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1. Introduction

A digraph T is a pair (V,—) with a set V' (of vertices) and an antisymmetric irreflexive binary relation
— on V. For a non-negative integer s, an s-arc of I' is a sequence vg, v1,...,vs of vertices with v; — v; 1
for each i = 0,...,s — 1. A l-arc is also simply called an arc. For a subgroup G of Aut(T'), we say T is
(G, s)-arc-transitive if G acts transitively on the set of s-arcs of I'. An (Aut(T'), s)-arc-transitive digraph
I' is said to be s-arc-transitive. Note that a vertex-transitive (s + 1)-arc-transitive digraph is necessarily
s-arc-transitive. A transitive permutation group G on a set 2 is said to be primitive if G does not preserve
any nontrivial partition of Q. For a subgroup G of Aut(T"), we say I' is G-vertex-primitive if G is primitive
on the vertex set. An Aut(I')-vertex-primitive digraph T' is said to be wvertex-primitive. All digraphs and
groups considered in this paper will be finite.
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It appears that vertex-primitive s-arc-transitive digraphs with large s are very rare. Indeed, the exis-
tence of vertex-primitive 2-arc-transitive digraphs besides directed cycles was only recently determined [8]
and no vertex-primitive 3-arc-transitive examples are known. In [9] the authors asked the following ques-
tion:

Question 1.1. Is there an upper bound on s for vertex-primitive s-arc-transitive digraphs that are not
directed cycles?

A group G is said to be almost simple if G has a unique minimal normal subgroup 7" and T is a
nonabelian simple group. These are precisely the groups lying between a nonabelian simple group T and its
automorphism group Aut(7T). A systematic investigation of the O’Nan-Scott types of primitive groups has
reduced Question 1.1 to almost simple groups by showing that an upper bound on s for vertex-primitive
s-arc-transitive digraphs I" with Aut(I") almost simple will be an upper bound on s for all vertex-primitive
s-arc-transitive digraphs [9, Corollary 1.6]. This paper provides the first step in determining such an upper
bound by studying vertex-primitive s-arc-transitive digraphs whose automorphism group is an almost simple
linear group. Our main result is as follows.

Theorem 1.2. Let T’ be a G-vertez-primitive (G, s)-arc-transitive digraph, where G is almost simple with
socle PSLy(q). Then s < 2.

We remark that an infinite family of G-vertex-primitive (G, 2)-arc-transitive digraphs with G' = PSL3(p?)
for each prime p > 3 such that p = £2 (mod 5) was constructed in [8]. These digraphs have vertex stabi-
lizer Ag and arc-stabilizer As, and are the only known examples of G-vertex-primitive (G, 2)-arc-transitive
digraphs such that G is almost simple. A complete classification of G-vertex-primitive (G, 2)-arc-transitive
digraphs for almost simple groups G, even for those with Soc(G) = PSL,(¢), seems out of reach at this
stage, though would be achievable for small values of n.

Note that if Soc(G) = PSL,(q) then either G < PT'L,(g) or G has an index 2 subgroup contained in
PI'L,(q) and G contains an element that acts on the projective space associated with G by interchanging the
set of 1-spaces and the set of hyperplanes. For any G-vertex-primitive (G, s)-arc-transitive digraph I', the
vertex stabilizer G, for any vertex v of I' is maximal in G. We prove Theorem 1.2 by analyzing the maximal
subgroups of G according to the classes provided by Aschbacher’s theorem [1]. The classes Cq, Ca, ..., Cg
are discussed in Sections 4—6, while the remaining class Cg is dealt with in Section 3. We actually prove that
there is no G-vertex-primitive (G, 2)-arc-transitive digraph with G, from classes Cs, ..., Cs (Theorem 5.6)
though the possibility for an example with G, from classes Cy, Ca, C7 or Cg remains open. The examples in
[8] have G, from the class Cy. At the end of Section 6 we give a proof of Theorem 1.2.

2. Preliminaries
2.1. Notation

For a group X, denote by Soc(X) the socle of X (that is, the product of all minimal normal subgroups
of X), F(G) the Fitting subgroup of G, Rad(X) the largest soluble normal subgroup of X, and X () the
smallest normal subgroup of X such that X/X () is soluble.

For a group X and a prime p, denote by O,(X) the largest normal p-subgroup of X, and €,(X) the
subgroup of X generated by the elements of order p in X.

For any integer n and prime number p, denote by n, the p-part of n (that is, the largest power of p
dividing n) and 7 (n) the set of prime divisors of n. If X is a group, then n(X) := 7(|X|). The following
result is a consequence of the so-called Legendre’s formula, which we will use repeatedly in this paper.
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Lemma 2.1. For any positive integer n and prime p we have (n!), < p/ (=1

Given integers a > 2 and m > 2, a prlme number r is called a primitive prime divisor of the pair (a,m)
if r divides a™ — 1 but does not divide a* — 1 for any positive integer ¢ < m. By an elegant theorem of
Zsigmondy (see for example [3, Theorem 1X.8.3]), (a,m) always has a primitive prime divisor except when
(a,m) = (2,6) or a + 1 is a power of 2 and m = 2. Denote the set of primitive prime divisors of (a,m)
by ppd(a,m) if (a,m) # (2,6), and set ppd(2,6) = {7}. Note that for each r € ppd(a, m) Fermat’s Little
Theorem implies that » =1 (mod m) and so r > m.

2.2. Group factorizations
An expression of a group G as the product of two subgroups H and K of G is called a factorization of
G, where H and K are called factors. The following lemma lists several equivalent conditions for a group

factorization, whose proof is fairly easy and so is omitted.

Lemma 2.2. Let H and K be subgroups of G. Then the following are equivalent:

(a)
(b)
(c)
(d)
(e

) H
(f) K acts transitively by right multiplication on the set of right cosets of H in G.

K.
H.

“'Hx)(y~'Ky) for any x,y € G.
HOK|Gl - [HIK)

SESER ol
I
“x::

acts transitively by right multiplication on the set of right cosets of K in G.

We give some lemmas below concerning factorizations of almost simple groups, which are not only needed
later but also of interest in their own right.

Lemma 2.3. Suppose G = A,, or S,, acts naturally on a set QL of sizen > 2 and G = HK with subgroups H
and K of G. Then at least one of H or K is transitive on €.

Proof. Suppose for a contradiction that neither H nor K is transitive on 2. Then H stabilizes a subset A
of Q with |A| < n/2 and K stabilizes a subset A of 2 with |A| < n/2. Without loss of generality assume
|A] < |A|. Then as |A| < n/2 < |2\ Al, there exist subsets A; and Ay of Q such that |Aq] = |As] = |A]|,

A; CA and Ay CTON\A. (1)
Since G = HK and H < Ga, we have G = GAK, and so Lemma 2.2(f) implies that K is transitive on
the set of right cosets of Ga in G. Consequently, K is transitive on the set of subsets of € of size |A|. In

particular, there exists ¢ € K such that Ay = A,. However, as g € K stabilizes A, this contradicts (1). O

Factorizations of almost simple groups with socle A,, have been classified in [14, Theorem D], from which
one may derive the following:

Lemma 2.4. Suppose G = A,, or S,, acts naturally on a set Q2 of sizen > 2 and G = HK with subgroups H
and K of G. If both H and K are transitive on €0, then one of the following holds:

(a) At least one of H or K contains A,,.
(b) n =6, and interchanging H and K if necessary, PSLa(5) < H < PGL2(5) and K < S3S,.
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The next lemma is also based on the classification of factorizations of almost simple groups with socle A,,.

Lemma 2.5. Suppose G = A,, or S, withn > 7 and G = HK with subgroups H and K of G. If H and K
have the same set of insoluble composition factors, then both H and K contain A,,.

Proof. Let G act naturally on a set €2 of size n. If either H or K contains A,,, then the other also contains A,,
since H and K have the same set of insoluble composition factors. To complete the proof we suppose that
neither H nor K contains A,,. Then by [14, Theorem D], interchanging H and K if necessary, A,,_; < H <
Sn—k XSk and K is k-homogeneous for some 1 < k < 5. The k-homogeneous but not k-transitive permutation
groups are classified in [12], while the k-transitive permutation groups with k£ > 2 are well-known (see for
example [6]). This gives us a list of all the k-homogeneous permutation groups.

First assume that k = 1. Then A, _; is an insoluble composition factor of H, and hence is a composition
factor of K NA,,. As a consequence, |A, _1| divides |K N A,,|. This implies that KNA, 2 A,_1. Sincen > 7,
it follows that K N A,, fixes a unique point of 2, contradicting the condition that K is transitive.

Next assume that £k = 2. Then A,,_5 is an insoluble composition factor of H, and hence is a composition
factor of K N A,,. Moreover, K is 2-homogeneous. However, checking the list of 2-homogeneous permutation
groups we see that there is no 2-homogeneous permutation group K of degree n with a composition factor
isomorphic to A,,_s, a contradiction.

Now assume that k = 3 or 4. If n — k < 4, then H is soluble and so is K. Inspecting the k-homogeneous
permutation groups of degree n for 3 < k < 4 and 7 < n < k+ 4 we see that this is not possible. Therefore,
n —k > 5 so that A,,_j is an insoluble composition factor of H and hence K. However, checking the list of
k-homogeneous permutation groups we see that there is no k-homogeneous permutation group K of degree
n with a composition factor isomorphic to A, _j for 3 < k < 4, a contradiction.

Finally assume that k¥ = 5. Then according to the list of 5-homogeneous permutation groups, either
PSLy(7) < K < PT'Ly(7), or K is one of the groups:

ATL;(7), PSLy(8), PTLy(8), Mia, May.

However, as A,,_5 < H < S,,_5 X Ss, it is not possible for H and K to have the same set of insoluble
composition factors. O

The next three lemmas on factorizations of almost simple groups are obtained by checking [14, Tables 1-3]
as a consequence of [14, Theorem A] and [15].

Lemma 2.6. Let G be an almost simple group with socle L = PSL,(q), where ¢ = p/ with prime p. If
G = HK with subgroups H and K of G such that r € w(H) N7w(K) for some r € ppd(p,nf), then one of
the following holds:

(a) At least one of H or K contains L.
(b) n=2and ¢ =9.
(¢) n==6 and g = 2.

Lemma 2.7. Let G be an almost simple group with socle L = PSL,(q). If G = HK with subgroups H and
K of G such that m(G) \ (w(q — 1) Um(Out(L)) C w(H) Nw(K), then one of the following holds:

(a) At least one of H or K contains L.
(b) n=2 and ¢ =8.
(¢) n=2and qg=9.
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Lemma 2.8. Let G be an almost simple group with socle L = PSp,,,(p), where m > 1 and p is prime. If
G = HK with subgroups H and K of G such that 7(G) \ w(p(p—1)) C «(H)Nw(K), then interchanging H
and K if necessary, one of the following holds:

(a) At least one of H or K contains L.
(b) m =1, p is a Mersenne prime, HNL =Dy and KN L= C, xC_yy/a.
(¢) m=1,p=7 HNL=C;xC3 and KNL=2S,.

We close this subsection with two results on factorizations of linear groups.

Lemma 2.9. Let V' be a vector space and G < GL(V') such that G acts transitively on the set of subspaces
of V' of any fized dimension. Suppose G = HK with subgroups H and K stabilizing subspaces U and W of
V', respectively. Then either U =0 or V, or W =0 or V.

Proof. Suppose on the contrary that 0 < U < V and 0 < W < V. Without loss of generality, assume that
dim(U) < dim(W). Since H stabilizes U and G = HK acts transitively on the set of subspaces of V' of
dimension dim(U), we conclude that K acts transitively on the set of subspaces of V of dimension dim(U).
Take U; and Us to be subspaces of V' of dimension dim(U) such that U; < W and U, ;( W. Then since K
stabilizes W, there is no element of K mapping U; to Us, a contradiction. O

Lemma 2.10. Let V be a vector space, U be a nontrivial proper subspace of V. and G < GL(V) such that G
stabilizes U and acts transitively on the set of complements of U in V. Suppose G = HK with subgroups
H and K such that H stabilizes a complement of U in V and K stabilizes a subspace W of V. Then either
WU orW+U=V.

Proof. Suppose for a contradiction that W £ U and W + U # V, which means U < W +U < V. Extend a
basis e1,...,e, of U to a basis e1,...,e,a1,...,a, of W+U and then a basis ey, ...,e,,a1,...,as,b1,...,b;
of V. Let

W1:<a1,a2,...,as,bl,bg,...,bt) and WQ:(el+a1,a2,...,as,bl,bQ,...,bt>.

Then Wy and W5 are both complements of U in V. Since H stabilizes a complement of U in V and G = HK
acts transitively on the set of complements of U in V, we deduce that K acts transitively on the set of
complements of U in V. In particular, there exists g € K such that W{ = Ws. Since K stabilizes W and
U, we have (W +U)?9 =W + U. Hence (W1 N (W +U))? =W/ N (W +U)9 = WonN (W + U). However,
Win(W+7U) = (a1,a,...,as) and Wo N (W +U) = (az,...,as), so that dim(Wy N (W +U)) = s and
dim(Wy N (W + U)) = s — 1, a contradiction. O

2.8. s-arc-transitive digraphs

We say a group G acts on a digraph I" if G acts on the vertex set of I with image in Aut(I"). For vertices
v1,...,v; of I' let G,,. ., denote the subgroup of G that fixes each of vy,...,v;. The following two lemmas
slightly extend [9, Lemma 2.2] and [9, Corollary 2.11] by allowing the action of G on the vertex set to be
unfaithful. Their proof is along the same lines as those in [9], so are omitted.

Lemma 2.11. Let I" be a digraph, and vg — v1 — -+ — vs_1 — vs be an s-arc of I’ with s > 2. Suppose that
G acts arc-transitively on I'. Then G acts s-arc-transitively on I' if and only if G, ..v; = Gugur...v;Gor..vsviin
for each i in {1,...,s—1}.
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Lemma 2.12. Let I' be a digraph, G be a group acting s-arc-transitively on I' with s > 2, and L be a normal
subgroup of G. If L acts transitively on the vertex set of I', then L acts (s — 1)-arc-transitively on T'.

A digraph (V, —) is said to be k-regular if both the set {u € V' | u — v} of in-neighbors of v and the set
{w € V | v = w} of out-neighbors of v have size k for all v € V.

Lemma 2.13. For any vertex-primitive arc-transitive digraph T', either T is a directed cycle of prime length
or I' has valency at least 3.

Proof. Suppose I is a G-arc-transitive digraph such that I' is not a directed cycle of prime length. Then I"
has valency at least 2. If T" has valency 2, then by [19, Theorem 5], G is a dihedral group of order twice a
prime. However, in this case all suborbits of G are self-paired, contradicting I' being a digraph. O

We close this subsection with an observation that will be used repeatedly throughout the paper.

Lemma 2.14. Let I' be a connected G-arc-transitive digraph with arc v — w. Let g € G such that v9 = w.
Then each nontrivial normal subgroup of G, is not normalized by g.

Proof. Suppose that N is a nontrivial normal subgroup of G, that is normalized by g. Then N is normal
in (Gy,g). Since I is connected, (G,,g) = G. Hence N is normal in G, which implies that N < (,cq G-
However, G acts faithfully on the vertex set of T' and so (. G" =1, a contradiction. O

2.4. Subgroup structure

The maximal subgroups of almost simple groups with socle PSL, (q) are divided into nine classes Cy, Ca,
..., Cg by Aschbacher’s theorem [1]. The maximal subgroups in classes C;—Cg are described in [13, Chapter 4]
and summarized in [13, Table 3.5.A]. Each class is defined by providing some geometric structure that it
preserves. The maximal subgroups in class Cy (denoted by S in [13]) arise from irreducible representations
of quasisimple groups. We call a maximal subgroup a C;-subgroup if it lies in class C;, where i € {1,2,...,9}.

2.5. Computational methods

We will use MAGMA [4] to do computations in some relatively small groups, mainly to search for group
factorizations with certain properties. By virtue of part (¢) of Lemma 2.2, we may only consider one
representative in a conjugacy class of subgroups as a potential factor of a group factorization. Given a
group G and its subgroups H and K, to inspect whether G = HK holds we only need to compute the
orders of G, H, K and H N K by part (d) of Lemma 2.2.

Let us illustrate this with an example of computation in the proof of Lemma 4.7, where we need to show
that for the Co-subgroup G of type GL2(3)1Sg in SL12(3) there is no homogeneous factorization G = HK
with |H| divisible by 2% .36 .5 and H/Rad(H) = K/Rad(K) = S5. Note that the group G can be accessed
from the list produced by the MAGMA command ClassicalMaximals("L",12,3:classes:={2}). Create a list of
subgroups representing all the conjugacy classes of subgroups of G with order divisible by 21°-35.5. For each
pair (H, K) of subgroups from this list, calculate |H|, |K| and |H N K|. Then all those pairs (H, K) with
|HNK||G| = |H||K]| give precisely the factorizations G = HK, up to conjugacy of H and K in G, such that
both |H| and |K| are divisible by 2!%-36.5. It turns out that there is no such pair (H, K) satisfying H = K
and H/Rad(H) = K/Rad(K) = Ss. This shows that there is no homogeneous factorization G = HK with
|H| divisible by 21° -3¢ .5 and H/Rad(H) = K/Rad(K) = Ss.



M. Giudici et al. / Journal of Pure and Applied Algebra 223 (2019) 5455-5483 5461

Table 1

The pair (T, S) in Proposition 3.3(b).
row T S
1 AG A5
2 M2 Mi1
3 Sp,(27), f 22 Spy(47)
4 PQ{ (q) Q7(q)

3. Homogeneous factorizations

From Lemma 2.11 we see that the s-arc-transitivity of digraphs can be characterized by group factoriza-
tions. If a group G acts s-arc-transitively on a digraph I" with s > 2 and vg — v; — -+ — vs_1 — v, IS an
s-arc of I', then Lemma 2.11 implies that G, . .v; = Gugvy...v;Goy..cv50,,, f0r all 1 <4 < s — 1. In addition,

since G acts i-arc-transitively on I', the two factors Gy, .0, and Gy, .. ..,

i

v, are conjugate in G and hence

isomorphic. This motivates the following definition:
Definition 3.1. A factorization G = AB is called a homogeneous factorization of G if A = B.

The next lemma shows that the orders of the factors of a homogeneous factorization are necessarily
divisible by all the prime factors of the factorized group.

Lemma 3.2. For any homogeneous factorization G = AB we have w(A) = n(B) = n(G).

Proof. Due to G = AB, Lemma 2.2(d) implies that |G| divides |A||B|. Moreover, |A| = |B| as A & B.
Hence |G| divides |A|? = |B|?, which implies that 7(G) C 7(A) = m(B). Since A and B are both subgroups
of G, we also have the reverse containment and so 7(A4) = n(B) = 7(G). O

The following proposition determines the homogeneous factorizations of almost simple groups.

Proposition 3.3. Let G be an almost simple group with socle T'. Suppose G = AB with isomorphic subgroups
A and B of G. Then one of the following holds:

(a) Both A and B contain T.
(b) A and B are almost simple groups with socles both isomorphic to S, where (T,S) lies in Table 1.

Proof. First assume that at least one of A or B, say A, contains T. Then A is an almost simple group with
socle T'. Since A = B, B is an almost simple group with socle isomorphic to 7. As BN T is normal in B,
we thereby derive that either BNT =1or BNT > Soc(B) = T.If BNT =1, then B = BT/T < G/T,
which is not possible since G/T is soluble by the Schreier Conjecture. Thus BNT > Soc(B) = T. This
yields T' < B, so both A and B contain T, as described in part (a) of the proposition.

Next assume that neither A nor B contains T'. According to Lemma 3.2 we have 7n(G) = w(A) = 7(B),
and so 7(T) C w(A) = w(B). Hence by [2, Theorem 1.1], (T, G, ANT, BNT) lies in Table I of [2]. Then we
conclude that A = B is almost simple with socle S such that (7, .5) lies in Table 1. O

Corollary 3.4. Let T be a connected (G, 2)-arc-transitive digraph, and let u — v be an arc of T'. Suppose that
Gy is almost simple. Then G, is almost simple with (Soc(G,),Soc(Gyy)) = (T, S) in Table 1, and T is not
(G, 3)-arc-transitive.

Proof. Since I' is connected and G-arc-transitive, there exists ¢ € G such that v = v and (G,,g) =
G. Let w = v9. Then u - v — w is a 2-arc of ', and so by Lemma 2.11, G, = GGy since T is
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(G, 2)-arc-transitive. Moreover, G9, = Guops = Goyy. Thus, appealing to Proposition 3.3 we obtain that
either both G, and G, contain Soc(G,), or Gy, is almost simple with (Soc(G,),Soc(Gyy)) = (T,5) in
Table 1.

Suppose that both G, and G, contain Soc(G,). Then Soc(G ) = Soc(Gyw) = Soc(G,), and so

Soc(Gy)? = Soc(Guy)? = Soc(GY,) = Soc(Gyy) = Soc(Gy).

Since Soc(G,) is normal in G,, this contradicts Lemma 2.14. Thus G, is almost simple and (Soc(G,),
Soc(Gyy)) = (T, S) lies in Table 1.

Suppose that I" is (G, 3)-arc-transitive. Then by Lemma 2.11, G,,,, has a homogeneous factorization with
factors isomorphic to Gypw. Now Soc(Gy,) = S as given in Table 1. Since none of the possibilities for S
also appear as possibilities for T in Table 1, Proposition 3.3 implies that S = Soc(Gyy) < Gupw- It follows
that |Gy|/|Guv| = |Guv|/|Guvw| divides [Out(S)|. However, as (Soc(G,), Soc(Guy)) = (T, .5) lies in Table 1,
we see that |G,|/|Guy| cannot divide |Out(.S)|. This contradiction shows that I" is not (G, 3)-arc-transitive,
completing the proof. 0O

In the next lemma we study homogeneous factorizations of wreath products.
Lemma 3.5. Let RSy be a wreath product with base group M = Ry X --- X Ry, where R = --- = R, &£ R,
and TSy < G < RSk with T < R. Suppose G = AB is a homogeneous factorization of G such that
A is transitive on {Ry,...,Ri}. Then with ¢;,(A N M) being the projection of AN M to R;, we have
1(ANM) = - Zp(ANM) and n(T) C w(p1(ANM)).

Proof. Since A is transitive on {Ry,..., Rk}, we have ¢1(AN M) = .- = ¢ (AN M). Consequently,
|A| = |[AM/M||A N M| divides

|AM/M|lp1 (AN M)|- - [pr(AN M)| = |[AM/M|[p1(A N M)|*.

Since G = AB and A = B, we see that |G| divides |A|?. Moreover, |G| is divisible by |T'|*|Sk|. We conclude
that |T'[¥|Sy| divides |AM/M|?|p1 (AN M)|?*, and so

IT|* divides S| (AN M)* (2)
as AM/M < Sy. For any p € n(T), it follows from (2) and Lemma 2.1 that
P < (RDpler (AN MEE < p" 0Dy (AN M),

which yields

_ >1
/) 7

lp1 (AN M), >
Thus, 7(T) C w(p1(ANM)). O
We close this section with a technical lemma on homogeneous factorizations.
Lemma 3.6. Let G = AB be a homogeneous factorization, and N be a normal subgroup of G such that

G/N = S,, for some positive integer n. Suppose that AN/N and BN/N are transitive subgroups of S,.
Then one of the following holds:
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(a) AN/N = BN/N =S,

(b) n >4, and N has a section isomorphic to A,,.

(¢) n=23, and N has a section isomorphic to Sg.

(d) n==6, and N has a section isomorphic to As.

Proof. From G = AB and G/N = S,, we deduce S,, = (AN/N)(BN/N). Then by virtue of Lemma 2.4,

interchanging A and B if necessary, we only need to deal with the following cases:

(i) n >3, AN/N =8, and BN/N = A,,.
(i) n >3, AN/N > A,, and BN/N % A,,.

Since BN N is a normal subgroup of B and A = B, we know that A has a normal subgroup M isomorphic to
BN N such that A/M = B/(BNN). It follows that M has index |B|/|BNN| = |BN/N|in A, and so MN/N
is a normal subgroup of AN/N of index dividing | BN/N|. From the isomorphisms M/(M N N) = MN/N
and (A/(MNN))/(M/(MNN))=2 A/M = B/(BNN)2 BN/N we deduce that

A/(MNN)=(MN/N).(BN/N).
Moreover, A/(M N N) has a factor group isomorphic to AN/N since
(A/(MNN))/(ANN)/(MNN)) =2 A/(ANN) = AN/N.

Furthermore, since BN N =2 M and M/(M N N) =2 MN/N, it follows that every section of MN/N is
isomorphic to a section of V.

First assume that (i) occurs. If n = 3, then since the only normal subgroup of AN/N = S3 of index
dividing |[BN/N| = 3 is S, we deduce that M N/N = Sz and so N has a section isomorphic to Sz. If n > 5,
then since a normal subgroup of AN/N = S,, either contains A,, or has index |S,,| and |[BN/N| < |S,|, we
deduce that MN/N > A,,, which implies that N has a section isomorphic to A,,. Now assume that n = 4.
Since the only normal subgroups of AN/N = S, of index dividing |[BN/N| = 12 are C3, A4 and Sy, it follows
that either MN/N = C3 or MN/N > A,. Suppose MN/N = C%. Then A/(M N N) = (MN/N).(BN/N)
has form C3.A4. However, no group of the form C%.A4 has a factor group isomorphic to AN/N = S, a
contradiction. Consequently, M N/N > A4. Hence again N has a section isomorphic to Ay.

Next assume that (ii) occurs. If n = 4, then BN/N < Dsg, and since a normal subgroup of A4 or Sy
of index dividing |Dg| = 8 must contain A4, we deduce that MN/N > A4 and hence N has a section
isomorphic to As. Now assume that n > 5. Then |BN/N| < |A,| and a normal subgroup of AN/N either
contains A,, or has index at least |A,,|. We thus deduce that M N/N > A,, and so N has a section isomorphic
to A,,.

Finally, assume that (iii) occurs. Since a normal subgroup of PSLy(5) or PGLy(5) of index dividing
[Ss 1 S2| = 72 must contain PSLy(5), we have MN/N > PSLy(5). This implies that N has a section
isomorphic to PSLa(5) 2 As. O

4. Cq and Cs-subgroups

Hypothesis 4.1. Let I" be a G-vertex-primitive (G, 2)-arc-transitive digraph of valency at least 3, where G
is almost simple with socle L = PSL,(¢) and ¢ = pf for some prime p. Take an arc u — v of . Let § be
an element of L such that u9 = v and let w = v9. Then v — v — w is a 2-arc in I". Let X = SL,,(q) acting
naturally on V' =F/', ¢ be the projection from X to L, and g be a preimage of g under ¢.
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Under Hypothesis 4.1, if in addition I is (G, 3)-arc-transitive, then Lemma 2.12 asserts that I" is (L, 2)-arc-
transitive so that L, = Ly, Ly with LI, = Ly, and the composition of ¢ and the action of L on the vertex

set of I" gives an action of X on the vertex set of I', under which X acts 2-arc-transitively on I'. This gives
(Xy,9) =X and X, = Xy Xpw with X9, = Xpe.

Lemma 4.2. Suppose that Hypothesis 4.1 holds and G, is a C1-subgroup of G. Then G & PT'L,(q), G, does
not stabilize a nontrivial proper subspace of V, and T is not (G, 3)-arc-transitive.

Proof. As G, is a Cy-subgroup of G, one of the following holds:

(i) X, is the stabilizer of a nontrivial proper subspace W of V;
(i) G £ PTL,(q), X, is the stabilizer of two nontrivial proper subspaces U and W of V such that
V=Ua&W and dim(U) < n/2;
(iii) G £ PT'L,(q), X, is the stabilizer of two subspaces U and W of V such that U < W, dim(U) =m > 0
and dim(W) =n — m.

Suppose that (i) holds. Let e, ..., e be a basis of W N W9Y. Then there exist ay,...,a; and by, ..., b; in
V such that eq,...,es,a1,...,a; is a basis of W and eq,...,¢e4,b1,...,b; is a basis of W9. It follows that
€ly-vy€s,01,...,a1,b1,...,b; is a basis of W + W9, Take g; to be an element of X such that (e;)9* = (e;)
for 1 < ¢ < s and (a;)9 = (b;) and (b;)9* = (a;) for 1 < j < t. Then g; interchanges W and W9 and
hence interchanges v and v9 = w. This implies that I' is undirected, a contradiction. Therefore, X, is not
the stabilizer of a nontrivial proper subspace of V, and so G & PTL,(q).

From now on assume that I' is (G, 3)-arc-transitive and so in particular, X acts 2-arc-transitively on T'.
First assume that (ii) holds. Since X, stabilizes U, the group X,,, = X, N X7 stabilizes (U + U9)/U. As
dim(U) < n/2, we have

dim((U +U7)/U) = dim(U?) — dim(U N UY) < dim(U) < n — dim(U) = dim(V/U)

and so (U +UY)/U < V/U. Similarly, X, stabilizes (U + U9 )/U with (U+UY ')/U < V/U. Then since
X, stabilizes V/U and induces a group containing SL(V/U) and X,, = Xy, Xyw, we deduce from Lemma 2.9
that (U+U9)/U =0or (U+U9 )/U = 0. Thus U = U¥. Since X,, stabilizes W, we sce that X,,, stabilizes
W N W9 and X,, stabilizes W N W9 . Moreover, dim(W) 4+ dim(W9) = 2n — 2dim(U) > n, which implies
that WNW9 >0and WNW9 ' = (WNW?9 )9 > 0. Then we deduce from Lemma 2.9 that WNW9 = W
or WNW9 ' =W. This implies that W = W9 and so g € X,,, a contradiction.

Assume that (iii) holds with U = UY. In this case we have W # W9 as g ¢ X,,. Consequently, WNW9I < W
and WNW9 ' < W. Moreover, WNW9 > U and WNW?9 ' > U. Since X, stabilizes U and W, the group
Xpw = Xy NXY stabilizes (WNW?Y)/U. Similarly, X, stabilizes (WﬂWg_l)/U. Then since (WNW9)/U <
WU, WnWw9d ) JU < W/U and X, stabilizes W/U and induces a group containing SL(W/U), we deduce
from Lemma 2.9 that (W N W¥9)/U =0 or (W N W9 ')/U = 0. This leads to W N W9 = U. Let ey, ..., e,
be a basis of U. Then there exist aq,...,a; and by,...,b; in V such that e, ...,es, a1,...,a; is a basis of W
and eqy,...,es,01,...,b; is a basis of W9. It follows that ey, ...,es,a1,...,as,b1,...,b; is a basis of W+ WY,
Take g1 to be an element of X such that (e;)9* = (e;) for 1 < ¢ < s and (a;)9 = (b;) and (b;)9* = (a;) for
1 < j <t. Then ¢; interchanges W and W9 and stabilizes U = UY. This implies that g; interchanges v and
v9 = w, and so I is undirected, a contradiction.

Assume that (iii) holds with W = W¥9. In this case we have U # UY as g ¢ X,,. Consequently, (U +
U9)/U >0 and (U + Ugfl)/U > 0. Moreover, UNUY < W and UNUY ' < W. Since X, stabilizes U, the
group X, = X,NXY stabilizes (U4UY)/U. Similarly, X,,, stabilizes (U+U9 ")/U. Then since X, stabilizes
W/U with the action on W/U containing SL(W/U), we deduce from Lemma 2.9 that (U + U9)/U = W/U
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or (U+ U9 ")/U =W/U. This leads to U + U9 = W. Similarly as in the previous paragraph we may take
an element g; of X interchanging v and v9 = w, which implies that I" is undirected, a contradiction.

Next assume that (iii) holds with U # U9 and W # W9. Then UNUY < U, UNUY < U, (W+W9)/W >
0 and (W + Wg_l)/W > 0. Moreover, since X,,, stabilizes U NUY and X, stabilizes U N Ug_l, we deduce
from Lemma 2.9 that U N UY = 0. Since X, stabilizes (W + W9)/W X, stabilizes (W + Wg_l)/W and
the action of X, on V/W contains SL(V/W), we deduce from Lemma 2.9 that W + W9 =V, so

dim(WNW9) =2dim(W) —n =n — 2m = dim(W) — dim(U). (3)

Since X, stabilizes (W N U9) + U)/U, Xuo stabilizes (W N U9 ') + U)/U and the action of X, on
W/U contains SL(W/U), we deduce from Lemma 2.9 that either (W NUY) + U)/U = 0 or W/U, or
(WNU9 ") +U)/U = 0 or W/U. Without loss of generality, assume (W NU9)+U)/U = 0 or W/U. Then
either WNUIUor (WNU9)+U=W.

In this paragraph we deal with the case when WNU9 < U. Since UNUY = 0, we have (WINW)NUI <
WNUY=WNUY)NU =0andso (WNW? )NU = 0. Hence (3) implies that W = (W N W9 ) & U.
Consider the action of X,, on W. Since X, stabilizes the complement W N W9 ' of U in W and Xow
stabilizes W N WY, we derive from Lemma 2.10 that either WNW9 < U or WNW9)+U = W. If
(WNW9)+U = W, then (3) implies that W = (WNW9)@U. However, we know that W9 = (WNW9)p U9
as W =(WnW9 )&U. Since Xw.wnws induces SL(W/W NW9Y) on W/W NW9Y, this implies that there
exists g1 € X stabilizing W N W9 and interchanging U and U9 so that g; interchanges v and w = v9,
contrary to I' being directed. Therefore W N W9 < U. As WNUY = 0 and dim(W) + dim(U9) = n, we
have V.= W & U9. Now X, contains all lower unitriangular matrices and so | X, |, > g"("=D/2 while X,
stabilizes the decomposition V' = W & UY. Thus the valency of I' has p-part

|Xv‘p > 2

mn—m
=
|Xvw|17

Since I is (G, 3)-arc-transitive, (| X,|/|Xvw|)? divides |G,|. Hence (| X,|/| Xvw|)? divides |Out(L)||L,|, which
yields
| X5

< p < qun(nfl)/Q
[ Xow

3mn—3m?

Thereby we deduce q?’m"_3m2 <q-q"nD/2 < (1”2/27 which implies
0 < n? — 6mn + 6m? < n® — 5mn + 6m? = (n — 2m)(n — 3m).

However, as 2m < n < 3m, this is not possible.
Now we deal with the case when (WNUY)+U = W. Then since WNU9 < WNWY and dim(WNW?9) +
dim(U) = dim(W) by (3), we have W = (W NW9) @ U and (W NW9I)NU = 0. It follows that

WAUY =(WInU)? =(WnW9NU)? =0.
Then the same argument as in the previous paragraph yields that this is not possible either. O

In what follows we deal with Co-subgroups. Suppose that X, preserves a decomposition V. =W;&- - - Wy
such that dim(Wp) = -+ - = dim(W}) = m with k& > 2 and n = mk. For a subgroup H of G, or X,,, denote by
H the induced permutation group on {W7i,..., W;}. Note from [13, Proposition 4.2.9] that L, = X,, = Sg.

Lemma 4.3. Suppose that Hypothesis 4.1 holds and that G, is a Co-subgroup. Then n > 3.
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Proof. Suppose that I' is (G, 2)-arc-transitive with n = 2. Then m =1, k = 2, L, = Dy(g—1)/ ged(p—1,2) and
|Out(L)| = (p—1,2)f.

First assume that f = 1. In this case, p > 5 and G, = D,_; or Dy(,_1), where G = PSLy(p) or PGL2(p),
respectively. Let N be the unique cyclic subgroup of index 2 of G,,. Then since G, = Gy, Gy, at least one of
Guv or Gy, say G, is not contained in N. This implies that G, is not contained in N since Gy = Gy -
Consequently, Gy, NN and G, NN are the unique cyclic subgroups of index 2 of G, and G ., respectively.
Thus we conclude that G, N N and G4, NN are subgroups of the cyclic group N of the same order, and
50 Gy NN = Gy N N. Moreover, as Gy N N9 = (Gyy N N)7 =2 G,y NN is a cyclic subgroup of index 2
of Gyw, we deduce that Gy, N N9 = Gy NN and hence (Guy N N)9 = Gy N N9 = Gy NN = Gy N N.
Since G, N N is characteristic in N and hence normal in G, this contradicts Lemma 2.14.

Next assume that f > 2 with ppd(p, f) # 0. In this case, take any r € ppd(p, f). We have r > f
and so r is coprime to |Out(L)|. Consequently, there is a unique subgroup M of order r in G,. Since
r € m(Gy) = T(Guy) = T(Gyw), it follows that M < Gy, and M < Gy Moreover, since GI, = Gy, we
have M9 = M, again contradicting Lemma 2.14.

Next assume that f > 2 with ppd(p, f) = 0. Then f = 2 and p is a Mersenne prime. If ¢ = 9, then
computation in MAGMA [4] shows that G, does not have a factorization G, = Gy Gy With |Gy |/|Guw| = 2
such that Gy, and G,,, are conjugate in G, a contradiction. Therefore, r > 7 and so p— 1 has an odd prime
divisor r. Then along the same lines as the previous case we see that this is not possible. O

For the rest of this section we assume that Hypothesis 4.1 holds and G,, is a Co-subgroup of G. Under this
assumption we have n > 3 by Lemma 4.3. We make the additional assumption that I' is (G, 3)-arc-transitive.
Recall the notation introduced at the beginning of Section 2.

Lemma 4.4. If m = 1, then at least one of Xy, or Xy is intransitive.

Proof. Suppose that m = 1 while both X,,, and X,,, are transitive. Let M be the subgroup of X stabilizing
each of Wy,...,W,,. Then M = ngll, X, = Xo/M, Xyp = XuoM/M and Xy = XywM/M. From the
factorization X, = X, Xy we deduce that X, = X, X,,,,. Then since M is abelian, Lemma 3.6 implies
that Xy, = Xyw = Sn. In particular, X,, N M = Rad(X,,) and X,, N M = Rad(X,,), and so as
Xuv = Xy, we have that X, N M = X,,, N M. As G, is maximal in G, we have ¢ > 5 (see [5] and [13,
Table 3.5.H]).

Let 7 be a prime divisor of | X, "\M| = | X,, N M|. Since X,,, = S,,, we have X,, = M X,,, > M x A,, such
that Q,.(M) is the deleted permutation module of A,, over F,.. As Q,.(X,, N M) is characteristic in X, N M,
and X,, N M is normal in M X,,, the elementary abelian r-group Q,.(X,, N M) is normal in M X,, and

so is a submodule of the deleted permutation module of A,,. Similarly, ,.(X,,, N M) is also a permutation
submodule of A,,. From [18] we know that the submodules of the permutation module ,.(M) of A,, are 0,
Q. (M), and a unique submodule of dimension 1 if r divides n. Therefore, Q,.(Xy, N M) = Q. ( Xy NM). It
follows that Q,.(X,, N M) is normalized by g as

Qr(Xuv N M)g = QT(Rad(Xu”))g
= O, (Rad(Xpu))

Qr(Xpw NTM) = Qp(Xyw N M).

Clearly, Q,(Xy, N M) = Q,.(Rad(Xy,)) is normal in both M and X,,. Moreover, X,, = M X,, and so we
conclude that Q,(Xy, N M) is normal in (M, X, g) = (X,,g) = X. This yields Q,(X,, N M) < Z(X). In
particular, ,.(X,, N M) is cyclic, which implies that | X, N M|, divides ¢ — 1 since X, "M < M = CZ__ll.

Now we know that | X,, N M|, divides ¢ — 1 for each prime divisor r of | X,, N M|. As a consequence,
| Xwo N M| divides ¢ — 1, and so | Xyy| = | Xuo N M|| X yo| divides (¢ — 1)n!. Then as | X,| divides | Xy,|?, it
follows that (¢ — 1)""tn! = | X,| divides (¢ — 1)%(n!)?. Hence
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(@=1)"" [ nl. (4)

Furthermore, since I is (G, 3)-arc-transitive, (| X,|/|Xu»|)?® divides |G| and hence divides |Out(L)||L,| =
2f(q — 1) In!. Consequently, (¢ — 1)3"=3(n!)? = |X,|? divides 2f(q — 1)""'n!| X, |3, which implies that
(g — 1)*=2(n!)? divides 2f|Xy0|®. This together with the conclusion that | X,,| divides (¢ — 1)n! leads to

(q—1)*7" | 2fn! (5)

First assume n = 3. Then (5) turns out to be

(¢—1)]12f. (6)

We deduce that p — 1 < (pf —1)/f < 12 and 2/ — 1 < pf — 1 < 12f, which lead to p < 13 and f <
respectively. Checking (6) for ¢ = p/ > 3 with p < 13 and f < 6 we obtain ¢ € {5,7,9,13,25}. However, for
these values of ¢, computation in MAGMA [4] shows that there is no nontrivial homogeneous factorization
of X, with the two factors conjugate in X, a contradiction.

Next assume n = 4. Then (5) turns out to be

(q—1)° | 48f. (7)

We deduce that (p — 1) < (p/ —1)3/f < 48 and (2/ — 1)3 < (p/ — 1)® < 48, which lead to p < 3 and
f < 2, respectively. However, there is no such pair (p, f) such that q = p’ > 5 satisfies (7), a contradiction.

Finally assume that n > 5. Suppose that ¢ — 1 is divisible by an odd prime, say r. Then we derive
from (4) that 7" ~3 < (n!), < ™/ (=1 < +/2 which forces n = 5. However, then (4) implies that 72 divides
5! = 23.3.5, which is not possible. Consequently, ¢—1 is a power of 2. Then (4) yields (¢—1)"72 < (n!)y < 27
and so ¢ — 1 < 27/("=3) < 25/2 which implies ¢ = 5. However, substituting ¢ = 5 into (5) we obtain
42n=5 L 2(nl)y < 2" contradicting n > 5. O

Lemma 4.5. If m =1, then n < 6.

Proof. Suppose that m =1 and n > 7. Let M be the subgroup of X, stabilizing each of W1,..., W,,. Then
since M is abelian, X, has the same set of insoluble composition factors as X, and X, has the same
set of insoluble composition factors as Xy. Since Xy = Xyw, it follows that X, and X,,, have the same
set of insoluble composition factors. From the factorization X, = XyuXw we deduce that X, = Xyo Xow
and hence by Lemma 2.5 both X,,, and X,,, contain A,,. However, this implies that both X, and X,,, are
transitive, contrary to Lemma 4.4. This completes the proof. O

Lemma 4.6. m > 2.

Proof. Suppose that m = 1. Then we have by Lemmas 4.3 and 4.5 that 3 < n < 6. As G, is maximal in G, we
have ¢ > 5 (see [5] and [13, Table 3.5.H]). Let M be the subgroup of X stabilizing each of W7, ..., W,,. Then
M = CZ 11, X, = Xo/M, Xyp = XuwM/M and X, = Xy M/M. From the factorization X, = XypXoyw
we deduce that S,, = X, = Xuv Xow. Since Xy, N M and X, N M are normal abelian subgroups of X,
and X, respectively, we have X, "M < F(Xy,) and Xy "M < F(Xyy). Then as Xy = Xy, it follows

that

Xuo/(F(Xuw)/(Xuw N M)) = X/ F(Xuw) (8)
= Xow/F(Xow) = Xow/(F(Xvw)/ (Xow N M)).
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Note that F(Xy,)/(Xuw N M) and F(Xyw)/(Xpw N M) are both nilpotent. We conclude that the factors
Xup and X, of the factorization S,, = X, X, have isomorphic factor groups by nilpotent subgroups.

This shows that, interchanging X, and X,,, if necessary, either the pair (X, X,) lies in Table 2 below,

or both X, and X,,, are transitive. The latter is not possible by Lemma 4.4. Thus to finish the proof, we
only need to exclude the candidates in Table 2.

Rows 1-6. For these rows, O3(X,, N M) is a Sylow 3-subgroup of X,, and |X,,|3 = 3. Note that
O3(Xyy N M) is a normal abelian subgroup of X,,. Then from X,, & X,, we conclude that X,,, has a
unique Sylow 3-subgroup P and P is a normal abelian subgroup of X,,,. Thus M P is normal in M X,,, and
contains every 3-element of M X,,,. Since P and X,,, N M are both normal abelian subgroups of X,,,, we
have P < F(Xy) and X, "M < F(Xyy). Thus O,.(X, N M) is centralized by P for every prime r # 3.
As O, (X, N M) is centralized by M, it follows that O, (X, N M) is centralized by M P and hence by
every 3-element of M X,,,. Since |M X, |3 = | X,|3, for any 3-element y of X, there exists z € X, such that
zyz=t € MX,, and so zyz~! € Cx, (0, (Xyw N M)), which is equivalent to y € Cx, (O, ((Xpw N M)?)).

First assume n = 3. Write each element z of M as x = (1, z2, 3), where x; € GL;1(¢) for 1 < i < 3 such

010
y=[0 0 1].
100

Then y € X, and y has order 3. Thus, for any prime r # 3 there exists z € X,, such that O, ((Xy, N M)?)
is centralized by y. It follows that for any « = (21,22, 23) € O ((Xpw N M)?) < M, the conclusion z¥ = z
gives (za,x3,71) = (21,%2,23) and then the condition zyzex3 = 1 implies that x has order dividing 3.
Hence for any prime r # 3, O,.((Xyw N M)?) = 1, that is, | Xy N M|, = 1. Accordingly, | X, N M| is a
power of 3. Since |X,| divides |X,|? and |Xyw| = [Xow||Xvw N M| divides 6/ X, N M|, we deduce that
| X,| divides (6| X, N M]|)2. As | X,| = 6(q —1)?, it then follows that ¢ — 1 is a power of 3, which contradicts
Mihé&ilescu’s theorem [17] as ¢ > 5.

that x12z2x3 = 1. Let

Next assume n = 4. Write each element x of M as x = (z1, 2,3, 24), where x; € GLy(q) for 1 << 3
such that z1xox3x4 = 1. Let

O OO
[evenlanll
OO~ O
O oo

Then y € X, and y has order 3, so there exists z € X,, such that O2((X,, N M)*) is centralized by y.
Thus, for any = = (z1, T2, x3,24) € O2((Xpw N M)*) < M, we deduce from the conclusion z¥ = x that
(x2,23,21,24) = (21,22,23,24), and so the condition zixox3z4 = 1 implies that & = (xl,xl,xl,xl_3).
Consequently, |O2(X, N M)| = |O2((Xpw N M)?)| divides ¢ — 1 and hence (g — 1),. Since | X, |2 divides
2, we then conclude that | X, |2 divides 2(¢ — 1)2. This is contrary to the condition that |X,,,|? is divisible
by [X,| = 24(¢q — 1)°.

Table 2

The pair (X, Xyw) in the proof of Lemma 4.6.
row n Xuw Xow
1 3 Ca Cs
2 3 Co S3
3 4 C3 S3
4 4 Cy Ss
5 4 Ds Cs
6 4 Dsg Ss
7 4 Sa Ss
8 6 PGL2(5) Ss
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Row 7. Since the normal nilpotent subgroups of X,,, are 1 and C2, we derive from (8) that F'(Xy,)/(XuwN
M) = C% and F(X,y)/(Xow N M) = 1. In particular, F(X,,) = Xy N M is abelian, which implies that
F(Xy,) is abelian. Consequently, X, N M is centralized by F(X,,) and hence by MF(X,,). For any
element x = (21,22, x3,24) in Xy, N M, where x; € GL1(q) for 1 < i < 4 such that xyzex324 = 1, we then
have 21 = 29 = o3 = 14 since MF(Xy)/M = F(Xuy)/(Xuw N M) = C2 is a transitive subgroup of Sy.
This further implies that o{ = 1, whence | X, N M| divides 4. Now | X 0| = | Xuo || Xuw N M| = 24| X, N M|
divides 24 - 4 while 24(q — 1)® = | X, | divides |X,,|>. We deduce that (¢ — 1)® divides 24 - 4%, which leads
to ¢ = 5. It follows that T' has valency |X,|/|Xy,| which is divisible by (¢ — 1)3/4 = 42, and so |G,] is
divisible by 4% as T is (G, 3)-arc-transitive. However, |G| = |L,||Out(L)| divides 24(q —1)3-2 =3-4% a
contradiction.

Row 8. Since X, /(XuowNM) and X, /(X pwNM) are almost simple groups, we have X,,, MM = Rad(X,,)
and X,, N M = Rad(X,,). Consequently, X, " M = X,,, N M as X, = Xyw. Let 7 be a prime divisor
of | Xy N M| = | Xyw N M|. Then Q,(Xyp N M) = Q. (X4 N M) > 1. Note that Q,.(M) is a permutation
module of both X,, = PGLy(5) and X,,, = S5 over F,. As Q,(X,, N M) is characteristic in X,, N M
and X,, N M is normal in MX,,, the elementary abelian r-group Q,.(X,, N M) is normal in MX,,

and so is a permutation submodule of PGL2(5). For the same reason, Q,.(X,, N M) is a permutation
submodule of Ss. From [18] we know that all the submodules of the permutation module Q,.(M) of PGL2(5)
are 0, 2,.(M), a unique submodule of dimension 1 and a unique submodule of dimension 5. Therefore,
|- (X NM)| = Q0 (X NM)| = 7, 75 or 78, If | Q. (X4 N M)| = 75, then by [18] the permutation module
Q. (Xpw N M) of S5 has a submodule of dimension 4, which implies that Q,.(Rad(X,y)) = Q- (Xpw N M)
contains a normal subgroup of X, of order r*. This would further imply that €,.(X,, N M) contains a
normal subgroup of X, of order r#, and so €,.(X,, N M) contains a submodule of X,, = PGLy(5) of
dimension 4. However, the permutation module Q,(M) of PGL3(5) has no submodule of dimension 4, a
contradiction. Thus |Q,(Xy, N M)| = |2 (Xpw N M)| = 7.

Now we have |Q,.(X,, " M)| = r for each prime divisor 7 of | X, N M|. This implies that O, (X, N M) is
cyclic and hence has order dividing g—1 for each prime divisor r of | X,,,,NM|. Consequently, | X,,NM | divides
q — 1. It follows that | Xy,| = | Xuo||Xuw N M| = 120X, N M| divides 120(g — 1) while [Sg|(q¢ — 1)° = | X,|
divides | X0 |?. We deduce that |Sg|(¢ — 1)® divides 1202, which contradicts ¢ > 5. O

Lemma 4.7. If m = 2, then q > 4.

Proof. Suppose m =2 and ¢ = 2 or 3. Since G,, is maximal in G, [5, Proposition 2.3.6] implies that ¢ = 3.
Let M be the subgroup of X, stabilizing each of Wy,..., W} and let ¢; be the action of M on W; for
1 <i < k. Then M is normal in X,,, X,/M = X, = Sg, Xy M/M = X, and X, M/M = X,,,. Note that
SL2(3) 1Sk < X, < GLo(3)1Sy. In fact, X, = (SL(3)* x CE~1).S,.. For 2 < k < 5, computation in MAGMA
[4] shows that there is no nontrivial homogeneous factorization of X, with the two factors conjugate in X.
Therefore, k > 6.

From the factorization X, = Xy, Xvw we deduce that Sp = Xy = Xuw Xow. Since Xup = Xy and M is
soluble, we conclude that X,, and X, have the same set of insoluble composition factors. If k > 7, then
by Lemma 2.5, both X, and X,, contain Aj. If k = 6, then since X,, = X,, and |M|5 = 1, the two
factors of the factorization Sg = X, X,, both have order divisible by 5. This together with the condition
that X,, and X, have the same set of insoluble composition factors implies that X.o and X, are both
almost simple groups with socle A5 or Ag. To sum up, we have two cases:

(i) both X, and X, contain Ag;
(ii) k =6 and both X, and X, are almost simple groups with socle As.
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In particular, X,, and X,, are always almost simple groups. Accordingly, X,, N M = Rad(Xyy) =
Rad(Xyy) = Xpw N M and 50 Xy & Xy

First assume that (i) occurs. Then X,, = Xy = Si. Note that Qo(M') = Z(M') = Z(M) = C5.
We have Qo((Xyo N M)") < Qo(M') = Z(M). As a consequence, Qs((Xy, N M)’) is normal in M. Also,
Qo ((Xuw N M)") is normal in X, since it is characteristic in X,, N M and X,, N M is normal in X,,.
Hence Q5((Xy, N M)’) is normal in M X,,,. Since X,, = Sk, we see that Q((X,, N M)’) is a submodule
of the permutation module Z(M) of Sy over Fs. Similarly, Qs((X,,, N M)’) is a submodule of the same
permutation module Z(M) of Si. Since X, = Xy, we derive that

Qs (Xuw N M)') = Qa(Rad(Xyn)') = Qa(Rad(Xpw)') = Qa((Xow N M)).

From [18] we know that all the submodules of the permutation module Z(M) of Sy are 0, Z(M), a submodule
of dimension 1 and a submodule of dimension k — 1. Therefore, Qa((Xyp N M)") = Q2((Xypw N M)’) and is
normal in both X,, and X, and hence in (X, X,w) = X,. Moreover,

Qs ((Xuw N M) = Qo (Rad(X,0)')?
= Qs(Rad(Xow)') = D ((Xpw N M)') = Q((Xuw N M)).

Thus Q2((Xyw N M)') is normal in (X,,g9) = X, and so Qa((Xup N M)") < Z(X). In particular, any
nontrivial z € Qa((Xyw N M)") will satisfy p;(z) # 1 for all 1 < ¢ < k. Suppose |(Xyp N M)'|2 > 8. Then
since o1 ((Xuw N M)") < p1(M') = SLa(3) and |SLa(3)|2 = 8, there exist 2-elements x and y of (X, N M)’
such that © # y and ¢1(x) = ¢1(y). Note that every 2-element of M’ = SLy(3)* has order dividing 4. If

!is a nontrivial element in Q((Xyu NM)’) with o1 (2zy~ 1) = p1(2)p1(y) "t =1, a

2y~ ! has order 2, then xy~
contradiction. If zy~! has order 4, then (zy~!)? is a nontrivial element in Q5 ((X,,NM)") with 1 ((zy=1)?) =
(p1(2)p1(y)~1)? = 1, still a contradiction. Thus |[(X, N M) |2 < 8.

Since X, is transitive, Lemma 3.5 implies that

Wl(Xuva) g"'g@k(xuva)

and 7(p1(Xuy N M)) 2 7(SLa(3)) = {2,3}. Recall that X,, = Xy = S If [01(Xuw N M)|a < 4, then the
valency of I" has 2-part

| X2 _ | M| N | M |2 S | M|z _ 92k-1
|Xuv|2 |Xuva|2 |‘;01(Xuvm]\4)|l2€ 4k

and so since I' is (G, 3)-arc-transitive, |G|, > 2321

. However,

|Gv‘2 < |Out(L)\2|Lv|2 = 24k(k')2 < 25k,

a contradiction. Thus |p1(X,,NM)|2 > 8, which in conjunction with the conclusion 7(p1(Xu,NM)) 2 {2,3}
indicates that |1 (X, N M)| is divisible by 24.
Let ¢1.2,3 be the action of M on W7 @& Wi @ W3, and Y = @1 2 3(Xyuy N M). Then

Y’ |2 = le1,2,3((Xuw N M))|2 < [(Xuw N M)']2 <8.

Clearly, ¢;(Y) = ¢;(Xyo N M) for i = 1,2,3. Thus |p1(Y)| = |p2(Y)| = |¢3(Y)] is divisible by 24. Since T’
is (G, 3)-arc-transitive and the 3-part of the valency of T is

|Xv|3 > |M|3 _ 3
|Xuv|3 - |Xuv mM‘3 |Xuv ﬂM|37
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we deduce that

3k 3 .
| <|Gyls < |Out(L)[3|Ly|s = 3% (k)3 < 35%/2
(e <160l < 10utD)hlL b = 346 <
and hence | Xy, N M|3 > 3¥/2. On the other side, |X,, N M]3 < |Y|£k/3]. It follows that |Y|?[k/3] > 3k/2
which implies [Y|3 > 3. However, by a MAGMA [4] computation there is no subgroup Y of ¢123(M) <
GL2(3) x GL2(3) x GLa(3) with |Y’|2 < 8 and |Y|3 > 3 such that |p1(Y)| = |p2(Y)| = |p3(Y)] is divisible
by 24, a contradiction.

Next assume that (ii) occurs. Since X,, = X,,, we deduce from the factorization S¢ = Xu» Xopw
that Xup =& Xy = Ss. Since T is (G, 3)-arc-transitive, (|X,|/|Xu0|)® divides |G,| and hence divides
|Out(L)||L,| = 2%8-3%.5. Consequently, 281-3%4.5% = | X, |3 divides 228.3%.5|X,,, |3, which implies that 215.36.5
divides | Xy, |. However, computation in MAGMA [4] shows that for X = SL15(3) there is no homogeneous
factorization X, = X, Xy With | Xy, | divisible by 21° .36 .5 and X,,,/Rad(Xuy) = Xpw/Rad(X ) = Ss,
a contradiction. O

We are now able to rule out Ca-subgroups.
Lemma 4.8. If G, is a Cy-subgroup of G, then I’ is not (G, 3)-arc-transitive.

Proof. Suppose that G, is a Ce-subgroup of G while T' is (G, 3)-arc-transitive. Then Lemma 4.6 shows
that m > 2. Moreover, if m = 2 then ¢ > 4 by Lemma 4.7. Let M be the subgroup of X, stabilizing
each of Wy,..., Wy and let ¢; be the action of M on W; for 1 < i < k. Then M is normal in X,,
X, /M = X, = Sy, XeoM/M = X, and X,,,M/M = X,,. From the factorization X, = X, Xy, we
deduce that X, = X,, Xyw. Then by Lemma 2.3, at least one of X, or X,.,, say Xy, is a transitive
subgroup of Si. Note that

X, = (SLun(g)* x CE71) 8, (9)
and so it follows from Lemma 3.5 that
Spl(Xu'u N M) == @k(Xu'u ﬂM)

and 7(SLy;,,(¢)) € 7(v1(Xuw N M)). Let Z be the center of ¢1(M) = GL,,(¢). Then Z = C,_; and
v1(M)/Z = PGL.,(q), which implies that

T(p1(Xuw N M)Z/Z) 2 7(p1(Xuw N M)\ 7(Z) 2 m(PSLyn(q)) \ 7(g — 1).

Thereby we deduce from [16, Theorem 4] that either ¢ (X, NM)Z/Z is almost simple with socle PSL,,(q),
or one of the following holds.

(i
(ii

) ,q="9, and @1 ( Xy N M)Z/Z = As.
)
(iii)
)
)
)

2

2, ¢ > 7 is a Mersenne prime, and (X, N M)Z/Z < Cy x Cy_1.
2, ¢ =4 is even, and ¢1(Xyy N M)Z/Z < Dagq1y-

3,q=3, and p1( Xy, "N M)Z/Z = Cq35 x Cs.
4
6

(iv

(v

(vi

, ¢ =2, and @1 (Xyu, N M) = Az,
, ¢ =2, and (X, N M) stabilizes a 1-dimensional or 5-dimensional subspace of Wj.

3333383

Assume that (i) occurs. Then |¢1(Xyp " M)Z/Z|3 = 3, and so |p1(Xyw N M)|s =3 as |[Z]| =q—1=28.
Hence | X, N M|3 < 3%, which implies
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| Xuols < | Xuw N M|3[Sk]3 < 3% (K!)s.
From (9) we see that | X,|3 = 32 (k!)3. Thus the valency of " has 3-part

Xuls _ 3% (k)s

> =3k,
| Xuols = 3%(k)s

Since T is (G, 3)-arc-transitive, we conclude that |G, | is divisible by 33*

have |G,|3 = |L,|3 = 3%%(k!)3. This leads to

. However, as |Out(L)|s = 1, we

3 < |Gz = 32 (K3,
that is, (k!)3 > 3%, which is not possible.
Assume that (ii) occurs. Then |p1(Xyy NM)Z/Z]2 = 2, and so |1 (XywNM)|s =4 as |Z]s = (g—1)2 = 2.
Hence | X, N M|z < 4%, which implies

|Xuv|2 § |Xuv N M‘2|Sk|2 g 22k(/f')2

From (9) we see that | X, |2 = 22*7!(¢ + 1)*(k!)2. Thus the valency of I" has 2-part

[Xols 2257+ DMk (g+ D"
| Xuol2 ~ 22k (k)4 2

Since T is (G, 3)-arc-transitive, we conclude that |G,| is divisible by (g + 1)3¥/23. However, as |G,|z <
|Out(L)|s| Ly |2 = 22%(q + 1)k (k!)2, it follows that

(q+1)% /2% <|Gul2 < 2% (g + D)* (K)2.

This leads to (g + 1)2* < 2263(k!)5 and hence

820 < (g 4 1)2F < 22K H3(k1), < 23543,
a contradiction.

Assume that (iii) occurs. Then |1 (XyNM)Z/Z|2 = 2 and | Z|2 = (¢—1)2 = 1. Thus, |¢1(XuwNM)|2 = 2

and 5o | X, N M|y < 2%, which leads to

‘Xu'u|2 < |Xuv N M|2|Sk|2 < 2k<k')2
From (9) we see that |X,|2 = ¢*(k!)2. Consequently, ¢*(k!)y < (2%(k!)2)? since |X,| divides |X,,|?. This
implies that ¢* < 22%(k!)s < 23% and hence ¢ = 4. As ¢1(Xy, N M)Z/Z < Dy and |Z| = 3, we then derive
that | X, N M]3 < 3%, whence

[ Xuwls < [Xuw N M |3]Sk|s < 3F(K!)s.

By (9) we have |X,|3 = 32*71(k!)3. Thus the valency of " has 3-part

Xols 3% Lk)s e
|Xuv|3 - 3k(k')3

Since T is (G, 3)-arc-transitive, we conclude that |G, | is divisible by 32(*~1). This together with |G, |3 <
|Out(L)|3|Ly|3 = 32F1(k!)5 < 32=1 . 3%/2 implies
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3(k—1 2k—1 k/2
331 < 32kl gk/2)

which forces k = 2 or 3. However, for ¢ = 4 and k = 2 or 3, computation in MAGMA [4] shows that there is
no nontrivial homogeneous factorization of X, with the two factors conjugate in X, a contradiction.

Assume that (iv) occurs. In this case, |¢1(Xup N M)|s = |01(Xuw N M)Z/Z|5 = 3 as |Z]3 = 1. Hence
| X o N M|3 < 3F and so

| Xuols < | Xuw N M|3[Sk]3 < 3 (k!)s.
From (9) we see that | X,|3 = 3% (k!)3. Then as (k!)3 < 3%, it follows that | X, |2 < 3%%(k!)2 < |X,|3. This
implies that | X, | does not divide |X,,,|?, a contradiction.
Assume that (v) occurs. Then |p1(Xy, N M)| = 23, Hence | X, N M|y < 23% and so
|Xuv|2 g |Xuv N M|2|Sk|2 S 23k(]<3')2

From (9) we see that | X, |z = 26%(k!),. Thus the valency of I" has 2-part

[Xolo 2% (kD2 _ a1
| Xuula ~ 23%(k!)g

Since I' is (G, 3)-arc-transitive, we conclude that |G,| is divisible by 2°%. This together with |G,|2 <
|Out(L)|2|Ly |2 = 2651 (k!)y < 27+ implies 29 < |G, |2 < 27FF!1, which is not possible.

Next assume (vi). In this case, |01 (XuoNM)|7 = |01 (XueNM)Z/Z|7 = Tas Z = 1. Hence | X,,,NM|; < 7F
and so

| Xuwl7 < [ Xuw N M|7|Sk|7 < 75 (KY)7.

From (9) we see that |X,|7 = 72*(k!)7. Thus the valency of T' has 7-part

Xz o PE(RD7 o
[ Xuulz — TR(K)7

Since I is (G, 3)-arc-transitive, we conclude that |G, | is divisible by 73*. However, as |Out(L)|7 = 1, we have
|G|z = |Ly|7 = 7% (k!)7. Tt follows that 72%(k!)7 > |G, |7 = 73%, that is, (k!)7 > 7*, which is not possible.

Thus far we have seen that none of cases (i)—(vi) is possible. As a consequence, 1 (X, NM)Z/Z is almost
simple with socle PSL,,(q). Then since X, is transitive, it follows that X,, N M has a unique insoluble
composition factor PSL,,(¢) with multiplicity ¢ dividing k. We prove £ = k in the next paragraph.

Suppose to the contrary that ¢ < k. Write ¢ = p/ with p prime. First assume (m,q) # (2,8). Then
there exists an odd prime r in 7(PSL,,(q)) \ (¢ — 1) such that r» > f. It follows that |¢1(Xyu, N M)|, =
lo1(Xuww N M)Z/Z|, = |PSLy,(q)|» and |Out(L)|,. = 1. Since £ < k, we deduce | Xy, N M|, < \PSLm(q)|ff/2
so the valency of T" has r-part

)

k(L
| X S | X | S [PSLy.(q)|" (kY

Z Z = |PSLm(q) 713/2'
[ Xuolr ~ [ Xuo VM| [Sklr ™ [PSL,, ()52 (k")

This implies |G|, = |PSLy,(q) /2 as T is (G, 3)-arc-transitive. However,

|Golr < |Out(L)]r|Lylr = |PSLm(Q)|¢(k!)T < |PSLm(Q)|§rk/(T_1) < |PSLin(q) Irgrk/2~

We conclude that [PSLy,(q)|2*/? < [PSLy, (q)|*r*/2 and hence
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2 < PSL(q)lF/? < 2,
a contradiction. Next assume (m,q) = (2,8). Then
o1 (Xuw N M)|s = o1 (Xuw N M)Z/Z]5 < [PGL2(8)|3 = 9
and |Out(L)|3 = 3. Since £ < k, we deduce | X, N M|3 < 9%/2 = 3% s0 the valency of T' has 3-part

|Xv|3 > |Xv|3 9k(k')3
|Xuv|3 - ‘Xuv ﬂ]\4|3‘Sk|3 - 3k(k')3

=3~
This together with the (G, 3)-arc-transitivity of I implies |G, |3 > 33*, whence
3% |Gyl < |Out(L)|s|Ly|s = 3- 9% (k!)s < 3- 32k . 3k/2,

again a contradiction.
Now we have ¢ = k. Accordingly, X, N M > M’ = SL,,(¢)* and hence M’ is a normal subgroup of X,.
Moreover,

M'Z(Xu0) [ Z(Xuw) = M' /(M N Z(Xuy)) = M'/Z(M") = PSLy (q)"*

is a minimal normal subgroup of X, /Z(Xy.) since X, is transitive. As X, = Xy, we conclude that X,
has a normal subgroup N isomorphic to SL,,(q)* such that NZ(X.,)/Z(Xyu) = PSL,,(¢)* is a minimal
normal subgroup of Xy, /Z(Xyy). Since N N M is normal in X, (NN M)Z(Xy)/Z(Xpw) is normal in
Xow/Z(Xpw). Thus, (N N M)Z(Xyw)/Z(Xpw) = 1 or NZ(Xyp)/Z(Xuw) as (N N M)Z(Xpw)/Z(Xpw) is
a subgroup of NZ(X,y)/Z(Xyy). If (NN M)Z(Xyw)/Z(Xpw) = 1, that is, NN M < Z(X,y), then the
insoluble composition factors of N coincide with all those of N/(N N M) and so |[N/(N N M)| is divisible by
|PSL,,,(q)|*. Since N/(N N M) = NM/M < Sy, this would imply that k! is divisible by |PSL,,(q)|*, which
is not possible. Therefore, (N N M)Z(X )/ Z(Xpw) = NZ(Xyy)/Z(Xyy). Tt follows that

NAM>(NNM) =(NNM)Z(Xpw)) = (NZ(Xpw)) =N =N,

and so N < M. This implies N = N’ < M’, which leads to N = M’ due to |N| = |M’|. In particular,
M'Z(X,,)/Z(X.y) is a minimal normal subgroup of X, /Z(X ), and so X,,, is transitive. Since X, =
X,w and both X,, and X,,, contain M’, we see that X,, and X,,, have the same insoluble composition

factors. Thus we derive from Lemma 2.4 that both X, and X, contain A;. Consequently, Xq(ﬁ,o) = Xq(,fuo) =
Xf,oo), and so

(X9 = ()7 = (X2,)) = X = X ().

This in conjunction with the fact that Xf;oo) is normal in X, implies that Xéoo) is normal in (X,,g) = X,
a contradiction. O

We conclude this section with the following:

Theorem 4.9. Let T be a G-vertex-primitive (G, s)-arc-transitive digraph such that G is almost simple with
socle PSL,,(q) and G, is a mazimal subgroup of G from classes C1 and Ca, where v is a vertex of I'. Then
s < 2. Moreover, if Gy, is from class C1, then G £ PTL,(q) and G, does not stabilize a nontrivial proper
subspace of .

Proof. From Lemma 2.13 we see that I' has valency at least 3. Hence Hypothesis 4.1 holds. Then the
theorem follows from Lemmas 4.2 and 4.8. O
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5. Csz, C4, C5 and Cg-subgroups

We recall Hypothesis 4.1 and observe that Gy, = GuyGw With Gy = Gy and so ©(Gy) = 7(Guw) =
’/T(Gmu)-

Lemma 5.1. If Hypothesis /.1 holds then G, is not a C3-subgroup of G.

Proof. Suppose that Hypothesis 4.1 holds and G, is a Cs-subgroup of G. Then by [13, Proposition 4.3.6],
either n is prime, or G, /Rad(G,) is almost simple with socle PSL,, /,.(¢") for some prime divisor r of n.

First assume that n is a prime with ppd(p,nf) # 0. If (n,q) = (2,8) then G,, = Dys or Cg x Cg,
where G = PSL2(8) or PI'Ly(8) respectively, but a MAGMA [4] calculation shows that G, does not have a
homogeneous factorization Gy, = Gy Gy With |Gy|/|Gus| = 3, a contradiction. Therefore, (n,q) # (2,8).
Then since

Clgn-1)/(a-1)a-1,m) X Cn < Go < (Cgn1)/(g-1) % Cny)-Co,

we deduce that for any m € ppd(p, nf) there is a unique subgroup M of order m in G,,. Since m € 7(G,) =
T(Guw) = 7(Gyw), it follows that M < Gy, and M < Gy, Moreover, since G, = Gy, we have MJ = M.
However, this contradicts Lemma 2.14 as M is normal in G,,.

Next assume that n is a prime with ppd(p,nf) = 0. Then ¢ = p is a Mersenne prime and n = 2.
In this case G\, = Dgy1 or Dyggq1y, where G = PSLa(q) or PGLa(q), respectively. Let N be the unique
cyclic subgroup of index 2 of GG,,. Then since G, = G, Gy, at least one of Gy or Goy, say Gy, is not
contained in N. This implies that G, is not contained in N since G, = Gy, Consequently, G,, N N and
Gyw NN are the unique cyclic subgroups of index 2 of G, and G, respectively. Thus we conclude that
Guw NN and Gy NN are subgroups of the cyclic group N of the same order, and so G, NN = Gy NN
Moreover, as Gy N N9 = (Gyy N N)? =2 Gy, NN is a cyclic subgroup of index 2 of G, we deduce that
Gyw N N9 = Gy NN and hence (Gyy N N)? = Gy N N9 = Gy NN = Gyup N N. Since Gy N N is
characteristic in N and hence normal in G,,, we have a contradiction to Lemma 2.14.

Finally assume that G,,/Rad(G,) is almost simple with socle PSL,, .(¢") for some prime divisor r of n. If
(n/r,q") = (2,8) then G, = GL3(8) x C3 or GL3(8) x Cg, where G = PSLg(2) or PSLg(2).Csa respectively,
but a MAGMA [4] calculation shows that G, does not have a homogeneous factorization G, = Gy, Gy With
|Gy|/|Guv| = 3, a contradiction. If (n/r,q") = (2,9) then PSL4(3) < G < PSL4(3).C3 and (Ag x C4) %
Cy < Gy < (Ag x Cy).C3 (see [7]), but by a MAGMA [4] computation G, does not have a factorization
Gy = GuypGyy with |Gy|/|Gyy| = 3 such that G, and G, are conjugate in G, still a contradiction.
Therefore, (n/r,q") # (2,8) or (2,9). Denote G, = G,/Rad(G,), Guy = GuyRad(G,)/Rad(G,) and G, =
GuwRad(G,)/Rad(G,). Then since G, = GuwGyyw and 7(Rad(G,)) C 7(¢" — 1) Un(2rf) we have G, =

G uv G With m(Gyy) and (G ey ) both containing 7(G,) \ (7(¢" — 1)U (27 f)). Hence we see from Lemma 2.7

that at least one of Gy, or Gy, say Gy, contains Soc(Gy) = PSLy,/.(¢"). Since Guy = Gy and Rad(Gy)
is soluble, it follows that G, and G, have the same insoluble composition factors. Thus G ., also contains

Soc(Gy) = PSL,,/,(¢"). Consequently, G, and G, both contain Gq(fo), and so G = G2 = ™). 1t
follows that

(GE)7 = (G)7 = (G1,)™) = 6 = G,
contradicting Lemma 2.14. O

Lemma 5.2. If Hypothesis /.1 holds then G, is not a C4-subgroup of G.
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Proof. Suppose that Hypothesis 4.1 holds and G, is a C4-subgroup of G. Then by [13, Proposition 4.4.10],
G = PSL,,(q)(®) x PSLy(q) with 1 < m < k such that n = mk and 7(G,/G5) C 7(PSLum(q)) U (f).
Note that G = PSL,,(q)(* x PSL;(g) has a unique normal subgroup K =2 PSLj(g). We see that K is
characteristic in G,()OO) and thus normal in G,,. Let C be the centralizer of K in G,,. Then C <G, and G, /C
is an almost simple group with socle PSL;(q). Denote G, = G,,/C, Gu» = GuyC/C and Gy = G0 C/C.
Note that C'N G = PSL,,(q)* and so 7(C) C 7(PSL,,(¢)) U W(GU/GS,OO)). We have

(Go) \ 7(C) 2 w(PSLi(q)) \ (m(PSLin()) U (G, /G))
2 7(q" = 1)\ (7(PSLm(q)) U (f)).

Thus we deduce from Gy = GG and m(Gyy) = T(Gyw) = 7(Gy) that G, = Gy Gy with 7(Gly,) and
7(Gyw) both containing 7(g* — 1) \ (7(PSL,,(q)) Un(f)). Then by Lemma 2.6, one of the following holds:

(i) at least one of G, or Gy, contains Soc(G,);
(ii) k =6, ¢ = 2, and neither G, nor G,,, contains Soc(G,).

First assume that (i) occurs. Without loss of generality, assume that G, contains Soc(G,,). Then since
Guv and G, have the same composition factors, we see that G, also contains Soc(G,) = PSLg(q).
Consequently, G, and G,,, both contain K, and hence K is the unique normal subgroup isomorphic to
PSLk(q) of Gyy and Gy, respectively. Now K7 is normal in GZ, = G, and so K9 = K. This contradicts
Lemma 2.14.

Next assume that (ii) occurs. Here by [13, Proposition 4.4.10], G, = M x K or (M x K).Cy with
M = PSL,,(2) for some 1 < m < 6. Since G, = Gy, Gy With G, = PSLg(2) or PSLg(2).Cz, computation
in MAGMA [4] shows that, interchanging G, and G, if necessary, we have G, < I'Ly(8).Cy, I'L3(4).Cs
or Spg(2).Cy and Gy = C5 x PSL5(2), PSL5(2) or PSL5(2).Cy. In particular, PSL5(2) is a composition
factor of Gyy. Thus PSL5(2) is a composition factor of Gy, as Guy = G- Since Gy, < TLa(8), TL3(4)
or Spg(2), we see that PSL5(2) is not a composition factor of Gy,,. Therefore, PSL5(2) is a composition
factor of Gy, N C and hence a composition factor of G, N M, which indicates that m =5 and M < Gyy.
Now as G, has a normal subgroup M = PSL5(2), G, also has a normal subgroup isomorphic to PSL5(2),
say N. Then NNC =1 or N, since N is simple. If NNC = N, then M = N = PSL;5(2) and hence
Gy has PSL5(2) as a composition factor of multiplicity 2. This would imply that G, has PSL5(2) as a
composition factor of multiplicity 2, which is not possible as G,/C = Gy, < I'Ly(8).Cq, TL3(4).Cy or
Spg(2).Ca. Consequently, NN C = 1, and so Gy, has a normal subgroup NC/C = N. Since C3 x PSL5(2)
does not have a normal subgroup isomorphic to PSLs(2), it follows that G, = PSL;(2) or PSLs(2).Cs.
Then searching in MAGMA [4] for the factorization G, = Gy Gy Wwith PSLg(2) < G, < PSLg(2).Cy and
PSL;5(2) < G, < PSL5(2).Cy we deduce that G, has PSL3(4), PSU3(3) or Sps(2) as a composition factor.
This implies that G, has PSL3(4), PSU3(3) or Sps(2) as a composition factor, and so G, N C has one of
these groups as a composition factor since G, = PSL5(2). However, no subgroup of C' < PSL;(2).Cy has
PSL3(4), PSU3(3) or Spg(2) as a composition factor, a contradiction. O

Lemma 5.3. If Hypothesis /.1 holds then G, is not a Cs-subgroup of G.

Proof. Suppose that Hypothesis 4.1 holds and G, is a Cs-subgroup of G. Then there exists a prime r such
that ¢/" is a power of p and L, is described in [13, Proposition 4.5.3]. If n = 2 and q'/" =2, then ¢ = 4
by [5, Table 8.1]. However, in this case G, = Sz or S3 x C3, which have no factorization G, = Gy, Gy With
|Gy|/|Guv| = 2 such that Gy, and G,,, are conjugate in G. If (n,ql/r) = (2,3) then Ay < G, < Sy x C,
since PGL2(3) & S,. However, in this case G, does not have an appropriate factorization G, = Gy G-
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Thus (n,¢"/") # (2,2) or (2,3). Hence G = PSL,(¢"/"). Then we see from [13, Proposition 4.5.3] that
N := Z(G,) has order 1 or r, and G, /N is an almost simple group with socle PSL,, (¢'/").

For any subgroup H of G, denote H = HN/N. Since G, = Gy,Gyw we have G, = Gy Gy, Whence
|G| divides |Gy ||Gowl. If at least one of Gy or Gy, 5y Gy, does not contain N, then Gy, NN = 1 and
50 |Gow| = |Gow| = |Guo| is divisible by |G., |, which implies that |G, | divides |Gy |?. If both Gy, and G,
contain N, then |Gyy| = |Guo|/r = |Gow|/T = |Guowl| and so |G| divides |Gy|? = |Gow|?. Therefore, |G|
always divides at least one of |Gy |? or |Gy |?, say |Guw|?. Thus by [16, Corollary 5] the pair (G, Gyw) is
described in [16, Table 10.7]. Checking the condition that |G,| divides |G\, |* for the candidates we obtain
one of the following:

(i) Guw = Soc(G,);

(if) n =2, ql/T =9 and G, N Soc(G,) =
(iii) n = 4, q =2 and Gy N Soc(G,) = Az;
(iv) n =6, ¢"/" = 2 and Gy N Soc(G,,) = PSLy(5) or C3 x PSL;(2).

First assume that (i) occurs. Then G, > G — PSL,(¢"/7). Since Gy = Gy, it follows that
Guo = GE,OO) and so GSﬁ,O) = GS,OO) = GS)OJ,’). Since (Gv(ﬁjo))y = Gs,ouf), this implies that § normalizes GE,OO),
contradicting Lemma 2.14.

Next assume that (ii) occurs. Here L = PSLy(9"), and L, = PGLy(9) if »r = 2 and PSLy(9) if r > 2.
If r = 2, then G, does not have a nontrivial homogeneous factorization, a contradiction. Therefore, r is
an odd prime, L, = PSLy(9) and Ly, = Ly, = As. By [5, Table 8.1], L has exactly one conjugacy class
of subgroups isomorphic to L,, and N (L,) = L,. Note that 3" = £2 (mod 5) as r is odd. Thus we see
that |PGL2(3")| is not divisible by 5 and hence not divisible by |Nz(Lyy)|. Then [5, Table 8.1] implies
that the only maximal subgroups of L that may contain Ny (L,,,) are those isomorphic to PSL2(9). Hence
N (Lyw) = Lyw. Let m be the number of subgroups of G isomorphic to L, that contain L,,,. Note that
L, = PSL5(9) has 12 distinct subgroups isomorphic to As, and there are exactly two conjugacy classes of
such subgroups in L (see for example [20, Exercise 2, Page 416]). By counting the number of pairs (N1, N2)
of subgroups of L such that N; is isomorphic to L, and Ny > Ny = L,,,, one obtains
L]

|L|
= 12=2. " .y,
|NL(Lv)‘ |NL (va)l

Accordingly, L, is contained in exactly

12INL (Low)| _ 120Luu _,
m = = =
2INL(Lo)] 2|Ly|

subgroup of L that is isomorphic to L,. Since L, is contained in both L, and L,, = LI, we conclude that
L, = L, = LY, contradicting Lemma 2.14.

Finally assume that (iii) or (iv) occurs. Then we have seen above that either |Gyw| = |Gow| = |Guol
or |Guy| = |Gywl|. For the former, |Gyu|/|Guv| = |Guvl/|Guvl is a divisor of |[N|. Thus we always have
|Gow!|/|Gus| = 1 or r. However, a MAGMA [4] calculation shows that there is no factorization Gy, = Gy Gow
with (Soc(Gy), Gow NSoc(G,)) = (As, A7), (PSLg(2), PSLa(5)) or (PSLs(2), C3 x PSL5(2)) and |Gyw|/|Guv|

being 1 or a prime. This contradiction completes the proof. O

Lemma 5.4. Let X = Sp,,,, (r) with r prime and r™ > 5. Then X does not have a subgroup of index d such
that r®™ divides 2(r — 1)d and d divides 2(r — 1)r?

Proof. Suppose for a contradiction that X has a subgroup Y of index d such that r?™ divides 2(r — 1)d
and d divides 2(r — 1)r?™. If r = 2, then X = PSp,,,(2) with m > 3 and d is a power of 2 such that
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22m=1 < ¢ < 22m*+1 contradicting [10]. Thus, 7 > 3 and so 72" divides d. As [Spy ()| = 7, this implies
that m # 1.

First assume that m = 2. Let M be a maximal subgroup of X = Sp,(r) containing Y. Then |X|/|M]|
divides 2(r —1)r*. Checking [5, Table 8.12] we deduce that r = 3 and M = Sp,(9) x Cy or 21 7% A5. However,
such an M does not have a subgroup Y such that 3* divides d and d divides 22 - 3%, a contradiction.

Next assume that m > 3. Let Z be the center of X, X = X/Z and Y = Y Z/Z. Then |X|/|Y| divides
2(r — 1)r?™_ and thus from [16, Theorem 4] we infer that X = Y. However, this implies that d = | X|/|Y|
divides | X|/|Y| = |X|/|X| = |Z|, contradicting the condition that r2™ divides d. O

Lemma 5.5. If Hypothesis /.1 holds then G, is not a Cg-subgroup of G.

Proof. Suppose that Hypothesis 4.1 holds and G, is a Cg-subgroup of G. If n < 4 then the possibilities for
G, can be obtained from [5, Tables 8.1, 8.3 and 8.8] and in all these cases, a computation in MAGMA [4]
shows that G, has no homogeneous factorization G, = Gy, Gy such that |Gy|/|Guy| = 3. Thus n > 5,
and so by [13, Propositions 4.6.5-4.6.6], n = r™ for some prime r # p and L, = C?™.Sp,,, (r). Moreover,
since G, is maximal in G, it can be read off from [5, Tables 8.18, 8.35, 8.44 and 8.54] and [13, Table 3.5.A]
that G/L < Ca x C; and f is the smallest odd integer such that r ged(2,r) divides p/ — 1. Consequently,
f divides » — 1 and |G/L| divides 2(r — 1). Therefore, G,/Rad(G,) is an almost simple group with socle
PSp,,, (1) and

m(Rad(G,)) C m(Rad(L,)) Un(G/L) C{2,r}Un(2(r — 1)) =n(r(r—1)).

For any subgroup H of G, denote H = HRad(G,)/Rad(G,). Then G, = Gy, G with 7(Gyy) and 7(Gpy)
both containing 7(G,) \ 7(r(r — 1)). Hence we deduce from Lemma 2.8 that one of the following holds:

(i) at least one of G, or G, contains Soc(G,);
(ii) m = 1, r is a Mersenne prime, and at least one of G, or G, has intersection with SOC(G_U) of odd
order.

First assume case (i). Without loss of generality, assume that G, contains Soc(G,) = PSp,,,(r). Note
that Guy = Guw, and Gy /Ly, and G,/ Ly, are both soluble. Hence Ly, and L,,, both have PSp,,, (r) as
an insoluble composition factor. It follows that

Luvor(Lv)/Or(Lv) = L’U’wOT<L’U)/OT(L’U) = L’U/O’I‘(L’U) = Sp2m<T)'

Since L,/O,(L,) = Spy,,(r) is irreducible on O,(L,) = C?™ we deduce that L,, N O.(L,) = 1 or
C2m. If Ly, N O.(L,) = C?™ then |Lyy| = |L,|, which is not possible as T' has valency at least 2.
Consequently, Ly, N O.(L,) = 1. Similarly, Ly, N O,(L,) = 1 and 80 Ly, = Lyw = Sp,y,,(r). Note
that |Gy|/|Guv| = |Guv|/|Guvw| as T is (G, 2)-arc-transitive. Since |L,|/|Ly,| divides |Gy|/|Guyl, we con-
clude that r?™ divides |Gy|/|Guv| = |Guvl/|Guvw| and so divides |G/L||Luy|/|Luvw|- This implies that
r?™ divides 2(r — 1)| Luw|/| Luvw|- Moreover, | Lyy| /| Luvw| divides |Guo|/|Guvw| = |Go|/|Guv| and so divides
|G/L||Ly|/|Luv|, which implies that |Ly|/|Luvw| divides 2(r — 1)r?™. Thus Ly, is isomorphic to a sub-
group of Sp,,,, (1) of index d such that r?>™ divides 2(r — 1)d and d divides 2(r — 1)r?>™, which is not possible
by Lemma 5.4.

Next assume case (ii). Without loss of generality, assume that |G, N Soc(G,)| is odd. Then |L, |2 < 2
and 80 |Guyl2 < 2|G/Lla. Since Gy = Gy G With Gy =2 Gy, we derive that |G| divides |Gy, |?. Thus
|Ly|2|G/L|2 = |G,z divides (2|G/L|2)?, which implies that 2(r + 1) = |L, |2 divides 4|G/L|o. However, as
|G/L| divides 2f and f is odd, we have |G/L|y < 2. This leads to 2(r + 1) < 8 and so r < 3, contrary to
the condition that r =" =n>5. O
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We conclude this section with the following:

Theorem 5.6. Let G be an almost simple group with socle PSL,(q). Then there is no G-vertez-primitive
(G, 2)-arc-transitive digraph T such that G, is a mazimal subgroup of G from classes C3-Cg for any vertex
v of T.

Proof. Suppose that I' is a G-vertex-primitive (G, 2)-arc-transitive digraph such that G, is a maximal
subgroup of GG from classes C3—Cg, where v is a vertex of I'. Then by Lemma 2.13, I" has valency at least 3.
Hence Hypothesis 4.1 holds. According to Lemmas 5.1-5.3 and 5.5, G,, cannot be a C;-subgroup of G for
3 <i < 6, a contradiction. O

6. C; and Cg-subgroups

In this section we need to consider the stronger hypothesis that I" is (G, 3)-arc-transitive so that we only
need to consider the structure of L, instead of G,,.

Hypothesis 6.1. Let I' be a G-vertex-primitive (G, 3)-arc-transitive digraph of valency at least 3, where
G is almost simple with socle L = PSL,(¢q) and ¢ = p for some prime p. Then by Lemma 2.12, T is
(L, 2)-arc-transitive. Take an arc u — v of I'. Let g to be an element of L such that u9 = v and let w = v9.
Then v - v — w — w9 is a 3-arc in I'.

Under Hypothesis 6.1, it follows from Lemma 2.11 that L, = Ly, Ly and Gy = Gy GY, Moreover,

uvw
these are homogeneous factorizations. Hence by Lemma 3.2, m(Lyy) = 7(Lyw) = 7(L,) and m(Gupw) =

T(Gpw)-
Lemma 6.2. If Hypothesis 6.1 holds then G, is not a C7-subgroup of G.
Proof. Suppose that Hypothesis 6.1 holds and G, is a Cz-subgroup of G. Then by [13, Proposition 4.7.3],
Ly, < (My X -+ x My) xS, = PGL,,(q) 2 Si

with My & ... = My, & PGL,,(q), where n = m* with m > 3, and

L, > (Soc(My) X - -+ x Soc(My)) x Sk = PSLy,,(q) ¢ Sk
Let M = L, N (My X -+ x M) and for each ¢ = 1,...,k let ¢; be the projection of M to M;. Denote
L, = LyM/M, L, = LywM/M and Ly, = Ly,M/M. From the factorization L, = Ly, Ly, we deduce
that L, = Ly, Lyw. Then by Lemma 2.3, at least one of Ly, or L., say L., is a transitive subgroup of
Si. It follows from Lemma 3.5 that

(Pl(Luv ﬁM) =...= QPk(Luv ﬁM)

and w(PSL,,(q)) C 7(p1(Luy N M)). Thereby we deduce from [16, Corollary 5] that either PSL,,(q¢) <
©1(Lyy N M) < PGL,,(q), or one of the following holds.

(i) m=4, ¢g=2, and p1(Ly, N M) = Az;
(ii) m =6, ¢ =2, and |PSL,,,(¢)|/]|¢1(Luw N M)| is divisible by 63.

First assume that (i) occurs. Then we have |p1(Ly, N M)|s = 23 and hence |Lyy|a < |Luw N M |E(KDo <
23k (k!)5. Moreover, |Ly,|o = |[PSLy4(2) 1 Sk|2 = 26%(k!)2. Thus the valency of T' has 2-part
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[Lolo 2% (kD2 _ o,
|Luol2 =~ 23%(K!)o '

Since I' is (G, 3)-arc-transitive, we conclude that |G,| is divisible by 2°%. This together with |G,|2 <
|Ly|2|Out(L) |2 = 26k+1(k!)y < 27+ implies 29% < 271 which is not possible.
Next assume (ii) occurs. Then |PSL,,(q)|7/|¢1(Luw N M)|7 > 7, and so the valency of I" has 7-part

k
Ll M (Sl )
|Luv‘7 |Luva|7 |901(Luva)‘7

Since I is (G, 3)-arc-transitive, we conclude that |G, | is divisible by 73%. However, as |Out(L)|; = 1, we
have |G,|7 = |Ly|7 = |PSLg(2)|%(k!)7 = 72#(k!)7. It follows that 72 (k!); > 73% that is, (k!)7 > 7%, which is
not possible.

Thus far we have seen that neither case (i) nor (ii) is possible. Thus PSL,,(¢) < ¢1(LysNM) < PGL,,(q).
Write ¢ = p/ with p prime. Then there exists an odd prime r in 7(PSL,,(¢)) \ 7(q — 1) such that r > f.
It follows that |p1(Lyy N M)|, = |PSLy,(q)]- and |Out(L)|, = 1. Since L., is transitive and ¢1(Ly, N M)
has socle PSL;,,(q), Ly, N M has a unique insoluble composition factor PSL,,(¢), and it has multiplicity ¢

dividing k. If ¢ < k, then |L,, N M|, < |PSL,,(q) ]ﬁ/Q, and so the valency of I' has r-part

. k),
|Lv|7 > |PSLm(Q)IL/2(k )7 _ |PSLm(q) ﬁ/Q
[Luolr = |PSLo (q) 5% (K!),

This together with the (G, 3)-arc-transitivity of I implies |G|, = |PSLy,(q) ‘:’k/Q, which is not possible since

|Gl < |Out(L)]|Lolr = |PSLm(Q)|I;(k!)T < |PSLm(q)|7]?7"k/(T_1) < ‘PSLm(q)wTk/Q-

Hence we have ¢ = k and so L., > M' = PSL,, (q)”C Moreover, since Ly, is transitive, M’ is a minimal
normal subgroup of Ly,. As Ly, = L., we conclude that L,,, has a minimal normal subgroup N isomorphic
to PSL,,(q)*. Then since N N M is normal in L., either NN M =1or N < M. If NN M = 1, then
PSL,.(¢)* =2 N =2 NM/M < Si, which is not possible. Hence N < M, and it follows that N = N’ < M.
This leads to N = M’ since |N| = |[M’|. Therefore, M’ = N is a minimal normal subgroup of L., which
implies that Ly, is transitive. Since Ly, = Ly, and both L, and L, contain M’, we see that L, and
Ly, have the same insoluble composition factors. Thus we derive from Lemma 2.4 that both Ly, and L.,

contain Aj. Consequently, Lgﬁf) = Ll(,fﬁ) = L5f’°)7 and so

(LG9 = (L) = (4,)) = L) = 169,
contradicting Lemma 2.14. O
Lemma 6.3. If Hypothesis 6.1 holds with n = 4 and q odd, then L, is not the Cg-subgroup PSOI (q).Ca of L.

Proof. Suppose that Hypothesis 6.1 holds with n = 4 and ¢ odd while L, = PSOJ (q).C5 is a Cg-subgroup
of L. For ¢ = 3, 5, 7 or 9 computation in MAGMA [4] shows that there is no nontrivial homogeneous
factorization of L, with the two factors conjugate in L. Therefore ¢ > 11. Let M = K; x K5 be the normal
subgroup of L, of index 4 such that K7 = Ky = PSLs(q), and ¢; be the projection of M onto K; for i = 1, 2.
Write ¢ = p/ with p prime. Note that |G, | divides |L,||Out(L)| = 8 f ged(q — 1,4)|PSLa(q)[%.

Suppose @;(Ly,NM) # K; for i = 1 or 2. Then there is a maximal subgroup H of K; = PSLy(q) containing
0i(LyyNM). Since T is (G, 3)-arc-transitive and | Ly |/| Ly | is divisible by |M|/| Ly, N M|, we derive that |G|
is divisible by (|M|/|L.,NM]|)3. Then since |M|/|Ly,NM| is divisible by |@;(M)|/|pi(L.,NM)| and hence by
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|PSLa(q)|/|H|, it follows that |G| is divisible by (|PSLza(q)|/|H|)3. Consequently, (|PSLa(q)|/|H|)? divides
8f ged(q — 1,4)|PSLa(q)|?. However, checking for all the possible maximal subgroups (see for example [11])
H of PSLa(q) we see that this condition is not satisfied as ¢ > 11, a contradiction.

Now we have ¢;(L,,N\M) = K; for i = 1,2, which implies that either L,,\M = M or L,,NM = PSLy(q).
For the latter, |Ly|/|Lyo| is divisible by |M|/| Ly, N M| = |PSLa(q)|, and so the (G, 3)-arc-transitivity of T’
implies that |PSLa(q)|® divides 8f ged(q — 1,4)|PSL2(q)|?, which is not possible. Thus L,, N M = M, from
which we conclude L], = M = L/ . For the same reason, L, = M = L/ . Consequently,

uv

(Ly)7 = (Liw)? = (L3,)" = Ly = L,

u uv

contradicting Lemma 2.14. O
Lemma 6.4. If Hypothesis 6.1 holds then G, is not a Cg-subgroup of G.

Proof. Suppose that Hypothesis 6.1 holds and G, is a Cg-subgroup of G. Then by [13, Proposi-
tions 4.8.3-4.8.5], one of the following holds:

(i) n >4 1is even, and L, = PSp,,(q)-Cgea(q—1,2) scd(g—1,n/2)/ ged(g—1,n)}
(i) n >3, ¢ is odd, and L, = PSO;,(q).Cged(n,2) with e € {0, £};
(iii) n > 3, q is a square, and Soc(L,) = PSU,(¢/?).

First assume that (i) occurs. Then by Proposition 3.3, we deduce from the homogeneous factorization
L, = LyyLyy and the condition |L,|/|Ly,| > 3 that n = 4, q is even and Ly, = SLy(¢?).C, with a € {1,2}.
It follows that SLa(q?) < Gyw < T'La(g?) x Cy and

Gowl _ Lol _ ISPal@l  _ ¢*(¢*—1)
|Guvw| |Lu'u| ‘SLQ((]2)CQ| a

This implies that 7(Gypw) # T(Gyw), @ contradiction.

Next assume that (ii) occurs. Then by Proposition 3.3, we deduce from the homogeneous factorization
Ly = Lyy Ly that either Soc(Ly,) = Soc(Lyy ) = Soc(Ly,), or (n, q, L,) lies in Table 3 below. If Soc(Ly,) =
Soc(Lyy ) = Soc(L,) is nonabelian simple, then

(Soc(Ly))? = (Soc(Lyy))? = Soc(LY,) = Soc(Ly.,) = Soc(Ly,),

contradicting Lemma 2.14. Now we analyze the candidates in Table 3. For row 1 and row 2 of Table 3,
L, does not have a homogeneous factorization L, = Ly, Ly, with |Ly|/|Lyy| > 3, a contradiction. For
row 3 of Table 3, T has valency |Ly|/|Luy| = 6 since L, = Ly, Ly, is a homogeneous factorization with
|Ly|/|Luw| = 3, but |G| is not divisible by 62, contrary to the (G, 3)-arc-transitivity of I'. By Lemma 6.3 we
know that row 4 of Table 3 is not possible. For row 5 of Table 3, we have |L,,| = a|Q7(q)| with a dividing
4 and so

Table 3

The triple (n, q, L,) in the proof of Lemma 6.4.
row n q L,
1 3 3 Sa
2 3 9 PGL»(9)
3 4 3 Se
4 4 odd PSOF (¢).Ca
5 8 odd PSOZ (¢).Ca
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|Gowl _ |Lo| _ ‘PSOI(Q)~C2| _ q3(q4 -1)
|Guuw| |Luv‘ a’|Q7<q)| 2a ’

which implies that 7(Guypw) 7# T(Gyw ), a contradiction.
Finally assume that (iii) occurs. Then by Proposition 3.3, we deduce from the homogeneous factorization
L, = Ly Lyy that Soc(Ly,) = Soc(Ly,) = Soc(Ly), so

(Soc(Ly))? = (Soc(Lyw))? = Soc(Ly,,) = Soc(Lyy) = Soc(Ly),
contradicting Lemma 2.14. The proof is thus completed. O
We conclude this section with the following:

Theorem 6.5. Let G be an almost simple group with socle PSL,(q). Then there is no G-vertez-primitive
(G, 3)-arc-transitive digraph T' such that G, is a mazimal subgroup of G from classes C; and Cg for any
vertex v of I'.

Proof. Suppose that T' is a G-vertex-primitive (G, 3)-arc-transitive digraph such that G, is a maximal
subgroup of G from classes C; and Cg, where v is a vertex of I". Then by Lemma 2.13, T' has valency at
least 3. Hence Hypothesis 6.1 holds. According to Lemmas 6.2 and 6.4, G, cannot be a C;-subgroup of G
for i € {7,8}, a contradiction. O

We are now ready to prove the main theorem of the paper.

Proof of Theorem 1.2. Let T" be a G-vertex-primitive (G, s)-arc-transitive digraph with s > 3, where G is
almost simple with socle L = PSL,,(q) and ¢ = p/ for some prime p, and let v be a vertex of I'. Then by
Theorems 4.9, 5.6 and 6.5, G, cannot be a C;-subgroup of G for 1 < ¢ < 8. If G, is a Cg-subgroup of G,
then G, would be an almost simple group, which is not possible by Corollary 3.4. Thus we have s < 2, as
Theorem 1.2 asserts. O
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