from the model
(2.1): Xi(q%)a £=0,...,q,,i=1,...,n,where £ and g, > 1 are integers and lim,,_, o, g, = o0. First, we will estimate the
times tj,,j = 1, ..., k defined as:

0 < bn =1 <tj§£ﬂ::tjn, j=1,...,k.
qn qn

Here and throughout this part, we consider g, sufficiently large to have t; # t; = t; , # {; , and we use notation ¢;, £ for
i n, £s).n- Also, we set

— 1< L -1
=2 2 () % (=)
sz,n n - ‘ i n i n

and make the assumption:

s 521,---,%

Assumption 3.1 (A3.1).

(i) The distribution ofEM, {=1,...,qyis continuous.
(ii) Ij > 61 > 0(as.),j=1,...,ki=1,...,nwhere §; is fixed.
Finally forj=1,...,k,or¢ =1,..., q,, we set:

n

Ajn= %Z|Xi(fj) —Xi(§7)| and EEZ; = :llzn;‘Z(qi) _Zi<f— ])‘

i=1 qn

>

. . .. N —(Z —
We begin with a result giving the proximity between {2}_,),, and A;j ..
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Lemma 3.1. Forallj = 1, ..., k A2.3-(ii) implies that ‘EZ)H — Ajn

<2Mgq;® withM = 1 3" | M;.
Proof. First, note that we have the simple inequality
[lu—vl—x—yl| <lu—x+lv-yl, u v xyeR. (3.1

Since Aj, = = Y, [Xi(t) — Xi(t7)| = £ X0 |Zi(t) — Zi())
1< “ £ i—1

<23 () -2 (U] - law -z
n; dn dn 2L 2l

1< £ _ £ —1 —
= - la(2) —zw)| +|ae) - z2(F—)| < 2Mq;
ni3 n q

n

, this implies

—2) _
’Cej.n - Aj«n

.\ . L ¢ -
from the condition A2.3-(ii) and the properties q—’n € [, qunl[ and ti € [1—1

qn ’ tj[ u

3.2. Detection of jumps

Since k and §; are unknown, we consider two sequences: k, — oo and u, — 0 such that u,q5 — oo, fora €]0, 1]
defined in Assumption 2.3. For example, if g, ~ nf, 8 > 0, an omnibus choice for u, is u, ~ (logn)~'. In order to detect
the jumps, we need the following assumption.

Assumption 3.2 (A3.2). Suppose that one of the following two conditions holds true:
(i) - E(a(Xy)) < 00, E(b(Z1)) < 00, E (M;) < o0,

|4 .
E(|Zi(t) — Zi(t)]) <00, j=1,....k

= Dm0 < 00
(ii) - a(X7) < ax < 00, E (exp(c1b(Zy))) < 00, E (exp(czM1)) < 00, (s > 0,¢; > 0,y > 0),
E (exp(cs |Z1 () — Z1(t7)|) < 00,j=1,....k, (c3 > 0).

Considering Example 2.2, A3.2(i) holds as soon as E (fol |X1(s)| ds) < oo but the condition imposed on g, implies that
sample paths should be observed with high frequency, especially when « is small. Condition A3.2(ii) is more stringent since
a(Xy) is supposed to be bounded, but in this case, the only requirement g, — oo is sufficient to derive exponential rates of
convergence. N N

Now, the jumps detection is carried as follows. We set £1 , = £; = arg maXy—1,

an §enandas g, > Up:

¢; = arg  max Come =2, k.

The number of detected jumps is then given by

ki=k, = min{j =1,... k : Ezj <upf—1.
Remark that the unique restriction on kj, is that k belongs to {1, . . ., k,} for nlarge enough: k, — oo is a sufficient condition.
Hence if the above set is empty, it means that there exist at least k, jumps: in this case, from a practical point of view, one
has to replace k, by k;, with k; > k. Finally, detectors of jumps locations are given by (t1 4, ..., t,) = (. ..., tfn)
o - . e ~ 7 7 . -~ =
where tj*n is the jth order statistic associated with (t1,n, ..., ) = (571.’ el q—‘n‘). Note that (a.s.) uniqueness of t1 5, .. ., g,

is guaranteed by Assumption 3.1 and the next theorem shows that the times of jumps are detected with probability 1.

Theorem 3.1. Suppose that Assumption 3.1 holds, then the condition A3.2-(i) implies:

% %
PG # 60)) = (UG # o)) = 0(n72) + 0(u;',); (32)
j=1 =1
while A3.2-(ii) gives:
k ko
PG # 6in)) = B(UEn # o)) = 0(exp(—cm). c > 0. (33)
j=1 j=1
The same bounds hold for ]P(/k\ # k) so in both cases, we obtain that a.s. for n large enough, % = kand forj =1,...,k:

E,n = ta(j),n~
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Proof. We may write IP(U;‘:1{Z # L)) < ]P(UJ’-(:]{E- #4Ll5)) + P(k # k). First, we have
Pk #k <P (U{zzj,n < un}) +P(C7,,, 0 > Un)
=1

where P(US, (8, < tn}) < P T, o < ta)) + PUL, (G # Lo))) and

k
P(7,,,, > un) < Py, 0 >t Nyl = L)) + P (U{e,» # za@}> :
j=1

Hence,
o k _ B _ ko
P (U{ej # eg(,)}) <D PQpn S Un) P 0 > Un Ny (G =€) +3P (Um— # Ea@}) : (3.4)
Jj=1 j=1 j=1
For the first term, we get from Lemmas 2.2 and 3.1 thatforj =1, ...,k
Ctppn = Aalyn = 05" M +8x + bz + I = pll ), (35)

wheredy = 13" a(X),b; = 131, b(Z)and M = 1 > | M;. Now, we set in all the following A, = 2M + ax + b; +
¢m I — pll for obtaining

IP(EZUU),n = un) = ]P(er(j),n = Uy + q;aZn)
- E (Ao j ) — E (Aa j )
=P <|Aao‘>,n —E(Ap)| = %) +P (An > (% —Un |Gy |-

These terms are controlled by the following lemma whose proof is postponed to Appendix.

Lemma 3.2. (1) Under the conditions A3.2-(i), we get IP(!ZGU),H —E(Asp)| = M) = O(n™?) and P(A, >
E(Ag () o —a .
(=52 —uy)q¥) = 0(q,) forj=1,... .k

(2) If the conditions A3.2-(ii) hold, IP(!ZUU),H —E(Asp)| = W) = O(e"), for some ¢ > 0 and P(A, >
(w —up)g?) = 0O(e~ ") forj=1,....k

Concerning again (3.4), the term IP(ETkH > Uy, ﬂ]’-‘zl {Zj = {5()}) is controlled with
T = 0 @=to)) = U Gl
Llsyselo)}

and Corollary 2.1 implies that, forall £ & {€s (1, ..., Lo }:

{Con > tun} = {q, %@ + bz + M+ |l = pll ) > tn}.
This last event does not depend on ¢, so
Py, Vi {l = Logp}) < P(@x + Dbz +M > g2 — cn I — pll).

For this term, we obtain the bound O (u;, 'q;*) under the condition A2.3-(i) while A2.3(ii) gives a O (e~ Mundi),

_For the last term in (3.4), observe that the property P(A U B) = P(A° N B) 4+ P(A) implies for k = 2 the relation:
Py # boy Ul # Lo2) = Py = Lo1y, L2 # €o2)) + P(€1 # £o(1)). Next by induction and using the convention
>7... =0, we obtain

k—1

k
P(UG # toi)) = P@ # toa) + Y PE = Loy, T = Lo, T # o).
j=1 j=1

First part: Study of ]P(Z # Ls)).

Clearly, the relation Ez (o > MaXe=1...an Ez 2= 41 =L givesP(€y # £y(1)) < IP(@ @y < MaXe=t..qn E[ ,,).
o 5#20(1) ’ o(1)» Z#Zo'(l) s
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Settingj = 1in (3.5), we obtain P(¢; # £, 1)) < P(Ag(1)n < MaXe=1,..an Ly + Gy An). Next, we get
P

Lo (1)
max g‘l n — max( max El,n» EKU(Z),W tee EK,,(k),n)
z#éa('l) (1) ’z#o(,o
< max(q,“@x + bz + M+ e Il = ple)s Coyyims -+ -5 Sty gyun)- (36)
On the other hand, from Lemmas 2.2 and 3.1, we get for allj > 2,
Sty < Aon + 65 * @M +ax + bz + e T = pll o) (37)
We may deduce that max e=1,..qn ¢ en < MaXj—p a(,) n + q,% A, and, finally, we obtain that
£ (1)
Py # Lo1) < P(Aoiyn S _max Ao(;) n+20,%Ap) (3.8)

,,,,,

and

Pl # o) S P(Agyn < Avyn + 20, “An) + P(As2)n < max Aa(;) n)-

Note that (3.8) reduces to ]P(A(,(l) n < Zq;‘)‘An) ifk=1: thls particular case will be handled in the second part of the proof.
Here, since Ag(z) n < MaXj=3 .k AsGn < Aj=3,....k Asjyn > Aa(z) n, We get

Py # L) < P(Zn(zm — Asyn — E(Ao2) — As(1) = E(Aor) — As2) — 24, An)
+ Z Asyn — Aoeyn — E(Ac) — Ao) = E(Ag) — As())- (3.9)

By considering the event {E (Ay1) — As(2)) — Zq;“Zn > %]E (As1) — As(2))}, we may bound the first term of (3.9) by
P(As@n — Aoyn — E (Ao2) — Aon) = W) + P4, > w %). These probabilities are controlled
by the following lemma whose proof is postponed to Appendix.
Lemma 3.3. Forallj=2,...,k,j =1,...,j— 1and n > 0, the following bounds hold.
(1) If the conditions given in A3.2-(i) are fulfilled, P(A, > nq¥) = O(q,) and
P(A5G1n = Aorn — E(Aeg) — Aoy) = 1) = O(n7?).
(2) If the conditions A3.2-(ii) hold, P(A, > nq%) = ©(e~*"™) and for some ¢ > 0:
P(Asgyn — Aoyn — E(Aag) — Aghy) = 1) = O(e™").
Finally, the last term of (3.9) (which exists only for k > 3) is also derived from Lemma 3.3. Consequently, the control

of P(€1 # £,(1y) is achieved by collecting all the previous results and Borel-Cantelli’s lemma implies that a.s. for n large
enough, {1 = €,(1).

Second part: Study of Z 1 ]P( 1{Zm =4Lom} N { i1 7 Logrny)) for k> 2.
For this term, we have

ﬁ];nzl{zm = ga(m)} N {Zj+l # Ea(Hl)} = ﬁjmz1{zm = Ea(m)} N {arg max Ee,n #* ga(j+1)}-

{#50(1) ,,,,, LT

As (¢, g > MAX g Con) = {argmax  =i..qn  {ypn = Logsn), we deduce that the probability of
7 (1)l 41) b (1)t ()
interest is bounded by ]P@‘fa(m)," < max I —— Z, ,,) Then, using the convention Z] = 0, it is sufficient to

Al (1)l (141
control the terms

k=2

Z <Q”(’*” " max( S Cem Ceggaaym oo Qa(k)’")> + P(C‘zﬂ(k) n = max Q*”)'

j=1 AL (1) (k) z#a(l).j..,z#éa(k)
Using the bounds established in (3.5)-(3.7), we arrive at

k=2
]P< oG+ = I}PX Agmyn + 26, Ay ) + ]P<E Asty — Ason = E Agey — 2q;aAn)

j=1



D. Blanke, D. Bosq / Journal of Multivariate Analysis 146 (2016) 119-137 127

where again A, = 2M + Gx + bz + ¢y, ||l — pl| z. The study of the first term is analogous to that performed for the term
givenin (3.8). Details are left to the reader. The second one is handled similarly to (3.9) for obtaining: ]P(’Z(,(k).n —E As ] >
W) +P(A, > Wq,‘f) and the upper bounds are the same as those established in Lemma 3.3. Collecting all the results,
Borel-Cantelli’s lemma applied to (3.4) implies that ) ]P(ic\ #k) <ooand ), ]P(U]'f:l{zj # EJ(,-)}> < oo leading to the
final result. =

3.3. Estimation of intensity

Since a.s. for n large enough,?? = k and consecutive times of jumps are detected with (?1, . ,?@) = (Z*, . ,Z%) the
associated order statistic, we may evaluate their corresponding intensities E (I;),j = 1, . . ., k. We start by estimating I (4;)
with

O LI -1

Aj=72\x,.(—’) —xi( i ) L j=1,....%
ni= n an

Since E (4;) = p;E (I)), estimators of E (I;) are given by

-~

n

~ A 1 , ~
[ == wherepj:fZ]I 3 51 , j=1,...,k
D n & {xih—xElu )

with the same u, as in Section 3.2, satisfying again the condition: u, — 0 such that u,q* — oo. Note that p; BN pj so,
n—oo

a.s. for n large enough, the denominator is not zero.
For the almost sure behavior, we study the quantity

(Aj = E(A) — @ — pDE (1) i ~
= : .

T—Ed) =

and for ¢ > 0, we get

* k
P (U@—E(m ze) =phk#+Y P -BW1)|>e)
Jj=1 j=1

_ L b 5 P,
<Pk # k) +;P<|Aj —]E(Aj)| > 7) + P <|Pj_Pj| = 2E(Ij)>

and for all €10, p;[, we have

k
~ -~ e(pi—n) ~ e(pi—n) ~
<Pk#+) P([4-E@)|z =) +P([B-plz =" )+2P(B-plzn) (310
= 2 2E (I))
where the latter term doest not depend on €. Then we may derive the following result whose proof is postponed to Appendix.

Theorem 3.2. Under Assumption 3.1, we obtain

(1) if the condition A3.2-(i) holds, and u, = (logn)~", q, = n? with g > %, then almost surely for n large enough

log n)¢ 1
|71—E(Ij)|=(9(( g%)), C>Z’j:1""’k;
n

(2) if the condition A3.2-(ii) holds, and u,q% — oo, then almost surely for n large enough

|Tj_E(1j)| :(9(\/?), i=1,...,k

We conclude that, under the mild conditions A3.2-(i), one needs to observe each sample path with high frequency to estimate
the intensities of jumps with some given accuracy. Recall that « is linked with regularity of the process between two jumps.
Looking at the condition 8 > % it appears, as expected, that more « is small, more the estimation will be difficult without
a high sampling rate. Under A3.2-(ii) with the boundedness of a(X; ), we are close to the classical root-n rate of convergence.
Finally by examining the proof of Theorem 3.2, it appears that the strong consistency of J; holds as soon as g, — 0.
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4. Random jumps

4.1. Detection of jumps

Now, we suppose that Z;,i = 1, ..., n, has K; jumps at random instants, with K; a nonnegative integer-valued random
variableand 0 < Tj; < -+ < Tj, < 1 almost surely if K; > 1. Here the sequence (|Z (Ty) — ZI-(Tij_ JKyi=1,..., n),
wich(Ti;) = limy\ 0 Z(T;j—n),isiid. Wesetp, = P(K; = k) fork > 0, po # 1,and also, we suppose that K; is independent
from |Zy(Ty) — Z(T;)|,j = 1,...,K,i = 1,...,n. Assumptions 2.1-2.2 lead to |Z(Ty) — Z(T;)| = |Xi(Ty) — Xi(Ty |-
Recall that the trajectorles satlsfy a Holder condltlon between two consecutive jumps. The main dltjference with the prev1ous
section is that times of jumps differ from one sample path to the other. By this way, we have to consider separately the X;'s for
their detection. Finally, we associate to each T;; an integrable intensity of jump:

Aj = |Xi(Ti,j) - Xi(Ti;)| = |Zi(Ti,j) —Z(T;;

with P(Ay; > 8;) = 1 for some §; > 0.

j=1,...,K;i=1,...,n

Example4.1. Let 0 = Ty < T;; < --- be a strictly increasing sequence of random variables (almost surely). Let us set
K = ZJO:O1 I, <1 and Z;(t) = ZH Yj LI 1y (8) if Ki = kwith Ty g1 = 1,0 < ¢ < 1, where Yj; is 4 — By measurable
and foreachj=1,...,k Yy, ..., Yy areiid. Note that an example of such a model is the compound Poisson process.

Now, for¢ =1,...,¢qs,j=1,...,Kandi=1,...,n, weset:

1) () =) -2

and we consider the integer-valued variables Ly, defined as:

Cien =

L —1 L
i <T;<2, j=1,...,K, i=1,...,n (4.1)
qn n
We associate them with the increments &, = = |Xi( L””) Xi( L'J"n_l)} and ;,EJZ; ]Z, L”” Z,(L”" 1)] Thus, these variables
correspond to the increments including a jump. To detect these jumps, the followmg conditlons will be useful instead of
Assumptions 3.1 and 3.2.

Assumption 4.1 (A4.1).
(i) Wiy =Tij—Tij—1>80,j=1,...,K+ 1, whereT; g =0, T; k.41 = 1and d is a positive constant.
(if) Aj > 81 >0(as.),j=1,...,K,i=1,...,nwhere §; is fixed.

Assumption 4.1 means that Wj; and Aj; are not too small. Here and throughout this section, we take n large enough
(namely such that 2 o < 81) to make sure that all intervals [Z ! ‘Zn 1, = 1,...,q, include at most one jump. The first
condition can be relaxed as shown by the following remark.

Remark 4.1. The condition A4.1-(i) excludes in particular gamma-distributed interarrival times. By adding the condition
> .=114," < oo, observe that all subsequent results of this part hold true as soon as P(T;j 11 — Tij < q,' | Ki =

k) < 1//(k)q;1 with i such that E (K;¥ (K;)) < oo. A compound Poisson process satisfies this condition since we have
P(Tijo1—Tij<q;' | Ki=k)=1—(1—q; ") < kg, and E (K?) < oo.

Assumption 4.2 (A4.2). Suppose that for some p > 1:
(i) E(a(X1)’ < 00, E (b(Z1))" < 00, E (M)’ < o0,
(i) Dpeqngn“Pup” < o0,

The condition A4.2-(ii) implies that more « is small (more the sample paths are irregular), more p should be chosen large
enough.

Now, to detect the jumps we consider the random set .£;, defined by £;;, = {Lijn, ji=1,...,K, K> 1}, i=1,...,n
and we predict this set with

D L
Lin={e{l,....q} : ‘Xi<f) _xl.<
n

0 >‘ > ]

still with un — 0 such thatu,q; — oofora € ]0 1] defined in Assumptlon 2.3. Agam an omnibus choice is u, = (logn)~!

for g, = nf, B > 0. Moreover we denote by K the cardinal of the set £m and {Lll, e, L11<} its elements. We begin with a
result enllghtemng the fact that for each sample path and n large enough, one may 1dent1fy the K; jumps with probability 1.
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Theorem 4.1. If Assumptions 4.1 and 4.2 hold, ]P(UL Lin 2 aCin) = 0(ng, “Pu,’).
Proof. We have
Lin=Lin ¢ @Vj=1,... K, Lin€ Lin (K=>1)
(D)VEF Lin, € Lin
We may deduce that |} { £ # £} = UL {UK’ {Lin & L} U {UI vegen (L€ fm}}]. Moreover Ujlil{Lijn ¢ Lin) &
{ 1<1 |X(Lljn X(Lun )| < un} and J™"_, (¢ € L) & { é?l |Xi(—) —Xi(‘f;l)| > un}}.Hence P(U?zl{fm %

¢ Lin
Lin}) < Z, 1 Ditn + Pian With piyp = IP(UKI 1{|X (LU” —Xi (LU" ])| < Us}) and pipp : X( )|
Up}).
Let us begin by pj1,: from Lemma 2.2, we have:
Lin — 1 L; Lip— 1
—(@Xi-1) + bE1) + cn = ol g, + |2 ””) —z(m) ] = () - x(2 )
n n qn
Lijn — 1
< @) D) + enll — ol g +[2(2) —z( )|
qn qn
Moreover similarly to Lemma 3.1 we may deduce from (3.1) that
ijn Ljn —1 - —a
Hz( ) —Z,»(T)‘ . ‘z,-(T,»,-) yA )H < M. (4.2)
n
Setting A; = a(Xi—1) + b(Zi—1) + 2M; + cm Il — pll ;, we get
—a — Lijn Lijn —1 —a —
gy + [ 2| = [)(2) =X ()| = A |z — 2| (43)
n n

and pj1, is bounded as follows:

K; K;
P (U{|Zi(Tij) _Zi(Ti;)| <up+ AiQ,«T”}) <P (U{|Zi(Tij) - Zi(TJ)| < Zun}) + P(A; > qrup)

IA

Pitn
Jj=1 J=1

I A

(o) k
Z]p (U{|z,~(T,~j) —Zi(T)| < 2ua} | Ki = k) P(Ki = k) + P(A; > %)

< ZZP(AU < 2u)P(K; = k) + P(A; > q%uy)
J=

because K; is independent from Aj;. Next Assumption 4.1-(ii) implies the nullity of the first term for n large enough (namely
such that 2u, < §1) and the second term is controlled by Markov’s inequality and Assumption 4.2-(i). Hence, we arrive at
Pitn = O(qn *u,?) uniformly in i.

Now, we turn to pj,. From Corollary 2.1, we know that

‘Xi(%) _xi<zq_ ])‘ < (@Xi-1) +b(Zi—1) + M; +cn Il = pll £)q,“

n
50 Uit g 11X () = Xi(5 )| > un} = {aXica) +bZi1) + Mi+ e lll = pll, > q5un} and,
pizn < P(a(Xi—1) > vy) + P(b(Zi—1) > vy) + P(M; > vyp)

with v, =

o
—em - . . . L.
w and Markov’s inequality gives that pj,, has a similar order as pj;,. W

4.2. Estimation of intensity

As ((A4,K), i=1,...,n)issupposed to be i.i.d. we have
E(4Aj) =B [X(Ty) —X(T;)| = E(Ay), j=1,....K i=1,...,n

So, the ordering of jumps’ intensities is the same for each sample path; but contrary to the deterministic case, two
distinct jumps may have the same intensity. Again Assumptions 2.1 and 2.2 guarantee that for each j = 1,...,
Xi(Tyj) —Xl-(Tij_)| = |Zi(T,j) — Z,»(Tl-j_)| are independent variables. For some fixed k > 1, it is possible to construct

K;,
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an estimator of the k-first jumps E (A4), ..., E (Ay) by selecting the X;’s having at least k jumps. To this end, we set for
ji=1,...,k
T T 1
Z (3h) = Xi(%- ’ Rizi) n
l: .
SN 7 o AP D Ty > O
j = Ajp = ; Lii=i) =
n
0, if Y Tigen =0,
i=1
still with K = ‘fm‘ and f,-n = {T,-h ... f@} i = 1,...,n The strong consistency and rates of convergence are given in

the following theorem.

Theorem 4.2. Suppose that Assumptions 4.1 and 4.2 (with p = 1) are fulfilled, and that for j = 1, ..., k E (exp(cp Ayj)) < o©
with cg > 0. We have for all ¢ > 0;

(|A —E(Ay)| = &) = 0(ng;*u; ") + O(exp(—c; ne?)) + O (n:;in> , ¢ >0.

Proof. We have to study IP(|Zj —E(Ay)| > €),j=1,...,k k> 1,& > 0.First, this term is equal to
(13- e = e U # £u}) +2(13 - m )] = 2. )1 = £a])
i i=
so it may be bounded with ]P(Uf:1 {f, E= £in}) + IP(|Z,- —E(4y) > s|) where we have set
> (“f) - X4

Aj— I, n

using the convention % = 0.The first term is controlled with Theorem 4.1 and gives a O (nq,® un‘l). Next from (4.3) and after
some derivations, we may write ]P(|Aj —E (A1j)| > &) < P1n + pan With

Z AU]I{KIJ}
P =P '1711 n —E(Ap| = =
)y ]I(Kizi}>0}
Z L=y =1
i=1
n
> Al
Do = P i=1 I > £
o = _— n = -
" u > I(Kizi)>o} "2
2 Nz =
i=1

Concerning the first term py,, we have

n
> A=)y
i=1

Inso — E (Ay))

n n
&
= D T =m| xP (ZMK@'} = m) :
i=1

i=1

n
P]n—Z]P ’

As Y iy Tig=j) ~ B(n, Y_; pi) and, since { Y"1 Tx,>j = m} is equivalent to have exactly m indicators equal to 1, the i.i.d
assumption on the A;;'s and independence from K; give

m
n n Zl Alﬁj s n
Pin = TpamapnP | ) Lizn =0) + ) P l_m - E(AU)’ zZ5 | xP D T =m ).
i=1 m=1

i=1




D. Blanke, D. Bosq / Journal of Multivariate Analysis 146 (2016) 119-137 131

Now, one may use Bernstein’s inequality, stated as in e.g. [ 13, p. 297], to obtain:

" n n—m m 2
n me
< 1—2 i +2§ 1_2 , 2: (_7)
o ( i] pl> m=1(m) ( = p,> (izf pl) o 80} + 4Hje

with ajz = Var (4y) and H; a constant linked to the central moments of Ay;. The last expression is bounded by 2(1 —
n
Z,—z,- Di+ Ziz;‘ Di exp(—s(rjziiijS)) .Sinceln(1—a) < —afor0 <a<landl1—e™® >a— % forall a > 0, we successively

obtain for all j such that } . p; > 0:

2 ny pie’ 2
< 2ex nZ il1—ex L <2ex = 1 ¢
Pin = €Xp\ =N L P P\ 802t ame ) )] = TP\ 807 + ame 1607 + 8Hje

1z

i _ Nt
Next, there exists 0 < ¢; < 1such thatpy, <2 exp( CZn(Ziz;’ Di) SUJ_ZHW).

Finally, for the term p,, we may write:

n
n > Ailii=j) n

i=1 & m
m=1

We conclude with Markov's inequality and the condition A4.2-(i), p = 1, to get the bound (9("513%). | |

Remark 4.2. We may observe that the choices u, = (logn)™!, q, = nf, e = son‘%(log n)?” (g > 0),withy > 2,8 > %
entail ), IP(|ZI —E (A1j)| > son‘% (log n)V) < o00. So in Theorem 4.2, an expected rate of convergence to estimate the
jumps’ intensities is O ((log n)” n‘%).

4.3. Estimation of the maximal jump

Suppose that there exists a unique integer kmax such that E (Aqy,,,,) > maxj=1..k E (Ay;). Then, an estimator of the

J#kmax

maximal intensity of jump is Amax = maxj_i, .k, 4; with k, — oo asn — oo. From max;_;,
|maxj:1 kel Ajl — MaXj—q,_k, |E (AU)||, we get that foralle > 0O:

kn
IP(|,A\max - ]E(Alkmax)| > 8) = ZIP(|Aj - ]E(A1j)| = 8)-
j=1

Now, for K; with a finite support {0, ..., ko} and unknown kg > 1, we clearly have Zmax = MaXj_1,...k Zj almost surely for
n large enough (as a consequence ofk\,' = K; giving in turn that Zj = 0 for n large enough and j > ko + 1). Also, remark that
maxj_i,.. k, E (Ayj) = maXxj_1,. k, E(4yj) and E (Ayj) = 0forj > ko + 1. Hence the summation ranges over [[0, ko]] and
one may obtain a similar rate of convergence as in Remark 4.2 for the estimation of the maximal jump. If K; is a IN-valued
random variable, we can also derive a rate of convergence with the same methodology as in [7] and with sequences kj
increasing slowly to infinity. Finally, it can also be shown that kn.x = arg max;—q,__x, 4; is a consistent estimator of kyax.

AAAAA

5. The completely random case

5.1. The considered framework

In this part, for a fixed k > 1, we denote by (As(1), . .., Ask), k independent intensities of jumps which are ordered in
decreasing average: E Ay (1) > - -+ > E Aq . We associate them to k independent continuous variables (T, (1, - . ., Ty k):
by this way, T, ;) corresponds to the jump with highest jth average intensity. Next, with the ordered statistics (Ty, ..., Ty) =
(T:(l), e, T:(k)), T:(l) < -+ < T, we consider a sample path Z with jumps at times (T4, .. ., Ty). Then, we work with n
i.i.d copiesof Z,say 7, ..., Zn. Here, the key difference with the random case is that intensities of jumps have not the same
order from one sample path to the other and the difficulty is to estimate them. The latter construction is resumed with the
following hypothesis.
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Assumption 5.1 (A5.1). Foreachi = 1, ..., n, there exists a permutation (ai(l), cey ai(k)) of (1, ..., k) such that E A,
= EAqj WithEAg)y > -+ > E Ag ). Moreover (Aiy,j, j = 1,...,k, i = 1,...,n) is a collection of independent
random variables and, foreachj =1, ..., k, the (Aj,;, i =1, ..., n) are identically distributed.

We make use of the Lyj,’s defined in Eq. (4.1), linked with the arrival times of jumps (in chronological order) and, we

. .. . Lig.(yn—1 Lig-yn . . . .
consider their independent counterparts Li,j, With ‘(’qi)n < Tigyj) < T(’)’ i=1,...,n,j=1,...,k(associated with
jumps ordered by intensities). Now, we suppose that
Assumption 5.2 (A5.2).

(i) (Ti;5y, i=1,...,n, j=1,...,k) are globally independent with respective bounded densities fi, ..., fy on [0, 1].
(i) Y,=qnq, " < o0
(ili) Aj > 81,j=1,...,k, i=1,...,nwhere §; is a positive constant.

The next lemma establishes that with probability one, two consecutive instants are not in the same interval.

Lemma 5.1. If the conditions (i)-(ii) of Assumption 5.2 hold, foralli = 1,...,n, the (T;;, j = 1, ..., k) do not belong to the

same interval a.s. for n large enough: P(UJi_, U]’le{Ti,j+1 Ty < o 1)) = (9(nqn .

Proof. Note that {U?:l U T — Ty < } {U, 1U“ 1Ue Ty € 150, £1N Tgy € 57, ﬁ]}}.Using
independence and boundedness of the densities of Tj,(;’s, we get that ) 1, D " Yo P(Tig) € [Zq;nl, q%] N T,y €
(55 oD =0(g"). =

5.2. Detection of jumps

We begin with a result enlightening the fact that for each sample path, one may identify the k jumps with probability 1 for
nlarge enough. Again in this part, the set .£;, is defined by £;, = {Lijn, i=1..., k}, i=1,...,n8mn= ‘Xi(q%)—xi(éq;”])’
and we note Gitjn = i Lp,n-

Theorem 5.1. Suppose that Assumptions 4.2, 5.1 and 5.2 are fulfilled, then a.s. for n large enough, we get that gign < Ciyjn,j =
Lki=1,...,n0=1,...,q,with?¢ & L;,. More precisely,

n qn k
(U U U Gin = Gy} ) = O (g, ") + 0 (ng; ).

=1 (=1 j=
téLin

Proof. The desired probability is clearly bounded by

i’ilp max ;t(n>§len7ﬁﬁ{ ,]+1—TU>—H] +1P<LHJO[ ,]+1—T,J<ql]).

i=1 j=1 \ ¢dsr i=1 j=1 i=1 j=1 n

~
m
__h
=.

=1

As for ¢ & Ly, there is no jump in [q—; qi], the condition A2.3-(ii) gives max=1...., q,, ;i(gi) < M;q; %, so
n n [Q/

[ max Gin = Cun} = {0+ a0) + BE0) + el = plLo) = S (5.1

Next we may use (4.2) (since ﬂ:’ T ﬂk Wij — T > i} implies that two consecutive jumps cannot belong to the same

interval) and deduce with Lemma 2.2 that Gitn = Ajj — qn“(ZM + a(Xi—1) + b(Zi—1) +cm Il — pll,)- Hence, (5.1) may be
rewritten as

{ max Gin = Giyn} = {0, BM; + 2a(Xi_1) + 2b(Zi—1) + 2cn |1 — pll ) = Ay}
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J‘ln

§19% — 6Cp || — 619% — 2¢pm || — §19% — 2cm |11 —
IP<M,2 19, m | p”£>+IP<a(X,;1)Z 19, m | p”£>+IP<b(Z,-,1)Z 14y m |l pllac)'

Finally the condition A5.2-(iii) gives that P(max i=1....a Cien > Cityn) is bounded with
I

9 6 6

The result follows with Markov’s inequality, the condition A4.2-(i) and the conclusion is a straightforward consequence of
Borel-Cantelli’s lemma with A4.2-(ii). ®

Remark 5.1. Theorem 5.1 implies that almost surely for n large enough, i;n < g forall £ & L, i = 1,...,n,j =
1, ..., k. Hence for each sample path, the jumps are almost surely identified and we flave at our disposal n sets of k values:
{Li1, ..., Li}. Here, note that the L; are not ordered either with respect to jumps intensities or arrival times. By considering

the associated order statistics: (Liq, ... ,f,-k) = (Z;q, ... ,’Ij;j{), the set fm = {Lq, ... ,f,-k} represents the arrival times of
jumps and one gets Ly, = L, i = 1, ..., na.s. for n large enough.

5.3. Estimation of the jumps’ intensities
Since we may identify a.s. for n large enough the k jumps of each X;, we are in position to estimate the intensities

E (As;),j = 1,...,k We begin with the estimation of coefficients ay, ..., ax, ax = 1, of the polynomial of degree k
with the distinct roots E (A j)):

k k
H(x —EAyp) = Zak_jx"” =0.
j=1 Jj=0

Using Viéte's formula and independence of the jumps, we get forj =1, ..., k:
aj = (—1Y Z E(Agey)) - E (o) = =1y Z E (Ao * - Aoep)-
1§€1<~~-<£j§k 1<ly<--<tj<k

Here, the key point is that we have to consider the sum of k jumps, the sum of their product in pairs, ..., and finally their
products. All these sums are exhaustive, hence we observe that we may use the jumps estimated by chronological order to
estimate each term. The next example illustrates this fact for k = 2 and k = 3.

Example 5.1. - Fork =2, we getag = E (Aa(l)Aa(Z)) =K (A]Az), a=E (Aa(l) + Ag(z)) =E (Al + Az), a; = 1;
-fork =3,a = E(AsyAs@l03) = E(A14243), 01 = E(AsyAs@) + As)Do3) + Ao Do) = E (414, +
A1A3 + AxA3), a3 = E(Agr) + As2) + A63) = E(A1+ Ay + A3), a3 = 1.

Hence, we compute the k estimators of a,_j,j = 1, ..., k by setting

o~ -~

~ i 1 1 L‘g /L\'g -1 zil-n Lilﬁ-n_‘1
S o B e R
i1 n n n

1€y <--<fj<k An

To study their behavior, we use Remark 5.1 and the property that summations are exhaustive to obtain below the strong
consistency of these estimators as well as their rates of convergence.

5.3.1. Convergence of the Gy—j,j=1,...,k

For@e, =—131, Z};l |X,-(L‘;i:) - X,-(L"jg—nf])| andq_; = —E (Z}‘:l Asj) = —E (Z}‘:] Aj), we obtain the following
result proved in the Appendix.

Proposition 5.1. Suppose that Assumptions 4.2, 5.1, and 5.2 are fulfilled, then
(1) Gyr LN ay_1 if either a(-) is bounded or Zn q,% < oo;
n—oo

(2) ‘Ek,l — ak,1‘ = O((logn)* n_‘ll),c > 1 as. if E|Zi(Tig ) — Z1(T];l(j))|4 < o00,j=1,....,kand g, = n? with

5 2
B> max(@’ min(l,ap))‘
Note that if Assumption 4.2-(i) is fulfilled with p > 2, the condition 8§ > max(%, min(zl ap)) may be reduced to
B > max(%, %). Finally to simplify the study of our estimators, we add an assumption of boundedness and derive the

following result for the coefficients ax_;,j =2, ..., k.

Proposition 5.2. Under the hypotheses of Proposition 5.1, we suppose in addition that ||X|| < C and that functions a, b and M;
are bounded. Then, for j = 2, ..., kand &, > 0 such that q;&, — 00

P([@Gj — ar_j| > &n) = O(ng, ™ *P) + O(exp(—nce?)), ¢ > 0.
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5.3.2. The special case of k = 2 and conclusion

Collecting the previous results, we obtain thatﬁk,j LN ay—jforeachj=1,..., k. Now the problem consists in solving
n—oo
the equation Zk 0'5,< jnx' = 0 (with @, = 1) to recover the roots E (Aci),J =1, , k. For k = 2, the resolution is
stralghtforward and glves the solutions: Ag(l)n = —(S + /52 — ) and Ao(z)n = —(S — /5% — ) with S : =
1 Lln ,an] Aan _ _L1n1 — _l ’-17n_ L1n1 an _ Llﬂl
Zl 1 | ( . ) _Xl 1qn | + |X' ﬁ) Xl( an )| andP T (10 ~n Zi:] |X' q:a, ) Xl 1qn ||X . ( 2 )|

We easily derlve the strong consistency of these estimators with the help of Propositions 5.1 and 5.2. The cases k= 3 and
k = 4 are again rather easy to handle but for k > 4, the use of numerically approximated solutions should be considered.
Simulations should be carried out to see how estimation is involved in the accuracy of this approximation.
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Appendix. Auxiliary proofs

The proofs of Lemmas 3.2 and 3.3 being similar, we only give the derivation of the latter one.

Proof of Lemma 3.3. (1) Suppose that the conditions given in A3.2-(i) are fulfilled. Similarly to the proof of Theorem 1 p.
388-389in [53], we get that

1< 3¢
Pl|-) Yiul>n)<—=——, n>0,n>1, A1
(In; z,n|_7}>_n2n4 n > (A1)
for independent and centered random variables Y; ,,i = 1, ..., n such that E (Y; ) < ¢ with some finite constant ¢ not

depending on n. Next, as |X; () — X1 ()| = |Z:(t) — .,k the vanables Xi(to ) —Xi(t, o)1 — Xi(to ) —
Xi(t (1’>)| are independent with finite fourth moment thanks to the condition A3.2-(i). For the term ]P(Z,., > nqg‘), we apply
the Markov’s inequality and get for n large enough that this term is a O (g, %).

(2) If the conditions A3.2-(ii) are fulfilled, exponential moments do exist and we have a(X;) < da., so we may use
Bernstein inequality to get the claimed exponential bound. Concerning the term involving A,: we first bound it with

n n
noo N noo N
P(Zb(zi) > 5y = S Cmlll =Pl + aoo)) + IP(ZMI' > 4 = Sl = Pl +aoo)>.
i=1 i=1

Next, since the b(Z;) and M; are independent random variables with exponential moment, we obtain by Markov's inequality
that these two terms are of order @ (e‘C M ) for some ¢ > 0.

Proof of Theorem 3.2. We start from the relation (3.10) with three terms to study. The first one, ]P(E # k), is controlled in
Theorem 3.1. For the second term, we set n = % and g; = %, soforj=1,...,k

0 —1 ~
(|A—]E(A)|>81 <IP<‘ Z|X( ) <1q >|—]E(Aj)‘281)+lp(£j7é€j)~

The term ]P(’Ej # {;) is also controlled with Theorem 3.1. Next, from a similar bound as in (3.7), the first probability is
bounded by

P([4;, —E 4] > 82—’) +P (Zn > qg;]) (A2)

with again A = Gy + bz + 2M + ¢ || — pll 4.
Following the beginning of the proof of Lemma 3.3, the condition A3.2-(i) gives the bounds O(n*28f4) + (9(81 1q;"‘)
prevailing those obtained in (3.2) for ]P(Kj # ¢;) and ]P(k # k) as soon as glu;1 — 0. On the other hand, under A3.2-(ii)
2 o
and following the second part of Lemma 3.3, the obtained bounds are @ (e‘“”sl) + (9(e‘c "qngl) for some ¢ > 0. Again, the

bound obtained in the relation (3.3) is negligible when ¢; — 0. )
Finally, for the two last terms of (3.10), the choice n = &' gives that P([p; — pj| > %) is negligible with respect to

P(|p; — pj| = F05) as soon as &, — 0. This latter term is bounded with
J

<|ZlI (15(2) (zqn1)|>uﬂ}—P|> 8(1))+w #0). (A3)
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From the relation Iy = Iz + Ignge — Iacng, We may write that

(@) -x () =ur) = M=) (@) (4

Then, the left probability of (A.3) is bounded with

w0} ™ e () =)

1 u €1
( ZH{Y’J‘” p 7 3By )) +P<E ;HHXI'(;) (40)[sun 7z )=} T 31E(11j))
1 &1
(L Do >x,( e lar-aoln) 7 380

The first term is a O (exp(—2n—~—
e [l = pll .

o (1 )2 )) by Hoeffding’s inequality. For the others, we have for A; = a(Xi_1) +b(Zi_1) + 2M; +

- —a ¢ 4i—1 - —a
’Zi(tj) — Zi(; )’ - Aiq, " < ’Xi(*) _Xi(i)‘ < ‘Zi(tj) —Zi(t; )‘ + Aq,
qn qn
so we get the two implications:
¢ £ —1 _ o
() =67 =)= w) 12w - 260 = off = (41> was)
n n

{{‘K(%) _X'(gjq_n 1)‘ < Un}, {|zi(%) —Zi(tf)| = I,]}} = {Ai =gy —un)} = {Ai > 261 —un)}

since P(Ij > &;) = 1. Under the condition A3.2-(i), we arrive at a bound of order (D(u“qn“’sl ) + O(exp(—cnsf)) +
(9(u‘1q,j°‘) + O(n?) for the term given in (A.3). Finally, collecting all the results, the predommant bounds are of order

O, g% ") + 0267 *). Next setting &1 = (logn)* nic > }t, and q, = n? with 8 > 4 ,u, = (logn)~!, we may
apply Borel-Cantelli’s lemma to derive the claimed result. If the condition A3.2-(ii) is fulfilled, the predominant bound isnow

l"% for a sufficiently

transformed in O(exp(—cnsf)), so we may derive the rate of convergence with the choice g1 = &g
large enough ¢q and all g, — oo (since ne% =o(ngieq)).

Proof of Proposition 5.1. (1) To get the strong consistency, we notice that a.s. for n large enough

ak 1= - ZZLL}n = Z;Lj

11]]

as all possible summations in j are considered. From Lemmas 2.2 and 3.1 (whose proof is exactly the same for random
instants of jumps), we obtain the same bound foreachj =1, ..., k:

[Ty —E 4| - |3 - B 4)|| < 27,6, (A4)
with again A, = 2M + ax + bz + ¢ |l — pl| - We conclude with the law of large numbers (applying Markov’s inequality

to control ay in the case where a(-) is not bounded).
(2) We have

n n
P([G-1 — @] > &) = P(@c—l — 1] > &, ﬂ{fm = aCin}) + P(rdk—l — 1| > &, U{fm = oCin})
i=1 i=1

that can be bounded by ]P(’Z 1ZLJ,1 Z, 1 E 4; ‘ > —I—IP(U, LU 1 U],'{:1{§ién > {iLjn}). First, the second term does
7

not depend on ¢ and itis a ©(ng, *?) + O(nq;]) by Theorem 5.1. Next from (A.4), we may derive analogously to Eq. (A.2):

k k k o
IP(|ZELjn—ZEA,-| ze) SZP(MJ" E Aj| Z§)+IP( _%e).
j=1 j=1 j=1

The first term is handled with the help of the relation (A.1), it yields to a (9(11* 2¢~4). For the second term, Markov's
inequality and the condition A4.1-(i) applied with p = 1 give the bound O(q;“¢~!). Finally, we obtain a bound of order

O 274 + 0@ 'q;%) + O(ng, ™™ "), The rate is obtained for &, = = (logn)n~%,c > 1.qn = n? with B >
max(2, M) and Borel-Cantelli’s lemma.
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Proof of Proposition 5.2. First, we state the following lemma.

Property 1. Let (u;, j=1,...,p)and (v;, j = 1, ..., p) be positive numbers such that max;—1, . ,(u; vV vj) < d, then

p P P
|1_[uj—l_[vj‘§d”_12’uj—vj, p=>2.
=1 =1 j=1

Proof of Property 1. If p = 2,
sty — v1va| = [ug(uz — v2) + v2(uy — v1)| < d[|ug — v + [uz — 3] (A5)

Now, setap_1 = Uy - - up—1 and Bp_; = v1 - - - Vp—1, then from (A.5) and by induction

IA

p—1 ‘“p - Up‘ + v |ap,1 - ﬁpfl‘

p—1 p
& fup — vy| +d d"_22|u]~—vj‘ 5d"‘12|uj—vj|.
=1 =1

|0‘p71”p - ﬂpflvp’

IA

Hence the result. W

Next for proving Proposition 5.2, we begin as in the proof of Proposition 5.1-(2). Setting &y, = |Xi(%) - X,(L”";—n_l)| and
since ||X|| is bounded, we obtain by Property 1:

J

j i
H Sioi(tp)n — l_[ EAs@y| < @cy™! Z |Ciai(zp)n —E Aa(zp)| .
p=1

p=1 p=1

The proof is concluded with the classical approximations of X; by Z; and Ly, jn/qn by Tis, (5. Here, all the quantities are a.s.
bounded so we may make use of the Hoeffding's inequality to derive the claimed exponential bounds. Details are left to the
reader.

References

[1] Y. Ait-Sahalia, J. Jacod, Fisher’s information for discretely sampled Lévy processes, Econometrica 76 (4) (2008) 727-761.
[2] Y. Ait-Sahalia, J. Jacod, Estimating the degree of activity of jumps in high frequency data, Ann. Statist. 37 (5A) (2009) 2202-2244.
[3] A. Antoniadis, X. Brossat, ]. Cugliari, J.-M. Poggi, Prévision d’un processus a valeurs fonctionnelles en présence de non stationnarités. Application a la
consommation d’électricité, J. SFdS 153 (2) (2012) 52-78.
[4] O.E.Barndorff-Nielsen, F.E. Benth, A.E. Veraart, Modelling electricity futures by ambit fields, Adv. Appl. Probab. 46 (3) (2014) 719-745.
[5] P.Besse, H. Cardot, D. Stephenson, Autoregressive forecasting of some climatic variation, Scand. J. Stat. 27 (4) (2000) 673-687.
[6] P.Billingsley, Convergence of Probability Measures, second ed., in: Wiley Series in Probability and Statistics: Probability and Statistics, John Wiley &
Sons Inc., New York, 1999.
[7] D. Blanke, D. Bosq, Exponential bounds for intensity of jumps, Math. Methods Statist. 23 (3) (2014) 1-17.
[8] T.Bollerslev, V. Todorov, Estimation of jump tails, Econometrica 79 (6) (2011) 1727-1783.
[9] E.G. Bongiorno, E. Salinelli, A. Goia, P. Vieu, Contributions in Infinite-Dimensional Statistics and Related Topics, Societa Editrice Esculapio, 2014.
[10] A.V. Borisov, Analysis and estimation of the states of special Markov jump processes. Il. Optimal filtering in the presence of Wiener noise, Avtomat. i
Telemekh. 5 (2004) 61-76.
[11] D. Bosq, Linear Processes in Function Spaces, in: Lecture Notes in Statistics, vol. 149, Springer-Verlag, New-York, 2000.
[12] D. Bosq, Estimating and detecting jumps. Applications to D[0, 1]-valued linear processes, in: M. Hallin, D.M. Mason, D. Pfeifer, ].G. Steinebach (Eds.),
Festschrift in Honour of Paul Deheuvels, Springer, 2015, pp. 41-66 (Chapter 4).
[13] D. Bosq, D. Blanke, Prediction and Inference in Large Dimensions, in: Wiley Series in Probability and Statistics, John Wiley & Sons, Ltd., Chichester,
2007, Dunod, Paris.
[14] P.J. Brockwell, R.A. Davis, Y. Yang, Estimation for nonnegative Lévy-driven Ornstein-Uhlenbeck processes, ]. Appl. Probab. 44 (4) (2007) 977-989.
[15] H.Cardot, C. Crambes, P. Sarda, Ozone pollution forecasting using conditional mean and conditional quantiles with functional covariates, in: Statistical
Methods for Biostatistics and Related Fields, Springer, Berlin, 2007, pp. 221-243.
[16] J. Chiquet, N. Limnios, Dynamical systems with semi-Markovian perturbations and their use in structural reliability, in: Stochastic Reliability and
Maintenance Modeling, in: Springer Ser. Reliab. Eng., vol. 9, Springer, London, 2013, pp. 191-218.
[17] E. Clément, S. Delattre, A. Gloter, Asymptotic lower bounds in estimating jumps, Bernoulli 20 (3) (2014) 1059-1096.
[18] F.Comte, C. Duval, V. Genon-Catalot, Nonparametric density estimation in compound Poisson processes using convolution power estimators, Metrika
77 (1)(2014) 163-183.
[19] F. Comte, V. Genon-Catalot, Nonparametric adaptive estimation for pure jump Lévy processes, Ann. Inst. Henri Poincaré Probab. Stat. 46 (3) (2010)
595-617.
[20] R.Cont, P. Tankov, Financial Modelling with Jump Processes, in: Chapman & Hall/CRC Financial Mathematics Series, Chapman & Hall/CRC, Boca Raton,
FL, 2004.
[21] C.Crambes, A. Mas, Asymptotics of prediction in functional linear regression with functional outputs, Bernoulli 19 (5B) (2013) 2627-2651.
[22] S.Dabo-Niang, A. Laksaci, Nonparametric quantile regression estimation for functional dependent data, Comm. Statist. Theory Methods 41 (7) (2012)
1254-1268.
[23] J. Damon, S. Guillas, Estimation and simulation of autoregressive hilbertian processes with exogenous variables, Stat. Inference Stoch. Process. 8 (2)
(2005) 185-204.
[24] B. de Saporta, J.-F. Yao, Tail of a linear diffusion with Markov switching, Ann. Appl. Probab. 15 (1B) (2005) 992-1018.
[25] S. Djebali, L. Gérniewicz, A. Ouahab, Topological structure of solution sets for impulsive differential inclusions in Fréchet spaces, Nonlinear Anal. 74
(6)(2011)2141-2169.
[26] C.Duval, Density estimation for compound Poisson processes from discrete data, Stochastic Process. Appl. 123 (11) (2013) 3963-3986.
[27] L. El Hajj, Théorémes limites pour les processus autorégressifs a valeurs dans D[0, 1] (Ph.D. thesis), Université Paris, 6, Paris, 2013, décembre.


http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref1
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref2
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref3
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref4
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref5
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref6
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref7
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref8
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref9
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref10
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref11
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref12
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref13
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref14
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref15
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref16
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref17
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref18
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref19
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref20
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref21
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref22
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref23
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref24
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref25
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref26
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref27

D. Blanke, D. Bosq / Journal of Multivariate Analysis 146 (2016) 119-137 137

[28] L. El Hajj, Estimation et prévision des processus a valeurs dans D[0, 1], Ann. L.S.U.P. 58 (3) (2014) 61-76.

[29] N. El Karoui, E. Gobet, Les outils Stochastiques des Marchés Financiers, Editions de I'Ecole Polytechnique, Palaiseau, 2012.

[30] F. Ferraty, Y. Romain (Eds.), The Oxford Handbook of Functional Data Analysis, Oxford University Press, Oxford, 2011.

[31] F. Ferraty, P. Vieu, Nonparametric Functional Data Analysis, in: Springer Series in Statistics, Springer, New York, 2006, Theory and practice.

[32] A. Goia, A functional linear model for time series prediction with exogenous variables, Statist. Probab. Lett. 82 (5) (2012) 1005-1011.

[33] R.Guy, C.Larédo, E. Vergu, Approximation of epidemic models by diffusion processes and their statistical inference, J. Math. Biol. 70 (3) (2015) 621-646.

[34] X. Guyon, S. Iovleff, J.-F. Yao, Linear diffusion with stationary switching regime, ESAIM Probab. Stat. 8 (2004) 25-35.

[35] L. Horvath, P. Kokoszka, Inference for Functional Data With Applications, in: Springer Series in Statistics, Springer, New York, 2012.

[36] R.Ignaccolo, S. Ghigo, S. Bande, Functional zoning for air quality, Environ. Ecol. Stat. 20 (1) (2013) 109-127.

[37] V.Jacq, P. Albert, R. Delorme, Le mistral. Quelques aspects des connaissances actuelles, La météorologie 50 (2005) 30-38.

[38] S.Janson, S. Kaijser, 2012. Higher moments of banach space valued random variables. ArXiv e-prints. URL http://arxiv.org/abs/1208.4272v2.

[39] M. Jeanblanc, M. Yor, M. Chesney, Mathematical Methods for Financial Markets, in: Springer Finance, Springer-Verlag London, Ltd., London, 2009.

[40] D.Kannan, V. Lakshmikantham (Eds.), Handbook of Stochastic Analysis and Applications, in: Statistics: Textbooks and Monographs, vol. 163, Marcel
Dekker, Inc., New York, 2002.

[41] V. Kargin, A. Onatski, Curve forecasting by functional autoregression, J. Multivariate Anal. 99 (10) (2008) 2508-2526.

[42] V.S.Koroliuk, N. Limnios, Poisson approximation of processes with locally independent increments with Markov switching, Theory Stoch. Process. 15
(1) (2009) 40-48.

[43] 0.0. Kurchenko, Convergence of a sequence of random fields in the space D([0, 1]¢), Teor. Imovir. Mat. Stat. (64) (2001) 82-91.

[44] P. Lévy, Fonctions aléatoires a corrélation linéaire, C. R. Acad. Sci. Paris 242 (1956) 2095-2097.

[45] J.M. Marion, B. Pumo, Comparaison des modéles ARH(1) et ARHD(1) sur des données physiologiques, Ann. L.S.U.P. 48 (3) (2004) 29-38.

[46] G. Nason, A test for second-order stationarity and approximate confidence intervals for localized autocovariances for locally stationary time series,
J. R. Stat. Soc. Ser. B. Stat. Methodol. 75 (5) (2013) 879-904.

[47] W.R. Pestman, Measurability of linear operators in the Skorokhod topology, Bull. Belg. Math. Soc. Simon Stevin 2 (4) (1995) 381-388.

[48] D. Preston, P. Protopapas, C. Brodley, Discovering arbitrary event types in time series, Stat. Anal. Data Min. 2 (5-6) (2009) 396-411.

[49] N. Privault, Stochastic Finance, in: Chapman & Hall/CRC Financial Mathematics Series, CRC Press, Boca Raton, FL, 2014, An introduction with market
examples.

[50] J.0. Ramsay, B. Silverman, Functional Data Analysis, Springer Verlag, 2005.

[51] Y. Shimizu, Threshold selection in jump-discriminant filter for discretely observed jump processes, Stat. Methods Appl. 19 (3) (2010) 355-378.

[52] Y. Shimizu, N. Yoshida, Estimation of parameters for diffusion processes with jumps from discrete observations, Stat. Inference Stoch. Process. 9 (3)
(2006) 227-277.

[53] A.N. Shiryaev, Probability, second ed., in: Graduate Texts in Mathematics, vol. 95, Springer-Verlag, New York, 1996, Translated from the first (1980)
Russian edition by R. P. Boas.

[54] P. Tankov, E. Voltchkova, Jump-diffusion models: a practitioner’s guide, Banque et Marchés 99 (2009) 1-24.

[55] N.M. Tanushev, Superpositions and higher order Gaussian beams, Commun. Math. Sci. 6 (2) (2008) 449-475.

[56] L. Torgovitski, A Darling-Erdds-type CUSUM-procedure for functional data, Metrika 78 (1) (2015) 1-27.


http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref28
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref29
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref30
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref31
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref32
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref33
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref34
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref35
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref36
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref37
http://arxiv.org/abs/1208.4272v2
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref39
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref40
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref41
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref42
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref43
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref44
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref45
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref46
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref47
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref48
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref49
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref50
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref51
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref52
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref53
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref54
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref55
http://refhub.elsevier.com/S0047-259X(15)00205-5/sbref56

	Detecting and estimating intensity of jumps for discretely observed  ARMA D (1, 1)  processes
	Introduction
	ARMA D (1, 1)  processes
	Model and properties
	Discrete data

	Fixed jumps with  k  unknown
	Framework
	Detection of jumps
	Estimation of intensity

	Random jumps
	Detection of jumps
	Estimation of intensity
	Estimation of the maximal jump

	The completely random case
	The considered framework
	Detection of jumps
	Estimation of the jumps' intensities
	Convergence of the  widehat ak- j, j = 1, ..., k 
	The special case of  k = 2  and conclusion


	Acknowledgments
	Auxiliary proofs
	References


