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Abstract

This paper studies the exact distributions of the MLEs of the regression coefficient matrices in a
GMANOVA-MANOVA model with normal error. The unique conditions for linear functions of the MLEs
of regression coefficient matrices are presented, and the exact density functions or characteristic functions
for these linear functions are derived.
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1. Introduction

Consider the following GMANOVA-MANOVA (generalized multivariate analysis of variance—
multivariate analysis of variance) model with normal error:

Y:XBlzf-i—BzZ;-l-g, )
E~ Nq><n(o» In ® Z),

where Y is a g x n observable random response matrix, X is a ¢ X p known constant matrix,
Zy and Z, are the n x m and n x s known design matrices, respectively, By and B, are the
p x m and g x s unknown regression coefficient matrices, respectively, £ is a ¢ x n unobservable
random error matrix, and A" denotes the transpose of matrix A. Model (1) was first proposed by
Chinchilli and Elswick [2], where the matrix (Z;, Z;) was assumed to be of full column rank.
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They gave the MLEs of parameters and studied the goodness-of-fit test under their assumptions.
MANOVA and GMANOVA models can be obtained as a special case of (1), therefore model
(1) is a mixture of MANOVA and GMANOVA model. For the GMANOVA model, including
extended GMANOVA model, the results about estimates of parameters and their distributions
have been extensively studied in literatures, for example, see Potthoff and Roy [7], Rao [8],
Grizzle and Allen [3], Reinsel [9], Kenward [4], von Rosen [10,11], Kollo and von Rosen [5]
and among others. Kollo and von Rosen [5] gave a good summary for some results in model (1).
They studied the MLEs of parameter matrices B, B> and X in this model and derived various
moment formulae for these estimators. Bai [1] studied the MLEs of the parameters in model (1)
and gave the exact distribution for MLE of covariance matrix. The MLEs given in [1] is listed
as follows.

Lemma 1. For model (1), ifn >rk(Z) +q, the MLEs of By, By and Z are given (with probability
1) by

By =(X"ST'X)"X'ST'Y 04, Z1(2] 02, Z1)".
By = (Y = XB\Z)Z2(Z3Z2)", @)

A 1 N ~
X=—(Y-XBZ)0z (Y — XBZ])",
n

respectively, where S = Y QzY", Z=(Z1, Z3), P4 denotes the orthogonal projection matrix onto
the linear subspace R(A) spanned by the columns of p x g matrix A, i.e., Py = A(ATA)” A" =
A(ATA)TAT, Q4 élp — P4, A™ denotes the generalized inverse of matrix A suchthat AA~ A = A,
AT denotes the Moore—Penrose inverse of matrix A and rk(A) denotes the rank of A.

From the viewpoint of statistical inference, it is very important to study the distributions of
1§1 and éz in Lemma 1, which are not discussed in current literatures. It is easy to see that
By and B, are not unique since they depend on the generalized inverses. Therefore we have
to consider the linear functions of 31 and Bz, say KlBlLl, KszL and KlBlLt + KszLf,
respectively, where K;, L;(# 0),i = 1,2 are some constant matrices such that these linear
functions are unique. It is worth mentioning that, in general, all the above linear functions are
nonlinear functions of normal matrix Y, hence it is difficult to study their distributions and some
special techniques need to be developed. The remainder of this paper is arranged as follows.
Section 2 gives the sufficient and necessary conditions for uniqueness of K 13’1 L} and K» ég L;.
Section 3 derives the density functions or characteristics functions for above linear functions of
the MLEs.

2. Uniqueness

We first give a lemma vyhich is usefAul to detern}ine what kind of matrices K;, L;(# 0),i = 1,2
ensure that Ky By L|, KBy L5 or Ky B| L] + K3 B> L are unique. The obvious proofs are omitted
for saving space.

Lemma 2. Let A, B and C be given matrices, then

(1) A(ATA)™ BT is unique < R(BY) C R(A").
(i1) C(ATA)™ A% is unique < R(C") C R(A").
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By applying Lemmas 1 and 2, we easily obtain:

Theorem 1. Let K;, L;(# 0),i = 1, 2 be constant matrices, then

1) Kll?lL} is unique < R(K]) C R(X"), R(L}) C R(Z{Qz,).
(i) K2ByLj is unique < one of the following conditions holds:
(i) R(K3) C R(Qx), R(L}) C R(Z}). (i) R(L}) C R(Z;0Q7z,).

Remark 1. The proof of Lemma 2 can be found in Kollo and von Rosen [5]. The results in
Theorem 1 when K> = I was given in Kollo and von Rosen [5, p. 427].

Theorem 2. For the constant matrices K;, L (# 0), Al =1,2,if Ehere exists a nonnull d such that
K| =dK,X and R((dLy, L2)*) C R(Z"), then K1 B\ L| + K2 B> L] is unique.

3. Distributions

In this section, we study the distributions of K11§1Lf, K2§2L§ and KlélL} + K21§2L§,
respectively, where K;, L;(# 0),i = 1,2 are assumed to satisfy the conditions in Theorem 1
or 2. We follow the symbols and notations in Muirhead [6] without specification. The obvious
proofs are omitted for saving the space.

Definition 1 (Wang [12]). If the density function of a p x g random matrix X is given by
I'pyly+p+q—1)/2] |Z|_‘1/2|V|—P/2

Iply+p—1)/2]
x|y + (x — 7= (x — VTGP e RPXa

px(x)=n"r1"2

where t € RP*1, X > 0,V > 0,7 > 0, then we say that X has a matrix-variate ¢-distribution
with parameters (u, X, V, 7) and denote by X ~ 1,4 (1, X, V, 7).

Lemma 3. Let

XIT ~ Npxg(u, VR T,
T~W,y+p-12%),

then X ~ tyxq (1, =71V, p).

Lemma 4. Let X ~ W,(n, X),A>0,a>0 and

ha(A) = E(|I, + X' A|™9), )
then
hody = k@24 a) N
T Ty ((n — p +rk(A))/2) |2
1 1
x‘I—’(%+a,§(n+rk(A)+1); 5/\), ()

where A is a rk(A) x rk(A) diagonal matrix with the nonnull eigenvalues of ' A as its diagonal
elements, and ¥ (a, c; -) is a confluent function defined by (12) in [6, p. 472].
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Proof. Let the spectral decomposition of ~1/2AX~1/2 be

s (80)

where P is a p x p orthogonal matrix, A is a rk(A) x rk(A) diagonal matrix with the nonnull
eigenvalues of X!/ 2AXT12 asits diagonal elements. Let

% = pry-12xs-i2p - [ X1 X2
Xo1 X

where X1 is rk(A) x rk(A), then X ~ W, (n, I,) and

Lkcay + X11A 0

L, +X7'Al=| T
—Xo X021 X115 Tp—rk(a)

v—1
= |Irk(A) + X11.2A|,

where )}11.2 = )~(11 — )}12)?2_215(21. It follows from X ~ Wp(n, I) and Theorem 3.2.10 in [6]
that }}11.2 ~ Wrkay(m — p +rk(A), Lia)). Let Y = A—I/Z)”(”'ZA—I/Z’ then Y ~ Wra)(n —
p+rk(A), A™") and

11p+ X AL = 1Y Ly + Y,

thus we have
|A/2|(n—p+rk(A))/2

Lrkay((n — p +rk(A))/2)
1
x f [Lkcay + Y74 Y|P D2 ey (——AY) (dY);
Y>0 2

this and the definition of function W¥(a, c; -) (see (12) in [6, p. 472]) mean that (4) holds. Finally,
the nonnull eigenvalues of 2~ !/2AX~1/2 are the same as those of Z~'A. [

ha(A) = E(Y|*Lrkcay + Y79 =

Remark 2. Based on Lemma 10.6.4 in [11], the confluent function ¥(a, c; -) can be obtained by
the Gaussian hypergeometric function , F, (a, b; c; -).

Lemma 5. Let G be an m x n random matrix with the density function pG(g), g € R™*". Let
F = PGQ", )

where P and Q are p x m and q x n nonrandom column orthogonal matrix, respectively, then
the density function of the p x q random matrix F is given by

pc(P'fQ), R(f) CR(P), R(f")CR(Q). (6)

Proof. Let M and Nbe p x (p —m) and g x (¢ — n) nonrandom column orthogonal matrices
such that (P, M) and (Q, N) are nonrandom orthogonal matrices, respectively. Again let G1, G2
and G3 be, respectively, m x (g —n), (p —m) x n and (p —m) X (¢ — n) random matrices such
that G, G1, G, and G3 are independent and P(G; =0) =1, i = 1,2, 3. Let

F = (P, M) <g2 g;) (0, N), (7
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then from (5), we know that F=F , a.s., thus F and F have the identical ~distribution. Note that
the Jacobian determinant of the transformation from (G, G1, G2, G3) to F is equal to 1 and

G=P'FQ, G =P'FN, Gy=M'FQ, G3=M'FN,
hence the density function of Fis given by
pG(PTfQ), PN =0, M°fQ=0, M'fN=0. ®)

Note that when P*fN = 0, M*fN = 0, we have R(f*P) C R(Q),R(f*™M) C R(Q).
Now for any ¢ € R(f"), we can find d such that ¢ = f'd, thus ¢ = f*(PP*+ MM"%)d =
fTP(P'd)+ f*"M(M*d) € R(Q). Thisimplies that R(f*) C R(Q).Conversely, when R(f*) C
R(Q), there exits a D such that f* = QD" which gives that P*fN = 0 and M*fN =
0. Therefore P*fN = 0,M*fN = 0 & R(f%) C R(Q). Similarly, we have M*fQ =
0,M*fN =0 & R(f) C R(P). Thus P*fN =0, M*fQ = 0,M*fN =0 & R(f) C
R(P), R(f") C R(Q). Since F and F have the same distribution, it follows from (8) that (6)
holds. [J

3.1. The distribution of K B L}

Theorem 3. For model (1), ifﬁ] 2K, B L7 is unique, then its density function is given by
r —rk(Z k(K1))/2
i (= (-2 Dol 0 =) & kK )2)
rk(kp[(n — rk(Z) + rk(Ky) + rk(Ly1))/2]
Uikpl(n — rk(Z) + rk(Ky) +rk(L1) — g +rk(X))/2]
Crkkpl(n — rk(Z) + rk(K1) — g + rk(X)) /2]
X|A%|_rk(L1)/2|A2|_rk(K1)/2
xetr{—3(fi = F)'IKi(X"Z7 X) Y K1 (fi — FOILI(Z] Q2,Z1) T LT}
xlFl(—(q —rk(X)); j(n —rk(Z) +rk(Ky) +rk(Ly));
5(fi = F)TIKi (X 0O TR (A — FOILW(Z5Q2,Z0) T LT,
R(fi — F1) C R(K1), R((fi — F1)") C R(Ly), )
where F| = K{B1L", A% isark(Ky) x rk(Ky) diagonal matrix with the nonnull eigenvalues of

Ki(x7z! X)+Kf as its diagonal elements, and A% isark(Ly) x rk(Ly) diagonal matrix with
the nonnull eigenvalues of L (Zf QZZZ1)+LE as its diagonal elements.

Proof. When F' 1 is unique, it follows from Theorem 1 that there exist C; and D such that
Ki=X'C], LY=2Z[QzDj. (10)
From Lemma 1 and (1), we have
Fi=F +CX(X'S™'X)"X*S"'€Pg, 7, Df. (11)

where § = £Qz&". Note that rk(Z~ /2 X) = rk(X), hence 2~/ X can be written as

A O
12 T
s — P(o 0)(M,N), (12)
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where ﬁé(ﬁl, 132) and (M, N) are, respectively, g x g and p x p orthogonal matrices, 151 and M
are, respectively, ¢ x rk(X) and p x rk(X) matrices, and A is a rk(X) x rk(X) diagonal matrix
with positive diagonal elements. Let

(M T2 _ pey-12g5-112p5, (13)
o I

where Ti is a rk(X) x rk(X) matrix, then

- -
T7] _ < Tll~2 _Tll-2v>
- —1 -1 ’
_VTTII-Z T22~1
where T1.2 = T11 — T12T251T21, Tynq = Ty — T21T171] T2,V = T12T251. From (12) and (13),
we have

X AT 5N 0
X'S7'x =M, N) 0 0 (M,N)",

which means that

—1 —1
(X'S7'X)" = M, N) (A Tii2A C12) (M, N)*.
Cyy C»n
Therefore
X(X*ST'X) " X" = V2P (I (xy, —V)PTET2, (14)

Note that Pz, Po, 7, = Po,,z, Pz, = 0, hence Pz, and Py, 7, can be simultaneously diago-
nalized by an orthogonal matrix. Since Pz, and Pg, 7, are n X n idempotent matrices with ranks

rk(Z>) andrk(Z)—rk(Z,), respectively, there exits an n x n orthogonal matrix Qé(él , Q2, Qg)
such that

Pz, = 0107, Po,z = 0205, (15)

where Ql, Qz and Q3 are, respectively, n X rk(Zz), n x (rk(Z) —rk(Z>)) andn x (n —rk(Z))
matrices. Let

6= PEEQ) &=PEEG, &= P E0s, (6
then S = V2 P&ETPTEY2 (since Q7 = 030%). From (11), (14-16), we have

Fi = Fi + C1 22 Pi(Iix). — V)&, 05 D] (17
Let the singular value decompositions of C;Z!/2 Py and Q3D be

Ciz'2P = PIAIQ],  03Df = PAI 05, (18)

where P;, Q;, i = 1, 2are column orthogonal matrices, and A and A are, Iespectively, riXri and
s1 x 51 diagonal matrices with positive diagonal elements, r|=rk(C X!/? P) and s; = rk(Q5DY).
By substituting (18) into (17) we have

Fi = Fi + PIM QUrkx). —V)E2PaAI Q32 F) + PG Q5. (19)
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From (1) we know
&1, 8,8) = PTZ?]/ZSQ ~ qxn(oa I, ® Iq),
which indicates that

&1~ Nysrk(z2) (0, Lri(zy) ® 1y),
&~ Noxrk(2)=rk(22)) 05 Iri(z)—rk(z2) ® 1g), 20)
&~ Nyxcn—rk(2)) (0, Ln—rk(z) ® 1),

and &1, &, &3 are independent. Note that § = >12pg, & P*X!/2 hence S and & are independent
and from (20) we have S ~ W, (n — rk(Z), X). Furthermore, V is independent of & (since Vis a
function of §) and from (13) we have T ~ W, (n —rk(Z), 1;). Therefore, it follows from Lemma
3 and Theorem 3.2.10 in [6] that

V ~ ik 0 x (qg—rk(x) 0, Lrex)ys Ig—rk(x), n — rk(Z) — q +rk(X) + 1). 21
LetV = Q7V, then

Vo~ x(q—rkx) O, Iy Ig—rk(x), n — rk(Z) — g + rk(X) + 1). (22)
From the definition of él (see (19)), we have
G1 = A1(Q], —V)EPA,. (23)

It follows from (20) and the independence between V and &> (since V and &> are independent)
that

G1IV ~ Ny (0. A} ® [A1 (L, + VVOALD), (24)
which means that the conditional density function of G given V = 7 is
P&y (8110) = @m) TR IA T ATy + 507|702
><el‘r[—%gf/\1_l(lrl + 17177)_1A1_1g1A1_2], g1 € R
Thus the density function of G is
g, (g1) = Q@02 AT E L, 4+ VYT
xetr[—AeTAT (L, + VVOTIAT g 1ATR), g1 € R (25)
It follows from (22) and Definition 1 that the density function of V is given by
tarktyz ol = rk(Z) +r1)/2]

Ly [(n —rk(Z) + 11 — q +rk(X))/2]
X|Ir1 + 561|7(n7rk(2)+r1)/2’ 6 c Rr|x(q7rk(X));

py(0)=m

this and (25) imply that the density function of G is
I —rk(Z 2
pg, (g1) = Qm)~"1/2 1 [ = rk(Z) + )/2]
L [(n —rk(Z) 4+ 11 +51)/2]
Lnl = rk(Z) 411 + 51 = g +7K(X))/2]
Ly [(n —rk(Z) + 11 — g + k(X)) /2]

AL AT Efetr(=38FAT Iy + VVO T AT @1AT7),
gl c erxsl , (26)
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where

Vo~ trxg—rkx) O, Iy Ig—rkxys n — 1k(Z) + 51 — q +rk(X) + 1). (27)

From (26) and (27) there is

_ L, [(n — rk(Z) 4 r1)/2]
N — (2n)""151/2 il
P, (81) = @ k() + 11 4 5D)/2]
Iy [(n—rk(Z)+r +5s1—q+rk(X))/2]
1“,1 [((n—rk(Z)+r1 —q+rk(X))/2]

XA T A T et (S gTATRg1AT?)

X1 Fy (g = rk(X)); (0 = rk(Z) + 11 +51); LT AT 1A,

gl E erxsl;

this, (19) and Lemma 5 indicate that the density function of F is
Il(n—rk(Z)+r)/2
pg (f1)= (2m)~"151/2 T [(ln[(_ rk(Zg —3r1 —ii)s/1 )]/2]
erl [((n—7rk(Z) +r1+51—q+rk(X))/2]
I'[(n —rk(Z) +r1 —q +rk(X))/2]
X|AL T A T etr[— 5 (fi = FOTPIAT PE(fi — F1)Q2A 03]
x Fi(5(q = rk(X)); 3(n — rk(Z) +r1 + 51);
3 = FOTPIATPE(fi = FI) Q2477 0)),
R(fi — F1) C R(P1), R((fi — F1)") C R(Q2). (28)

It follows from (10), (12) and (18) that
KIX"=ST'X)TKT = PIATP],  Li(Z102,Z) L] = 0,A}05,

hence the diagonal elements of A% and A% are, respectively, the nonnull eigenvalues of K1 (X7X~!
X)TK{ and L1(Z{Qz,Z1)*L], and

[Ki(X"Z'X)T K1Y = PIAT?P],  [Li(Z]Q2,Z) T LI = 0247705 (29)
From (10), (12) and (18) we have

R(P))=R(CIXMA™") = R(C;1XM) = R(CIXMM*X'CY)
=R(C1XX*C]) = R(C1X) = R(K)).

Therefore, from definitions of r; and P; (see (18)), we obtain
ri =rk(P1) = dim(R(P1)) = dim(R(K1)) = rk(K1), (30)

where dim(R) denotes the dimension of R. It follows from PQZ2 7,072,217 = Qz,7Z; that
R(D10z,Zy) = R(DIPQZZZ]), thus from (10) and (18), we have

R(Q2) = R(D102) = R(D1Pg, 7, D) = R(D1 Pg,, 7,)
=R(D10Q0z,Z1) = R(Ly);
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this and the definition of 51 and Q5 (see (18)) indicate that
s1 =rk(Q2) = dim(R(Q2)) = dim(R(L1)) = rk(Ly). (31)
Substituting (29)—(31) into (28) leads to (9). U

Remark 3. For the GMANOVA model (corresponding to the case of Z; = 0in model (1)), when
X and Z; are full rank in column, K; and L are full rank in row, it follows from Theorem 3 that

Irxpl(n —m +r(K1))/2]
Irxpl(n —m +r(Ky) +r(L1))/2]
Irxpln —m +r(Ky) +r(Ly) —q+ p)/2] K1 (X7 X) K2
Irkpln —m +r(Ky1) —q + p)/2]
XIL\(ZTZ) 7 L T KO e (= L (=P (X O T KT (A -
X[Li(ZTZ) ' L] Fi(3(g — p)i 30— m + r(Kp) 4+ 1(L1));
3= P (X2 X0 T KT (= FOLL (2§27 'L h,
fi e RTEDxrLy),

pp (f1) = @m~KorLn/2
1

where r(A) denotes the number of rows of matrix A. This is the result obtained by Kenward [4]
but with different notations.

Theorem 4. Follow the notations in Theorem 3, the characteristic function of Fy is given by
@p () =etrlit Fy — K (XE )Y K L(Z] 07, Z2)TL]]
XILA (1, 2)| (TR D =gtk O+ 1.)/2
Uikk )y ((n —rk(Z) + rk(K1))/2)
Lixpy((m —rk(Z) — g +rk(X) +r1(2, X)) /2)
T —rk(Z) — q +rk(X) + rk(K1) + (£, ) + 1); A1 (2, ),
t e RV(KI)XV(LI), (32)
where ri(t,X) = rk(tTKl(XTZ_lX)+KftL1(ZfQZZZ1)+Lf), AN, Y)isar (t,2) xri(t,X)

diagonal matrix with the nonnull eigenvalues of t* K (XTE_IX)"'KITIL] (Z7 -0z, Z1)"L} as its
diagonal elements.

P(5(n —rk(Z) + rk(Ky)),

Proof. It follows from (19) and (24) that

FAV ~ Nykpern (Fi, (Q2A705) @ [PLA (I, + V VAL P, (33)
which indicates that the characteristics function of £ 11s

0p (1) = E[etr(izfﬁl)] = E{E[etr(it" F)|V])

= etr(it"Fy — 51" P{ATP[1 02A7 Q%)
XEletr(—1V ’A]PthzA QY PIAV)], 1 e RMEDXrLy, (34)

From (22) and Lemma 3, there exits a random matrix T such that

{ ‘:/lf ~ Niyseq—rkx)) 0, Ig—rkx) @ T, (35)
T~ W, (n—rk(Z)—q+rk(X)+ry, Ir).
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Therefore, we have
Eletr (=L VTA Pt 0203 Q3 PLAL V)]
= E{E[etr(—=VTA; P{102A7 05" PLAV)|TT}
= Elll;, + T A1 P[1Q2AT Q517 P Ay |~ 7HCO2),
t e RFEDxr(Ly), (36)

It follows from (34)—(36) and Lemma 4 that (32) holds. [

3.2. The distribution of KzézLE

Theorem 5. For model (1), if Fx= K, By L} is unique, then:
(i) When R(K3) C R(Qx) and R(L}) C R(Z3), we have

Py~ Ny (k) xr(Ly) (Fa, [L2(Z3Z2) T L5] ® (K22K3)), (37)

where F = Ky By L3,
(i1) When R(LE) C R(Z;QZ1 ), the characteristic function of F» is

Qg () =etr{it™ Fy — Ky EK Ly (Z3Z) VL
KX (XTET X)) XK Lo(Z302,20) T — (Z32) TILS)
x| %Az(l, Z)|(nfrk(Z)*qurk(XHrz(fsZ))/2
" Irkkox)((n —rk(Z) + rk(K2X))/2)

Crk(kyx)((n — rk(Z) — q + rk(X) + ra(t, X)) /2)

xW(3(n — rk(Z) + rk(K,X)),
3(n —rk(Z) — q + rk(X) + rk(K2X) +r2(t, ) + 1); 3A2(t, %)),
te RF(K2)><V(L2)7 (38)

where ry(t, £) = rk(t"Ka X (X*E " X) T XK Lo[(Z3Q 7, Z2)* — (Z3Z2)FILY), As (1, Z) is a
ra(t, X) x ry(t, X) diagonal matrix with the nonnull eigenvalues of t* Ko X (X*- Z_IX)+XTKEZL2
(Z3Qz,Z2)t — (Z5Z2) 1L} as its diagonal elements.

Proof. (i) When R(K3) C R(Qx) and R(L3) C R(Z3), there exist C; and D; such that
K3 = QxC3}, L}=ZiD;,

hence from Lemma 1 and (1), we have
Fy = Fy + K2 Pz, DS,

this and (1) imply that
Fy ~ Nr(ky)xr(12) (Fa, (D2 Pz, D5) ® (K2ZK3)).

Thus (37) holds.
(i1) It follows from Lemma 1 that

Py = KoY Zo(Z522) LY — KaX B1 ZYZ2(Z527) " LY2Fy — By, (39)
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When R(L3) C R(Z;Q7z,), there exits a D3 such that
LY =750z, D3, (40)
From (1), (14)—(16), we have
: Fi\ = K2XB\Z]Z2(Z325)" LY + F> + K22 PE QT 07, DS, )
Fy = KoX B\ Z{ Zx(Z3Z2) " L} — K222 Py (Lix). —=V)E, 0307, D,

which shows that F' 1 and ﬁg are independent (since &1, & and &3 are independent, and V is a
function of £3), hence from (39) we have

P4 (1) = p Mg (—1), te RIETE2), (42)
It follows from (15), (20) and (41) that
Fi ~ Nyky)xr(Ly) (K2 X B1 ZT Z0(Z5 Z2) VLY + Fo, [La(Z3Z2) T L3 ® (K22K3)),  (43)
which means that
P, (1) = etr{itT[KzXBlZITZQ(ZgZz)JrLE + ]
— Ko SKItLo(Z3Z) T LYY, e RFKD (2 (44)
Further, from (39) and (40) we have

Fy=—K)XB1Z{ Q7,07 D3
Thus from Theorem 4 we have (by taking K1 = —K>X and L1 = D30z, Qz,Z; in Theorem 4)
Pp 1) = etr{it® KaX B\ Z] Z2(Z5Z2) T LY — %MQX(XTZ—‘ X)TXTK]t
xL2[(Z302,Z2)" = (Z3Z2)*IL3) 3 Ag(e, )| HA 020202
» Ik x)((n = rk(Z) + rk(K2X))/2)
Loy ((n —rk(Z) — g +rk(X) +r2(t, X)) /2)
x¥(§(n — rk(Z) + rk(K,X)),

T —rk(Z) — q + rk(X) 4+ rk(K2X) + r2(t, 2) + 1); 3A2(¢, ),
t € RMKDxr(La).

this, (42) and (44) show that (38) holds. [
3.3. The distribution of K11§1L{ + KZEZLE
Theorem 6. For model (1), let Kj, Li,i = 1, 2 satisfy the conditions in Theorem 2, then the
characteristic function of F3=KB1L} + KBy L is
Qg () =etrfit™F3 — MK XKLy (Z3Zo) VLS — ST K X (X2 X) TX Kt

x[(dLy, Lo)(Z*Z)T(dLy, Lo)" — Lo(Z3Zo) T LY}
X|%/\3(l, 2)|(n—rk(Z)—q+rk(X)+r3(t,Z))/Q

y Dyickax) ((n — rk(Z) + rk(K2X))/2)
Crkax) (0 = rk(2) — q +rk(X) +r3(t, X)) /2)
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xW(5(n — rk(Z) + rk(K2 X)),
1 —rk(Z) — q + rk(X) + rk(K2X) + r3(t, 2) + 1); $A3(t, 2)),
t e R”(KI)X'”(LI)’ (45)

where F3 = K1 B\L| + K2 By L3, d is a nonnull value determined by K1 = dK>X, r3(t, %) =
k(" Ko X (XTE X) T XTKI[(d L1, Ly)(Z°Z)* (dLy, Ly)® — Lo(Z3Z)" -L3]), As(t,Z) is a
r3(t, X) x r3(t, X) diagonal matrix with the nonnull eigenvalues ofthzX(X’Z_lX)"’XTK;t
[(dLy, Ly)(Z*Z)T(dLy, Ly)* — Lz(Zng)+L§] as its diagonal elements.

Proof. When K;, L;,i = 1, 2 satisfy the conditions in Theorem 2, there exists a nonnull value d
and Dy such that

Ky =dK,X, dL}=2Z{D;, L}=2ZiDj, (46)
hence from Lemma 1, we have

F3 = KyY Pz,D} + K2X B\ ZE Q7, Di=F3 + Fy. 47)
Substituting (1), (14)—(16) into the above equality leads to

F3 = K2XB1ZT Pz, D} + K2Bo LS + K2 PE Q1 DY, )
Fy = K2XB1ZQ7, D} + K222 Py (L (xy, —V)E Q3 DL,

which shows that F3 and Fy are independent (since &1, & and &3 are independent and V' is a
function of £3). Thus from (47) we have

P40 =05 O (), 1 RIEVTED 49)
It follows from (1) and (47) that
F3 ~ Nyky)sr) (K2 X B1ZE Pz, D} + KaBo LS, [La(Z5Z2) T3] ® (K2XK3)),  (50)
which indicates that
P, (1) = etr{itT(KzXBlszzzDX + KszLE)
— MK EKItLy(Z3Z) T LYY, e RFKD ), (51

From (47) and Theorem 4, the characteristic function of ﬁ4 is (by taking K| = K>X and L| =
D4Q 7,7 in Theorem 4)
(pﬁ4(t) =etr{it*K2XB1Z{Qz,D} — %thzX(XTZ”X)*XrK;t

X[(dLy, Lo)(ZTZ)(dLy, L)' — Lo(Z3Z2) L1}

X|%A3([, Z)|(nfrk(Z)fq+rk(X)+r3(t,Z))/2

" Ik x)((n —rk(Z) + rk(K2X))/2)

Urkkyx)((n = rk(Z) — q +rk(X) + r3(z, £))/2)

xW(§(n — rk(Z) + rk(K,X)),

$(n —rk(Z) — q + rk(X) + rk(K2X) +r3(t, ) + 1); 3A3(1, %)),

t € RTEDxrL) (52)
Therefore, from (49), (51) and (52) we know that (45) holds. [
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