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Abstract

This articles aims to introduce the concept of substationarity for spatial poin oroces es (SPPs). Substationarity is a
new concept that has never been studied in the literature. Substationarit- ..ieans wiat the distribution of an SPP can
only be invariant under location shifts within a linear subspace of the d mai . 'L is notion lies theoretically between
stationarity and nonstationarity. To formally propose the approach, the articie pre ides the definition of substationarity
and estimation of the first-order intensity function, including the subspac  As this may be unknown, we recommend
using a parametric method to estimate the linear subspace and a no~naramet: c one to estimate the first-order intensity
function given the linear subspace. It is thus a semiparametric ~»pro..~h ", he simulation study shows that both the
estimators of the linear subspace and the first-order intensity funcu. ~ are reliable. In an application to a Canadian
forest wildfire data set, the article concludes that substation: ., ui wudfire occurrences may be assumed along the
longitude, indicating that latitude is a more important factor than . ngitude in Canadian forest wildfire studies.

Keywords: Intensity functions, Kernel methods, Nonstatio, rif,, >emiparametric estimation, Spatial point
processes, Substationarity.
AMS subject classifications: 62M30, 62G05

1. Introduction

The goal of this article is to introduce ana «. velop .he concept of substationarity for spatial point processes (SPPs).
Substationarity is a new concept that has not beew ,tudied in the literature of SPPs. It can theoretically bridge sta-
tionarity and nonstationarity, which are wo v ell-! aown concepts in the literature of spatial statistics. Substationarity
means that the distribution of an SPP 7, oni, ‘nv- .iant under any location shift within a linear subspace of the domain.
Stationarity means that the distribut’ = is invariant under any location shift within the entire domain. If a stationary
process is also invariant under rota.ions, «. *n it is isotropic. Nonstationarity is the complementary concept of station-
arity. It means that the distributic . . “ the SPP can be affected by at least one location shift in the domain. If an SPP is
substationary, then its distribut”on r .y still be affected by a location shift outside the linear subspace. Therefore, the
intersection of substationaritv anu onstationarity is not empty.

The idea of the researr.1 is motivated by recent work on typical events in natural hazards. According to its
scientific definition, a nat. *al .azar 1 is a naturally occurring event that might have a negative effect on human or
the environment. Natur»! haza. '« .nclude wildfires, tornados, and earthquakes. In our work on forest wildfires, we
identified an inhomeg' nous w 'dfire pattern in the forests of the province of Alberta, Canada [44]. The proportion of
large wildfires in the 1 »rth wa higher than that in the south, but the frequency of wildfires in the south was higher
than in the north. T3 is «__..1stent with a previous finding that wildfire activities in Canadian boreal forests are less
affected by their "Hngitua. [27], which means that substationarity might hold along the longitude.

Statistical app naches o SPPs are important in many scientific disciplines such as forestry [37], epidemiology [10],
wildfires [46. 481, or caiinquakes [32, 47]. In statistics, an SPP is treated as a pattern of random points developed in a
Euclidean spa. =. '1 «c .amber of points within a bounded subset of the Euclidean space is finite. Point distributions and
dependence struc ares are modeled by intensity functions [9]. The simplifying assumptions of stationarity and isotropy
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have been developed to make the analysis convenient. Various well-known tools have beer proposed. Examples
include the K-function [35], the L-function [3], and the pair correlation function [38]. As st7.1u. 2rity is an important
assumption, additional methods have been proposed to evaluate it [6, 18, 45].

Because of concerns around the stationarity assumption, recent research often mode s Si Ps under nonstationar-
ity [31]. An important concept called the second-order intensity-reweighted stationarit, ‘SC (RS) has also been pro-
posed [1]. This concept is powerful in the joint analysis of the first- and second-order ii.*»nsity “nctions under nonsta-
tionarity. With the aid of SOIRS, various methods for nonstationary contexts have been pro, ~sed [11, 19, 20, 22, 40].
SOIRS only specifies the relationship between the first- and second-order intensity cunc * =s. It makes no assumption
related to substationarity, implying that statistical approaches to substationarity c.. > br combined with SOIRS.

The purpose of this article is to develop a formal statistical approach to sube*~*iona.”*v in SPPs, including the con-
cept of substationarity and corresponding estimation methods. Since the line: . subsp. ~e may be unknown, estimation
of the subspace must also be involved. We propose to estimate the subspact via a p rametric method and intensity
functions given the subspace by a nonparametric method. Therefore, w- _lassu, our estimation as a semiparamet-
ric approach. The nonparametric component provides the intensity fun tior g1 =n the subspace and the parametric
component supplies the linear subspace. We evaluate properties of our approack by simulations and applications. In
simulations, we evaluate the performance of the estimator of the linea. ~nbspace and the first-order intensity func-
tion by studying their mean square error (MSE) and mean integrated squa e error (MISE) values, respectively. In
applications, we implement our approach to a boreal forest wildfirc at» set. We conclude that estimation under
substationarity can provide more precise and reliable results than ui.'»r nonstationarity.

To the best of our knowledge, this article is the first onr .. Zl.cu.. formally the concept of substationarity for
SPPs. The term substationarity has appeared previously in the L. ~ature [12] but it referred to a completely different
concept. Previous concepts of spatial or temporal stationz .., ‘= the context of spatio-temporal data can be treated as
examples of substationarity but the subspace in these examp. s s completely known; see p. 308 in [7]. Therefore, one
does not need to estimate the subspace under spatial oi . mpou. ! stationarity. Besides, the impact of the second-order
properties is important in our work, but it is not taken ."to “~count in these examples. Our interest is to propose
the concept not only for the first-order but also fc I °~her- ~rder intensity functions. As this scenario has not been
previously studied, it is important to have a formal sta.. “ical definition of substationarity at the beginning. Although
many research problems can be specified, we only focus on estimation of the first-order intensity functions under
substationarity, which includes estimation of e su” space. Many nonparametric or semiparametric methods can be
adopted, but we only study the kernel methc ‘ since it s convenient.

The article is organized as follows. I* Secu.~ 7, we review the method of SPPs. In Section 3, we provide the
definition of substationarity, including e alua .ons of its theoretical properties. In Section 4, we propose a semipara-
metric approach to estimate the first-oru. ~ "aten’ .ty function including the subspace. In Section 5, we evaluate the
performance of our estimator by sim 1ations. _ = Section 6, we apply our approach to the Alberta forest wildfire data.
The paper ends with some discussi’ a 1.. Section 7.

2. Spatial point processes

Theoretically, an SPP A (S) an & s composed of random points in a measurable subset S C RY. It is treated as
the restriction of AV, the S” © or the  atire R?, with points in S only. Thus, points of A in St (the complementary set
of S) are unobserved. Let % . 1.£,(A) be the collections of Borel sets of R? and a measurable A C RY, respectively.
Let N(A) and N be t' ¢ num™ers of points in A and R?, respectively. Then, N(A) is finite if A is bounded and
Pr{N(A) = 0} = 1 for . 1y A € < (RY) satisfying |A| = 0, where | - | is the Lebesgue measure on RA.

Let Ax(s1, ..., be .. ~ ™ i-order intensity function of N. An SPP N is kth-order stationary if

/ll(Sl,...,Sg)Z/l(Sl+h,...,Sg+h) (1)

foranyh € P '_ ? 7 < k. Itis strongly stationary if (1) holds for any £ € N = {1,2,...}. We say that N'(S) is kth-order
stationary and . ‘rr agly stationary, respectively, if it can be derived by restricting a kth-order stationary or a strongly
stationary A on ° The mean structure of N is u(A) = E{N(A)} = fA A(s)ds, where A(s) = A;(s) is its first-order
intensity function. Let the covariance function of NV be I'(s;, s2) = {g(s1,82) — 1}JA(S1)A(S2) + A(S1)Js, 5, (S2,S2), Where



g(s1,82) = Ax(sy,52)/{A(s1)A(s2)} is the pair correlation function and ds is the point measure at s, s) € R4 xR4. Then,
the covariance structure of N is

covIN(A), N(A2)) = f f [(s1, s2)dsads) = f f (g(s1,52) = IIAGS)A(:)dsdsy - u(Ar 0 Az).
A] Az Al AZ

If g(s1,s2) only depends on s; — s, or [|s; — sp|| such that it can be expressed as g.. — Sy, or g(||s; — s2l), then
N is called a second-order intensity-reweighted stationary (SOIRS) or a second-or .. intens. y-reweighted isotropic
(SOIRI) SPP. SOIRS and SOIRI are important concepts for nonstationary SPF; as ae, -an model the first- and
second-order intensity functions together [1].

If N is first-order stationary, then A(s) = ¢ and u(A) = c|A| for some ¢ > . 1t N is .econd-order stationary, then
A(s) = ¢, u(A) = clAl, g(s1,82) = g(s1 — $2),

cov{N(A1),N(Ay)} = sz f {8(s1 —$2) — 1} spds-  c|A; N Ay,

A1 JA,

and

var{N(A)} = ¢* f f {g(s1 —$2) - 1}dsyds; + Al
AJA

If N is Poisson, then g(s;,s;) = 1, cov{N(A1),N(Az)} = pu(A; N. ), and var{N(A)} = E{N(A)} for any bounded
A,A1L A E @(Rd). Thus, only the mean structure is importar ... . viooun SPPs.

3. Substationarity

The main purpose of this section is to provide a for.." deh. ition of substationarity and its properties. As substa-
tionarity is a new concept which has not been studied in th. litc.ature of SPPs before, it is also important to provide an
asymptotic theory under substationarity. The theory '« .c. '~ !in the evaluation of theoretical properties of estimation
in Section 4.

Definition 1. We say that N is kth-order sub .atio. “ry in a linear subspace £ C R? if (1) holds for any h € £ and
¢ < k. We say that N is strongly substationa ’in £ if ~ is kth-order substationary in £ for any k € N. For any S C R,
we say that N(S) is kth-order substations ry or . vo gly substationary in £, or £ N S equivalently, if N(S) can be
restricted by a kth-order substationary or stro’ gly substationary N in £ on S.

Obviously, if NV is kth-order subst .tiona. " a° d its kth-order intensity function almost surely exists, then (1) holds
almost surely with respect to the Le’.. ~oue measure of R? for any h € £ and distinct s, ...,s, € R with £ < k. If N
is kth-order substationary in £, then it is « 0 k-th order substationary in any linear subspace £’ C L. Therefore, the
linear subspace £ in Definition ’ s , 2nerally not unique.

Definition 2. We say that N is x." order intrinsically substationary or intrinsically strongly substationary in £ if it is
substationary or strongly su’ stationary in £ but not in any linear subspace £’ of R satisfying £ C £ but £ # £’. We
say that N'(S) is kth-order trir sical’y substationary or intrinsically strongly substationary in £, or LNS equivalently,
if it can be restricted by a kth-. “de’ intrinsically substationary or intrinsically strongly substationary in £ on S.

If NV is substarion: 'y in bot. £; and £,, then N is also substationary in span(L;, £,). Thus, the linear subspace £
in Definition 2 is uniqu. A k' -order intrinsically substationary A in £ is kth-order stationary if and only if £ = R?.
If N is intrinsical”y substationary in £, then it is substationary in any linear subspace £’ of £ but not in any linear
subspace £’ of R/ strictly :overing £.

The concept ca.. ™ e~ .ended to the second-order intensity-reweighted substationarity models, which can be treated
as an extensi - .~ “OIRS models. Note that SIORS satisfies g(s;,s;) = g(s; +h, s, + h) for any h € RY. Based on the
idea of Definiti. »* 1 and 2, we can define the second-order intensity-reweighted substationarity models by assuming
that the condition ‘unly holds for any h € L. Therefore, it is weaker than SOIRS.

The first-order property under substationarity can be easily understood. Let N be first-order substationary in £
and r be the dimension of £. Then u(A) = u(A + h) for any h € £. The statement holds in a more general case.
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Figure 1: Equality of expected counts in two subsets under substationarity 'ong th horizontal axis.

Suppose that N is substationary in the horizontal axis of R? (i.e., d = 2, such *1at £ = {(x,0) : x € R}. Then, the
first-order intensity of £ only depends on the vertical value of the pou.. inaicating that we can express A(s) = A(y)
for any s = (x,y) € R?. Let v, be the Lebesgue measure on R”. For any A : R?, we have u(A) = f:o A)vi(A))dy,
where A, = {x : s = (x,y) € A}. For any measurable bounded A, b ~ P, we may still have u(A) = u(B) even if
B # A + h for any h € £ (e.g., the case displayed in Figure 1). hu —ever, this method cannot be used to study the
second-order property. The second-order property is importc - u: asywuptotic properties of our estimation method if
N is not Poisson. This is related to the general conclusion given v, Theorem 3 and Corollary 1 below.

Theorem 1. (First-order property). Let N be substationar, in _ C RY. For any measurable bounded sets A, B € RY,
if v.(Ay) = v,(By) almost surely for any v € R? where © ={s = A:s—ve L), then E{N(A)} = E{N(B)).

Proof. Let uy,...,u, be a set of orthogonal bases of R“ it the previous r vectors forming the orthogonal bases
of L. Let LT ={(veR?: v = x4 U+ + Xgo, TOL ou_0€ Xpp1, ..., Xq € R} be the orthogonal space of L. Let
s¢ and sp. be the orthogonal projections of s on £ ana 7, respectively. The first-order intensity function of N is
A(s) = Als) for any s € A. Then, u(A) = [, s = [, A(sp)vi(As, )dsps = [, AS)ds = u(B), O

Theorem 1 can be used to study the relau. ~ship setween the expected numbers of counts between two regions.
As higher-order intensity functions are ir olved, 1. "5 convenient for us to study asymptotics of the joint distribution.
In the literature, the first step is to deriv : the asyr ptotics for Poisson SPPs [26, 44]. The asymptotics for other SPPs
is evaluated under weak dependence ¢ ven . " st’ ong mixing condition [36]. Following this idea, we study asymptotic
properties of Poisson SPPs first.

LetA,;, = {v+zu:v+ue Av . Lfrue LlandA,.r ={s€ A, :s—v e L} forany A € BRY),
where £ is a linear subspace of ..’ Then, Ay., = {v+zu : v+u € A,u € L} for givenv € £* and 7 € R,
implying that v.(Ay. ) = Z'v,"Ay1. ). If N is substationary in £ and A is bounded, then u(A; ) = fs "y A(s)ds =
7 o AL )vi(As 1 pds e = 2

Assume that N is Poic,on. fher, var{N(A, p)} = u(A, ) = Zu(A) and M, p(A) = z7*{N(A. 1) — p(A.p)} ~
N{0,u(A)} as z — co. Let "~ - ac ilection of Borel sets of RY. Let A, s, N(A. ), and u(A. ) be vectors composed
of A, r, N(A;r), and u” .1, r) for a.l A € A, respectively. If A is a finite collection of disjoint subsets such that it can
be expressed as A = { \y,...,~ ,} with disjoint Ay, ..., A, then

M: £ (A) ~ N[O, diag{u(A}], @

where M, p(A) is he vec’ or composed of M (A) for all A € A.
Forany V = A(L-), let Ay = (0,fju;] X --- X (0,t,u,] X V, where t; > 0, (0,;u;] = {s = xu; : 0 < x < t;}, and

uj,...,u, forn as.tor orthogonal bases of L. If NV is Poisson, then
M; r(Av) 0 HAy)  p(Aeary)
s s N , s s , 3
( Maew) ) NN 0 P pAven) Ay ©
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as z — oo. The finite-dimensional Central Limit Theorem of N(A, ») can be derived by (?, and (3), but it is not
enough for us to study properties of the estimator of the first-order intensity proposed in tb . .. vt section. To study
its properties, we need the functional Central Limit Theorem of M, ,(A) when A contains an intw.. tely number of
measurable subsets of RY. A typical method to show the functional Central Limit Theor.m 1 to combine the finite-
dimensional asymptotics with the tightness [42]. A typical method to prove the tigh.. »ss s the evaluation of the
bracketing entropy number, which is used in the following theorem.

Theorem 2. Let N be a Poisson substationary SPP in L. If Ay = {Awy : t - ....,1) € [0,00)7} for some
V € B(LY), then M, p(Ay) weakly converges to a mean 0 Gaussian random ; eld - n [U, )" with the covariance
structure given by the right-hand side of (3).

Proof. We use the standard empirical process approach. Let Ay, = {A¢y @ = (f1,. ., 5)" € [0,a1]1 X --- X [0, a,]}
for any a = (ay,...,a,)" € (0,00)". Let F(t) = u(A¢y)/u(Aay) for any t < a. Then. .7 is an r-dimensional marginal
uniformly distributed CDF on the o-field generated by A, y. Let F; e the ith CDF of F. For any € € (0, 1),
there exists an integer J such that r/e? < J < r/e’ + 1. Let xij = ja/(J 1) forall j €{0,1,...,J + 1}. Then,
€ /(€ + 1) < Fi(xi(js1) — Fi(xij) < € /r.

Let Xe = {x = (x1,...,x) : x; = x; forsome j € {0,1,...,J + I}}. T ", #X. = (J+2) < {(r + 3)/€*)". For any
ex€G=1{:xe[0,a]x---x[0,a,]}, we can find X', x"” € X, suc. thatx’ = y < x” but there is no x* € X, satisfying
x; < x; < x! forsome i€ {1,...,r}, where x;, x;, and x]" are the “*h co.. = uents of X, x*, and X", respectively. Then,
8x < gx < gx» and

,
lgw = gl < D UF) Fix)) < €.
i=1

14

Since

1 1
flnl/z(#xe)deﬁf [+ )+ 2In€}]2de < oo,
0 0

G is F-Donsker; see p. 270 in [39], implying that the ~ouc.... on holds in [0, a;] X - - - X [0, a,] for any a € (0, c0)". The
final conclusion is drawn by letting a; — oo foralli € {1,. .,r}. O

We derive the functional Central Limit Taeorem »f M, p(A) for Poisson SPPs by Theorem 2. We now turn our
attention to the functional Central Limit Theo..  for ¢ .her types of SPPs. A critical issue is to account for dependence.
It requires us to study second-order prope ties

Let A and B be bounded measurable subs :ts o7 RY. If ||| is sufficiently large such that (A + h) N B = ¢, then

coviN(A - .> N(B)} = ff{g(51 =83 —h) — 1JA(s))A(s2)dsads;.
AJB

If g(s; —s; —h) — 1 as|h|| — oo, then cov{N(A + h), N(B)} — 0, indicating that N(A + h) and N(B) are almost
independent. To theoretically a.'re s this issue, we need to assume that N satisfies the strong mixing condition. This
approach was first introduce . for ac, »ndent random variables in [36] and later extended to stationary SPPs in [26].
Here we want to modify it o sv’.stationary SPPs.

Suppose that AV is subs. “ ona'y in L. Let %(A) be the collection of Borel sets generated by A. Denote the
diameter of A by p(A) = . p(Ay,.,) as the minimum distance between A; and A;, where p(A) = supg e, |Is — 8’| and
Pp(A1,A2) = mingey, g , lIs—s . Let

a(u, v) = sup{[Pr(U; N Uz) = Pr(U)Pr(U>)| : Uy € B(A1), U, € B(Ay),
P(A1,A2) > 1, p(A1) < v, p(A2) < v, A1, Ay € BR))
be the mixin_ . ~#icients, where Pr(U) is the probability of U formulated by the distribution of N. We say N is
strongly mixin, if x(zu,zv) = 0 as z — oo.
We show the ."mctional Central Limit Theorem of M, (A y) for t € [0,00)" and V € Z(L*) by the traditional

method. It was initially proposed by [25] and later modified by [23]. The main idea is to split A, ; for A € A,y into
two components 8 and C. Both 8 and C can be expressed as sums of disjoint blocks, where counts in blocks of 8
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are almost independent and counts in blocks of C can be ignored. This method is popular for - roving the asymptotic
normality of stationary time series and weakly dependent SPPs. Since the proof of our ‘... “onal Central Limit
Theorem is a simple use of the method, we here introduce it only briefly.

Theorem 3. Assume that N is strongly mixing and substationary in L. If the four? . int nsity function of N is
uniformly bounded and

00
f 2a(zu, zv)dz < 00 “
0
for any u,v > 0, then M, r(Ay) weakly converges to a Gaussian process with ind ven: ent uicrements.

Proof. Let A; = U; X V for any disjoint Uy,...,U, € Z(L)and V € ' °"). L+ A = {A,...,A,}. Using
the method of Theorem 1.3 in [25], we can partition A into many small blc cks, de, bted by B = {8, ..., By, } and
C={Cy,...,Ck}, where k;, k; — oo as z — oo, such that
i B, B) > d = NI C+ N(C,p).
pep, B0 P(BB)Zu and N(Ap) = NS L+ NCop)
By the method of Theorem 1.4 in [25], we can choose k; such that it is « ~inucu by z*/C9 for any positive u, if 7 is

sufficiently large. Then, .
ki

E {eifZTzl Mz,z;(Aj)} - 1_[ E {e”Mz,U‘,\}! < 4K1a(zu, 7v),
J=1 ,
where v = max{p(U;)}. If (4) holds, then the right-hand side ot v ~ above goes to 0 as z — co. Since A4 is uniformly
bounded, we conclude that Lyapounov’s Condition holds ~'ving that the asymptotic normality holds. Then, the
Central Limit Theorem of M, /(A) holds for finite A. By ti.~ s :me method in the proof of the tightness that we have
shown in Theorem 2, we can show the tightness of the “stribv ion of M, (Ay) for a sufficiently large z. It provides
the functional Central Limit Theorem of M, /(Ay) and t. = ¢« ~clusion of the theorem. O

Corollary 1. If all conditions of Theorem 3 hold, ."on ... e exists C > 0 such that for any A € BRY), one has
M_ 1 (A) ~ N[O, C*u(A)].

Proof. We assume that there exists t € R"and v « .%(L") such that A = Ay y. If we partition (0, fu;] X - - - X (0, t,u,]
into countable small rectangles, denoted by A = {U : i € N}, then A¢y = U;’il U; x V. By Theorem 3, we have
M, r(A) ~ N(O,Dz), where D4 is a d'agon.’ m' aix determined by the property of A. There exists a o-finite
measure ji on R? such that M, r(Acy) -+ MO, (A y)}. Since Ay is a m-system, we conclude that i is uniquely

determined. Thus, fi(A) is proportional . “// 1), ir (plying the conclusion. O

In practice, an important issue .. *o estimate the first-order intensity function A(s) under substationarity with
an unknown L. As A(s) only varies in L it is equivalent to estimate A(s,.) and £ together. Since it is generally
inappropriate to model A(s ) pe am trically, we propose a nonparametric method for the intensity function. As £ can
be formulated by a rotation of = line .r subspace spanned by coordinates, we propose a parametric method to estimate
it. Therefore, we classify our estim..“on as a semiparametric approach. The functional Central Limit Theorems given
by Theorems 2 and 3 provi .e th theoretical basis of the estimation method.

4. Estimation

Let N be substatio. ary in _ € RY. Assume that points of N are only collected in bounded S € Z(R?) such that
they can be repres ...ed by ,v(S). Denote n as the observed value of N(S). Our main interest is to estimate A(Sy+)
and L simultane usly. W propose a two-step method. In the first step, we estimate A(sz.) for a given £, where a
nonparametric me “od is «dopted. In the second step, we estimate £, where a parametric method is adopted. The
implementati -~ ~f the second step needs results of the first step.

We propos. a'ernel-based method to estimate A(s) for a given £. We investigate the usual kernel-based method
without using suv “tationarity [8]. This provides an estimator of A(s) as

Au(s) = C;,(s) fs Ki(s' — s)N(ds') 5
6



when N(S) > 0, where K;(s) = K(s/h)/h? with bandwidth & € (0, c0) is a kernel densi’; function on R¢ and
Cy(s) = fs K (s’ —s)ds’ is the Berman—Diggle boundary correction [2]. For convenience, one .s.. 1ly defines ;lh(s) =0
if N(S) = 0. By Campbell’s theorem, we have

EULG)) = C;'(5) f Ki(s' - A )ds
S
and
var{,(s)} = C,;z(s) f f Ky(s" — S)Kj(s” — s){g(s’,s"”) — 1JA(SHA(S")ds" " ds + C ﬂz(s) f K,%(s’ — S)A(s)ds.
SIS S

We modify (5) for a substationary AV in £ and obtain an estimator of A(s. .) (or 4 S), equivalently) as

5 _ - - - r A ,
Apri(Spr) = Chjﬁl(SLL) Z Knri(Sipr —Spr) = Ch’lLL(S[ ’ J K}LLL\SLL —sr)N(s") 6)
i=1 :
if N(S) > 0 and ;lh,LJ-(SLJ-) = 0if N(S) =0, where Si L is the proj. “ton ° s; On LL, Kh’LJ.(SLJ.) = K(SLJ.//’Z)/]’Zr
is a kernel density function on £*, and Cj, £:(s) = fs Kj,£1(8",. — sgo)ds s still the boundary correction. Still by
Campbell’s theorem, we have

E{Apz ()} = Cplpu(s0) f Kicle!  50)A(8/)ds,
S
and

var{d g+ (sz2)} =C; . (S2v) f f K po(STps — 7 e)Kp, (87 —s2){g(s',8") — 1JA(ST.)A(sT). )ds” ds’
sJs 7
+Cy 7 (9) fs Kp (S == =)A(s, s’

If r = d, then £ = R and (6) becomes
A=n/lS|. (¢))

Since N is stationary in this case, the first-oi. ~r inter ity function is a constant, indicating that the estimator must be
a constant.

We compare the MSEs (mean squa ¢ er” ors) ~f /Alh(s) and /Alh, ri(syr) as h — 0 and hz — oo in the case where
S = A, ; for a bounded A € B(R?). We .. 4 th « the bias of 1,(s), which is given by Bias{A,(s)} = E{A,(s)} — A(s),
can go to 0 as h — 0, but it can sim’ ‘taneously cause var{;lh(s)} — oo, To make var{;lh(s)} small, we need to choose
a large h, but it increases Bias{A,(- )}. ‘1. s, MSE{,(s)} = [E{A4(s)} — A(s)]? + var{A,(s)} cannot goto0asz — oo.
However, by selecting an appropr_ "~ i, we can make MSE{A;, £ (sz:)} — 0.

Theorem 4. Let N be substat. war in L and S = A,y for a bounded A € B(R?) with r > 0 and |0A| = 0. Suppose
that all conditions of Theore 3 ho.." Assume that A(S ) is positive and continuous in the interior of S and v.(Ay) is
almost surely continuous ir any € A*. For an interior point s of A, if h — 0 and hz — oo, then MSE{/Alh,_LL (sg0))— 0
as z — oo,

Proof. For an interior ,oint of s € A, one has that

-
f:ih,gw)h{ f vr<As£L+hv>K<v>dv} f VoA i) KW o + AV,
L+ L+

Ifh—>0asz— o then’' m, e E{/Alh,g (sz+)} = A(sz+) by the continuity of v,(Ay) and A(sz+). By (7), we have
. -2
var{dy g (szr,' - {J Kn g+ (80 — SL*)dS/} ffl(h,ﬁ(s’ﬁi — 520K 2o (87 —spo)[gls’,s” +2(s — s} - 1]
A AJaA

-2
X (S, )A(S . )ds” ds” + 77" { j; Ky ro(sp —s LL)dS,} L Ki (8 = 80)A(s0)ds’
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By Theorem 3, we conclude that the first term of the above goes to 0 as z — oo. Therefore, we only need to study the
second term, which satisfies

-2
(hz)™" { f v,(AsLHhV)K(v)dV} f K>(V)A(szr + hv)dv — )
L+ L+
as hz — oo. This concludes the argument. O

Example 1. We interpret Theorem 4 of £ in a special case. Assume that N is su’stat r=ary in R? and £ = {(x,0) :
x € R} such that d = 2, r = 1, and the first-order intensity function can be expre. ~d - s A(s) = A(y), where s = (x,y).
Suppose that S = [0, z] X [0, w] such that observations of N can be expressed bv noin.. within [0, z] X [0, w], denoted
by si,...,S, where n = N(S) is the total number of observed points. If we choosc K(s) = (27)"'e~@ /2 for the
case where substationarity is not accounted for, then K (s) = ¢(x/h)¢(y/h)/h = 2xh )" e @)/ \where ¢ is the
PDF of N(0, 1). By (5), we have

~ S A e el x)2+(\ -2 ‘ « -A)Zm -2 o,
B ={ [ [ gme T avar f S (s ds
0 0 2rh N ..

Then, limy,_ E{/Alh(s)} = A(s), implying that the bias of /lh(s) < n only «isappear as & — 0 but this can make
var{A,(s)} large. If we choose K(y) = (27r)"'/2¢™"/2 for the case v.“en s.~* .donarity is accounted for, then Kj, 7+ (y) =
d(y/h)/h = (N2mh)'e™’ /@) By (6), we have

B )] { LT A NP
nLt = 2h v 22 y.
o omh Y

Then, limy,_,¢ E{/Alh,SL (s)} = A(s), implying that the bias € A - ‘s) also disappears as i — 0. By (7), we have

var{ A, ()} { \/_h dy} fw f SRR A00A07)

1 (,v’—x)
% — [2{(0, /)’ (x", n)} — DAY+ _{ e 2 } f th A )d
2 fo S YT\ Vo N Yo

If all conditions of Theorem 3 hold, then lim,~_ . g{(',,y"), (x”",¥”")} — 1 = 0. Thus, the first term of the above goes to
0 as z — oo and the second term goes to " if z» — ¢, satisfying the conclusion of Theorem 4.

As L is also unknown, we need to 2stu. *fte i’, too. We want to modify the composite likelihood approach. Let £
be the true linear subspace with dim nsion ry. 1f 7y = 0, then A is not substationary in any linear subspace of R?. If
ro = d, then N is stationary in the entuc ®?. Otherwise, N is substationary in £ but nonstationary in R?. Without

loss of generality, we assume L ~pan(ey,...,e, ), where e, ..., e, is the orthonormal basis of RY. Letuy,...,uy
be another orthonormal basis ¢ R? ach that £ = span(uy, ..., u,). Then, we can find an orthogonal transformation
(or orthogonal rotation) Q such v..- Qspan(ey,...,e,) = L. Let 2 be the collection of orthogonal transformation in

R? and £ be an estimator - f £ The., span(ey,...,e,) = Q' £, which provides an estimator of Q, implying that
estimating £ is equivalen’ ‘o e dme g Q € 2. By the inverse of Q, we can study the relationship between £ and
Ly based on uy,...,u, insteac ~f e,...,e;. Then, we have a fixed L in Kj, » but a varied L, indicating that the
impact of & can be rer oved a d the problem becomes purely parametric. Therefore, consistency and optimal rate of
convergence in the pai ‘metric r ase are expected. We provide a proof of this in the following.

For an intensitv #mnc.. = . = A(s), let

£Q) = £{A(s)} = Z In A(s;) — fs As)ds = Z In A(s;) — & ©)
i=1 i=1

be the log-liker. "¢ bd function of N(S) if N is Poisson, where xk = E{N(S)} = fs A(s)ds. Then, £{A(s)} can be treated
as the composite . ¢-likelihood of N(S) if N is non-Poisson [20]. Therefore, we can estimate £ by

Qi = argmax (A, 2), (10)
Qe2
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which provides an estimator of ﬁh. ‘We need to determine the best choice of 4 in .ﬁh. Various aethods related to this
problem have been proposed. One method is to use the generalized cross validation (GCV) ap, “oach [16]. Another
method relies on its asymptotic performance based on mean integrated square errors (MISEs): see Sec.’on 24.2 in [39].
We study this problem in Section 5.

We evaluate asymptotic properties, including consistency and asymptotic normality, ~f _,. We still assume that
S = A, for a bounded A € Z(R?). We use the traditional method based on the K 'lbacn T eibler divergence (or
information). For any A = A(s) and A = A(s), two options of intensity functions of N. the Ku "wack-Leibler divergence
is defined as D(A, A) = £(A) — £(A). Let Ay(s) be the true intensity function. By the “han * ~—Kolmogorov Information
Inequality (see p. 113 in [14]), we have E{D(A1, 1y)} < 0 for any distinct A and 1y. . s} ow consistency of ﬁh, we need
to study the asymptotic performance of D(/Alh, Iiy /Alh, r3)- By fs /Alh, r7(Spr)ds = v forany ©and K, o, we have

n

Dp(L, Ly)= ) In
" ’ ; A, £:(87)

L ds)

Ansi(s) _ fln s (s,
S /lh *\S)

(1

when n > 0 and D,(L, Ly) = 0 when n = 0. Since asymptotic propertie. . D,( ., L) cannot be directly implied by
the Shannon—Kolmogorov Information Inequality, we have to provide «. ~roo.. We show it for Poisson SPPs first and
then extend it to other SPPs. The role of the following lemma is equivalem ‘o the role of the optimality condition in
maximum likelihood estimation based on the Kullback—Leibler info.. *atior see p. 112 in [14].

Lemma 1. Assume that N is Poisson with A(s) > 0 forall s € S. Let > (L, Lo) = 3, Din(L, Lo), where

Cylri (i) Xy o King (802 = Sizs)

Dij(L, Lo) =1n

Cps Sizy Nijmr oy g (8 = Siy)
Ifrg > 1, then BE{D},(L, Lo)} < 0 and the equality holds * .~d o. ly if L C L.

Proof. Note that f(s) = A(s)/kisaPDFon Sand " () ~ ,>(k). Let N[;(S) = {s; : je({l,...,n},j# i} whenn > 2
and N_;(S) = ¢ whenn € {0,1}. Let é_;0.r(A) = 0 anu

En) = D) | IR (s =i f()ds
JEL,

when n > 1 for any A € B(S). Then

n

Eincl 9) ={C, (sirs) D Kngs(i0e —si0)}f(ds)

Jj=1,j#i
given N_;(S), implying that £_;, ,+."3)/&-i,.£(S) is a probability measure on S. When n > 1, by Jensen’s inequality,
we have
éj—i,n,Lo(dS) <1 f—i,n,.[:(ds) _

<In =0,
g—i,n,.ﬁo(s) S é‘:—i,n,L(S)
where the equality holds i1 . ~c onlv «f £ C L. O

Js N (L, Lo)

Theorem 5. Assume t.at N i< Poisson and intrinsically substationary in Ly with ry > 1 and A(s) > 0 forall s € S.
Suppose that there ex sts a fur tion W(s) such that E||¥(s)|| < oo and n~'Dy(L, Lo) < P(s) almost surely. Then
Ly, € Ly almost surely.

Proof. We imm« Hiately 1 we n~'Dy(L, Lo) — E{n~'Dy,(L, Lo)ln} =5 0 by the Ergodic Theorem; see p. 315 in [4].
Since 2 is compac  bv ' e method of Theorem 16(a) in [14], we can further show that

sup [~ Dy(L, Lo) — E{n™' Dy(L, Lo)n}l S 1.
L

Since n~'Dy(L, Lo) = n"'Dy(L, Lo) + O(1/n), we can show the conclusion by Lemma 1 and the standard method in
the proof of consistency of the MLE; see Theorem 17 in [14]. O
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Theorem 6. Let &(?lh, r) and f[(;lh, r) be the gradient and Hessian matrix of f,'(/Alh, ) = Ind, -i(s;) — 1 with respect
to L. Assume that |0A| = 0, |A| > 0, and N is Poisson and intrinsically substationary in L w. " ro > 1, and A(S) is
positive, second-order continuous, and uniformly bounded in S. If r = ro, then \n (L — L) ~ Nl\,E‘l{fi(/Alh,L)}].

Proof. By (9) and the fact that fS/Alh, r1(s)ds = n, we have Z(/Alh, ) =20 é’,-(/Alh, r). A cer i noring the small order
terms in the Taylor expansion, we approximately have

0 = £ z) = EQy g2) + EQy 22 )(L — Lo),

implying that
Vi (L= Lo) = 07 € £V HA/ N1y £} + 0p

Since sy, ...,s, are iid with PDF f(s) for a given n, we conclude that i’(flh" 3)/ y/n .~ asymptotically normal by the
functional Central Limiting Theorem in the iid case; see Chapter 9 in [39]. T. =n,

(1/ Ny £2) ~> N1OE{E (A £,)E T Apr 0.

By the Ergodic Theorem, we have n~' (1, 25 5 E{Z(.z,)}. We dra. the fina! onclusion by E{Z;(1), )T Q) =
E{li(.1,)). O

Theorem 7. Suppose that all conditions of Theorem 3 hold. A-sumc *hat 0A| = 0, |A| > 0, and N is intrinsically
substationary in Ly with ry > 1, and A(S) is positive, second-order cc “tinuous, and uniformly bounded in S. If r = ry,
then \n (L, — L) weakly converges to a multivariate norme” ..., ounon.

Proof. It can be proven by the method in the proof of Theorem 3 w.." the conclusion of Theorem 6. O

The Central Limit Theorem of +/n (f:h — L) for the Poiss . case is extended to a non-Poisson case by Theorem 7.
Note that the asymptotic holds only when r = ry. We 1. " to a'dress the case when r # ry. If r > ry, then N cannot
be substationary in £. We cannot have consistency of A;,_, (s) Jor any L. If 7 < ry, by Theorem 5, we have Lyc Ly
almost surely. Therefore, it is important to evaluate ° w...-* ‘s studied in the next section.

5. Simulation

We carried out simulation studies to ev. ate the performance of /Alh, ri(s) = /Alh, r1(sge) given by (6). This also
contained estimation of £. We simulated ealiza.. - s from Poisson and Poisson cluster SPPs in a rectangular region
S = [0,z] X [0, w], the region used in F .am’ «¢ 1. We chose w = 1 in our simulations. We selected these processes
because they are popular in modeling ecu. " sical environmental, geographical data. In both processes, we chose the
first-order intensity function as A(s) = 100{I'-\.)/T(2a)}y*~'(1 — y)*~! for a selected @ > 1 such that we always had
k = E{N(S)} = 100z. Note that A/5)/1." is the PDF of B(a, a) distribution. We chose a equal to 1.0, 1.5, 2.0, 2.5,
and 3.0 in our simulations. If a = ' then N was stationary in the entire R2, where we had ry = 2; otherwise, it was
only substationary in £ = {(x,7) : x £ R}, where we had ry = 1. Since £ might be unknown, we also evaluated the
performance of £, the estimator . £ given by (10).

To obtain a Poisson SPF, we firs. _enerated the number of points from the $(«) distribution and then identically
and independently generar d tb . loc’ iions of these points. The horizontal values of these points were generated from
the uniform distribution on |u, 1. 7 ae vertical values of these points were generated from the B(a, a) distribution. To
obtain a Poisson clust . SPP, “we iirst generated their parent points from a Poisson SPP with its first-order intensify
function equal to A(s) 'y by thi same method for the Poisson SPP. After parent points were derived, we generated
offspring points. Each pa. ~n* - oint generated P(y) offspring points independently. The position of each offspring point
relative to its pare at poin’ was defined as a radially symmetric Gaussian random variable with a standard deviation o
We chose y = 5 ad o0 = ( 02 in all the cases of Poisson cluster SPPs that we studied.

We studied two « -~ in the implementation of /Alh‘ £(s). In the first case, we assumed that £ was known such that
we could dirc ~uy -, 'y (6). We chose Kj, r:(y) = ¢(y/h)/h as the density of N(O, h*). Then, we had Chr(y) =
7[®f{(w — y)/h} - o(=y/h)], where @ is the CDF of N(0, 1). This provided

o= o) o) S el
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for y € (0,w). In the second case, we assumed that £ was unknown. We also estimated _. Note that any one-
dimensional linear subspace of R? can be expressed as

Ly=1{(ucosO,usinb) : u € R}, (11)

for some 0 € [-7/2,7/2), leading to L = {(=vsinf,vcos6) : v € R}. We chose Kjg:v) = Xv/h)/h on L.

To apply (6), we computed the analytic expression of Cj, £ (v)forall 0 € [-n/2,n/., Ut & =0, then C), i ) =
z[®{(w — v)/h} — O(—v/h)]. If § = —n/2, then Chrr(v) = w[P{(z - v)/h} — = /h)]. f0 < 0 < m/2, then
—zsinf < v < cos 6 and

zsin@ + v (wcos@ —zsinf) AO—v —zsinf —v
Chri(v) = D -0 —
np () sinfcos 6 { h } { h H
+( Z A .a) )<I> (wcos@ —zsinf) vVO—v _ o (i)cnw st HAOQ—v
cosf siné h h
wcosf —v (wcos@—v)_q) (wcos@—zsinH) VO v]]| h —zsinf —v
sinfcos 6 h h )| " sinfcos 6 h
wcosf—v (wcosf —zsin MAOQ—) (wcos —zsinf) vO—v
+¢( I )_¢ T I '

If -1/2 <0 <0,then0 < v < —zsin6 + cosd and

Z /\(—L)} (D{(—ZSiHG)V(wcosff _\» :}{(—Zsing)/\(wcosg)—v}}
cos @ sin @ h

Crr; 0 = -

/

+zsin0—wcos9+v —zsinf + wce :—_VI—(I) (=zsinf) V (wcosh) — v
sinf cos 6 h ) h
__ V @ (=zsin ) A (wcosb) v[_q)(_z) i h p (—zsin@) V (wcosh) — v
sinfcos 6 h ) h sinfcos 6 h
(=zsin@) A “vcos N —v —zsinf + wcosf —v v
o). s )

For a given 6 € [-7/2,7/2), we calculate 4 4, (s r+) by (6) as

12)

o _ | ;coS@ — x;sin@ — v
A, V) =C ) Z }—l¢(y 7 )
i=1

forallv € [(—zsin@) A0, cos 6+ -z si .6) VO], where x; and y; are horizontal and vertical coordinates of s;, respectively.
We defined 2 = {6 : Qp} in the .. °r .ementation of (10), where Qgs = ycos 8 — x sin 6 was an orthogonal project from
R2? to £,. The estimator 8, v as the v.1e of 8 corresponding to Qh given by (10). We calculated the value of /Alh’ (v
with £ = Ly, . It was treat 1 as .he e dmator of A(s) under substationarity with an unknown L. It was compared with
Apr1(y), the estimator of 2(s) v. *b a known L. InA the end, we calcula}ted 6, by (10) and (12).

We evaluated the p .rformz ~ce of the MSE of 6, and the MISE of 4;, o (v) for selected a, z, and h. The performance
of /Alh, r+(v) was compa d with :hat of A;,(s) given by (5) and A under stationarity given by (8), where we chose K(s)
as the density of tF . ,candau bivariate normal distribution in the computation of A;(s). .

We simulatec 1000 re. lizations for each selected cases. To evaluate the performance of ), we computed its MSE

value by
1000

1 ~
_ g2,’
1000 ; hi
where 8),; was the value of 8y, in the ith realization; see Table 1. The results of other cases showed that the root MSE

of §;, were all close to 0, indicating that the estimator was accurate. The MSE of 6, decreased as z increased. This
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Table 1: Simulations (with 1000 replications) for root MSE of O (given by degrees) with respect to selected a, z, ' h for Poisson and Poisson
cluster processes.

h for Poisson Process h for Poisson Cluster Proc’ ss

a z 001 0.02 005 01 001 0.02 0.05 ¢
1.5 1 416 431 470 498 431 453 5.00 <31
2 400 375 370 373 417 420 455 4.7,

5 332 213 1.14 094 434 4.17 3.7? .4

10 163 043 029 032 484 422 2.7/ .62

2.0 1 388 416 434 441 420 433 4284 5.13
2 334 310 258 243 392 402 4.1 4.,2

5 1.12 076 051 054 332 296 220 1.60

10 029 021 017 0.18 231 139 "6l 0.51

2.5 1 383 396 419 413 414 4,54 47/ 5.07
2 304 259 196 184 3.78 89  34) 3.81

5 076 059 043 041 233 2w 1.7 1.18

10 023 0.17 0.13 0.15 063 <6 039 038

3.0 1 372 394 383 377 411 429 473 4.93
2 260 232 164 156 36. 3.67 3.68 3.63

5 064 050 036 037 1..° 150 1.13 0.99

10 021 0.16 0.12 0.13 ns2  ~43 032 0.32

was interpreted by Theorem 4. The MSE decreased as a incr. - ,ed since the strength of nonstationarity increased as a
became large. For the same a and z values, the MSE of .~ 'as a. 0 affected by the bandwidth /4 in the kernel approach
is always an important issue to be investigated. In all the c. ~es .nat we studied, the MSE of 6, in the Poisson SPPs was
lower than those in the Poisson cluster SPPs. This . s ...~ :ted as for the same « value, the number of independent
clusters in the Poisson cluster SPPs was lower than the u. mber of independent points in the Poisson SPPs.

We did not include the case when a = 1 in T~hle 1 as 6 was not well defined. As it induced ry = 2 and £, = R?,
we always had ﬁh € Ly. To evaluate the i pact 0.” ry, we examined the performance of é’(;lh, r) as 6 varied; see
Figure 2. A strange pattern was discovered v."ena - 1 asithad r = 1 < rg = 2. All of the remaining cases had a
unique maximum as we had r = rp = 1. F adings . " .his sort provided us a method to diagnose whether r = ry.

We also evaluated the performance .f fo .r dif"erent estimators of the first-order intensity functions; see Table 2.
We used /Al,L £+ (y) to represent the case *he.. ‘wa’ known. We used /Alh’ 7+ (v) to represent the case when 6 was unknown.
We used A;,(s) to represent the case * “en substationarity was not taken into account. We used A to represent the case
when stationarity was assumed. AL of th. ™inimum MISEs (mean integrated square errors) were reached by A when
a = 1 as the SPPs were stationars ... ‘his case. The root MISEs of 1 increased in a since the strength of nonstationarity
became large as a increased. T or tt > same a and & values, the root MISEs of /Alh, r+(y) and /Alh’ 71(v) decreased in z.
We interpreted this by Theor=m 4. The root MISEs of A,(s) did not vary significantly as z changed since the size of
the region was not a critica’ issv . in its computation. For all of the cases with a > 1 that we studied, the root MISEs
of Aj,r+(y) and /Alh’ #1(v) we ~ - wer aan those of A(s) and 1, indicating that efficiency was gained by accounting for
substationarity. The roc* > {ISEs . A diverged as z increased because the SPPs was not stationary when a # 1.

6. Application

We applied o r approc :h to the Alberta Forest Wildfire data. The Alberta Forest Wildfire data consisted of forest
wildfire activities " ~t t~ )k place in Alberta, Canada, from 1931 to 2012. The Canadian Alberta Forest Service
initiated the . — era of wildfire record starting in 1931. Since 1996, paper-based wildfire information was no
long retained. .™¢ wildfire historical data were entered at the field level on the Fire Information Resource Evaluation
System (FIREs), -hich can be freely downloaded from the internet. We collected the historical forest wildfire data
from 1996 to 2010 within a rectangle spanned from 117 longitude West to 110 longitude West in the horizontal
direction and from 54.7 latitude North to 58 latitude North in the vertical direction; see Figure 3(a). We treated the
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Table 2: Simulations (with 1000 replications) of root MISE of /Alh’ L), ;lh rr (), ;lh (s), and A with specte .« to se.ected a, z, and A in the Poisson
oy

and Poisson cluster processes.

Poisson Process Pois on Cluster . -ocess

a z h Aprt ) A pi (V) An(s) 1 Ayt () 4 (V) () 4
1 1 0.01 42.69 47.20 158.63 7.89 81.99 8.7 179.06 17.68
0.02 30.28 33.31 110.09 8.23 64.44 7007 157.49 18.32
0.05 19.57 20.87 48.12 7.97 43.17 2.9, 98.38 18.15
0.10 14.50 14.93 25.74 7.96 32.41 33.7% 56.77 18.54
2 0.01 30.23 34.73 158.14 5.85 5 54 677, 179.68 12.39
0.02 21.33 24.62 109.37 5.65 45.1. 52.51 156.55 11.96
0.05 13.89 15.48 47.08 5.73 30.91 34.92 97.86 12.54
0.10 10.09 10.79 24.90 5.62 22.74 24.60 54.99 12.76
5 0.01 19.04 23.81 158.07 3.71 KV 47.05 179.69 8.00
0.02 13.68 17.23 109.28 3.51 29.01 36.83 156.05 8.28
0.05 8.70 10.93 46.76 3.49 TR 24.30 96.51 7.79
0.10 6.40 7.56 24.31 - izo 17.16 53.56 7.73
10  0.01 13.46 19.00 157.94 2.4, 26.34 37.49 179.55 5.76
0.02 9.67 13.63 109.05 245 70.60 29.39 156.09 5.52
0.05 6.16 8.87 46.59 o 13.73 19.91 96.34 5.60
0.10 4.48 6.01 24.14 2.5 10.17 14.14 53.25 5.83
2 1 0.01 40.85 45.03 153.49 o9 71.57 83.74 176.81 41.48
0.02 29.04 31.95 102 39..” 60.99 65.82 151.79  41.41
0.05 19.12 20.57 45.6° °R9Y 41.15 43.98 92,52  41.58
0.10 17.14 17.75 2686  39..4 31.92 33.00 5378  41.57
2 0.01 28.76 33.75 a2 28.74 56.00 63.74 176.78 40.11
0.02 20.58 24.17 107 58.84 43.68 50.73 151.36  40.05
0.05 14.11 15.85 45.0. 38.72 29.24 33.76 91.24 3998
0.10 13.62 14.74 26.11 38.71 2391 26.01 52.58  40.10
5 0.01 18.20 21 o 153.05 38.60 35.61 45.99 176.88 39.10
0.02 13.14 187 2.69 38.60 27.43 36.15 150.76 39.14
0.05 9.35 296 151 38.59 18.93 23.49 90.86  39.01
0.10 11.12 11 570 38.61 16.99 19.00 51.78 39.04
10 001 12.90 14.38 153.20 38.52 25.30 34.22 176.78 38.77
0.02 9.21 1.03 102.62 38.53 19.76 25.11 150.76 38.83
0.05 7.07 7.41 44.28 38.52 14.12 16.13 90.52  38.76
0.10 9.75 10.19 2552 3854 13.79 14.70 5172 38.76
3 1 0.01 3¢ 55 4.7, 148.66 59.06 73.23 79.67 174.60 60.47
0.02 F a 30.07 97.35 59.06 57.74 62.95 147.18 60.44
0.05 18.07 19.74 42.77 59.06 38.45 41.24 86.89  60.45
0.10 18.44 19.15 2690  59.05 32.26 33.30 52.23 60.67
2 0.01 < 37 31.53 148.40 58.87 52.97 60.94 174.22 59.62
0.0” 1 .15 22.28 96.93 58.89 41.09 47.90 146.42 59.64
0.05 2.90 14.20 42.00  58.85 27.79 31.93 8544  59.66
10 =28 16.19 26.10  58.89 24.25 26.55 50.55 59.59
5 J.01 17.23 19.52 147.97 58.78 33.58 40.71 174.06 59.07
0.02 1727 13.56 96.55 58.78 25.99 31.32 145.19 59.06
e, 8.80 9.32 4179 5877 17.90 20.87 85.27 59.04
0.1. 13.21 13.68 25.62  58.76 18.25 19.58 49.77  59.06
L 0.01 12.34 13.58 148.18 58.73 23.86 27.81 174.15 58.86
0.L 8.65 9.28 9640  58.74 18.46 21.18 145.86 58.88
0.0 6.71 7.02 41.55 58.74 13.13 14.34 84.74  58.87
07y 12.52 12.73 25.41 58.73 15.13 15.80 49.18 58.88
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Figure 2: Plots of [(/Alh’ 1) as functions of 6 varies w enh - ... based on realizations in the simulation.

rectangle as the study region in our approach. The regio. co. tained 8125 wildfire occurrences with all of the three
greatest wildfires occurred in Alberta forests during -« 25 = r period. The greatest wildfire occurred in 2002 at 111.8
longitude West and 55.5 latitude North with an area bui. ~d of 2387 squared kilometers. The second greatest wildfire
occurred in 1998 at 116.5 longitude West and 54.7 latitude North with an area burned of 1631 squared kilometers. The
third greatest wildfire occurred in 1998 at 11 -.3 lown_itude West and 47.5 latitude West with an area burned of 1554
squared kilometers. The total burned area in “e regio . was over 60% of the total burned area in the entire region.

The study region contained a large po .don o1 * - eal forests in Alberta, which was dominated in plain areas. The
geographical distribution of boreal fores  wil .dres is considered as a major dominant disturbance in the high latitude
area of the North Hemisphere [34]. A si.  « por.ton of boreal forests of Alberta was in the mountain areas, located
in the southwestern region of Albert . We foc.sed our study on the plain areas since tree densities and topographic
conditions were significantly differ .nt u. “veen the mountain and plain areas.

We evaluated the scientific b~~"-ground about substationarity of wildfire occurrences in Alberta Forests. It was
pointed out that wildfire activit’ _s in yoreal forest were significantly affected by latitude but not by longitude [43]. It
was expected to have low numb. -~ of wildfire occurrences with high values of area burned in the north than those in
the south [44], indicating tb .t substa.. ynarity might be assumed along the longitude. To confirm this, we calculated
the estimates of A(s) with t.e st- adar : bivariate normal kernel via (5) under nonstationarity. We used a few bandwidth
values and found that the resu. = w .re not stable; see Figures 3(b), 3(c), and 3(d). However, all of our results showed
that the estimates of th . intensity were high in the south but low in the north.

We followed previ us findir gs and assumed that fire occurrences were substationary in a linear space of R?, where
the linear space was /> = “-~"ven by (11). We computed 6, with a normal kernel in (10). We treated ), as an estimator
of 8 for a given h. We cor “vared values of 6, with various choices of . We found that 8, was reliable. For instance, we
got &), = —0.002 \ viven by arc degree) if & = 0.01, 8, = —0.001 if 4 = 0.02, §, = —0.003 if i = 0.05, and 8, = —0.007
if i = 0.1. Therefo.. . had §, ~ 0, indicating that we might simply choose £ = £y in our method. To investigate
this, we comy tew "% 7.(5)} and €44, £+ (s)} with selected 7 in (9). We found that £{4,, 7. (s)} — €44, £+ (s)} were 1.66,
0.89, 3.38, and .” » when A was 0.01, 0.02, 0.05, and 0.1, respectively. Comparing these values with the differences
of log-likelihood 1 nctions affected by &, which were often more than a few hundred, we concluded that the impact
of £ {/Alh, (8} - {’{/Alh, £t (s)} could be ignored. Therefore, it was enough for us to use 8 = 0 in the computation of the
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(a): Wildfire Loations (b): Estimates of Intensity with h=0.1
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Figure 3: Wildfires locations and estimates of the intensity under nonstati. ariy .. ~“berta Forests from 1996 to 2010 in the selected region, where

bandwidths were given by degrees.

estimator of the first-order intensity function.

Simply using 6 = 0, we obtained £y = {(x,0) : x ~ R}. We computed values of /Alh, it (y) with a few choices of &.
We found that all of them were close, e.g., as those displayucd by Figure 4. Therefore, we concluded that our approach
was reliable. The intensity of wildfire occurre .cc.. vas almost maximized at 55.8 latitude North. It decreased fast to
the north but slowly to the south. The nortb vart was consistent with our previous conclusion but the south part was
a concern. We studied the reason by looking a. *he * rrestrial ecozones. We found that ecozones in the south of the
study region was dominated by grasslanc, wh’ -h might affect the occurrences of forest wildfires [33, 43].

7. Discussion

In this article, we propose the concept o1 substationarity and provide a semiparametric method to estimate the first-
order intensity function of a spa* al pr int process, including the linear subspace. Although this has not been previously
studied in the literature in SPF. 2 clated concept in geostatistics called spheric symmetry that are stationary along
the longitudes but nonstatio” ary alo.. latitudes has been previously discussed [24, 28, 29]. A significant difference
between the two concepts “; the we ~ssume that the linear subspace is unknown. Therefore, we also need to estimate
the linear subspace.

The estimation me* .od propo.ed in this article is a modified version of the traditional kernel density estimation
for random variables. “raditior. |l kernel density estimation is formulated under the assumption that sampling data are
identically and indepen. ~ntlv .ollected from a continuous distribution. This is often violated because of dependency
in spatial point da“ 1. A ccommon way to account for dependency in SPPs is to use the second-order intensity functions.
As specific relati. nships b ‘tween the first-order and the second-order intensity functions can be formulated under the
concept of SOIRs, . i< » ssible to account for both of them simultaneously.

Although .. "~ only discussed the kernel-based approach, two other nonparametric or semiparmetric ap-
proaches may . » ised. The local polynomial approach is a modified version of the kernel approach [5, 13]. It is
based on the idea . £ weighted localized polynomial regression, where the weights are determined by kernel functions
of explanatory variables. The smoothing spline approach estimates a smooth function by minimizing a penalized
likelihood function [17, 30, 41]. The penalized likelihood function has two terms. The negative log-likelihood term
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(a): h=0.05, 6=0 (b): h=0.1, 8=0
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Figure 4: Estimates of the first-order intensity in the Alberta . ~rest ... "“re data under substationarity along the longitude.

controls the goodness-of-fit. The penalty term controls ."e . moothness. Both the local polynomial and the smooth
spline approaches can be used to estimate intensity ".~~tior." of SPPs under substationarity.

As a relative concept, nonsubstationarity is also 1. ~ortant in spatial point data. A nonsubstationarity approach
must be adopted if assumptions of substationarity fail. Based on the concept of substationarity, a few possible methods
for nonsubstationarity may be proposed. An e sy w.. " is to borrow the idea of additive models in nonparametric statis-
tics [15, 21]. Assume that the intensity func ons of a ronsubstationary SPP can be expressed by the sum of intensity
functions of a few substationary SPPs. If he in. -sf _tion of the linear subspaces given by these substationary SPPs
only contains the origin, then the nonsts .1on7 'y SPP is not substationary in any linear subspace of the domain. The
structure of additive models for nonsubs.. “i* nari* ; in SPPs is essentially different from the structure of additive mod-
els in nonparametric statistics. Addit ve moa.” in SPPs attempt to model additivity by intensity functions. Additive
models in nonparametric statistics .cte. »t to model additivity by mean structures. Additive models in SPPs contain
dependence structures but additive models 1.. nonparametric statistics do not. This is an interesting research question
to be studied in the future.
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