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Abstract

This articles aims to introduce the concept of substationarity for spatial point processes (SPPs). Substationarity is a
new concept that has never been studied in the literature. Substationarity means that the distribution of an SPP can
only be invariant under location shifts within a linear subspace of the domain. This notion lies theoretically between
stationarity and nonstationarity. To formally propose the approach, the article provides the definition of substationarity
and estimation of the first-order intensity function, including the subspace. As this may be unknown, we recommend
using a parametric method to estimate the linear subspace and a nonparametric one to estimate the first-order intensity
function given the linear subspace. It is thus a semiparametric approach. The simulation study shows that both the
estimators of the linear subspace and the first-order intensity function are reliable. In an application to a Canadian
forest wildfire data set, the article concludes that substationarity of wildfire occurrences may be assumed along the
longitude, indicating that latitude is a more important factor than longitude in Canadian forest wildfire studies.

Keywords: Intensity functions, Kernel methods, Nonstationarity, Semiparametric estimation, Spatial point
processes, Substationarity.
AMS subject classifications: 62M30, 62G05

1. Introduction

The goal of this article is to introduce and develop the concept of substationarity for spatial point processes (SPPs).
Substationarity is a new concept that has not been studied in the literature of SPPs. It can theoretically bridge sta-
tionarity and nonstationarity, which are two well-known concepts in the literature of spatial statistics. Substationarity
means that the distribution of an SPP is only invariant under any location shift within a linear subspace of the domain.
Stationarity means that the distribution is invariant under any location shift within the entire domain. If a stationary
process is also invariant under rotations, then it is isotropic. Nonstationarity is the complementary concept of station-
arity. It means that the distribution of the SPP can be affected by at least one location shift in the domain. If an SPP is
substationary, then its distribution may still be affected by a location shift outside the linear subspace. Therefore, the
intersection of substationarity and nonstationarity is not empty.

The idea of the research is motivated by recent work on typical events in natural hazards. According to its
scientific definition, a natural hazard is a naturally occurring event that might have a negative effect on human or
the environment. Natural hazards include wildfires, tornados, and earthquakes. In our work on forest wildfires, we
identified an inhomegenous wildfire pattern in the forests of the province of Alberta, Canada [44]. The proportion of
large wildfires in the north was higher than that in the south, but the frequency of wildfires in the south was higher
than in the north. This is consistent with a previous finding that wildfire activities in Canadian boreal forests are less
affected by their longitude [27], which means that substationarity might hold along the longitude.

Statistical approaches to SPPs are important in many scientific disciplines such as forestry [37], epidemiology [10],
wildfires [46, 48], or earthquakes [32, 47]. In statistics, an SPP is treated as a pattern of random points developed in a
Euclidean space. The number of points within a bounded subset of the Euclidean space is finite. Point distributions and
dependence structures are modeled by intensity functions [9]. The simplifying assumptions of stationarity and isotropy

∗Corresponding author. Email address: tlzhang@purdue.edu(T. Zhang).

Preprint submitted to Journal of Multivariate Analysis November 6, 2018



have been developed to make the analysis convenient. Various well-known tools have been proposed. Examples
include the K-function [35], the L-function [3], and the pair correlation function [38]. As stationarity is an important
assumption, additional methods have been proposed to evaluate it [6, 18, 45].

Because of concerns around the stationarity assumption, recent research often models SPPs under nonstationar-
ity [31]. An important concept called the second-order intensity-reweighted stationarity (SOIRS) has also been pro-
posed [1]. This concept is powerful in the joint analysis of the first- and second-order intensity functions under nonsta-
tionarity. With the aid of SOIRS, various methods for nonstationary contexts have been proposed [11, 19, 20, 22, 40].
SOIRS only specifies the relationship between the first- and second-order intensity functions. It makes no assumption
related to substationarity, implying that statistical approaches to substationarity can be combined with SOIRS.

The purpose of this article is to develop a formal statistical approach to substationarity in SPPs, including the con-
cept of substationarity and corresponding estimation methods. Since the linear subspace may be unknown, estimation
of the subspace must also be involved. We propose to estimate the subspace via a parametric method and intensity
functions given the subspace by a nonparametric method. Therefore, we classify our estimation as a semiparamet-
ric approach. The nonparametric component provides the intensity functions given the subspace and the parametric
component supplies the linear subspace. We evaluate properties of our approach by simulations and applications. In
simulations, we evaluate the performance of the estimator of the linear subspace and the first-order intensity func-
tion by studying their mean square error (MSE) and mean integrated square error (MISE) values, respectively. In
applications, we implement our approach to a boreal forest wildfire data set. We conclude that estimation under
substationarity can provide more precise and reliable results than under nonstationarity.

To the best of our knowledge, this article is the first one to discuss formally the concept of substationarity for
SPPs. The term substationarity has appeared previously in the literature [12] but it referred to a completely different
concept. Previous concepts of spatial or temporal stationarity in the context of spatio-temporal data can be treated as
examples of substationarity but the subspace in these examples is completely known; see p. 308 in [7]. Therefore, one
does not need to estimate the subspace under spatial or temporal stationarity. Besides, the impact of the second-order
properties is important in our work, but it is not taken into account in these examples. Our interest is to propose
the concept not only for the first-order but also for higher-order intensity functions. As this scenario has not been
previously studied, it is important to have a formal statistical definition of substationarity at the beginning. Although
many research problems can be specified, we only focus on estimation of the first-order intensity functions under
substationarity, which includes estimation of the subspace. Many nonparametric or semiparametric methods can be
adopted, but we only study the kernel method since it is convenient.

The article is organized as follows. In Section 2, we review the method of SPPs. In Section 3, we provide the
definition of substationarity, including evaluations of its theoretical properties. In Section 4, we propose a semipara-
metric approach to estimate the first-order intensity function including the subspace. In Section 5, we evaluate the
performance of our estimator by simulations. In Section 6, we apply our approach to the Alberta forest wildfire data.
The paper ends with some discussion in Section 7.

2. Spatial point processes

Theoretically, an SPP N(S) on S is composed of random points in a measurable subset S ⊆ Rd. It is treated as
the restriction of N , the SPP on the entire Rd, with points in S only. Thus, points of N in S∁ (the complementary set
of S) are unobserved. Let B and B(A) be the collections of Borel sets of Rd and a measurable A ⊆ Rd, respectively.
Let N(A) and N be the numbers of points in A and Rd, respectively. Then, N(A) is finite if A is bounded and
Pr{N(A) = 0} = 1 for any A ∈ B(Rd) satisfying |A| = 0, where | · | is the Lebesgue measure on Rd.

Let λk(s1, . . . , sk) be the kth-order intensity function of N . An SPP N is kth-order stationary if

λl(s1, . . . , sℓ) = λ(s1 + h, . . . , sℓ + h) (1)

for any h ∈ Rd and ℓ ≤ k. It is strongly stationary if (1) holds for any ℓ ∈ N = {1, 2, . . .}. We say thatN(S) is kth-order
stationary and strongly stationary, respectively, if it can be derived by restricting a kth-order stationary or a strongly
stationary N on S. The mean structure of N is µ(A) = E{N(A)} =

∫
A λ(s)ds, where λ(s) = λ1(s) is its first-order

intensity function. Let the covariance function of N be Γ(s1, s2) = {g(s1, s2) − 1}λ(s1)λ(s2) + λ(s1)δs1,s1 (s2, s2), where
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g(s1, s2) = λ2(s1, s2)/{λ(s1)λ(s2)} is the pair correlation function and δs,s is the point measure at (s, s) ∈ Rd ×Rd. Then,
the covariance structure of N is

cov{N(A1),N(A2)} =
∫

A1

∫

A2

Γ(s1, s2)ds2ds1 =

∫

A1

∫

A2

{g(s1, s2) − 1}λ(s1)λ(s2)ds2ds1 + µ(A1 ∩ A2).

If g(s1, s2) only depends on s1 − s2 or ∥s1 − s2∥ such that it can be expressed as g(s1 − s2) or g(∥s1 − s2∥), then
N is called a second-order intensity-reweighted stationary (SOIRS) or a second-order intensity-reweighted isotropic
(SOIRI) SPP. SOIRS and SOIRI are important concepts for nonstationary SPPs as they can model the first- and
second-order intensity functions together [1].

If N is first-order stationary, then λ(s) = c and µ(A) = c|A| for some c > 0. If N is second-order stationary, then
λ(s) = c, µ(A) = c|A|, g(s1, s2) = g(s1 − s2),

cov{N(A1),N(A2)} = c2
∫

A1

∫

A2

{g(s1 − s2) − 1}ds2ds1 + c|A1 ∩ A2|,

and
var{N(A)} = c2

∫

A

∫

A
{g(s1 − s2) − 1}ds2ds1 + c|A|.

If N is Poisson, then g(s1, s2) = 1, cov{N(A1),N(A2)} = µ(A1 ∩ A2), and var{N(A)} = E{N(A)} for any bounded
A, A1, A2, ∈ B(Rd). Thus, only the mean structure is important in Poisson SPPs.

3. Substationarity

The main purpose of this section is to provide a formal definition of substationarity and its properties. As substa-
tionarity is a new concept which has not been studied in the literature of SPPs before, it is also important to provide an
asymptotic theory under substationarity. The theory is needed in the evaluation of theoretical properties of estimation
in Section 4.

Definition 1. We say that N is kth-order substationary in a linear subspace L ⊆ Rd if (1) holds for any h ∈ L and
ℓ ≤ k. We say thatN is strongly substationary inL if it is kth-order substationary inL for any k ∈ N. For any S ⊆ Rd,
we say that N(S) is kth-order substationary or strongly substationary in L, or L ∩ S equivalently, if N(S) can be
restricted by a kth-order substationary or strongly substationary N in L on S.

Obviously, if N is kth-order substationary and its kth-order intensity function almost surely exists, then (1) holds
almost surely with respect to the Lebesgue measure of Rd for any h ∈ L and distinct s1, . . . , sℓ ∈ Rd with ℓ ≤ k. If N
is kth-order substationary in L, then it is also k-th order substationary in any linear subspace L′ ⊆ L. Therefore, the
linear subspace L in Definition 1 is generally not unique.

Definition 2. We say that N is kth-order intrinsically substationary or intrinsically strongly substationary in L if it is
substationary or strongly substationary inL but not in any linear subspaceL′ of Rd satisfyingL ⊆ L′ butL , L′. We
say thatN(S) is kth-order intrinsically substationary or intrinsically strongly substationary inL, orL∩S equivalently,
if it can be restricted by a kth-order intrinsically substationary or intrinsically strongly substationary in L on S.

IfN is substarionary in bothL1 andL2, thenN is also substationary in span(L1,L2). Thus, the linear subspaceL
in Definition 2 is unique. A kth-order intrinsically substationary N in L is kth-order stationary if and only if L = Rd.
If N is intrinsically substationary in L, then it is substationary in any linear subspace L′ of L but not in any linear
subspace L′ of Rd strictly covering L.

The concept can be extended to the second-order intensity-reweighted substationarity models, which can be treated
as an extension of SOIRS models. Note that SIORS satisfies g(s1, s2) = g(s1 + h, s2 + h) for any h ∈ Rd. Based on the
idea of Definitions 1 and 2, we can define the second-order intensity-reweighted substationarity models by assuming
that the condition only holds for any h ∈ L. Therefore, it is weaker than SOIRS.

The first-order property under substationarity can be easily understood. Let N be first-order substationary in L
and r be the dimension of L. Then µ(A) = µ(A + h) for any h ∈ L. The statement holds in a more general case.
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Figure 1: Equality of expected counts in two subsets under substationarity along the horizontal axis.

Suppose that N is substationary in the horizontal axis of R2 (i.e., d = 2) such that L = {(x, 0) : x ∈ R}. Then, the
first-order intensity of L only depends on the vertical value of the point, indicating that we can express λ(s) = λ(y)
for any s = (x, y) ∈ R2. Let νr be the Lebesgue measure on Rr. For any A ∈ R2, we have µ(A) =

∫ ∞
−∞ λ(y)ν1(Ay)dy,

where Ay = {x : s = (x, y) ∈ A}. For any measurable bounded A, B ⊆ R2, we may still have µ(A) = µ(B) even if
B , A + h for any h ∈ L (e.g., the case displayed in Figure 1). However, this method cannot be used to study the
second-order property. The second-order property is important in asymptotic properties of our estimation method if
N is not Poisson. This is related to the general conclusion given by Theorem 3 and Corollary 1 below.

Theorem 1. (First-order property). Let N be substationary in L ⊆ Rd. For any measurable bounded sets A, B ∈ Rd,
if νr(Av) = νr(Bv) almost surely for any v ∈ Rd, where Av = {s ∈ A : s − v ∈ L}, then E{N(A)} = E{N(B)}.
Proof. Let u1, . . . ,ud be a set of orthogonal bases of Rd with the previous r vectors forming the orthogonal bases
of L. Let L⊥ = {v ∈ Rd : v = xr+1ur+1 + · · · + xdud for some xr+1, . . . , xd ∈ R} be the orthogonal space of L. Let
sL and sL⊥ be the orthogonal projections of s on L and L⊥, respectively. The first-order intensity function of N is
λ(s) = λ(sL⊥) for any s ∈ A. Then, µ(A) =

∫
s∈A λ(s)ds =

∫
L⊥ λ(sL⊥ )νr(AsL⊥ )dsL⊥ =

∫
s∈B λ(s)ds = µ(B).

Theorem 1 can be used to study the relationship between the expected numbers of counts between two regions.
As higher-order intensity functions are involved, it is convenient for us to study asymptotics of the joint distribution.
In the literature, the first step is to derive the asymptotics for Poisson SPPs [26, 44]. The asymptotics for other SPPs
is evaluated under weak dependence given by strong mixing condition [36]. Following this idea, we study asymptotic
properties of Poisson SPPs first.

Let Az,L = {v + zu : v + u ∈ A, v ∈ L⊥, u ∈ L} and Av,z,L = {s ∈ Az,L : s − v ∈ L} for any A ∈ B(Rd),
where L is a linear subspace of Rd. Then, Av,z,L = {v + zu : v + u ∈ A,u ∈ L} for given v ∈ L⊥ and z ∈ R,
implying that νr(Av,z,L) = zrνr(Av,1,L). If N is substationary in L and A is bounded, then µ(Az,L) =

∫
s∈Az,L

λ(s)ds =
zr

∫
L⊥ λ(sL⊥)νr(AsL⊥ ,1,L)dsL⊥ = zrµ(A).
Assume that N is Poisson. Then, var{N(Az,L)} = µ(Az,L) = zrµ(A) and Mz,L(A) = z−r/2{N(Az,L) − µ(Az,L)} ⇝

N{0, µ(A)} as z→ ∞. LetA be a collection of Borel sets of Rd. LetAz,L, N(Az,L), and µ(Az,L) be vectors composed
of Az,L, N(Az,L), and µ(Az,L) for all A ∈ A, respectively. If A is a finite collection of disjoint subsets such that it can
be expressed asA = {A1, . . . , Am} with disjoint A1, . . . , Am, then

Mz,L(A)⇝ N[0, diag{µ(A)}], (2)

where Mz,L(A) is the vector composed of Mz,L(A) for all A ∈ A.
For any V ∈ B(L⊥), let At,V = (0, t1u1] × · · · × (0, trur] × V , where ti > 0, (0, tiui] = {s = xui : 0 < x ≤ ti}, and

u1, . . . ,ur form a set of orthogonal bases of L. If N is Poisson, then
(

Mz,L(At,V )
Mz,L(At′,V )

)
⇝ N

{(
0
0

)
,

(
µ(At,V ) µ(At∧t′,V )
µ(At∧t′,V ) µ(At′,V )

)}
, (3)
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as z → ∞. The finite-dimensional Central Limit Theorem of N(Az,L) can be derived by (2) and (3), but it is not
enough for us to study properties of the estimator of the first-order intensity proposed in the next section. To study
its properties, we need the functional Central Limit Theorem of Mz,L(A) when A contains an infinitely number of
measurable subsets of Rd. A typical method to show the functional Central Limit Theorem is to combine the finite-
dimensional asymptotics with the tightness [42]. A typical method to prove the tightness is the evaluation of the
bracketing entropy number, which is used in the following theorem.

Theorem 2. Let N be a Poisson substationary SPP in L. If AV = {At,V : t = (t1, . . . , tr) ∈ [0,∞)r} for some
V ∈ B(L⊥), then Mz,L(AV ) weakly converges to a mean 0 Gaussian random field on [0,∞)r with the covariance
structure given by the right-hand side of (3).

Proof. We use the standard empirical process approach. Let AV,a = {At,V : t = (t1, . . . , tr)⊤ ∈ [0, a1] × · · · × [0, ar]}
for any a = (a1, . . . , ar)⊤ ∈ (0,∞)r. Let F(t) = µ(At,V )/µ(Aa,V ) for any t ⪯ a. Then, F is an r-dimensional marginal
uniformly distributed CDF on the σ-field generated by Aa,V . Let Fi be the ith CDF of F. For any ϵ ∈ (0, 1),
there exists an integer J such that r/ϵ2 ≤ J ≤ r/ϵ2 + 1. Let xi j = jai/(J + 1) for all j ∈ {0, 1, . . . , J + 1}. Then,
ϵ2/(ϵ2 + r) ≤ Fi(xi( j+1)) − Fi(xi j) ≤ ϵ2/r.

Let Xϵ = {x = (x1, . . . , xr) : xi = xi j for some j ∈ {0, 1, . . . , J + 1}}. Then, #Xϵ = (J + 2)r ≤ {(r + 3)/ϵ2}r. For any
gx ∈ G = {Ix : x ∈ [0, a1]×· · ·× [0, ar]}, we can find x′, x′′ ∈ Xϵ such that x′ ⪯ y ⪯ x′′ but there is no x∗ ∈ Xϵ satisfying
x′i < x∗i < x′′i for some i ∈ {1, . . . , r}, where xi, x∗i , and x′′i are the ith components of x, x∗, and x′′, respectively. Then,
gx′ ≤ gx ≤ gx′′ and

∥gx′′ − gx′∥2F ≤
r∑

i=1

{Fi(x′′i ) − Fi(x′i )} ≤ ϵ2.

Since ∫ 1

0
ln1/2(#Xϵ)dϵ ≤

∫ 1

0
[r{ln(r + 3) + 2 ln ϵ}]1/2dϵ < ∞,

G is F-Donsker; see p. 270 in [39], implying that the conclusion holds in [0, a1]× · · · × [0, ar] for any a ∈ (0,∞)r. The
final conclusion is drawn by letting ai → ∞ for all i ∈ {1, . . . , r}.

We derive the functional Central Limit Theorem of Mz,L(A) for Poisson SPPs by Theorem 2. We now turn our
attention to the functional Central Limit Theorem for other types of SPPs. A critical issue is to account for dependence.
It requires us to study second-order properties.

Let A and B be bounded measurable subsets of Rd. If ∥h∥ is sufficiently large such that (A + h) ∩ B = ϕ, then

cov{N(A + h),N(B)} =
∫

A

∫

B
{g(s1 − s2 − h) − 1}λ(s1)λ(s2)ds2ds1.

If g(s1 − s2 − h) → 1 as ∥h∥ → ∞, then cov{N(A + h),N(B)} → 0, indicating that N(A + h) and N(B) are almost
independent. To theoretically address this issue, we need to assume thatN satisfies the strong mixing condition. This
approach was first introduced for dependent random variables in [36] and later extended to stationary SPPs in [26].
Here we want to modify it to substationary SPPs.

Suppose that N is substationary in L. Let B(A) be the collection of Borel sets generated by A. Denote the
diameter of A by ρ(A) and ρ(A1, A2) as the minimum distance between A1 and A2, where ρ(A) = sups,s′∈A ∥s − s′∥ and
ρ(A1, A2) = mins∈A1,s′∈A2 ∥s − s′∥. Let

α(u, v) = sup{|Pr(U1 ∩ U2) − Pr(U1)Pr(U2)| : U1 ∈ B(A1),U2 ∈ B(A2),

ρ(A1, A2) ≥ u, ρ(A1) ≤ v, ρ(A2) ≤ v, A1, A2 ∈ B(Rd)}
be the mixing coefficients, where Pr(U) is the probability of U formulated by the distribution of N . We say N is
strongly mixing if α(zu, zv)→ 0 as z→ ∞.

We show the functional Central Limit Theorem of Mz,L(At,V ) for t ∈ [0,∞)r and V ∈ B(L⊥) by the traditional
method. It was initially proposed by [25] and later modified by [23]. The main idea is to split Az,L for A ∈ At,V into
two components B and C. Both B and C can be expressed as sums of disjoint blocks, where counts in blocks of B
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are almost independent and counts in blocks of C can be ignored. This method is popular for proving the asymptotic
normality of stationary time series and weakly dependent SPPs. Since the proof of our functional Central Limit
Theorem is a simple use of the method, we here introduce it only briefly.

Theorem 3. Assume that N is strongly mixing and substationary in L. If the fourth intensity function of N is
uniformly bounded and ∫ ∞

0
zd−1/2α(zu, zv)dz < ∞ (4)

for any u, v > 0, then Mz,L(AV ) weakly converges to a Gaussian process with independent increments.

Proof. Let Ai = Ui × V for any disjoint U1, . . . ,Um ∈ B(L) and V ∈ B(L⊥). Let A = {A1, . . . , Am}. Using
the method of Theorem 1.3 in [25], we can partition A into many small blocks, denoted by B = {B1, . . . ,Bk1 } and
C = {C1, . . . ,Ck2 }, where k1, k2 → ∞ as z→ ∞, such that

min
B∈B j,n,B′∈B j′ ,n, j, j′

ρ(B, B′) ≥ u and N(Az,L) = N(Bz,L) + N(Cz,L).

By the method of Theorem 1.4 in [25], we can choose k1 such that it is bounded by z(1+u)/(2d) for any positive u, if z is
sufficiently large. Then, ∣∣∣∣∣∣∣∣

E
{
eit

∑m
j=1 Mz,L(A j)

}
−

k1∏

j=1

E
{
eitMz,L(B j)

}
∣∣∣∣∣∣∣∣
≤ 4k1α(zu, zv),

where v = max{ρ(Ui)}. If (4) holds, then the right-hand side of the above goes to 0 as z → ∞. Since λ4 is uniformly
bounded, we conclude that Lyapounov’s Condition holds, implying that the asymptotic normality holds. Then, the
Central Limit Theorem of Mz,L(A) holds for finiteA. By the same method in the proof of the tightness that we have
shown in Theorem 2, we can show the tightness of the distribution of Mz,L(AV ) for a sufficiently large z. It provides
the functional Central Limit Theorem of Mz,L(AV ) and the conclusion of the theorem.

Corollary 1. If all conditions of Theorem 3 hold, then there exists C > 0 such that for any A ∈ B(Rd), one has
Mz,L(A)⇝ N[0,C2µ(A)].

Proof. We assume that there exists t ∈ Rr and V ⊆ B(L⊤) such that A = At,V . If we partition (0, t1u1] × · · · × (0, trur]
into countable small rectangles, denoted by A = {Ui : i ∈ N}, then At,V =

∪∞
i=1 Ui × V . By Theorem 3, we have

Mz,L(A) ⇝ N(0,DA), where DA is a diagonal matrix determined by the property of A. There exists a σ-finite
measure µ̃ on Rd such that Mz,L(At,V ) ⇝ N{0, µ̃(At,V )}. Since AV is a π-system, we conclude that µ̃ is uniquely
determined. Thus, µ̃(A) is proportional to µ(A), implying the conclusion.

In practice, an important issue is to estimate the first-order intensity function λ(s) under substationarity with
an unknown L. As λ(s) only varies in L⊥, it is equivalent to estimate λ(sL⊥ ) and L together. Since it is generally
inappropriate to model λ(sL⊥) parametrically, we propose a nonparametric method for the intensity function. AsL can
be formulated by a rotation of a linear subspace spanned by coordinates, we propose a parametric method to estimate
it. Therefore, we classify our estimation as a semiparametric approach. The functional Central Limit Theorems given
by Theorems 2 and 3 provide the theoretical basis of the estimation method.

4. Estimation

Let N be substationary in L ⊆ Rd. Assume that points of N are only collected in bounded S ∈ B(Rd) such that
they can be represented by N(S). Denote n as the observed value of N(S). Our main interest is to estimate λ(sL⊥ )
and L simultaneously. We propose a two-step method. In the first step, we estimate λ(sL⊥ ) for a given L, where a
nonparametric method is adopted. In the second step, we estimate L, where a parametric method is adopted. The
implementation of the second step needs results of the first step.

We propose a kernel-based method to estimate λ(s) for a given L. We investigate the usual kernel-based method
without using substationarity [8]. This provides an estimator of λ(s) as

λ̂h(s) = C−1
h (s)

∫

S
Kh(s′ − s)N(ds′) (5)
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when N(S) > 0, where Kh(s) = K(s/h)/hd with bandwidth h ∈ (0,∞) is a kernel density function on Rd and
Ch(s) =

∫
S Kh(s′−s)ds′ is the Berman–Diggle boundary correction [2]. For convenience, one usually defines λ̂h(s) = 0

if N(S) = 0. By Campbell’s theorem, we have

E{λ̂h(s)} = C−1
h (s)

∫

S
Kh(s′ − s)λ(s′)ds′

and

var{λ̂h(s)} = C−2
h (s)

∫

S

∫

S
Kh(s′ − s)Kh(s′′ − s){g(s′, s′′) − 1}λ(s′)λ(s′′)ds′′ds′ +C−2

h (s)
∫

S
K2

h (s′ − s)λ(s)ds.

We modify (5) for a substationary N in L and obtain an estimator of λ(sL⊥) (or λ(s), equivalently) as

λ̂h,L⊥(sL⊥) = C−1
h,L⊥(sL⊥)

n∑

i=1

Kh,L⊥(si,L⊥ − sL⊥ ) = C−1
h,L⊥ (sL⊥ )

∫

S
Kh,L⊥(s′L⊥ − sL⊥)N(ds′) (6)

if N(S) > 0 and λ̂h,L⊥ (sL⊥ ) = 0 if N(S) = 0, where si,L⊥ is the projection of si on L⊥, Kh,L⊥(sL⊥) = K(sL⊥/h)/hr

is a kernel density function on L⊥, and Ch,L⊥ (s) =
∫
S Kh,L⊥(s′L⊥ − sL⊥)ds′ is still the boundary correction. Still by

Campbell’s theorem, we have

E{λ̂h,L⊥(sL⊥)} = C−1
h,L⊥ (sL⊥ )

∫

S
Kh,L⊥(s′L⊥ − sL⊥)λ(s′L⊥ )ds′,

and

var{λ̂h,L⊥ (sL⊥)} =C−2
h,L⊥ (sL⊥ )

∫

S

∫

S
Kh,L⊥(s′L⊥ − sL⊥)Kh,L⊥ (s′′L⊥ − sL⊥){g(s′, s′′) − 1}λ(s′L⊥)λ(s′′L⊥)ds′′ds′

+C−2
h,L⊥(s)

∫

S
K2

h,L⊥(s′L⊥ − sL⊥ )λ(s′L⊥)ds′.
(7)

If r = d, then L = Rd and (6) becomes
λ̂ = n/|S|. (8)

Since N is stationary in this case, the first-order intensity function is a constant, indicating that the estimator must be
a constant.

We compare the MSEs (mean square errors) of λ̂h(s) and λ̂h,L⊥ (sL⊥ ) as h → 0 and hz → ∞ in the case where
S = Az,L for a bounded A ∈ B(Rd). We find that the bias of λ̂h(s), which is given by Bias{λ̂h(s)} = E{λ̂h(s)} − λ(s),
can go to 0 as h → 0, but it can simultaneously cause var{λ̂h(s)} → ∞. To make var{λ̂h(s)} small, we need to choose
a large h, but it increases Bias{λ̂h(s)}. Thus, MSE{λ̂h(s)} = [E{λ̂h(s)} − λ(s)]2 + var{λ̂h(s)} cannot go to 0 as z → ∞.
However, by selecting an appropriate h, we can make MSE{λ̂h,L⊥(sL⊥)} → 0.

Theorem 4. Let N be substationary in L and S = Az,L for a bounded A ∈ B(Rd) with r > 0 and |∂A| = 0. Suppose
that all conditions of Theorem 3 hold. Assume that λ(sL⊥ ) is positive and continuous in the interior of S and νr(Av) is
almost surely continuous in any v ∈ A⊥. For an interior point s of A, if h→ 0 and hz→ ∞, then MSE{λ̂h,L⊥(sL⊥)} → 0
as z→ ∞.

Proof. For an interior point of s ∈ A, one has that

E{λ̂h,L⊥ (sL⊥ )} =
{∫

L⊥
νr(AsL⊥+hv)K(v)dv

}−1 ∫

L⊥
νr(AsL⊥+hv)K(v)λ(sL⊥ + hv)dv.

If h→ 0 as z→ ∞, then limz→∞ E{λ̂h,L⊥(sL⊥)} = λ(sL⊥) by the continuity of νr(Av) and λ(sL⊥). By (7), we have

var{λ̂h,L⊥ (sL⊥ )} =
{∫

A
Kh,L⊥(s′L⊥ − sL⊥)ds′

}−2 ∫

A

∫

A
Kh,L⊥(s′L⊥ − sL⊥ )Kh,L⊥ (s′′L⊥ − sL⊥)[g{s′, s′′ + z(s′′L − s′L)} − 1]

× λ(s′L⊥)λ(s′′L⊥ )ds′′ds′ + z−r
{∫

A
Kh,L⊥ (s′L⊥ − sL⊥)ds′

}−2 ∫

A
K2

h,L⊥(s′L⊥ − sL⊥)λ(s′L⊥ )ds′.
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By Theorem 3, we conclude that the first term of the above goes to 0 as z→ ∞. Therefore, we only need to study the
second term, which satisfies

(hz)−r
{∫

L⊥
νr(AsL⊥+hv)K(v)dv

}−2 ∫

L⊥
K2(v)λ(sL⊥ + hv)dv→ 0

as hz→ ∞. This concludes the argument.

Example 1. We interpret Theorem 4 of L in a special case. Assume that N is substationary in R2 and L = {(x, 0) :
x ∈ R} such that d = 2, r = 1, and the first-order intensity function can be expressed as λ(s) = λ(y), where s = (x, y).
Suppose that S = [0, z] × [0, ω] such that observations ofN can be expressed by points within [0, z] × [0, ω], denoted
by s1, . . . , sn, where n = N(S) is the total number of observed points. If we choose K(s) = (2π)−1e−(x2+y2)/2 for the
case where substationarity is not accounted for, then Kh(s) = ϕ(x/h)ϕ(y/h)/h2 = (2πh2)−1e−(x2+y2)/(2h2), where ϕ is the
PDF of N(0, 1). By (5), we have

E{λ̂h(s)} =
{∫ z

0

∫ ω

0

1
2πh2 e−

(x′−x)2+(y′−y)2

2h2 dy′dx′
}−1 ∫ z

0

∫ ω

0

1
2πh2 e−

(x′−x)2+(y′−y)2

2h2 λ(s′)ds′.

Then, limh→0 E{λ̂h(s)} = λ(s), implying that the bias of λ̂h(s) can only disappear as h → 0 but this can make
var{λ̂h(s)} large. If we choose K(y) = (2π)−1/2e−y2/2 for the case when substationarity is accounted for, then Kh,L⊥(y) =
ϕ(y/h)/h = (

√
2πh)−1e−y2/(2h2). By (6), we have

E{λ̂h,L⊥(y)} =
{∫ ω

0

1√
2πh

e−
(y′−y)2

2h2 dy′
}−1 ∫ ω

0

1√
2πh

e−
(y′−y)2

2h2 λ(y)dy.

Then, limh→0 E{λ̂h,S⊥ (s)} = λ(s), implying that the bias of λ̂h,L⊥(s) also disappears as h→ 0. By (7), we have

var{λ̂h,L⊥(y)} =
{∫ ω

0

1√
2πh

e−
(y′−y)2

2h2 dy′
}−2 ∫ ω

0

∫ ω

0

1
2πh2 e−

(y′−y)2+(y′′−y)2

2h2 λ(y′)λ(y′′)

× 1
z

∫ z

0
[g{(0, y′), (x′′, y′′)} − 1]dx′′dy′dy′′ +

1
z

{∫ ω

0

1√
2πh

e−
(y′−y)2

2h2 dy′
}−2 ∫ ω

0

1√
2πh

e−
(y′−y)2

2h2 λ(y′)dy′.

If all conditions of Theorem 3 hold, then limx′′→∞ g{(0, y′), (x′′, y′′)} − 1 = 0. Thus, the first term of the above goes to
0 as z→ ∞ and the second term goes to 0 if zh→ ∞, satisfying the conclusion of Theorem 4.

As L is also unknown, we need to estimate it, too. We want to modify the composite likelihood approach. Let L0
be the true linear subspace with dimension r0. If r0 = 0, then N is not substationary in any linear subspace of Rd. If
r0 = d, then N is stationary in the entire Rd. Otherwise, N is substationary in L but nonstationary in Rd. Without
loss of generality, we assume L0 = span(e1, . . . , er0 ), where e1, . . . , ed is the orthonormal basis of Rd. Let u1, . . . ,ud

be another orthonormal basis of Rd such that L = span(u1, . . . ,ur). Then, we can find an orthogonal transformation
(or orthogonal rotation) Q such that Qspan(e1, . . . , er) = L. Let Q be the collection of orthogonal transformation in
Rd and L̂ be an estimator of L. Then, span(e1, . . . , er) = Q−1L̂, which provides an estimator of Q, implying that
estimating L is equivalent to estimating Q ∈ Q. By the inverse of Q, we can study the relationship between L̂ and
L0 based on u1, . . . ,ud instead of e1, . . . , ed. Then, we have a fixed L in Kh,L but a varied L0, indicating that the
impact of h can be removed and the problem becomes purely parametric. Therefore, consistency and optimal rate of
convergence in the parametric case are expected. We provide a proof of this in the following.

For an intensity function λ = λ(s), let

ℓ(λ) = ℓ{λ(s)} =
n∑

i=1

ln λ(si) −
∫

S
λ(s)ds =

n∑

i=1

ln λ(si) − κ (9)

be the log-likelihood function of N(S) if N is Poisson, where κ = E{N(S)} =
∫
S λ(s)ds. Then, ℓ{λ(s)} can be treated

as the composite log-likelihood of N(S) if N is non-Poisson [20]. Therefore, we can estimate L by

Q̂h = argmax
Q∈Q

ℓ(λ̂h,L⊥ ), (10)
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which provides an estimator of L̂h. We need to determine the best choice of h in L̂h. Various methods related to this
problem have been proposed. One method is to use the generalized cross validation (GCV) approach [16]. Another
method relies on its asymptotic performance based on mean integrated square errors (MISEs); see Section 24.2 in [39].
We study this problem in Section 5.

We evaluate asymptotic properties, including consistency and asymptotic normality, of L̂h. We still assume that
S = Az,L0 for a bounded A ∈ B(Rd). We use the traditional method based on the Kullback–Leibler divergence (or
information). For any λ̃ = λ̃(s) and λ = λ(s), two options of intensity functions ofN , the Kullback–Leibler divergence
is defined as D(λ̃, λ) = ℓ(λ̃)− ℓ(λ). Let λ0(s) be the true intensity function. By the Shannon–Kolmogorov Information
Inequality (see p. 113 in [14]), we have E{D(λ, λ0)} < 0 for any distinct λ and λ0. To show consistency of L̂h, we need
to study the asymptotic performance of D(λ̂h,L⊥ , λ̂h,L⊥0 ). By

∫
S λ̂h,L⊤(sL⊥)ds = n for any L and Kh,L⊥ , we have

Dh(L,L0) =
n∑

i=1

ln
λ̂h,L⊥(si)

λ̂h,L⊥0 (si)
=

∫

S
ln
λ̂h,L⊥(s)

λ̂h,L⊥0 (s)
N(ds)

when n > 0 and Dh(L,L0) = 0 when n = 0. Since asymptotic properties of Dh(L,L0) cannot be directly implied by
the Shannon–Kolmogorov Information Inequality, we have to provide a proof. We show it for Poisson SPPs first and
then extend it to other SPPs. The role of the following lemma is equivalent to the role of the optimality condition in
maximum likelihood estimation based on the Kullback–Leibler information; see p. 112 in [14].

Lemma 1. Assume that N is Poisson with λ(s) > 0 for all s ∈ S. Let D̃h(L,L0) =
∑n

i=1 D̃i,h(L,L0), where

D̃i,h(L,L0) = ln
C−1

h,L⊥ (si,L⊥)
∑n

j=1, j,i Kh,L⊥ (s j,L⊥ − si,L⊥)

C−1
h,L⊥0

(si,L⊥)
∑n

j=1, j,i Kh,L⊥ (s j,L⊥0 − si,L⊥0 )
.

If r0 ≥ 1, then E{D̃h(L,L0)} ≤ 0 and the equality holds if and only if L ⊆ L0.

Proof. Note that f (s) = λ(s)/κ is a PDF on S and N(S) ∼ P(κ). Let N−i(S) = {s j : j ∈ {1, . . . , n}, j , i} when n ≥ 2
and N−i(S) = ϕ when n ∈ {0, 1}. Let ξ−i,0,L(A) = 0 and

ξ−i,n(A) =
n∑

j=1, j,i

∫

A
C−1

h,L⊥(sL⊥)Kh,L⊥(sL⊥ − s j,L⊥) f (s)ds

when n ≥ 1 for any A ∈ B(S). Then

ξ−i,n,L(ds) = {C−1
h,L⊥(si,L⊥)

n∑

j=1, j,i

Kh,L⊥(s j,L⊥ − si,L⊥)} f (ds)

given N−i(S), implying that ξ−i,n,L(ds)/ξ−i,n,L(S) is a probability measure on S. When n ≥ 1, by Jensen’s inequality,
we have ∫

S
D̃i,h(L,L0)

ξ−i,n,L0 (ds)
ξ−i,n,L0 (S)

≤ ln
∫

S

ξ−i,n,L(ds)
ξ−i,n,L(S)

= 0,

where the equality holds if and only if L ⊆ L0.

Theorem 5. Assume that N is Poisson and intrinsically substationary in L0 with r0 ≥ 1 and λ(s) > 0 for all s ∈ S.
Suppose that there exists a function Ψ(s) such that E∥Ψ(s)∥ < ∞ and n−1Dh(L,L0) ≤ Ψ(s) almost surely. Then
L̂h ⊆ L0 almost surely.

Proof. We immediately have n−1Dh(L,L0) − E{n−1Dh(L,L0)|n} a.s.→ 0 by the Ergodic Theorem; see p. 315 in [4].
Since Q is compact, by the method of Theorem 16(a) in [14], we can further show that

sup
L
|n−1Dh(L,L0) − E{n−1Dh(L,L0)|n}| a.s.→ 1.

Since n−1D̃h(L,L0) = n−1Dh(L,L0) + O(1/n), we can show the conclusion by Lemma 1 and the standard method in
the proof of consistency of the MLE; see Theorem 17 in [14].
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Theorem 6. Let ℓ̇i(λ̂h,L) and ℓ̈i(λ̂h,L) be the gradient and Hessian matrix of ℓi(λ̂h,L) = ln λ̂h,L⊥(si) − 1 with respect
to L. Assume that |∂A| = 0, |A| > 0, and N is Poisson and intrinsically substationary in L0 with r0 ≥ 1, and λ(s) is
positive, second-order continuous, and uniformly bounded in S. If r = r0, then

√
n (L̂h − L0)⇝ N[0,E−1{ℓ̈i(λ̂h,L)}].

Proof. By (9) and the fact that
∫
S λ̂h,L⊥(s)ds = n, we have ℓ(λ̂h,L⊥) =

∑n
i=1 ℓi(λ̂h,L). After ignoring the small order

terms in the Taylor expansion, we approximately have

0 = ℓ̇(λ̂h,L⊥) ≈ ℓ̇(λ̂h,L⊥0 ) + ℓ̈(λ̂h,L⊥0 )(L̂ − L0),

implying that √
n (L̂ − L0) = {n−1ℓ̈(λ̂h,L⊥0 )}−1{(1/√n )ℓ̇(λ̂h,L⊥0 )} + op(1).

Since s1, . . . , sn are iid with PDF f (s) for a given n, we conclude that ℓ̇(λ̂h,L⊥0 )/
√

n is asymptotically normal by the
functional Central Limiting Theorem in the iid case; see Chapter 9 in [39]. Then,

(1/
√

n )ℓ̇(λ̂h,L⊥0 )⇝ N[0,E{ℓ̇i(λ̂h,L0 )ℓ̇⊤i (λ̂h,L0 )}].

By the Ergodic Theorem, we have n−1ℓ̈(λ̂h,L⊥0 )
a.s→ E{ℓ̈i(λ̂h,L0 )}. We draw the final conclusion by E{ℓ̇i(λ̂h,L0 )ℓ̇⊤i (λ̂h,L0 )} =

E{ℓ̈i(λ̂h,L0 )}.
Theorem 7. Suppose that all conditions of Theorem 3 hold. Assume that |∂A| = 0, |A| > 0, and N is intrinsically
substationary in L0 with r0 ≥ 1, and λ(s) is positive, second-order continuous, and uniformly bounded in S. If r = r0,
then

√
n (L̂h − L0) weakly converges to a multivariate normal distribution.

Proof. It can be proven by the method in the proof of Theorem 3 with the conclusion of Theorem 6.

The Central Limit Theorem of
√

n (L̂h−L0) for the Poisson case is extended to a non-Poisson case by Theorem 7.
Note that the asymptotic holds only when r = r0. We need to address the case when r , r0. If r > r0, then N cannot
be substationary in L. We cannot have consistency of λ̂h,L(s) for any L. If r < r0, by Theorem 5, we have L̂h ⊆ L0
almost surely. Therefore, it is important to evaluate r, which is studied in the next section.

5. Simulation

We carried out simulation studies to evaluate the performance of λ̂h,L⊥(s) = λ̂h,L⊥(sL⊥) given by (6). This also
contained estimation of L. We simulated realizations from Poisson and Poisson cluster SPPs in a rectangular region
S = [0, z] × [0, ω], the region used in Example 1. We chose ω = 1 in our simulations. We selected these processes
because they are popular in modeling ecological, environmental, geographical data. In both processes, we chose the
first-order intensity function as λ(s) = 100{Γ2(a)/Γ(2a)}ya−1(1 − y)a−1 for a selected a ≥ 1 such that we always had
κ = E{N(S)} = 100z. Note that λ(s)/100 is the PDF of B(a, a) distribution. We chose a equal to 1.0, 1.5, 2.0, 2.5,
and 3.0 in our simulations. If a = 1, then N was stationary in the entire R2, where we had r0 = 2; otherwise, it was
only substationary in L = {(x, 0) : x ∈ R}, where we had r0 = 1. Since L might be unknown, we also evaluated the
performance of L̂, the estimator of L given by (10).

To obtain a Poisson SPP, we first generated the number of points from the P(κ) distribution and then identically
and independently generated the locations of these points. The horizontal values of these points were generated from
the uniform distribution on [0, z]. The vertical values of these points were generated from the B(a, a) distribution. To
obtain a Poisson cluster SPP, we first generated their parent points from a Poisson SPP with its first-order intensify
function equal to λ(s)/γ by the same method for the Poisson SPP. After parent points were derived, we generated
offspring points. Each parent point generatedP(γ) offspring points independently. The position of each offspring point
relative to its parent point was defined as a radially symmetric Gaussian random variable with a standard deviation σ.
We chose γ = 5 and σ = 0.02 in all the cases of Poisson cluster SPPs that we studied.

We studied two cases in the implementation of λ̂h,L(s). In the first case, we assumed that L was known such that
we could directly apply (6). We chose Kh,L⊥ (y) = ϕ(y/h)/h as the density of N(0, h2). Then, we had Ch,L⊥ (y) =
z[Φ{(ω − y)/h} − Φ(−y/h)], where Φ is the CDF of N(0, 1). This provided

λ̂h,L⊥ (y) =
1
z

{
Φ

(
ω − y

h

)
− Φ

(
− y

h

)}−1 n∑

i=1

1
h
ϕ
(yi − y

h

)
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for y ∈ (0, ω). In the second case, we assumed that L was unknown. We also estimated L. Note that any one-
dimensional linear subspace of R2 can be expressed as

Lθ = {(u cos θ, u sin θ) : u ∈ R}, (11)

for some θ ∈ [−π/2, π/2), leading to L⊥θ = {(−v sin θ, v cos θ) : v ∈ R}. We chose Kh,L⊥θ (v) = ϕ(v/h)/h on L⊥θ .
To apply (6), we computed the analytic expression of Ch,L⊥θ (v) for all θ ∈ [−π/2, π/2). If θ = 0, then Ch,L⊥θ (v) =

z[Φ{(ω − v)/h} − Φ(−v/h)]. If θ = −π/2, then Ch,L⊥θ (v) = ω[Φ{(z − v)/h} − Φ(−v/h)]. If 0 < θ < π/2, then
−z sin θ ≤ v ≤ cos θ and

Ch,L⊥θ (v) =
z sin θ + v
sin θ cos θ

[
Φ

{
(ω cos θ − z sin θ) ∧ 0 − v

h

}
− Φ

{−z sin θ − v
h

}]

+

( z
cos θ

∧ ω

sin θ

) [
Φ

{
(ω cos θ − z sin θ) ∨ 0 − v

h

}
− Φ

{
(ω cos θ − z sin θ) ∧ 0 − v

h

}]

+
ω cos θ − v
sin θ cos θ

[
Φ

(
ω cos θ − v

h

)
− Φ

{
(ω cos θ − z sin θ) ∨ 0 − v

h

}]
+

h
sin θ cos θ

[
ϕ

(−z sin θ − v
h

)

+ϕ
(
ω cos θ − v

h

)
− ϕ

{
(ω cos θ − z sin θ) ∧ 0 − v

h

}
− ϕ

{
(ω cos θ − z sin θ) ∨ 0 − v

h

}]
.

If −π/2 < θ < 0, then 0 ≤ v ≤ −z sin θ + cos θ and

Ch,L⊥θ (v) =
{ z

cos θ
∧

(
− ω

sin θ

)} [
Φ

{
(−z sin θ) ∨ (ω cos θ) − v

h

}
− Φ

{
(−z sin θ) ∧ (ω cos θ) − v

h

}]

+
z sin θ − ω cos θ + v

sin θ cos θ

[
Φ

(−z sin θ + ω cos θ − v
h

)
− Φ

{
(−z sin θ) ∨ (ω cos θ) − v

h

}]

− v
sin θ cos θ

[
Φ

{
(−z sin θ) ∧ (ω cos θ) − v

h

}
− Φ

(
− v

h

)]
+

h
sin θ cos θ

[
ϕ

{
(−z sin θ) ∨ (ω cos θ) − v

h

}

+ϕ

{
(−z sin θ) ∧ (ω cos θ) − v

h

}
− ϕ

(−z sin θ + ω cos θ − v
h

)
− ϕ

( v
h

)]
.

For a given θ ∈ [−π/2, π/2), we calculated λ̂h,L⊥θ (sL⊥θ ) by (6) as

λ̂h,L⊥θ (v) = C−1
h,L⊥θ (v)

n∑

i=1

1
h
ϕ

(
yi cos θ − xi sin θ − v

h

)
(12)

for all v ∈ [(−z sin θ)∧0, cos θ+(−z sin θ)∨0], where xi and yi are horizontal and vertical coordinates of si, respectively.
We defined Q = {θ : Qθ} in the implementation of (10), where Qθs = y cos θ − x sin θ was an orthogonal project from
R2 to Lθ. The estimator θ̂h was the value of θ corresponding to Q̂h given by (10). We calculated the value of λ̂h,L̂⊥ (v)
with L̂ = Lθ̂h . It was treated as the estimator of λ(s) under substationarity with an unknown L. It was compared with
λ̂h,L⊥(y), the estimator of λ(s) with a known L. In the end, we calculated θ̂h by (10) and (12).

We evaluated the performance of the MSE of θ̂h and the MISE of λ̂h,L⊥θ (v) for selected a, z, and h. The performance
of λ̂h,L⊥θ (v) was compared with that of λ̂h(s) given by (5) and λ̂ under stationarity given by (8), where we chose K(s)
as the density of the standard bivariate normal distribution in the computation of λ̂h(s).

We simulated 1000 realizations for each selected cases. To evaluate the performance of θ̂h, we computed its MSE
value by

1
1000

1000∑

i=1

θ̂2hi,

where θ̂hi was the value of θ̂h in the ith realization; see Table 1. The results of other cases showed that the root MSE
of θ̂h were all close to 0, indicating that the estimator was accurate. The MSE of θ̂h decreased as z increased. This
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Table 1: Simulations (with 1000 replications) for root MSE of θ̂h (given by degrees) with respect to selected a, z, and h for Poisson and Poisson
cluster processes.

h for Poisson Process h for Poisson Cluster Process
a z 0.01 0.02 0.05 0.1 0.01 0.02 0.05 0.1

1.5 1 4.16 4.31 4.70 4.98 4.31 4.53 5.00 5.31
2 4.00 3.75 3.70 3.73 4.17 4.20 4.55 4.77
5 3.32 2.13 1.14 0.94 4.34 4.17 3.78 3.24

10 1.63 0.43 0.29 0.32 4.84 4.22 2.77 1.62
2.0 1 3.88 4.16 4.34 4.41 4.20 4.33 4.84 5.13

2 3.34 3.10 2.58 2.43 3.92 4.02 4.21 4.32
5 1.12 0.76 0.51 0.54 3.32 2.96 2.20 1.60

10 0.29 0.21 0.17 0.18 2.31 1.39 0.61 0.51
2.5 1 3.83 3.96 4.19 4.13 4.14 4.34 4.77 5.07

2 3.04 2.59 1.96 1.84 3.78 3.89 3.90 3.81
5 0.76 0.59 0.43 0.41 2.33 2.05 1.47 1.18

10 0.23 0.17 0.13 0.15 0.63 0.56 0.39 0.38
3.0 1 3.72 3.94 3.83 3.77 4.11 4.29 4.73 4.93

2 2.60 2.32 1.64 1.56 3.62 3.67 3.68 3.63
5 0.64 0.50 0.36 0.37 1.76 1.50 1.13 0.99

10 0.21 0.16 0.12 0.13 0.53 0.43 0.32 0.32

was interpreted by Theorem 4. The MSE decreased as a increased since the strength of nonstationarity increased as a
became large. For the same a and z values, the MSE of θ̂h was also affected by the bandwidth h in the kernel approach
is always an important issue to be investigated. In all the cases that we studied, the MSE of θ̂h in the Poisson SPPs was
lower than those in the Poisson cluster SPPs. This was expected as for the same κ value, the number of independent
clusters in the Poisson cluster SPPs was lower than the number of independent points in the Poisson SPPs.

We did not include the case when a = 1 in Table 1 as θ0 was not well defined. As it induced r0 = 2 and L0 = R2,
we always had L̂h ⊆ L0. To evaluate the impact of r0, we examined the performance of ℓ(λ̂h,L⊥) as θ varied; see
Figure 2. A strange pattern was discovered when a = 1 as it had r = 1 < r0 = 2. All of the remaining cases had a
unique maximum as we had r = r0 = 1. Findings of this sort provided us a method to diagnose whether r = r0.

We also evaluated the performance of four different estimators of the first-order intensity functions; see Table 2.
We used λ̂h,L⊥(y) to represent the case when θwas known. We used λ̂h,L̂⊥(v) to represent the case when θwas unknown.
We used λ̂h(s) to represent the case when substationarity was not taken into account. We used λ̂ to represent the case
when stationarity was assumed. All of the minimum MISEs (mean integrated square errors) were reached by λ̂ when
a = 1 as the SPPs were stationary in this case. The root MISEs of λ̂ increased in a since the strength of nonstationarity
became large as a increased. For the same a and h values, the root MISEs of λ̂h,L⊥(y) and λ̂h,L̂⊥(v) decreased in z.
We interpreted this by Theorem 4. The root MISEs of λ̂h(s) did not vary significantly as z changed since the size of
the region was not a critical issue in its computation. For all of the cases with a > 1 that we studied, the root MISEs
of λ̂h,L⊥ (y) and λ̂h,L̂⊥ (v) were lower than those of λ̂h(s) and λ̂, indicating that efficiency was gained by accounting for
substationarity. The root MISEs of λ̂ diverged as z increased because the SPPs was not stationary when a , 1.

6. Application

We applied our approach to the Alberta Forest Wildfire data. The Alberta Forest Wildfire data consisted of forest
wildfire activities that took place in Alberta, Canada, from 1931 to 2012. The Canadian Alberta Forest Service
initiated the modern era of wildfire record starting in 1931. Since 1996, paper-based wildfire information was no
long retained. The wildfire historical data were entered at the field level on the Fire Information Resource Evaluation
System (FIREs), which can be freely downloaded from the internet. We collected the historical forest wildfire data
from 1996 to 2010 within a rectangle spanned from 117 longitude West to 110 longitude West in the horizontal
direction and from 54.7 latitude North to 58 latitude North in the vertical direction; see Figure 3(a). We treated the
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Table 2: Simulations (with 1000 replications) of root MISE of λ̂h,L⊥ (y), λ̂h,L⊥
θ̂h

(v), λ̂h(s), and λ̂ with respected to selected a, z, and h in the Poisson

and Poisson cluster processes.

Poisson Process Poisson Cluster Process
a z h λ̂h,L⊥ (y) λ̂h,L̂⊥ (v) λ̂h(s) λ̂ λ̂h,L⊥ (y) λ̂h,L̂⊥ (v) λ̂h(s) λ̂

1 1 0.01 42.69 47.20 158.63 7.89 81.99 88.53 179.06 17.68
0.02 30.28 33.31 110.09 8.23 64.44 70.07 157.49 18.32
0.05 19.57 20.87 48.12 7.97 43.12 45.92 98.38 18.15
0.10 14.50 14.93 25.74 7.96 32.41 33.75 56.77 18.54

2 0.01 30.23 34.73 158.14 5.85 58.54 67.28 179.68 12.39
0.02 21.33 24.62 109.37 5.65 45.79 52.51 156.55 11.96
0.05 13.89 15.48 47.08 5.73 30.91 34.92 97.86 12.54
0.10 10.09 10.79 24.90 5.62 22.74 24.60 54.99 12.76

5 0.01 19.04 23.81 158.07 3.71 36.95 47.05 179.69 8.00
0.02 13.68 17.23 109.28 3.51 29.01 36.83 156.05 8.28
0.05 8.70 10.93 46.76 3.49 19.42 24.30 96.51 7.79
0.10 6.40 7.56 24.31 3.50 14.25 17.16 53.56 7.73

10 0.01 13.46 19.00 157.94 2.47 26.34 37.49 179.55 5.76
0.02 9.67 13.63 109.05 2.45 20.60 29.39 156.09 5.52
0.05 6.16 8.87 46.59 2.48 13.73 19.91 96.34 5.60
0.10 4.48 6.01 24.14 2.55 10.17 14.14 53.25 5.83

2 1 0.01 40.85 45.03 153.49 39.09 77.57 83.74 176.81 41.48
0.02 29.04 31.95 103.74 39.08 60.99 65.82 151.79 41.41
0.05 19.12 20.57 45.63 38.99 41.15 43.98 92.52 41.58
0.10 17.14 17.75 26.86 39.14 31.92 33.00 53.78 41.57

2 0.01 28.76 33.75 153.42 38.74 56.00 63.74 176.78 40.11
0.02 20.58 24.17 103.07 38.84 43.68 50.73 151.36 40.05
0.05 14.11 15.85 45.01 38.72 29.24 33.76 91.24 39.98
0.10 13.62 14.74 26.11 38.71 23.91 26.01 52.58 40.10

5 0.01 18.20 21.48 153.05 38.60 35.61 45.99 176.88 39.10
0.02 13.14 14.87 102.69 38.60 27.43 36.15 150.76 39.14
0.05 9.35 9.96 44.51 38.59 18.93 23.49 90.86 39.01
0.10 11.12 11.91 25.70 38.61 16.99 19.00 51.78 39.04

10 0.01 12.90 14.38 153.20 38.52 25.30 34.22 176.78 38.77
0.02 9.21 10.03 102.62 38.53 19.76 25.11 150.76 38.83
0.05 7.07 7.41 44.28 38.52 14.12 16.13 90.52 38.76
0.10 9.86 10.19 25.52 38.54 13.79 14.70 51.72 38.76

3 1 0.01 38.55 42.68 148.66 59.06 73.23 79.67 174.60 60.47
0.02 27.14 30.07 97.35 59.06 57.74 62.95 147.18 60.44
0.05 18.07 19.74 42.77 59.06 38.45 41.24 86.89 60.45
0.10 18.44 19.15 26.90 59.05 32.26 33.30 52.23 60.67

2 0.01 27.37 31.53 148.40 58.87 52.97 60.94 174.22 59.62
0.02 19.15 22.28 96.93 58.89 41.09 47.90 146.42 59.64
0.05 12.90 14.20 42.00 58.85 27.79 31.93 85.44 59.66
0.10 15.28 16.19 26.10 58.89 24.25 26.55 50.55 59.59

5 0.01 17.28 19.52 147.97 58.78 33.58 40.71 174.06 59.07
0.02 12.27 13.56 96.55 58.78 25.99 31.32 145.19 59.06
0.05 8.80 9.32 41.79 58.77 17.90 20.87 85.27 59.04
0.10 13.21 13.68 25.62 58.76 18.25 19.58 49.77 59.06

10 0.01 12.34 13.58 148.18 58.73 23.86 27.81 174.15 58.86
0.02 8.65 9.28 96.40 58.74 18.46 21.18 145.86 58.88
0.05 6.71 7.02 41.55 58.74 13.13 14.34 84.74 58.87
0.10 12.52 12.73 25.41 58.73 15.13 15.80 49.18 58.88
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Figure 2: Plots of ℓ(λ̂h,L⊥ ) as functions of θ varies when h = 0.1 based on realizations in the simulation.

rectangle as the study region in our approach. The region contained 8125 wildfire occurrences with all of the three
greatest wildfires occurred in Alberta forests during the 15-year period. The greatest wildfire occurred in 2002 at 111.8
longitude West and 55.5 latitude North with an area burned of 2387 squared kilometers. The second greatest wildfire
occurred in 1998 at 116.5 longitude West and 54.7 latitude North with an area burned of 1631 squared kilometers. The
third greatest wildfire occurred in 1998 at 114.3 longitude West and 47.5 latitude West with an area burned of 1554
squared kilometers. The total burned area in the region was over 60% of the total burned area in the entire region.

The study region contained a large portion of boreal forests in Alberta, which was dominated in plain areas. The
geographical distribution of boreal forest wildfires is considered as a major dominant disturbance in the high latitude
area of the North Hemisphere [34]. A small portion of boreal forests of Alberta was in the mountain areas, located
in the southwestern region of Alberta. We focused our study on the plain areas since tree densities and topographic
conditions were significantly different between the mountain and plain areas.

We evaluated the scientific background about substationarity of wildfire occurrences in Alberta Forests. It was
pointed out that wildfire activities in boreal forest were significantly affected by latitude but not by longitude [43]. It
was expected to have low numbers of wildfire occurrences with high values of area burned in the north than those in
the south [44], indicating that substationarity might be assumed along the longitude. To confirm this, we calculated
the estimates of λ(s) with the standard bivariate normal kernel via (5) under nonstationarity. We used a few bandwidth
values and found that the results were not stable; see Figures 3(b), 3(c), and 3(d). However, all of our results showed
that the estimates of the intensity were high in the south but low in the north.

We followed previous findings and assumed that fire occurrences were substationary in a linear space of R2, where
the linear space wasL = Lθ given by (11). We computed θ̂h with a normal kernel in (10). We treated θ̂h as an estimator
of θ for a given h. We compared values of θ̂h with various choices of h. We found that θ̂h was reliable. For instance, we
got θ̂h = −0.002 (given by arc degree) if h = 0.01, θ̂h = −0.001 if h = 0.02, θ̂h = −0.003 if h = 0.05, and θ̂h = −0.007
if h = 0.1. Therefore, we had θ̂h ≈ 0, indicating that we might simply choose L = L0 in our method. To investigate
this, we compared ℓ{λ̂h,L̂⊥(s)} and ℓ{λ̂h,L⊥0 (s)} with selected h in (9). We found that ℓ{λ̂h,L̂⊥ (s)} − ℓ{λ̂h,L⊥0 (s)} were 1.66,
0.89, 3.38, and 5.3 when h was 0.01, 0.02, 0.05, and 0.1, respectively. Comparing these values with the differences
of log-likelihood functions affected by h, which were often more than a few hundred, we concluded that the impact
of ℓ{λ̂h,L̂⊥(s)} − ℓ{λ̂h,L⊥0 (s)} could be ignored. Therefore, it was enough for us to use θ = 0 in the computation of the
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Longitude

La
tit

ud
e

 200 

 200 

 200 

 300 

 300 

 300 

 400 

 400 

 400 

 400  500  600 

 600 

−117 −116 −115 −114 −113 −112 −111 −110

55
.0

56
.0

57
.0

58
.0

(d): Estimates of Intensity with h=0.5
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Figure 3: Wildfires locations and estimates of the intensity under nonstationarity in Alberta Forests from 1996 to 2010 in the selected region, where
bandwidths were given by degrees.

estimator of the first-order intensity function.
Simply using θ = 0, we obtained L0 = {(x, 0) : x ∈ R}. We computed values of λ̂h,L⊥0 (y) with a few choices of h.

We found that all of them were close, e.g., as those displayed by Figure 4. Therefore, we concluded that our approach
was reliable. The intensity of wildfire occurrences was almost maximized at 55.8 latitude North. It decreased fast to
the north but slowly to the south. The north part was consistent with our previous conclusion but the south part was
a concern. We studied the reason by looking at the terrestrial ecozones. We found that ecozones in the south of the
study region was dominated by grassland, which might affect the occurrences of forest wildfires [33, 43].

7. Discussion

In this article, we propose the concept of substationarity and provide a semiparametric method to estimate the first-
order intensity function of a spatial point process, including the linear subspace. Although this has not been previously
studied in the literature in SPPs, a related concept in geostatistics called spheric symmetry that are stationary along
the longitudes but nonstationary along latitudes has been previously discussed [24, 28, 29]. A significant difference
between the two concepts is that we assume that the linear subspace is unknown. Therefore, we also need to estimate
the linear subspace.

The estimation method proposed in this article is a modified version of the traditional kernel density estimation
for random variables. Traditional kernel density estimation is formulated under the assumption that sampling data are
identically and independently collected from a continuous distribution. This is often violated because of dependency
in spatial point data. A common way to account for dependency in SPPs is to use the second-order intensity functions.
As specific relationships between the first-order and the second-order intensity functions can be formulated under the
concept of SOIRs, it is possible to account for both of them simultaneously.

Although we have only discussed the kernel-based approach, two other nonparametric or semiparmetric ap-
proaches may be used. The local polynomial approach is a modified version of the kernel approach [5, 13]. It is
based on the idea of weighted localized polynomial regression, where the weights are determined by kernel functions
of explanatory variables. The smoothing spline approach estimates a smooth function by minimizing a penalized
likelihood function [17, 30, 41]. The penalized likelihood function has two terms. The negative log-likelihood term
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Figure 4: Estimates of the first-order intensity in the Alberta Forest Wildfire data under substationarity along the longitude.

controls the goodness-of-fit. The penalty term controls the smoothness. Both the local polynomial and the smooth
spline approaches can be used to estimate intensity functions of SPPs under substationarity.

As a relative concept, nonsubstationarity is also important in spatial point data. A nonsubstationarity approach
must be adopted if assumptions of substationarity fail. Based on the concept of substationarity, a few possible methods
for nonsubstationarity may be proposed. An easy way is to borrow the idea of additive models in nonparametric statis-
tics [15, 21]. Assume that the intensity functions of a nonsubstationary SPP can be expressed by the sum of intensity
functions of a few substationary SPPs. If the intersection of the linear subspaces given by these substationary SPPs
only contains the origin, then the nonstationary SPP is not substationary in any linear subspace of the domain. The
structure of additive models for nonsubstationarity in SPPs is essentially different from the structure of additive mod-
els in nonparametric statistics. Additive models in SPPs attempt to model additivity by intensity functions. Additive
models in nonparametric statistics attempt to model additivity by mean structures. Additive models in SPPs contain
dependence structures but additive models in nonparametric statistics do not. This is an interesting research question
to be studied in the future.
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