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1. Introduction
Let I be a countable index set and, for each i € I, let X; be a real random variable. Denote by & the set of all probability
distributions for the process
X=X:iel).
Also, foreach P € # and H C I (with H # ¢ and H # I), denote by Py the conditional distribution of
(X;:ieH) given(X;:iel\H)underP.

Py is determined by P (up to P-null sets). In fact, to get Py, the obvious strategy is to first select P € & and then calculate
Py. Sometimes, however, this procedure is reverted. Let # be a class of subsets of I (all different from @ and I). One first
selects a collection {Qy : H € #} of putative conditional distributions, and then looks for some P € & inducing the Qy as
conditional distributions, in the sense that

Qy = Py, as.withrespecttoP, forallH € #. (1)

But such a P can fail to exist. Accordingly, a set {Qy : H € #¢} of putative conditional distributions is said to be compatible,
or consistent, if there exists P € & satisfying condition (1). (See Section 2 for formal definitions.)
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An obvious version of the previous definition is the following. Fix #, C &. For instance, $, could be the set of those
P € & which make X exchangeable, or else which are absolutely continuous with respect to some reference measure. A
natural question is whether there is P € £, with given conditional distributions {Qy : H € #}. Thus,aset {Qy : H € #} of
putative conditional distributions is $?-compatible if condition (1) holds for some P € 5.

To better frame the problem, we next give three examples where compatibility issues arise.

Example 1 (Gibbs Measures). Think of I as a lattice and of X; as the spin at site i € I. The equilibrium distribution of a finite
system of statistical physics is generally believed to be the Boltzmann-Gibbs distribution. Thus, when I is finite, one can let

P(dx) = a exp {—b Z UH(X)} A(dx)

HClI

where a, b > 0 are constants and X is a suitable reference measure. Roughly speaking, Uy (x) quantifies the energy contri-
bution of the subsystem (X; : i € H) at point x. This simple scheme breaks down when I is countably infinite. However, for
each finite H C I, the Boltzmann-Gibbs distribution can still be attached to (X; : i € H) conditionallyon (X; : i € I\ H).IfQy
denotes such Boltzmann-Gibbs distribution, we thus obtain a family {Qy : H finite} of putative conditional distributions.
But alaw P € & having the Q4 as conditional distributions can fail to exist. So, it is crucial to decide whether {Qy : H finite}
is compatible. See [10].

Example 2 (Gibbs Sampling, Multiple Imputation, Markov Random Fields). Let I = {1, ..., k} and H; = {i}. For the Gibbs
sampler to apply, one needs

Py() =P(Xi €| X1, ..., Xic1, Xiv1, - .. Xe)

foralli € I. Usually, the Py, are obtained from a given P € . But sometimes P is not assessed. Rather, one selects a collection
{Qu; : i € I} of putative conditional distributions and use Qy; in the place of Py,. Formally, this procedure makes sense only
if {Qu; : i € I} is compatible. Essentially the same situation occurs in missing data imputation and spatial data modeling.
Again, P is not explicitly assessed and X = (Xy, ..., Xi) is modeled by some collection {Qy; : i € I} of putative conditional
distributions. As a (remarkable) particular case, in Markov random fields, each Qy; depends only on (X; : j € N;), where N;
denotes the set of neighbors of i. See [5,6,11,13,16,15] and references therein.

We point out that Gibbs sampling, multiple imputation and spatial data modeling are different statistical issues, but they
share the structure of the putative conditional distributions {Qy, : i € I}. From the point of view of compatibility, hence,
they can be unified.

Example 3 (Bayesian Inference).LetX = (X1, ..., Xy, ..., Xm). Thinkof Y = (X4, ..., X;) asthedataand of ® = (X;41, . . .,
Xm) as arandom parameter. As usual, a prior is a marginal distribution for @, a statistical model a conditional distribution for
Y given ©, and a posterior a conditional distribution for & given Y. The statistical model, say Qy, is supposed to be assigned.
Then, the standard Bayes scheme is to select a prior u, to obtain the joint distribution of (Y, @), and to calculate (or to
approximate) the posterior. To assess u is typically very arduous. Sometimes, it may be convenient to avoid the choice of ©
and to assign directly a putative conditional distribution Qg, to be viewed as the posterior.

The alternative Bayes scheme sketched above is not unusual. Suppose Qg is the formal posterior of an improper prior, or
it is obtained by some empirical Bayes method, or else it is a fiducial distribution. In all these cases, Qg is assessed without
explicitly selecting any (proper) prior. Such a Qo may look reasonable or not (there are indeed different opinions). But a
basic question is whether Qg is the actual posterior of Qy and some (proper) prior u, or equivalently, whether Qy and Qg
are compatible.

Compatibility results, if usable, have significant practical implications. In fact, in frameworks such as Examples 1 and
2 (Example 3 is a little more problematic), the statistical procedures based on {Qq : H € J¢} request compatibility. If
{Qy : H € #} fails to be compatible, such procedures are questionable, or perhaps they do not make sense at all. In any
case, a preliminary test of compatibility is fundamental.

Example 1 has been largely investigated (see e.g. [10]) while Example 3 reduces to Example 2 with k = 2 by taking X,
and X, as random vectors of suitable dimensions. Thus, in this paper, we focus on the framework of Example 2.

In the sequel, we let

I={1,...,k} and X =(Xq,...,Xy)
for some k > 2. We also let H; = {i} and we write
Q,':Q{,'} fOFi:l,...,k.

Accordingly, Q; is to be regarded as the (putative) conditional distribution of X; given (X1, ..., Xi—1, Xit1, . . ., X).

Three different types of compatibility results are provided. Most of them hold for arbitrary k, even if they take a nicer
form for small k.

In Section 3, each X; (or each X; but one) takes values in a compact subset of the real line. Then, necessary and sufficient
conditions for compatibility are obtained as a consequence of a general result in [3].
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In Section 4, as in most real problems, Qq, . . ., Q, have densities with respect to reference measures. Under this assump-
tion, compatibility is characterized in Theorem 10. Such a result improves and extends to any k a well known criterion which
holds for k = 2. In particular, no positivity assumption on the conditional densities is requested. See [2,1,5,8,12-14,17]. See
also Example 9 and the remarks after Theorem 10.

In Section 5, $p-compatibility is investigated under two different choices for $,. We let %y = & and £y = { where

& = {P € # : X exchangeable under P} and
P

J={Pe®:Xy,...,Xidentically distributed under P}.
Note that & C 4. Among other things it is shown that, if Q; = - - - = Q and Q; meets a certain invariance condition, then
Q1, ..., Qi are &-compatible if and only if they are compatible (Theorem 12). Moreover, if k = 2 and X7, X, take values in

a countable set X, a necessary and sufficient condition for {-compatibility is provided (Theorem 17). The latter condition
becomes quite simple and practically useful when X is finite. In this case, if the (finitely many) values of Q; and Q, are
uploaded into a computer, one obtains an on-line, definitive answer on whether Q; and Q, are {-compatible or not.

Finally, some examples are given, mainly in Section 5. Suppose that, according to Q;, the conditional distribution of X;
given (X], . ,X,',],XH], e ,Xk) is

> Xj
N alm 1,1 forsomeo € Randalli=1,...,k.
K —
Then, those values of @ which make Qq, ..., Qx compatible can be exactly determined. If k = 3, for instance, it turns out

that Qq, Q», Q3 are compatible if and only if « € (=2, 1). In addition, Q;, Q,, Q3 are actually &-compatible for @ € (-2, 1).
As another example, suppose k = 2 and Q; is the kernel corresponding to the symmetric random walk on the integers.
According to Qq, thus, X; takes values j — 1 and j + 1 with equal probability 1/2 conditionally on X, = j. Then, there is no
putative conditional distribution Q, which is £-compatible with such Q;.

2. Notation and basic definitions

Since we are only concerned with distributions (both conditional and unconditional) the X; can be taken to be coordinate
random variables. Thus, for each i, we fix a Borel set £2; C R to be regarded as the collection of “admissible” values for X;

(possibly, £2; = R). We define 2 = ]_[j.‘:1 £2; and we take X; to be the ith coordinate map on £2. We define also

Y = (X], e ,Xi_1,Xi+1, . ,Xk) and y,‘ = H.Qj.
J#i

The following notations will be used. Ifi € I, x € £2;andy € Y;, then (x, y) denotes that point w € £2 such that X;(w) = x
and Y;(w) = y.For any topological space S, we let B(S) be the Borel o-field on S. If  and v are measures on the same o -field,
i < v means that ;£(A) = 0 whenever A is measurable and v(A) = 0,and u ~ v stands for 4 < vand v < u.

A probability distribution for X = (Xi, ..., X) is a probability measure on B(£2). Let # denote the set of all such
probability measures. Fix P € & and i € I. The conditional distribution of X; given Y;, under P, is a function P; of the pair
(y,A),wherey € ¥;and A € B(£2)), satisfying

(i) A+ P;(y, A) is a probability measure for fixed y;
(ii) y = P;(y, A) is a Borel measurable function for fixed A;
(iii) Ep {Ig(Y;) Pi(Y;, A)} = P(X; € A, Y; € B) for A € B(£2;) and B € B(¥,).
Such a P; is P-essentially unique. Clearly, P;(y, A) should be regarded as the conditional probability of {X; € A} given that
Y; = y under P.

A putative conditional distribution, or a kernel, is a function Q; with the same domain as P;, satisfying conditions (i)-(ii)

but not necessarily (iii). In the sequel,

Q1, ..., Qy aregiven kernels.
We say that Qq, ..., Qi are compatible if there is P € & such that

Q. ) =P, )
foralli € I and P-almost ally € ¥;.In addition, given £y C &, we say that Qy, . .., Q are $p-compatible if such a condition
holds for some P € #.

3. Compactly supported distributions
3.1. Two compatibility results
Some general compatibility criterions have been obtained in [3]. While quite abstract, such criterions simplify when

adapted to the framework of this paper. All results in this section are actually proved by applying Theorem 6 of [3] to the
present setting.
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Let £ be a set of real bounded Borel functions on £2. We assume that .£ is both a linear space and a determining class. By
a determining class we mean that, givenany P € # and Q € 2,

Ep(U) =EqU) forallU € £ <= P =Q.
For instance, £ could be the set of real bounded continuous functions on 2.
To state our first result, we let

EU|Y;=y)= / Ux,y)Q;(y,dx) forallU e £,iclandy € Y;.
Theorem 4. Suppose that, forallU € L andi € I,

£2; is compact and y — E(U Y = y) is a continuous function.
Then, Qq, ..., Qi are compatible if and only if

k

sup ) {E(U; | Yi = Yi(@)) —E(Ui | Y1 = V1(@)} 2 0 2)
)

forallU,, ..., U, € L.

Proof. In the notation of [3], define 8 = B(£2) and 4; = o (Y;). Also, for each w € £2 and i € I, take u;(w) to be the only
probability on 8 such that

1i(@)(X; € A, Y; € B) = Is(Yi(®)) Q(Yi(w), A)
whenever A € 8(£2;) and B € 8(Y;). Then, for each bounded Borel function U : £2 — R, one obtains

/ U(v) (@) (dv) = / Ux, Yi(@) Q(Yi(@), dx) = E(U | Y; = Yi()).
Q .

1

Next, let # be the linear space generated by all functions
w+> E(U|Y;=Yi(w)—EU Y =Yi(w)
forU e Landi=2,..., k. Since .£ is a linear space, each h € # can be written as

k

h) =Y {E(Ui | Yi = Yi(@) —E(U; | Y1 = V1())} (3)
i=2
for suitable U,, . .., Uy, € L. Thus, under (2), compatibility of Qy, ..., Qi follows from Theorem 6-(a) of [3]. This proves the
“if” part. Conversely, suppose Q1, . . ., Q are compatible. Take Uy, ..., Uy € £ and define h according to (3). By compatibil-
ity, there is P € # such that E(U; | Y; = Yi(-)) and E(U; | Y1 = Y1(-)) are both conditional expectations under P for all i. It
follows that

k
sup h(w) > Ep(h) = Y Ep {E(Ui | Yi = Yi() — E(Ui | Y1 = Y1())}
i=2

wes? i
k
= > {B(U) —E(UD} =0.
i=2

Hence, condition (2) holds. O
Under the assumptions of Theorem 4, the sup in condition (2) is attained. Thus, condition (2) is equivalent to: for all

U,, ..., U € £, thereis w € £2 such that
k k
DOEU Y= Yi@) = Y E(Ui | Y1 = Yi()).
i=2 i=2

For instance, let k = 2 and let (x, y) denote a point of £2; x §2, = §2.Since Y, = X; and Y; = X5, condition (2) reduces to
foreachU € .£, thereis (x,y) € 2 suchthat E(U | X; =x) > E(U | X = y).
Similarly, if k = 3 and (x, y, z) denotes a point of £2; x £2, x £23 = £2, condition (2) can be written as
forallU, V € £, thereis (x,y, z) € §2 such that
EUIX1=xX3=2)+E(V X1 =xX=y) 2E(U+V|X =y.X; =2).
For Theorem 4 to apply, each £2; has to be compact. This is certainly a strong restriction, which rules out various interesting

applications. However, the compactness assumption can be weakened at the price of replacing (2) with a more involved
condition. We give an explicit statement for k = 2 only.



194 P. Berti et al. / Journal of Multivariate Analysis 125 (2014) 190-203

Theorem 5. Suppose k = 2, §2, is compact, and
x—>EU|X;=x) and x+> E(U | X, =) Qa(x, dy)
2
are continuous functions on 2, for allU € L. Then, Q; and Q, are compatible if and only if
ffrg {E(U|X1 =) _/rzz

forallU € L.

Proof. We just give a sketch of the proof. The “only if” part can be proved as in Theorem 4. As to the “if” part, in the notation
of [3], take j = 2 and ¢ = Y, = X;. Define also #A;, u; and B as in the proof of Theorem 4. Now, proceed as in such a proof
but apply Theorem 6-(b) of [3] instead of Theorem 6-(a). O

E(U X, =y) Q& dy)} >0

3.2. Examples

The possible applications of Theorems 4 and 5 depend on the choice of .£. We just give two examples for k = 2. Recall
that Y; = X; and Y, = X; when k = 2.

Example 6 (Putative Conditional Moments). Suppose £2; and §2, are compact and
x»—>E(X£ | X1 =x) and y|—>E(XJ1' | Xo =y)

are continuous functions for all j > 1. Here, Xé and Xﬂ' are the jth powers of X, and X;. Then, .£ can be taken to be the class
of polynomials on £2. Practically, this amounts to testing compatibility of Q; and Q, via conditional moments. Let

Uxy) = Y croxy
0<r,s<n
where (x,y) € £2,n > 1and the c(r, s) are real coefficients. Define
h(x,y) = E(U | X; =x) —E(U | X, =)
= Z c(r,s) (X E(X; | X1 =x) =y E(X] | X, =y)}.
0<r,s<n
By Theorem 4, Q; and Q, are compatible if and only if sup h > 0 for every n > 1 and every choice of the constants c(r, s).

Example 7 (Discrete Random Variables). Suppose £2; is finite and £2, countably infinite. Let I(a, b) denote the indicator of
the point (a, b) € £2. Take £ to be the class of all functions U on £2 of the type

U= > c(ab)lab)

acf2y beB

where B C £2; is a finite subset and the c(a, b) are real constants. Writing Q;(r, s) instead of Q;(r, {s}), one obtains

h(x) = E(U | X; =x) — / E(U | X =y) Q(x, dy)
2,
=) c(xb)Qx.b)— > Y c(a b)Qi(b, &) Q(x, b)
beB acs21 beB
for all x € £21. By Theorem 5, Q; and Q, are compatible if and only if max h > O for all finite B C £2, and all choices of the
constants c(a, b). Suppose now that £2; and §2, are both finite. Then, £ can be taken as above with B = 2, and Theorem 5
can be replaced by Theorem 4. Define in fact

h(x,y) =E(U | X1 =x) —E(U | X, =y) = ) c(x, b)) Q@(x,b) = Y ¢(@,y) Qi(y, 0)

bes2, acs
for all (x,y) € £2. By Theorem 4, Q; and Q, are compatible if and only if max h > 0 for all choices of the constants c(a, b).

One drawback of Theorem 4 is that condition (2) is to be checked for infinitely many choices of elements of .£. For
instance, in Example 7 with £2; and 2, finite, one has to verify whether max h > 0 for every choice of the constants c(a, b).
This fact reduces the practical scope of Theorem 4. The same is true for Theorem 5. However, Theorems 4 and 5 are of possible
theoretical interest. Furthermore, since they give necessary and sufficient conditions, they can be useful to quickly prove
non compatibility. As a trivial example, suppose 2, = §£2, = {1, 2, 3} and

1/2 =« * 1/7 2/7 4)7
Q1=<2/3 * *), Q2=<>x< * 1/3).
2/5 1/5 2/5 * x 1/4
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Such Q; and Q, are not compatible, whatever the * are specified. This can be seen by restricting to c(a, b) € {0, 1} for all
a, b € {1, 2, 3}.Forinstance, one obtains h(x, y) < Oforallx, y € {1, 2, 3}incasec(1,1) =c(1,2) =c(2,3) =c(3,3) =1
and c(a, b) = 0 otherwise.

4. The dominated case

In Theorems 4 and 5, Qq, ..., Q are arbitrary kernels. In almost all applications, however, each Q; has a density with
respect to some reference measure ;. In this case, simpler results are available.

For eachi € I, let A; denote a o -finite measure on B(£2;). For instance, some §2; could be countable with A; the counting
measure and some other £2; could be an interval with A; the Lebesgue measure. In this section, it is assumed that

Q. A) = / Fix 1 ) M) (@)
A

foralli e I,y € Y;and A € B(£2;). Here, f; is a putative conditional density, that is, (x, y) — fi(x | y) is a non-negative Borel
function on £2 satisfying

fix | y) Ai(dx) =1 foreachy € ¥;.
£2;

Under (4), we will say indifferently that fi, . . ., f; are compatible or that Qy, ..., Q, are compatible.
We first report a well known result which holds for k = 2; see e.g. [2,1] and references therein. Let

A=Ap X - X Ag
denote the product measure on B($2).

Theorem 8. Suppose k = 2 and condition (4) holds. Then, f; and f, are compatible if and only if there are two Borel functions
u: 2, — [0,00)and v : 2, — [0, 0o) such that

&y =L 0u)v®),
A-a.e.on the set {(x,y) : u(x) > 0, v(y) > 0},
and

/1<v>0}(y>fz(y|x>u<x>x(dx,dy>=/ ucm:/{ odip = 1. (5)
Q2 21

v>0}

Our next goal is extending Theorem 8 from k = 2 to an arbitrary k > 2. Before doing this, however, a remark is in order.
To our knowledge, no version of Theorem 8 includes condition (5). But some form of (5) is necessary to characterize
compatibility. In fact, some of the existing versions of Theorem 8, as they stand, can give rise to misunderstandings.

Example 9. According to Theorems 3.1 and 4.1 of [2] and Theorem 1 of [1], f; and f, are compatible if and only if
{fi>0}={f, >0} =N (say)and
1y
=u(x)v(y) for(x,y) eN
I IVARY)

for some u, v such that f o U dX; < oo0. Actually, such conditions suffice for compatibility of f; and f, but they are not
necessary (even if they are asked A-a.e. only). For instance, take £2; = £, = [0, 1], A; = A, = Lebesgue measure, and
&Y =101 +21(x,y),
LW 1% =1, 12X + 2Is(x,y),

where S = [1/2, 1] x [1/2, 1]. Letf be the uniform density on S, that is, f (x, y) = 4Is(x, y). Then, f; and f, are compatible,
for they agree on S with the conditional densities induced by f. Nevertheless,

)‘(fl :vaZ >O):)»(f1 >0,f2:O):]/4

In the next result, A} denotes the product measure
A= hg X o X Amg X Ajpq X oo X Ak
on B(Y;). Recall that, according to Section 2, X; is the ith coordinate map on 2 = ]_[J’f:1 £ and Y; = Xy, ..., Xi-1,
Xit1, oo Xp)-
Theorem 10. Suppose condition (4) holds. Then, f1, . . ., fi are compatible if and only if there are Borel functions

ui: Y — [0,00), i€l
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such that, for eachi < k,

i 1Y) = fiXi | Yio) ui (V) ur(Ye), (6)
A-a.e. on the set {u;(Y;) > 0, u,(Yy) > 0},

and

f Ty (YD) fie X | Yio) ur(Yy) dA = /
o

uul)»Z:/ 1/U,d)\1*=1 (7)
Yk {u;>0}

Moreover:

(a) If f1, ..., fx are compatible and P € & has conditional distributions Qy, ..., Qx, then P < A. If, in addition, f; > 0 for all
i€l thenP ~ A

(b) If conditions (6)-(7) hold for some uy, ..., uy, then f = fi(Xi | Yi) ur(Yy) is a density with respect to A and f1, . . ., fi are the
conditional densities induced by f.

The proof of Theorem 10 is postponed to a final Appendix while some examples are given in Section 5. Here, we make a
few brief remarks.

For k = 2, Theorem 10 implies Theorem 8 (with u = u, and v = uy). For k = 3, if (x,y, z) denotes a point of
21 X §£25 x 23 = £2, condition (6) can be written as

1y, 2) =fz 1 xy) .2 usx,y) if ui(y,z) > 0anduz(x,y) > 0,
L% 2)=fz]xy)ux 2)us(x,y) if u(x,z) > 0and uz(x,y) > 0,

for A-almost all (x, y, z). Similarly, for condition (7). In general, to investigate compatibility of fi, . . ., fi, one has to handle
2 (k — 1) constraints. Such constraints reduce to k — 1 provided f; > 0 for alli € I and f%k ur di; = 1.In fact, the following

result is available.

Corollary 11. Suppose condition (4) holds with f; > 0 for alli € I. Then, f1, . .., fi are compatible if and only if there are strictly
positive Borel functions uq, . . ., uy satisfying condition (6) as well as f%k updiy = 1.

Proof. Suppose fi, ..., fi are compatible. Since f; > 0 for all i € I, points (a)-(b) of Theorem 10 imply u;(Y;) > 0, A-a.e., for
alli € I. Thus, uy, ..., u, can be taken to be strictly positive. Conversely, if u; > 0 for all i € I, condition (7) follows from
condition (6) and fyk wdri=1 0O

Theorem 10 is inspired to Theorem 8, which in turn underlies most results in compatibility theory. Furthermore, at least
for low values of k, Theorem 10 is useful in real problems. Despite these facts, no explicit version of Theorem 10 has been
stated so far. To our knowledge, the existing results focus on particular cases only and/or request some positivity condition
onfi, ..., fy. See[2,1,5,8,12-14,17].

A last note is that Theorem 10 provides information on £-compatibility as well. This is apparent if Py = {P € # : P K
Ayor Py = {P € £ : P ~ A}, but Theorem 10 may be instrumental also for £, = {P € & : X exchangeable under P}; see
Section 5.1.

5. #o-compatibility

In this section, $y-compatibility is investigated under two different choices for #,. We let
21=---=8, =X forsomeX € B(R).

As a consequence, £2 = X*and Y; = X* 1 foralli e I.

5.1. Exchangeability

For each n > 1, let IT, denote the set of all permutations of X", that is, those mappings = : X" — X" of the form
TX1y ooy Xn) = Ky, oo o0 Xyy)  forall (xq, ..., %) € X7,

where (74, ..., m,) is a fixed permutation of (1, ..., n). The random vector X = (Xj,...,Xy) is exchangeable if X is
distributed as 7 (X) for all = € ITj. Let

& = {P € & : X exchangeable under P}.

Exchangeability plays a role in various frameworks where compatibility issues arise. In Bayesian statistics, observations
are usually i.i.d. conditionally on some random parameter, so that they are actually exchangeable. Or else, in some problems
of spatial statistics, the joint distribution of the random variables associated to the sites is invariant under permutations of
the sites; see e.g. [7,9]. Accordingly, in this subsection, we let £y = & and we investigate §-compatibility.
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If Qq, ..., Qg are the conditional distributions of some P € &, there is an invariant kernel Q suchthatQ; = --- = Q, =
Q, P-a.s. Here, invariance of Q means that

Q(r ), 1) =Q(., ) forally e X*'and 7 € ITi_. (8)
Thus, it makes sense to assume
Q==Q=Q (9)

for some kernel Q satisfying (8). But conditions (8)-(9) are not enough, even for compatibility alone. As an example, take
k=2,X=RandQ; = Q; = Q,whereQ(y,-) = N(y, 1) forally € R. Then, conditions (8)—(9) are trivially true but Q,
and Q- fail to be compatible; see forthcoming Example 15.

Based on the previous remarks, a natural question is whether Qy, . . ., Q are §-compatible provided they are compatible
and conditions (8)-(9) hold. For some time, we conjectured a negative answer. Instead, the answer is yes.

Theorem 12. Suppose conditions (8)—(9) hold. Then, Qq, . .., Qy are &-compatible if and only if they are compatible.

Proof. Suppose Qq, ..., Qy are compatible and fix P € # with conditionals Qq, . .., Q. It suffices to prove that, for alli € I
and v € Iy,
Q is a version of the conditional distribution of X; given Y; under P o 7 1. (10)

In fact, suppose (10) holds and define
1
P* = — Por~ 1.
k!

mwelly
By definition, P* € &.Fixi € I. For each w € ITy, let
p*()=P*(Yie) and u()=Pom '(Yi€")

be the marginal distributions of Y; under P* and P o w 1. By (10),

N 1
[evmwa =5 3 [awa usa

mwelly

= % Y Por '(Xi €A, Yi€B)=P*(X; €A, Y € B)
mwelly

forall A € B(X) and B € B(X*"1). Hence, Q is a version of the conditional distribution of X; given Y; under P*.
It remains to prove condition (10). Since P o 7w~ is the distribution of 77 (X) under P, it suffices to show that, for alli € I
and ¢ € I1_q,

Q is a version of the conditional distribution of X; given ¥ (Y;) under P.
Fixi € I, ¥ € II;_1, and define

n()=P(¥(¥)€-) and v()=P(Yie")
to be the marginal distributions of v/ (Y;) and Y; under P. Then,

poy(® = (v (B) =P(¥(Y) € y(B) = P(Y; € B) = v(B)
for all B € B(X*1). Thus, i o ¥ = v. Together with (8), this fact implies

/Q(y,Am(dy) - fq(w”(y),A)u(dw:/ Q. A) po ¥ (dy)
B B v=1(8)
=/ Q. A v(dy) =P(X; €A, Y; € ¥ '(B)) = P(X; € A, ¥(Y;) € B)
¥=1(B)

forall A € 8(X) and B € B(X*"). Hence, Q is a version of the conditional distribution of X; given v (Y;) under P. This
concludes the proof. O

In view of Theorem 12, &-compatibility reduces to compatibility as far as conditions (8)-(9) are satisfied. In turn, in many
real problems, compatibility can be tested via Theorem 10. This provides a usable strategy for checking &-compatibility.
Moreover, under some conditions, Theorem 12 gives a necessary condition for compatibility as well.
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Corollary 13. Suppose condition (4) holds with
fi=-=fi and A== A
Suppose also that
fi>0 and fi(- 7)) =fi(1y) forallye x*"andn € M.

Then, f1, . .., fy are compatible if and only if they are &-compatible, if and only if there is a strictly positive Borel function g on X¥
such that

g=gomn forallmw € I, gisadensity with respect to X,

g(x,y) k
fix|y) = ———————— for A-almost all (x,y) € X*.
fxg(u7 y) )Ll(du)
Proof. Since conditions (8)—(9) hold, it suffices to see that f; can be represented as asserted whenever fi, ..., fi are com-
patible. Suppose fi, . .., fy are compatible. Then, f1, .. ., fi are actually &-compatible. Fix P € & with conditional densities

f1, ..., fr. Since f; > 0, Theorem 10-(a) yields P ~ A. Let g be a density of P with respect to A. Since P ~ A,P € &, and
A= A’{ is invariant under permutations, up to modifying g on a A-null set, it can be assumed g > Oand g = g o « for all

7 € . Further, f;(x | y) = {fxg(u,y)k1(du)}_lg(x, y) for A-almost all (x,y) € X*. O

To exploit Corollary 13, the following remark is useful.

Remark 14. Let A; = --- = X, and let ¢ and h be real Borel functions on %* and X*~1, respectively. If ¢ = ¢ o 7 for all
7w € I, and

h(y) = ¢(x,y) for A-almost all (x, y) € X,

then h is constant, A¥~"-a.e. We omit the proof of this fact.

Example 15 (Normal Distributions Depending on the Sample Mean). Let XX = R and
U, )= =Q, ) =N(ay, 1)

wherea € R,y = (J1,..., V1) € R¢"Tandy = (1/(k — 1)) Zf;f y;. We aim to identify those values of & which make
Q1, ..., Qr compatible. Let f; = f; and A; = A for alli € I, where f; is a normal density with mean « y and unit variance
while A, is Lebesgue measure. We first assume k = 2. Write

fixly)=@m~exp{-(1/2)(x — ay)’} = ‘p,fi;f)

o, y) = 2m) exp{—(1/2)(X* +y") +axy},  h@) =exp{(1/2)y* @’ — D}.
If | < 1,then0 < [ h(y)dy < oc. Letting
P(x,y)
Jehy)dy’
Corollary 13 implies that Q; and Q, are compatible. Next, suppose || > 1.If Q; and Q, are compatible, Corollary 13 yields
S8 y)du  gxy)
h(y) P, y)

for a suitable density function g and A-almost all (x, y) € R2. Since the right-hand member is invariant under permutations
of (x, y) while the left-hand member depends on y only, Remark 14 implies fR g(u,y) du = c h(y) for some constant ¢ > 0
and Aq-almost all y. But since || > 1, one obtains

f gdk://g(u,y)dudy:fcexp{(l/Z)yz(az—l)}dyzoo,
R2 R JR R

contrary to the assumption that g is a density with respect to A. To sum up, Q; and Q, are compatible if and only if |«| < 1.
The previous argument actually works for any k. In fact, f; can be factorized as

where

gx,y) =

_ - P(x,y)
fx1y) = Qn) P exp{-(1/2)(x —ay)’} =
h(y)
where ¢ is invariant under permutations of (x, y) € R¥ and h depends ony € R¥~! only. Then, Q;, ..., Qi are compatible

exactly for those values of « such that fR’H h(y) dy < oo. For k = 3, for instance, Q;, Q-, Q3 are compatible if and only if
4 —o? > 2 + o?|, thatis, o € (=2, 1).
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Alast note is in order before leaving this Subsection. For k = 2, condition (8) s trivially true. Furthermore,ifQ; = Q, = Q,
compatibility of Q; and Q, amounts to reversibility of the kernel Q. We recall that, for k = 2 and £2; = £, = X, a kernel Q
is reversible if there is a probability measure © on 8(X) such that

/Q(x, B) u(dx) = [Q(x, A) u(dx) forallA, B € B(X). (11)
A B
The conditional distributions of an (exchangeable) law P € & are actually reversible; see e.g. Theorem 3.2 of [4].

Theorem 16. Suppose k = 2 and Q; = Q; = Q for some kernel Q. Then, Q; and Q, are compatible if and only if they are
&-compatible, if and only if Q is a reversible kernel.

Proof. By Theorem 12, it suffices to prove that Q; and Q, are &-compatible if and only if Q is reversible. Suppose Q is
reversible. Fix a probability measure . on 8(X) satisfying (11) and define

PMﬁi/fuwau@wMM)EMGﬂmﬂ
X JX
Since Q is reversible,
H&eA“&eB%:/Q@j”AM%:/Q@AMMM):P@{e&XjeM
A B

for all A, B € 8(X). Hence, P € &. Also, Q is a conditional distribution, under P, for X; given X, as well as for X, given X;.
Conversely, suppose Q; and Q, are §-compatible. Letting u(-) = P(X; € -), where P € & has conditionals Q; and Q,, it is
straightforward to see that Q meets condition (11). O

5.2. Identical marginal distributions

If X is exchangeable, X; is distributed as X; for all i € I, but not conversely. In a number of frameworks, when modeling
the joint distribution P of X via a set of putative conditional distributions, one is actually looking for some P which makes
X1, ..., X identically distributed. Thus, it makes sense to study {-compatibility, where

I={P e :Xq,...,Xidentically distributed under P}.

Ifonly Qq, ..., Q are assigned, as in this paper, to investigate {-compatibility for k > 2 looks quite difficult (to us). But
for k = 2 and X countable, a useful result can be obtained.

Let k = 2. By adapting the proof of Theorem 16, it is not hard to prove that Q; and Q, are £-compatible if and only if there
is a probability measure p on 8(X) such that

/Qz(x, B) u(dx) = /Q1(x,A)u(dx) forall A, B € B(X).
A B

In fact, under such condition, there is P € { satisfying: (i) P has conditionals Q; and Q; (ii) both X; and X, have marginal
distribution x under P.

Suppose that X is countable and Q is a kernel on X. As usual, we will write Q (a, b) instead of Q (a, {b}) whenever
a, b € X. We also need the following (well known) definition. Given a, b € X, a path connecting a and b is a finite sequence
X0, X1,...,X, € X suchthatxg = a,x, = band Q(x;_1, x;) > O for all i. Also, Q is irreducible if any pair of points in X are
connected by a path.

We are now able to state our last result.

Theorem 17. Suppose k = 2, X countable and Q; irreducible. Fix a € X. Then, Q; and Q, are 4-compatible if and only if

n n
l_[Ql(Xi—ls X)) = HQZ(X:‘, Xi—1) (12)
i=1 i=1
whenever Xg, X1, ..., X, € X and x, = Xo,
Qi1(x,¥) >0 Q(¥,%x) >0 (13)

forallx, y € X, and
> <= (4
XeX i=1 bl 1)

whenever by, ..., bY is a path connecting a and x. (Hence, b}y = a, b%, = x and Q; (b}_,, b) > 0 for all i).

The proof of Theorem 17 is deferred to the Appendix.
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Theorem 17 notably simplifies in some special cases. Firstly, if there is a point a € X such that Q(a, x) > Oforallx € X,
one can take n = 1, bj = aand b} = x in condition (14). Thus, such condition reduces to

Z Qi(a, x)
< 00
= Qxa)
More importantly, condition (14) can be dropped at all when X is finite.

Corollary 18. If k = 2, X is finite and Q; irreducible, then Q; and Q, are {-compatible if and only if conditions (12)-(13) hold.

Corollary 18 provides a simple and effective criterion for £-compatibility. Condition (13), in fact, is trivially seen to be
true or false. Suppose it is true. Then, to check (12), one can restrict to those sequences xg, X1, . . . , X, € X such thatx, = xo
and Qq (x;—1, x;) > 0 for all i. Moreover, as it is easily verified by induction, it can be assumed x; # x; forall0 <i <j < n.
Thus, when X is finite and Q; irreducible, 4-compatibility can be tested via a finite number of straightforward conditions. If
the values of Q; and Q, are uploaded into a computer, one obtains an on-line, definitive answer on whether Q; and Q, are
J-compatible or not.

To be concrete, we give a numerical example.

Example 19. With X = {1, 2, 3, 4}, let

1/10 0 3/10 3/5 1/10 0 2/5 1/2
| o 2/11 4/11 5/11 | o 2/11 3/11 6/11
Q=415 15 8/15 0 and Q=115 415 g/15 o0
1/4 3/10 0 9/20 3/10 1/4 0 9/20
Such Q; and Q; are {-compatible, and this can be proved as follows. First note that Q; is irreducible and condition (13) is
trivially true. By Corollary 18, thus, it suffices to check condition (12). Let xq, X1, . . ., X; € X be such that
n
Xn = Xo, xi #x for0<i<j<n, HQl(xi_1,xi) > 0. (15)
i=1

To fix ideas, let x = 1. It must be 1 < n < 4. Since Q;(1, 1) = Q»(1, 1), condition (12) holds for n = 1 and xo = 1. For
n = 3, no path satisfies (15) and X, = 1. For n = 2 and n = 4, the paths satisfying (15) and xo = 1 are

X0=1,X1=3,X2=1; XQ=1,X1=4,X2=1;
X0=1,X1=3,X2=2,X3=4,X4=1; X0=1,X1=4,X2=2,X3=3,X4=1.

All such paths meet condition (12). Similarly, (12) is immediately seen to be true for x, > 1. Therefore, Q; and Q, are
J-compatible.

We finally give an example with an infinite state space X.

Example 20 (Random Walk on the Integers). Let X, = Z be the integers and let Q be the kernel of the symmetric random walk
onZ,thatis,Q(x,y) = 1/2ify e {x—1, x+ 1}and Q(x,y) = 0ify & {x — 1, x 4 1}. A first (obvious) question is whether
Q is compatible with itself. More precisely, letting Q; = Q» = Q, the question is whether Q; and Q, are compatible. Since Q
is clearly not reversible, the answer is no because of Theorem 16. The second possible question is the following. Let Q; = Q.
Is there a kernel Q; on Z such that Q; and Q, are {-compatible? Fix a kernel Q,. Since Q; = Q is irreducible, Theorem 17
applies. Thus, if Q; and Q, are {-compatible, condition (13) implies Q>(x,y) > 0ify € {x — 1, x + 1} and Q;(x,y) = 0 if
ye&{x—1, x+ 1}.Leta(x) = Q2(x, x + 1). For each x € Z, condition (12) yields

1/4=Qxx+ 1D+ 1,%) = QEx+ 1, x)Q%xx x4+ 1) = {1 —ax+ D}ak).

Therefore,
H=1- . 16
a(x+1) Ta0) (16)
To fix ideas, suppose «(0) > 1/2. Then, condition (16) implies «(x) > 1/2 for all x > 1, so that
Q1(0, NQ1(1,2) --- Q1 (x — 1,x) (1/2)*

= 1
(1,002, 1) Qxx—-1) (A-ad)(d—-a@))- - (1 -ak) -

for all x > 1. Hence, condition (14) fails (just let a = 0, n = x and b} = i). Similarly, condition (14) fails if «(0) < 1/2. By
Theorem 17, thus, no kernel Q, is {-compatible with Q; = Q.

Appendix

We have to prove Theorems 10 and 17. We begin with point (a) of Theorem 10.
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Lemma 21. Suppose (4) holds and P € & has conditional distributions Qq, ..., Q. Then P << A, and P ~ A if f; > 0 for all
iel

Proof. We first prove P < A. Let u(-) = P(Yk € ) be the marginal distribution of Y, under P. Fix A € B(£2) such that
M(A) = 0 and define

Ay={xe2:(x,y) €A} forye Y, and B={ye Y : (A =0}
Since

| mariian = [ [ oy a@ s =i <o,

Yk Y v 2%

then A} (B°) = 0. Thus, if © < A}, condition (4) yields

P& = [ @A) w@) = [ Q.4 ) =0,

Yk B

Therefore, to get P < A, it suffices to show that < A}. Let ¢ be the marginal distribution of X; under P.If A € 8(£21)
and A1 (A) = 0, condition (4) implies

(A =P(Xy € A) = Ep{Qu(Y1, A)} =0.
Hence, 11 < A;. Next, let 11, be the marginal distribution of (X;, X;) under P. For u-almost all x € £2¢, one obtains

P(X; € Al Xy =x) = Ep {Q((x, X3, ..., X0), A) | X1 =x} foreachA € B(2).
Hence, for pq-almost all x € £24,

P(X, €A|X; =x) =0 providedA € B(£2,) and A,(A) = 0.

Since ;1 < Aq,the above conditionimplies p11 2 < A1 xA;. Proceeding in this way, one finally obtains t < A1 X+ -XAf_1 =
Ag. This proves P < A. Next, suppose f; > O foralli € I. Then Q;(y,A) > 0, foralli e I andy € ¥;, provided A € B(£2;) and
Ai(A) > 0.Based on this fact, P ~ A can be proved exactly as above. O

Proof of Theorem 10. Point (a) has been proved in Lemma 21. Recall also that
/ fix|y)Xi(dx) =1 forallielandy € ¥;.
2

Suppose fi, .. ., fy are compatible and fix P € & with conditional distributions Q1, .. ., Q. By point (a), P has a density
f with respect to A. Let

$i) = / Fooy) @0,y e Y
2

be the marginal of f with respect to A{". Define also
Ui = Lo<g<c0y (1/¢y) fori <k, U = g <co) Pk
and note that
{0<¢i <oo}={uy >0} and Af(¢i=00)=0 foralliel.
Let H; = {u;(Y;) > 0}. Giveni < k, since f, ..., fi are the conditional densities induced by f, one trivially obtains

fo_f
di(Y)  d(Yy)
A-a.e. on the set H; N Hy. Further, since f = fi, (Xi | Yi) ur(Yy), A-a.e.,

Xl Yy) = u; (YD) (Vi) = fiX | Yio) wi (Yy) uge(Yio),

/ ukd)\;':: (f)kd)\.zzl, / 1/1[,'(1)&?: (}5”1)\?21,
Yk Yk {u;>0} Yi

/ Iy, fie X | Vi) ur (V) . = / Iy fdr =P(0 < ¢(Y) < o0) = 1.
2 2

Therefore, conditions (6)-(7) hold. Conversely, suppose (6)-(7) hold for some functions uy, ..., u. Define again H; =
{ui(Y:) > 0}. By (7),

/ Foi | Y0 (Y dh = / Fix | 9) M) ) A5(dy) = / updhf = 1.
2 Y J 2

Yk
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Thus, f == fi(Xk | Yi) ux(Yy) is a density with respect to A. By definition, f = 0 on Hy. If i < k, condition (7) yields

fdi=1— | fdr=1—1=0.
Hic H;

Hence f = 0, A-a.e, on UX_| Hf. By (6), it follows that

filXi 1Y) .
=flyly =————1Iyly, Xi-ae. forall k.
f=Flu Iy, uyy il ae.foralli <k
Moreover,
/ IHiﬁ( il l)d}L= IHiﬁ( i z)dk_/ IH,.f'( il ')d)\
HE u;(Y;) 2 u;(Yy) Hi u;(Y;)
1
=f fix 1 y) xi(dx) A (dy) —/fdk
>0y J & u;(y) 2
- f 1/u;dAf —1=0.
{ui>0}
Thus,
(X | Y:
f= MIHi, A-ae. foralli < k. (17)
u;(Y)
Next, define the marginal ¢; of f as above. Then, it suffices to prove that
! =fi(Xi | Yi), X-ae.ontheset{0 < ¢;(Y;) < oo}, foralliel.
di(Yy)
Since ¢ = uy, such condition holds fori = k. If i < k, condition (17) yields
fix 1Y) Iy,
G = | Tl Ai(dy) = —
o wi(Y) u;(Yy)

Thus, {0 < ¢i(Y;) < oo} = H;, and condition (17) implies f /¢;(Y;) = fi(X; | Y;), A-a.e. on H;. Since point (b) is obvious, this
concludes the proof. O

We finally turn to Theorem 17.

Proof of Theorem 17. Assume conditions (12)-(14). Let xq, X1, ..., X- and yo, ¥1, . . . , ¥s be any two paths connecting a and
x. Take a further path zg, z1, . .., z; connecting x and a. On noting that xp = yo = z; = aand x, = y; = zg = X, condition
(12) yields

r t S r t S
HQ](Xi—h X;) HQ](Zi—h ) HQZ(.Vh Yi1) = HQz(Xi, Xi—1) HQz(Zi, Zi_1) HQz(Vi, Yi-1)
i=1 i=1 i=1 i=1 i=1 i=1

r t S
= HQz(Xi, Xi—1) HQl(Zi—h z) ]_[Ql(yi—h Yi).
=1 i=1 i=1

By condition (13) and the definition of path, all factors are strictly positive. Hence,
lL[ Qi (Xi—1, Xi) li[ QWi-1, ¥i)
1 Qi xi) L QUi yie)
Next, define
r Xi_1, Xi
V{X}:HQ](I 1 1)'
i=1 QZ(Xia Xf—])

By what already proved, the definition of v{x} does not depend on the path connecting a and x. Hence, v is a (well defined)
measure on the power set of X, and v(X) = > _,. v{x} < oo because of (14). Define u = v/v(X). To conclude the proof
of the “if” part, it suffices to see that

uix} Qi(x,y) = u{y} Q. x) forallx, y e X. (18)

xeX
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In view of (13), to check condition (18) it can be assumed Q; (x, ¥) > 0. In this case, the very definition of i yields

Q](ny) _
pix} m = u{y}.

Conversely, suppose Q; and Q, are J-compatible. Take a probability u satisfying condition (18). Summing over x € X, one
obtains

ny)=> ny Q.0 =Y uxQxy) foralye x.

xeX XeX

Thus, w is an invariant probability for the irreducible kernel Qy, and this fact implies u{x} > 0 for all x € X. Therefore,
condition (13) follows from (18) and w{x} > 0 for all x € X. Next, let xg, X1, ..., X, € X withx; = X0. If Q1 (X;_1, x;) = 0
for some i, condition (13) yields

l_[Q1 (Xi—1, x) =0 = HQ)(Xi, Xi—1).
i=1 i=1

If Q1 (xi_1, x;) > 0O for all i, one obtains

Qi1 x) _ppomxd ol pdxed
i1 Q@i xim1) gy mixio} pdxe) p{xo}

Thus, condition (12) holds. Finally, as to (14), it suffices to note that

Ql ", bY) M{b} plxp 1
Y [] 0]y ] A~y

xeX i=1 xeX i=1 I’L xXeX Hn /’L{a}

whenever b, . . ., b’,‘l is a path connectingaandx. O
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