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AXIOMATIZING SUBCATEGORIES OF ABELIAN CATEGORIES

SONDRE KVAMME

ABSTRACT. We investigate how to characterize subcategories of abelian categories in
terms of intrinsic axioms. In particular, we find axioms which characterize generating
cogenerating functorially finite subcategories, precluster tilting subcategories, and cluster
tilting subcategories of abelian categories. As a consequence we prove that any d-abelian
category is equivalent to a d-cluster tilting subcategory of an abelian category, without
any assumption on the categories being projectively generated.
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Higher Auslander-Reiten theory was introduced by Iyama in [16] and further developed
in [I5, [I7]. It has several connections to other areas, for example non-commutative alge-
braic geometry [12, [13] 15], combinatorics [26], higher category theory [4], and symplectic
geometry [5]. One of the main objects of study are d-cluster tilting subcategories of abelian,
exact, and triangulated categories. The study of their intrinsic properties, called higher
homological algebra, is an active area of research, see for example [7, 8, [14] [19, 20, 23, 27].
This approach was catalysed by the papers [I1] and [21], where they introduced d-abelian,
d-exact, and (d + 2)-angulated categories as an axiomatization of d-cluster tilting subcat-
egories. In particular, they showed that d-cluster tilting subcategories of abelian, exact or
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triangulated categories are d-abelian, d-exact, or (d + 2)-angulated, respectively, and that
any projectively generated d-abelian category is equivalent to a d-cluster tilting subcate-
gory of an abelian category.

Axiomatizing subcategories of abelian categories is closely related to characterizing A-
modules M, where A is an Artin algebra, in terms of properties of the endomorphism
algebra I' := End, (M). In an unpublished manuscript [25] Morita and Tachikawa showed
that M — T" gives a correspondence between generating and cogenerating modules M and
algebras I' with dominant dimension > 2. Auslander [2] showed that this specializes to
the case where M is an additive generator of a module category and I' is an algebra with
dominant dimension > 2 and global dimension < 2. This is typically called the Auslander-
correspondence. It was later extended by Iyama [15] to a bijection between d-cluster tilting
modules M and algebras I' with dominant dimension > d+ 1 and global dimension < d—+1.
Recently Iyama and Solberg [I§] introduced d-precluster tilting modules M and showed
that the assignment M — I' gives a bijection to algebras of dominant dimension > d + 1
and selfinjective dimension < d + 1. In all of these cases one characterizes the module M
in terms of properties of the category of finitely presented I'-modules. One can interpret
axiomatization similarly, but where the characterization is in terms of the category of
finitely generated projective I'-modules.

In this paper we continue the idea of axiomatizing subcategories of abelian categories
and study their properties. The following definition clarifies what we mean:

Definition 1.1. Let P be a set of axioms of additive categories, and let S be a class of
subcategories of abelian categories. We say that P axiomatizes subcategories in S if the
following hold:

(i) If X isin S, then X satisfies P as an additive category;
(i) If X satisfies P, then there exists an abelian category A and a fully faithful functor
X — A such that its essential image is in S;
(iii) If A and A’ are abelian categories and ®: X — A and ®': X — A" are two fully
faithful functors such that the essential images of ® and & are in S, then there

exists an equivalence ¥: A = A’ and a natural isomorphism Vo & = @',

Part and tells us that an additive category X satisfies P if and only if it is
equivalent to a subcategory in S. Part tells us that the ambient abelian category of a
subcategory in S must be unique up to equivalence.

We prove the following theorem, which gives examples of axioms P and classes of sub-
categories S. See the end of the introduction for the list of axioms.

Theorem 1.2. Let P be a set of axioms for additive categories, and let S be a class of
subcategories of abelian categories. We have that P aziomatizes subcategories in S in the
following cases:
(i) P consists of the axioms (A1), (A1), (A2), (A2)°P, (A8), and (A3)°P, and S is
the class of generating cogenerating functorially finite subcategories;
(i1) P consists of the axioms (A1), (A1)]°P, (A2), (A2)®, (A3), and (A3)°®, and (d-

Rigid) and S is the class of generating cogenerating functorially finite subcategories
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X satisfying
Exty (X, X") =0 for all X, X' € X and 0 < i < d

where A is the ambient abelian category;
(1i1) P consists of the axioms (A0), (A1), (A1)]°P, (A2), (A2)°®, (A3), and (A3)°P, (d-
Rigid), (A4.d), and (A4.d)°P, and S is the class of d-precluster tilting subcategories;
(iv) P consists of the axioms (A0), (A1), (A1)]P, (A2), (A2)°®, (A3), and (A3)°®, (d-
Rigid), (d-Ker), and (d-Coker) and S is the class of d-cluster tilting subcategories.

We even find a class of subcategories axiomatized by (A1) and (A2), see Theorem
Note that the definition of d-precluster tilting subcategories in [I8] can be reformulated in
a way that makes sense for any abelian category, see Theorem [8.5 and this reformulated
definition is what we use in Theorem [1.2][(iii)|

As a corollary of Theorem we show that any d-abelian category is equivalent
to a d-cluster tilting subcategory, without the assumption of being projectively generated.
Since for any d > 1 there exist examples of d-cluster tilting subcategories without any
non-zero projective or injective objects, see [22], the result is necessary to complete the
axiomatization of d-cluster tilting subcategories in terms of d-abelian categories.

Corollary 1.3. Let X be an additive category. The following hold:
(1) X is d-abelian if and only if it satisfies (A0), (A1), (A1)°P, (A2), (A2)°®, (A3),
and (A3)®, (d-Rigid), (d-Ker), and (d-Coker);
(11) If X is d-abelian, then there exists an abelian category A and a fully faithful functor
X — A such that its essential image 1s d-cluster tiltmg.ﬂ

We end the introduction by giving the list of axioms we use:

(A0) X is idempotent complete;
(A1) X has weak kernels;
(A1)°? X has weak cokernels;
(A2) Any epimorphism in X is a weak cokernel;
(A2)°? Any monomorphism in X is a weak kernel;
(A3) Consider the following diagram

where f is an arbitrary morphism in X', where g is a weak cokernel of f, where h is
a weak kernel of g, and where [ is an induced map satisfying hol = f. Then for any
weak kernel k: X§ — X} of h the map [l k:} : Xo @ X4 — X)) is an epimorphism;

IThe author gave a talk about this result in the LMS Northern Regional Meeting and Workshop on
Higher Homological Algebra in 2019
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(A3)°? Consider the following diagram

X1 ! > X2
X‘ /
X

where f is an arbitrary morphism in X, where g is a weak kernel of f, where h is
a weak cokernel of g, and where [ is a map satisfying loh = f. Then for any weak

cokernel k: X, — X} of h the map Llf
(Ad.d) Let

g
X() >

] : X, — Xy @ X3 is a monomorphism;

Xy 20 x, Lo Dy ) By x Iy x g P

be a sequence with f;,1 a weak kernel of f; for all 0 <i < d. Then fz,, is a weak

cokernel;
(A4.d)°P Let

Xapr 250 x, Jo By x, Box Iy xR x

be a sequence with f; a weak cokernel of f;; for all 0 <i < d. Then f; is a weak
kernel;
(d-Rigid) For all epimorphism f;: X; — X, in X' there exists a sequence

D PIPIELENG HETNPNELNS KNS LS ¢

with f;11 a weak kernel of f; and f; a weak cokernel of f;; for all 1 <1 < d;
(d-Ker) Any map in X has a d-kernel;
(d-Coker) Any map in X has a d-cokernel.

Note that the axiom (d-Rigid) is self-dual under the assumption of axioms (A1), (A1)°P,
(A2), (A2)°P, (A3), and (A3)°P, since these axioms together axiomatizes generating cogen-
erating functorially finite d-rigid subcategories by Theorem and the definition of
such subcategories are self-dual.

1.1. Conventions. All categories are assumed to be additive, i.e. enriched over abelian
groups and admitting finite direct sums. For an additive category X we let X (X, X")
denote the set of morphism between two objects X, X’ € X and Homy (Fy, F3) the set of
natural transformations between two additive functors Fi, Fy: X°? — Ab. A subcategory
X of an abelian category A is called generating (resp cogenerating) if for any object A € A
there exists an epimorphism X — A (resp a monomorphism A — X)) with X € X.

1.2. Acknowledgement. Corollary is proved independently by Ramin Ebrahimi
and Alireza Nasr-Isfahani in [6]. The author would like to thank the anonymous referee
for helpful suggestions which has improved the readability of the paper.
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2. SERRE SUBCATEGORIES

In this section we recall the localization of an abelian category by a Serre subcategory.
Let A be an abelian category. A subcategory S of A is called a Serre subcategory if for
any exact sequence in A

0— A — Ay — A3 =0

we have that A; € S and Az € S if and only if Ay € S. If S be a Serre subcategory of A,
category A/S is defined to be the localization of A by the class of morphisms f: X — X’
satisfying

KerfeS and Cokerf eS.
Note that the objects in A4/S are the same as the objects in A. We need the following
results for this localization, which follows from Proposition 1 and Lemma 2 in Chapter 3
in [10].
Theorem 2.1. Let S be a Serre subcategory of A, and let q: A — A/S denote the canonical
functor to the localization. The following hold:

(1) A/S is an abelian category;
(i1) q is an exact functor;
(11i) For a morphism f: Ay — Ay in A, we have that q(f) = 0 if and only if im f € S.

Remark 2.2. Note that the class of morphisms f with Ker f € § and Coker f € S forms
a multiplicative system in A, see [28, Exercise 10.3.2 (1)]. In particular, the morphisms in
A/S can be described using a calculus of fractions, see [28, Chapter 10.3].

3. WEAK KERNELS AND WEAK COKERNELS

In this section we recall the definition of weak kernels and cokernels and their basic
properties. Let X be an additive category. We denote the category of additive functors
from A°P to Ab by Mod X. Note that the Yoneda embedding gives a fully faithful functor

X — Mod X X = X(—,X)
A functor F': X°? — Ab is called finitely presented if there exists an exact sequence
X(—Xy) > X(—,Xo) > F—0

in Mod X, and the subcategory of finitely presented functors is denoted by mod X. We
have that mod X is closed under cokernels in Mod X. Let g: X” — X’ and f: X' — X be
two composable morphisms in X'. We say that g is a weak kernel of f if

XY, X") L5 x(y, X)) L5 ay, X)
is an exact sequence of abelian groups for all Y € X. Dually, we say that f is a weak
cokernel of g if

X(X,Y) =L x(X'Y) =% xX(X",Y)
is an exact sequence of abelian groups for all Y € X. The category X has weak kernels or

weak cokernels if any morphism in X has a weak kernel or weak cokernel, respectively. In
the following theorem we relate these notions to mod X.



6 SONDRE KVAMME

Theorem 3.1 (Theorem 1.4 in [9]). Let X be an additive category. Then X has weak
kernels if and only if mod X s abelian.

We call a morphism f a weak kernel or weak cokernel if there exists a morphism ¢ such
that f is the weak kernel or weak cokernel of g, respectively. The following result is known
to the experts. We give a proof for the readers convenience.

Lemma 3.2. Let f: X — X' be a morphism in X. The following hold:

(i) If f is a weak kernel and admits a weak cokernel, then it is a weak kernel of its
weak cokernel;

(i1) If f is a weak cokernel and admits a weak kernel, then it is a weak cokernel of its
weak kernel.

Proof. We prove (1)} is proved dually. Assume f is a weak kernel of g: X’ — X", and
let h: X’ — X be a weak cokernel of f. Since go f = 0 and h is a weak cokernel of f,
there exists a morphism k: X — X" such that koh = ¢g. Hence, if a morphism {: X’ — X’
satisfies hol =0, then gol =kohol =0, so [ factors through f since f is a weak kernel
of g. This implies that f is a weak kernel of h. U

Finally, we recall the definition of contravariantly and covariantly finite subcategories.

Assume X is an additive subcategory of an abelian category A. A morphism X Iy A
A with X € X is called a right X-approzimation of A if any map X' — A with X' € X
factors through f. Dually, a morphism ¢g: A — X with X € X is a left X-approximation
of A if it is a right A°P-approximation of A in A°P. We say that X is contravariantly finite
(resp covariantly finite) if any object A in A admits a right (resp left) X-approximation.
We say that X is functorially finite if it is both contravariantly finite and covariantly finite.
If X is a contravariantly finite subcategory, then it has weak kernels. In fact, if f: X' — X
is a morphism in X and X” — Ker f is a right X-approximation, then the composite
X" — Ker f — X' is a weak kernel of f. Similarly, any covariantly finite subcategory has
weak cokernels, which are constructed in the dual way.

4. EMBEDDINGS INTO ABELIAN CATEGORIES

In this section we compare intrinsic axioms of additive categories with properties of
subcategories of abelian categories. For an additive category X', the intrinsic axioms we
consider are:

(A1) X has weak kernels;
(A2) Any epimorphism in X is a weak cokernel.

For an abelian category A and a full subcategory X of A, the properties we consider
are:

(B1) X is a generating subcategory of A;
(B2) If A € A satisfies A(A, X) =0 for all X € X, then A =0;
(B3) Any A € Q% (A) admits a right X-approximation.
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Here 2% (A) denotes the subcategory of A consisting of all objects A for which there exists
an exact sequence
0—->A—->X3—- =X,

where X; € X for all 1 <7 < n. Our main goal is to prove the following theorem:

Theorem 4.1. Assume P consists of the axioms |(A1) and |(A2). Then P axiomatizes
subcategories of abelian categories satisfying [(B1), [(B2) and[(B3)

We can show one part of the theorem immediately.

Lemma 4.2. Assume X C A is a full subcategory of an abelian category A satisfying
|(B1), |(B2) and|(B3). The following hold:

(i) The inclusion functor X — A preserves epimorphisms and sends a sequence X EN

X1 L Xy in X with f a weak kernel of g to an exact sequence in A;
(i) X satisfies|(A1) and|(A2) as an additive category.

Proof. Assume X C A satisfies |(B1)|, |(B2)| and |(B3)| Let X; % X, be an arbitrary
morphism in X. Then Kerg € Q3% (A), and hence there exists a right X-approximation
X5 — Ker g, which is surjective since X is a generating subcategory of A. It follows that
the composite Xy — Ker g — X is a weak kernel of g. This proves and shows that

there exists a weak kernel Xy — X of g such that Xy — X; EN Xy is exact in A. But then
this property must hold for any weak kernel of g, since Xy — X; must factor through any
such map.

Now assume ¢ is an epimorphism, and let Coker g be the cokernel of g in A. Applying
A(—, X) with X € X to the exact sequence

X, % Xy = Cokerg — 0
gives an exact sequence
0 — A(Coker g, X) — A(Xo, X) —% A(Xy, X)
If X € X, then since g is an epimorphism in & it follows that —og is a monomorphism, and
hence A(Coker g, X)) = 0. By|(B2)|it follows that Coker g = 0, so g is an epimorphism in A.
Hence the inclusion X — A preserves epimorphisms. Finally, since Xo — X; 5 Xy — 0
is exact, g is a cokernel of Xy — X7, which proves |(A2)| O

Now assume &' is an additive category satisfying (A1) and [(A2)l Since & has weak
kernels, the category of finitely presented functors mod X is abelian by Theorem [3.1] Let
eff X denote the subcategory of mod X’ consisting of all functors F' for which there exists
an exact sequence

X(—, X)) 5 x(—, Xo) = F =0
where f: X; — Xj is an epimorphism in X. We show that eff X is a Serre subcategory of
mod X.

Proposition 4.3. Let X' be an additive category satisfying |(A1) and|(A2). The following
hold:
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(i) If
X(— X)) % x(—, X)) = F =0

is exact with F € eft X, then f': X| — X| is an epimorphism in X ;
(i1) eff ¥ = {F € mod X | Homy (F, X(—, X)) =0 for all X € X};
(iii) If F € eff X then Extl 4 +(F, X(—, X)) =0 for all X € X;
(iv) eft X is a Serre subcategory of mod X.

Proof. If F € eff X, then there exists an exact sequence

X(— X)) L5 x(—, X)) = F =0

where f: X; — X is an epimorphism in X'. Applying Homy(—, X (—, X)) gives the exact
sequence

0 — Homy(F, X(—, X)) = X(Xo, X) =% x(X,, X)
Since f is an epimorphism in X', the map — o f is a monomorphism, and hence
Homy (F, X(—, X)) =0.
Conversely, assume Homy (F, X(—, X)) = 0 for all X € X. Applying Homy(—, X'(—, X))
to an exact sequence of the form
X(— X)) L5 x(—, X)) 5 F =0
gives an exact sequence

0 — Homu(F, X(—, X)) — X (X4, X) =5 x(X!, X)

Since Homy (F, X(—, X)) = 0, the map —o f” is a monomorphism, and hence f’: X| — X
is an epimorphism. This proves and . For , assume again we have an exact

sequence X' (—, X;) LA (—, Xo) = F — 0 where f: X; — X is an epimorphism in X.
Let g: Xo — X, be a weak kernel of f. Then

X(= Xo) L5 X(—, X)) L5 x(—, Xo) = F = 0

is exact. Applying Homy(—, X (—, X)) with X € X gives a complex

0 — Homx(F, X(—, X)) = X(Xo, X) =L (X1, X) =% X(X,, X)

Since f is an epimorphism in X', it is a weak cokernel by [(A2)] By Lemma we know

that f must be a weak cokernel of g. Therefore the sequence
X(Xo, X) =5 X(X;, X) =% X(X5, X)

must be exact. This shows that Extl 1 (F, X(—, X)) = 0.
Finally, we show that eff X’ is a Serre subcategory. Let

0> F > F,— F3—0
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be an exact sequence in mod X. Applying Homy(—, X(—, X)), we get an exact sequence

0 — Homy (F3, X(—, X)) = Homy (F3, X(—, X)) — Homy (Fy, X(—, X))
— EXtrlnodX(F3’ X(_>X)) — EXtrlnodX(F27 X(_7X))
Now if F} € eff X and F3 € eff X, then Homy (Fy, X(—, X)) = 0 and Homy (F3, X (—, X)) =
0 for all X € X by part of the theorem. Therefore, Homy (Fy, X'(—, X)) = 0 for all
X € X, s0 F, € eff ¥. Conversely, assume F, € eff X. Since Homy (Fy, X(—, X)) = 0

for all X € X by and Extl o +(Fy, X(—,X) = 0 by , the exact sequence above
correspondence to the exact sequence

0 — Homy (Fs, X(—, X)) — 0 — Homy (F}, X(—, X)) — Extl 4+ (F3, X(—, X)) =0

Hence Homy (F3, X(—, X)) = 0 and therefore Ext! . (F3, X(—, X)) = 0 by [(iii)l This
implies that Homy (F;, X(—, X)) =0 forall X € X, and so F} € eff X and F3 € eff X. O

Since eff X is a Serre subcategory of mod X, the localization mod X/ eff X is an abelian
category, see Theorem . We let ¢: mod X — mod X /eff X denote the localization
functor. By abuse of notation, we denote an object in mod X and its image in mod X'/ eff X
by the same letter. Consider the functor ®: X — mod X'/ eff X given by the composite

X — modX L mod X/ eff X

where X — mod & is the Yoneda functor. It plays the role of the fully faithful functor in
Definition [I.1][(if)] To show this, we need the following lemma.

Lemma 4.4. Let X be an additive category satisfying [(A1) and|(A2). Let ¢: Fy — Fy be
a morphism in mod X with Ker ¢ € eff X and Coker ¢ € efft X. Then

Homy (F1, X(—, X)) —% Homy (Fp, X(—, X))

15 an isomorphism for all X € X.

Proof. Applying Homy(—, X(—, X)) to the exact sequence
0 —im¢ — F; — Coker¢p — 0
gives an exact sequence
0 — Homy (Coker ¢, X(—, X)) — Homy (F}, X (—, X))
— Homy (im ¢, X (—, X)) — Extl 4 1 (Coker ¢, X(—, X))

Since Coker ¢ € eff X, it follows that

Homy (Coker ¢, X(—, X)) =0 and Ext! ,,(Coker¢, X(—, X)) =0
by Theorem Hence the map

Homy (Fy, X(—, X)) - Homy (im ¢, X(—, X))

is an isomorphism. Similarly, applying Homy(—, X(—, X)) to the exact sequene

0 — Ker¢ — Fy —im¢p — 0
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and using that Homy (Ker ¢, X(—, X)) = 0, it follows that the map
Homy (im ¢, X'(—, X)) — Homy (Fo, X'(—, X))

is an isomorphism. Since Homy (Fi, X (—, X)) LN Homy (Fo, X(—, X)) is equal to the
composite

Homy(Fy, X(—, X)) = Homy (im ¢, X (—, X)) = Homy (Fp, X(—, X))
of two isomorphisms, the claim follows. O

To simplify notation we let A := mod X'/ eff X'. The localization functor ¢: mod X — A
induces a map

q: Homy (F, X (=, X)) = A(F, X(=, X)) [+ q(f)

for all X € X and F € mod X', which we also denote by ¢ by abuse of notation. We use
the previous lemma to show that it is an isomorphism.

Lemma 4.5. Let X be an additive category satisfying[(A1) and[(A2). The map
q: Homyx(F, X(—, X)) = A(F, X (=, X)) [ = q(f)

1s an isomorphism for all X € X and F € mod X.
Proof. The functor
Homy(—, X(—, X)): (mod X)°® — Ab
induces a well-defined functor
Homy(—, X(—, X)): A® — Ab

by Lemma and the universal property of the localization. Furthermore, ¢ induces a
natural transformation ¢: Homy(—, X(—, X)) = A(—, X'(—, X)) of functors A°® — Ab.
Also, by Yoneda’s Lemma the element 1y x) € Homy (X (—, X), X(—, X)) corresponds
to a natural transformation

o A=, X(=, X)) = Homy (=, X(—, X))
of functors A°® — Ab. Since the composite
A(=, X (=, X)) & Homy(—, X(—, X)) L A(—, X(—, X))

sends 1y(— xy € A(X(—, X), X(—, X)) to itself, it must be the identity map. Furthermore,
the composite

poq: Homy(—, X(—, X)) = Homy(—, X(—, X))
must also be a natural transformation when we consider Homy (—, X'(—, X)) as a functor
(mod X')°® — Ab. Since it sends 1y(— x) € Homy (X (—, X), X(—, X)) to itself, it must be
the identity map. This shows that ¢ is an isomorphism. [l
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Now we are ready to show that any additive category satisfying [(A1)|and |(A2)|is equiv-
alent to a subcategory satisfying [(B1)| |(B2)[ and |(B3)l Recall that ®: & — mod X'/ eftf X
is the functor given by the composite of the Yoneda embedding X — mod X and the lo-
calization functor ¢: mod X — mod X'/ eff X'. For simplicity, we also denote the essential
image of ® by X in the proof.

Proposition 4.6. Let X' be an additive category satisfying [(A1) and |(A2). Then the
functor ®: X — mod X/ eff X' is fully faithful, and its essential image satisfies|(B1), |(B2)

and|(B3).
Proof. By Lemma [4.5| the canonical map

Homy (X (—, X'), X(—, X)) = AX (-, X'), X(—, X))

is an isomorphism for all X, X’ € X', where A = mod X'/ eff X. Since the Yoneda embed-
ding is fully faithful, the functor ® must therefore be fully faithful. Now let F' € mod X
be arbitrary, and choose an epimorphism p: X'(—, X) — F in mod X. Since ¢ is exact,
q(p) is an epimorphism in A. This shows i.e. that X is generating. Next, assume
A(F,X(—,X)) =0for all X € X. Then Homy (F, X(—, X)) =0 for all X € X by Lemma
[4.5 and therefore F' € eff X by Lemma [4.3] It follows that F' = 0 considered as an object
in A, which shows . Finally, to prove , assume F' € Q% (A). Choose an exact
sequence

0= F 3 x(— X)) 5 X(—, X0o)

in A. By Lemma the maps ¢ and ¢ can be lifted to morphisms in mod X (which we
denote by the same name). In particular, we have a morphism g: X; — Xj in X’ such that
1 =go—. Let f be the weak kernel of g in X. Then the sequence of functors
X(—, X5) £5 x(—, X)) £5 X(—, Xo)

is exact in mod X'. Since ¢ is an exact functor, the sequence is also exact in A. Furthermore,
since F' is the kernel of g o — in A, there exists an epimorphism £: X(—, X3) — F in
A such that fo— = ¢o&. Now let k: X(—,X) — F be an arbitrary morphism in
A with X € X. Then the composite ¢ o k: X(—, X) — X(—, X;) can be written as
ho—:X(—,X)— X(—,X1) for some morphism h: X — X; in X, by Lemma[4.5 Since
goh =0, and f is a weak kernel of g, it follows that h factors through f. Therefore the
map ¢ o k factors through fo —: X(—, X3) — X(—, Xy). Since ¢ is a monomorphism, it
follows that x factors through £. Hence € is a right X-approximation, which proves the
claim. [

Our next goal is to prove the uniqueness of the ambient abelian category as required
in Definition . To this end, we need the following results describing a universal
property of mod X'/ eff X.

Lemma 4.7. Let X be an additive category satisfying|(Al) and|(A2). The following hold:




12 SONDRE KVAMME

(i) The functor ®: X — mod X/ eff X' preserves epimorphisms and sends a sequence
X5 ER X1 L Xy in X with f a weak kernel of g to an exact sequence

O(X2) 2L o(xy) 29 B(Xy)

in mod X/ eff X;
(ii) Let B be an abelian category and let V: X — B be an additive functor which

preserves epimorphisms and sends a sequence Xo ER X1 L Xy in X with f a weak
kernel of g to an exact sequence

U(X>) ), U(Xy) o, (Xo)
in B. Then there exists an exact functor mod X/ efft X — B extending ¥, which is
unique up to natural isomorphism.

Proof. Since the essential image of ® satisfies [[B1)], [(B2)| and [(B3)| by Proposition
part follows from Lemma . For part , let ¥ be a functor as in the lemma. Then
there exists a right exact functor ¥: mod X — B extending ¥, see Property 2.1 in [24].
Since ¥ sends weak kernels to exact sequences, it follows that ¥ is an exact functor by
Lemma 2.5 in [24]. Now let F' € mod X be arbitrary, and choose an exact sequence

X(—, X1) Joo, X(—,Xo) = F — 0. Applying T gives an exact sequence

U(X,) Y g(Xy) = (F) = 0
in B. If I € eff X, then f: Xy — Xp is an epimorphism in X by Proposition
Therefore W(f) is an epimorphism in B, which implies that W(F) = 0. This shows that
eff ¥ C Ker W. Therefore, by [10, Corollaire 2 and 3 on page 368-369] there exists an exact
functor

U: modX/eff X — B

satisfying U o ¢ = W. The fact that ¥ is unique follows readily from the fact that X is
generating in mod X'/ eff X. O

Now we can show the uniqueness of the ambient abelian category.

Proposition 4.8. Let A’ be an abelian category and X an additive subcategory of A" which

satz’sﬁes|(BZ)L |(BQ)‘ and|(33)|. Then there ezists an equivalence mod X/ eff X = A unique
up to natural isomorphism which makes the diagram

mod X'/ eft X = > A’
‘x Ausion
X

commute.



AXIOMATIZING SUBCATEGORIES OF ABELIAN CATEGORIES 13

Proof. By Lemma and Lemma we have exact functors
U: modX - A and ¥: mod X/eff X — A’

extending the inclusion X C A’. Our goal is to show that ¥ is an equivalence. Since X is
a generating subcategory of A’, it follows immediately that W is dense. We show that W
is faithful. Let F' € mod & be arbitrary and let X' (—, X;) Ioz, X(—,Xy) = F — 0 be an
exact sequence in mod X. Applying ¥, we get an exact sequence

X, L Xo = W(F) =0

in A’. Hence, if U(F) 20, then X, ER X is surjective in mod X'/ eff X'. Therefore, f must
be surjective in X, so F' € eff X. This shows that Ker U = eff X. Now if ¢ is a morphism
in mod X'/ eff X, then W(¢) = 0 if and only ¥(im¢) = 0 since ¥ is exact. Also, since
Ker U = eff X, it follows that im¢ € eff X, which implies that ¢ = 0 in mod X/eff X.
This shows that U is faithful.

It now only remains to show that W is full. Let F, F” € mod X, and let

X(— X)L X X)) S F =0 and X(— X)) I (-, X)) D F >0

be exact sequences in mod X'. Let ¢: U(F) — W(F’) be a morphism in A’. We then get a
commutative diagram

X! s T(F) ——— 0

where the rows are exact and K = Ker [¢p o U(r) ¥(n’)]. Choose an epimorphism X, —

K in A with X; € X and set X=X X & X,. Then we can factorize the map
X7 @ X{ — K as a composition X; & X] — X! — K where X] — K is an epimorphism.

Let [g } : X7 —= Xo@X| denote the map obtained by composing this epimorphism X} — K

m .

with the inclusion K — X, & X, let
F" = Coker(X(—, X!) 12— X(—, Xo @ X))
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and let 7: X(—, Xo ® X{j) — F" denote the projection. Then we get morphisms ¢': F' —
F" and ¢": F" — F” making the diagram

X(—, X)) —L= 5 x(—, Xp) T F » 0
T
N2 h o~ v 0 ~
X(—XI) — 5 X(—, Xg® X)) — s P 50
A |:0:| O_/\ ¢,,
1
X(— X)) — = x(—, X)) BN y 0

commutative. Note furthermore that ¥(¢") is an isomorphism, hence
T (Ker ¢") = 0 = ¥(Coker ¢")

since U is exact. This implies that Ker ¢ € eff X and Coker ¢ € eff X since Ker U = eff X'.
Therefore, ¢” is an isomorphism in mod X/ eff X, and hence admits an inverse ¢”~1. It is
now clear that

¢ — @((z)//fl) o §<¢/) — @((ﬁ//fl o ¢I>
which shows that ¥ is full. This proves the claim. O

Proof of Theorem [4.1]. This follows from Lemma[4.2] Proposition [4.6] and Proposition 4.8
O

As a consequence we get that the ambient abelian category also satisfies a universal
property.

Corollary 4.9. Let A" an abelian category and let X an additive subcategory of A" which
satisfies|(B1), |(B2) and|(B3). The following hold:

(i) The inclusion functor X — A’ preserves epimorphisms and sends a sequence Xo ER

X1 % Xy in X with f a weak kernel of g to an ezact sequence in A’;
(ii) Let B be an abelian category and let V: X — B be an additive functor which

preserves epimorphisms and sends a sequence Xo ER X135 Xy in X with f a weak
kernel of g to an exact sequence

U(Xy) 2 wx) 19 w(x,)

in B. Then there exists an exact functor A" — B extending ¥, which is unique up
to natural isomorphism.

Proof. This follows immediately from Lemma [4.7] and Proposition [4.8| O
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5. FUNCTORIALLY FINITE GENERATING COGENERATING SUBCATEGORIES

Let X be an additive category. We would like to find intrinsic axioms on X which axiom-
atizes functorially finite generating and cogenerating subcategories of abelian categories,
as in Definition [I.1] To this end, by Theorem [£.1] we know that X must satisfy [(A1)| and

and their duals
(A1)°? X has weak cokernels;
(A2)°? Any monomorphism in X" is a weak kernel.

To continue, we investigate the duality functor on mod X'. For each F' € mod X choose a
projective presentation

X(—, X)) 5 x(—, Xo) = F =0
in mod X. Applying the contravariant Yoneda functor to f: X; — X, gives a map
—o f: X(Xo,—) = X(X;,—) in mod X°?. We define F* = Ker(— o f) and Tr F' =
Coker(— o f), so that we have an exact sequence
0= F* = X(X,—) =L X(X1,—) > Tr F — 0.

in mod X°P. Dually, for I € mod X°? we choose a projective presentation
X(X)—) =L x(x), )= F >0
and define Tr I and F’* by the exact sequence
0 F"™ = X(— X)) °5 (=, X)) 5 Tt F' — 0.
Note that we have natural isomorphisms
(=) =2 Homy(—, X): mod X — mod AP
and
(—)" = Homyor(—, X°?): mod X°® — mod X

which we use to identify these functors, where Homy(—, X)) and Homyor(—, X°P) de-
note the functors given by Homy(—, X)(F) = Homy(F, —)|x and Homyos (—, X°P)(G) =
Homyor (G, —)|xer for FF € mod X and G € mod X°P, respectively. It follows that the
functors (—)*: mod X — mod X°? and (—)*: mod X°®* — mod X form an adjoint pair.
The unit and counit are part of exact sequences

(5.1) 0 — BExt? g yor (Tr F, XP) = F — F** — Extl i vop (Tr F, XP) — 0

(5.2) 0= Ext? qxv(Tr F,X) = F — F* — BExtl 1 ¢(Tr F, X) — 0

see for example Proposition 6.3 in [I] in the case X is a ring. Now by Lemma the
functor (—)* sends morphisms in mod X’ with kernel and cokernel in eff X to isomorphisms
in mod X°P. Together with the dual statement this implies that there are induced con-
travariant functors

mod X'/ eff ¥ - mod X°®* and mod X°?/eff P — mod X
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making the following diagrams commute

mod X —> mod X°P mod X°P —> mod X
mod X'/ eff X mod X°P/ eff A°P

Composing with ¢ gives contravariant functors

(—)": mod X/ eff ¥ — mod X°P/ eff AP

(—)": mod XP/eff ¥P — mod X/ eftf X
which we denote by the same symbol. The natural transformations Id — (—)** sat-
isfy the triangular identities in mod X and mod X°P, and hence also in mod X'/ eff X and
mod X°P / eff X°P. This implies that the functors (—)* still form an adjoint pair as functors
between mod X'/ eff X and mod X°P/ eff A°P.

Next we want to find conditions on X which ensures that (—)* induces an equivalence

mod X/ eff X =5 (mod X/ eff X°P)°P

Note first that for F' € mod X we have an isomorphism
Extpoqx(F) G) = Extyoq o (F, G)
where F” is a syzygy of F', i.e. fits in an exact sequence
0=F —-X(—X)=>F—0

Using this, we see that the unit and counit given by (5.1]) and (5.2)) becomes isomorphisms
in mod X'/ eff ¥ and mod X°P/ eff X°P if

Extl g yor(F, XP) €eff X for all F € mod X
Ext! 41(F, X) €eff XP for all F € mod X

which ensures that (—)*: mod X'/ eff ¥ — mod X°P/ eff X°P is an equivalence. To capture
this requirement, we introduce the following axiom:

(A3) Consider the following diagram

X2 >y X
\4 %
X

where f is an arbitrary morphism in X, where ¢ is a weak cokernel of f, where h
is a weak kernel of g, and where [ is an induced map satisfying h ol = f (which
exists since go f = 0 and h is a weak kernel of g). Then for any weak kernel
k: X5 — X} of h the map [l k] : Xo ® X} — X} is an epimorphism.

Proposition 5.3. Assume X is an additive category satsifying|(A1 ), [(A1)P} |(A2), |(A2)°P|
Then the following statements hold:
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(i) X satisfies|(A3) if and only if Ext} i yen(F, X) € eff X for all F € mod X°P;
i) X satisfies [(A3FP if and only if Ext) F . X) € eft X°P for all F' € mod X .
mod X

Proof. We prove , is proved dually. Let f: Xy — X; be arbitrary, and choose g, h,
k, 1l as in[(A3)] Let F be the cokernel of — o f: X (X1, —) — X(Xs3, —). Applying (—)* to

the exact sequence

X(Xo, =) =% X(Xy),—) =25 X(Xy,—) = F =0

we get a complex
(5.4) F* = X(—, Xo) &5 x(—, X1) 25 X(—, Xo)

Let K be the kernel of g o —. Since g o h = 0, it follows that the map ho —: X (—, X)) —
X (—, X1) factors through K via a morphism p: X(—, X)) — K. Since h is a weak kernel

of g, it follows that any map X(—, X) — K with X € X must factor through p. Hence,
p is an epimorphism. Similarly, if we let K’ = Ker(X(—, X}) oz, X (=, X)), then since
k: X5 — X} is a weak kernel of h, it follows that X' (—, X}) koo X (—, X}) factors through

K’ via an epimorphism X (—, X}) % K’. Hence, we get a commutative diagram

0 —— X(—, X} i X (=, X)) ® X(—, X}) M X(—= X3) —— 0

I I !

0 > K’ > X(—, X)) & > K > 0

with exact rows, where r = [lo — ko —]. Note that the cokernel of X(—, X5) — K is
Extl 4 vor (F, X). By the snake lemma, it follows that the cokernel of

rX(=, Xa) @ (=, X)) = X(—, X))
is also Extl 4 ve(F, X), since ¢ is an epimorphism. Hence, Extl ; yor(F,X) € eff X if

mod mod

and only if 7 is an epimorphism in mod X'/ eff X'. Since a map in X is an epimorphism in
mod X'/ eff X if and only if it is an epimorphism in X, it follows that r is an epimorphism
in mod X/ eff X if and only if [l k‘] : Xo® X5 — X is an epimorphism in X'. This proves

the claim. O

Remark 5.5. Note that the ”only if” direction of the proof of Proposition [5.3| uses the
following alternative version of [[A3)] which therefore must be equivalent to[(A3)|under the
assumption of [(A1)| [(A1)°P| [(A2)] |[(A2)°P;

(A3’) Let f: Xo — X; be a morphism in X'. Then there exists a diagram

9
y X1 >X0

X, /
\ %
Xy Xy
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where ¢ is a weak cokernel of f, where h is a weak kernel of g, where k is a
weak kernel of h, where [ is a map satisfying h ol = f, and where the map
[l k] : X, ® X — X} is an epimorphism.

We finish by giving a characterization of generating cogenerating functorially finite sub-
categories in terms of intrinsic axioms.

Theorem 5.6. Let P be the axioms|(A1),|(A1)°P| |(A2) |(A2)°P, |(A3) and|(A3)P. Then P
axiomatizes generating, cogenerating functorially finite subcategories of abelian categories.

Proof. If X satisfies (A1)} (A1)} A2 | [(A2)°P] [(A3)] and [(A3)FP, then by Proposition 5.3
and the exact sequences (5.1)) and ) it follows that (—)* induces an equivalence

mod X'/ eff X = (mod X/ eff A°P)P
which commutes with the natural inclusions
X —>modX/eff ¥ and X — (mod X°P/eff X°P)°P

By Proposition and its dual we get that X" is (equivalent to) a generating cogenerating
subcategory of mod X/ eff X. Therefore Q% (mod X'/ eff X¥) = mod X/ eff X, and since X
satisfies [(B3)| it follows that X" is contravariantly finite in mod X'/ eff X. Similarly, X is
also covariantly finite in mod X'/ eff X. This shows that X is a generating cogenerating
functorially finite subcategory.

Now assume X C A is a generating cogenerating functorially finite subcategory of an

abelian category A. By Theorem and its dual it follows that X satisfies [[A1)] [(A1)P)
and We only need to show that X satisfies [(A3)] since the proof for [(A3)pP
is dual. Note first that a morphism ¢g: X; — X, in X is a weak cokernel of f: X, — X7 if
and only if the induced map Coker f — X is a left X-approximation (and therefore also
a monomorphism). The dual statement holds for weak kernels. Now assume we are given
I.f,g,hk as in [(A3)] Since Ker g = Ker(X; — Coker f), it follows that f factors through
Ker g via an epimorphism p: X9 — Kerg. Also, since h is a weak kernel of g and k is
a weak kernel of h, the map h factors through Ker g via an epimorphism ¢: X}, — Kerg
and the map k factors through Ker h via an epimorphism p’: X% — Ker h. Hence we get a
commutative diagram with exact rows

u

[t o
0 > X5 > Xo @ X} > Xo > 0

b b

0 — Kerth — X, — 21— Kerg —— 0

Since the leftmost and rightmost vertical map are epimorphism, the middle map must be
an epimorphism. Therefore, X satisfies|(A3)] O
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6. RIGID SUBCATEGORIES

In this section we assume X is a generating cogenerating functorially finite subcategory

of an abelian category A. By Theorem [5.6/ we know that this is equivalent to|(A1)] [(A1)°P
[(A2) [(A2)°P| |(A3), [(A3)PP. Now we want to determine the intrinsic axiom needed to

capture the property
(6.1) Exty (X, X')=0for 0 <i<dand X, X' € X.

We consider the following:
(d-Rigid) For all epimorphism f;: X; — X in X there exists a sequence

b IR LN NG NS

with f;11 a weak kernel of f; and f; a weak cokernel of f;,; for all 1 <1 < d.

The following theorem relates these two notions:

Theorem 6.2. Let X be a generating cogenerating functorially finite subcategory of an
abelian category A. Then X satisfies|(d-Rigid) if and only if

Ext’ (X, X') =0
forall0<i<dandall X, X' € X.

Remark 6.3. By Lemma it follows that |(d-Rigid)| with d = 1 is equivalent to
(under the assumption that weak kernels and cokernels exist). Hence, it holds automati-

cally for a generating cogenerating functorially finite subcategory. This is reflected by the
fact that condition (6.1]) is empty for d = 1.

Proof of "if” part of Theorem[6.4 Assume fi1: X; — X, is an epimorphism in X'. Then
f1 must also be an epimorphism in A. Choose a right X-approximation X, — Ker fi,
which must be an epimorphism since X is generating. Let f; denote the composite Xy —
Ker f — X;. We continue this construction iteratively for 1 < < d, i.e. we choose a right
X-approximation X;,; — Ker f; and we let f;,; denote the composite X;,; — Ker f; — X;.
Then we get an exact sequence

Ngor 220 x, I 0 B x, B x Iy xS0

in A where f;,; is a weak kernel of f; for all 1 <i < d. Applying A(—, X’) with X’ € &
and using that Ext’;(X;, X’) = 0forall 0 < j < dand 0 < i < d+ 1, we get an exact
sequence

0 = A(Xo, X) =D A(X1, X7) =22 o0 2% A(xy, X)) 22 AKX, X

In particular, since the sequences A(X;_ 1, X’) SiN A(X;, X) ZLiEN A(X;41, X') are
exact for all 1 <i < d and all X’ € X, it follows that f;,1 is a weak cokernel of f; for all
1 <4 <d. This proves the claim. O

The goal in the remaining part of the section is prove the converse.
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Lemma 6.4. Let X be a generating cogenerating functorially finite subcategory of an

abelian category A. Assume X satisfies for some d > 1. Then Ext} (X, X') =0
forall X, X' € X.

Proof. Let 0 — X' 2% A Iy X = 0 be an exact sequence in A with X, X’ € X. Choose
a right X-approximation p: X; — A. Then g factors through p via a monomorphism
1: X' — X;. We therefore get a commutative diagram

0 s X —1 5 X, s Cokeri — 0
[ |
0 s X! — 2 s A LN s 0

with exact rows. This gives an exact sequence

iJ o
0—>X’@Kerp[ ]lep>X—>O
where j: Kerp — Xj is the canonical monomorphism. By |(d-Rigid)| there exists a se-

quence

X5 X, B ox, L% x o

where [ is a weak kernel of k and k is a weak kernel of f op, and where k is weak cokernel
of [ and f o p is a weak cokernel of k£, and where X3, X5 € A. Then

Cokerl 2 imk = Ker(f op) = X' @ Kerp.

Since k is a weak cokernel of [ it follows that the induced map

Cokerl = X' @ Kerp M X,
[L 0]

is a left X-approximation. Hence X' & Kerp —— X' factors through X;. This means
that there exists a map s: X; — X’ such that soi = 1x and soj = 0. Since A = Coker j,
we get an induced map ¢t: A — X' satisfying t o ¢ = 1x/. Therefore the sequence 0 —
X'5HAhxso0is split. Since the elements in Ext';(X, X’) can be described in terms
of Yoneda extensions, this proves the claim. ]

Lemma 6.5. Let X be a generating cogenerating functorially finite subcategory of an
abelian category A. Assume X satisfies |(d-Rigid) for some d > 1, and let f: X1 — Xq be
a weak cokernel in X. Then Ext!(Coker f, X) =0 for all X € X.

Proof. Applying A(—, X) for X € X to the exact sequence 0 — im f — Xy — Coker f — 0
gives an exact sequence
0 — A(Coker f, X) — A(Xp, X) = A(im f, X) — Ext’,(Coker f, X) — Ext!(Xp, X)

Now ExtY (X, X) = 0 by Lemma Also, since f is a weak cokernel, the map im f — X
is a left X-approximation. Therefore A(Xy, X) — A(im f, X) is surjective. By considering
the exact sequence above it follows that Exth(Coker fyX) = 0. This proves the claim. [
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Proof of "only if” part of Theorem [6.4 We prove that Ext’ (X', X) =0 for all X, X' € X
and 0 < i < d by induction on i. For ¢ = 1 this follows from Lemma [6.4 Assume
Ext) (X', X) = 0 for all X, X’ € X and all 0 < ¢ < j with j < d — 1. We prove that
Ext’ (X', X) =0 for all X, X' € X. Let

00— X Jite Aj+1 fj+1)"'f—2>A1f—1>X/—>O

be an exact sequence with X, X’ € X. Choose an epimorphism ¢g: X; — A; with X; € X,
and let g; = f1 o g. Next take the pullback square

A, —— Kergy

L

AQ —— Ker f1

and let g be the composite A, — Ker gy — X;. Now constrict iteratively A} and gx: A} —
Aj_, for k < j+ 1 such that

A, — Kergy4
Ak — Ker fk:—l

is a pullback square and gy, is the composite A} — Ker gr_; — A} _; (note that Ker g, =
Ker fi, for k > 2 and A} = A, for £ > 3). Then we get a commutative diagram with exact
rOWS

gj+2 gj+1 g g 9

0 y X —— A, —— - — A X —— X > 0
fi+2 Ji+1 f3 fa fi ,

0 y X > A > Ay > Aq y X > 0

Hence, both exact sequences represents the same element in the Yoneda Ext-group
Extffl(X ', X). Therefore, it is sufficient to show that the upper exact sequence is 0 as an
element in Ext/;"' (X, X). For this, it suffices to show that Ext’,(Ker g;, X) = 0. Now by

axiom |(d-Rigid)| there exists an exact sequence

hj h h: h h
Xj+3]—+3>"'—4—>X3—3—>X2—2—>X1—1—>X,—)0

where g1 = hy, and where h;,; is a weak kernel of h; and h; is a weak cokernel of h;,; for
1 <1< 7+2, and where X; € X for 1 <i < j+ 3. Now consider the exact sequence

0 — Kerh;11 = X;11 — Kerh; =0
where 1 <i < j — 1. Applying A(—, X), we get exact sequences
0 — A(Ker h;, X) = A(Xip1, X) = AKer b g, X) — -+ — Ext’ "(Xi1, X)
— Ext’"(Ker b1, X) — Ext' 7~ (Ker by, X) — Ext}7 7 (X0, X) — - -
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Since Ext’; (Xiy1, X) = 0 = Ext}7 (X1, X) for 1 < i < j — 1 by the induction
hypothesis, we get that
Ext 7~ (Ker h;, X) = Ext/, " (Ker hiyq, X)
Hence ' 4
Ext (Ker by, X) = Ext; ' (Ker hy, X) 2 - - 2 Ext} (Ker j, X)
Since Ker h; = Coker hjo and hj, o is a weak cokernel, it follows that
ExtY(Coker hjy9, X) =0
by Lemma Hence Ext, (Ker hy, X) = 0, which proves the claim. O

7. D-ABELIAN CATEGORIES ARE D-CLUSTER TILTING

In this section we show that any d-abelian category is equivalent to a d-cluster tilting
subcategory of an abelian category. More precisely, we show that being a d-abelian is
equivalent to having d-kernels and d-cokernels and satisfying axioms [(AT)] [(A1)°P] [(A2)]
[(A2)°P |(A3)] [(A3)PP, |(d-Rigid), and we show that such categories axiomatizes d-cluster
tilting subcategories.

We first recall the definition of a d-cluster tilting subcategory:

Definition 7.1. Let X be a full subcategory of an abelian category A, and let d > 0 be a
positive integer. We say that X" is d-cluster tilting in A if the following hold:

(i) X is a generating cogenerating functorially finite subcategory of A;
(ii) We have
X={Ac A|Exty (A, X)=0for1<i<d—1and X € X}
={Ac A|Exty(X,A)=0for 1 <i<d—1and X € X};
We need the following result on d-cluster tilting subcategories

Lemma 7.2. Let X be a generating cogenerating functorially finite subcategory of an
abelian category A. Assume Ext’y(X,X") =0 for 1 <i <d—1and X,X' € X. The
following are equivalent:

(i) X is d-cluster tilting in A;

(i1) X is closed under direct summands, and for any A € A there exists exact sequences

0A—-X 152X 4320 and 0> X, — - > X >A—=0
where X;, X! € X for1 <i<d.
Proof. This follows from [16, Proposition 2.2.2]. O

Let X be an additive category, and let f: X; — X be a morphism in X'. Following [21],
we say that a sequence
Xgp1 > Xg— - = Xy
in X is a d-kernel of f if the sequence of abelian groups

0= X(X, Xan) = X(X, Xg) = - = XX, X1) L5 X(X, Xo)
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is exact for all X € X. Dually, the sequence
Xo—=>X 1= = X4

is a d-cokernel of f if the sequence of abelian groups

0= XX g, X) = X(X g1, X) = - = X(Xo, X) =5 X(X, X)
is exact for all X € X.

Theorem 7.3. Let X be an idempotent complete additive category satisfying (A1)°P)
[(A2), |(A2)P| [(A3), [(A3)P, and|(d-Rigid). Assume furthermore that every morphism in

X has a d-kernel and a d-cokernel. Then X is equivalent to a d-cluster tilting subcategory
of an abelian category.

Proof. By Theorem and Theorem we can assume X’ is a generating cogenerating
functorially finite subcategory of an abelian category A satisfying Ext’(X, X’) = 0 for
all 0 < i < d and X, X’ € X. In particular, since X' is generating and cogenerating,
for any object A € A there exists morphisms f: X7 — Xy and ¢g: X§j — X', in X with
Coker f = A and Kerg = A. Since X is idempotent complete, taking the d-kernel of f
and the d-cokernel of g, we see that condition in Lemma holds. Hence X must be
d-cluster tilting in A. O

Next we recall the definition of d-abelian categories. Following [21], we say that a
complex

Xd+1fd—+1>"'—>X1f—1>X0

is d-exact if X 1 M i2—> Xy is a d-kernel of f; and X, id—> = X i1—> Xy is a

d-cokernel of fy.4.

Definition 7.4 (Definition 3.1 in [21]). Let d be a positive integer, and let X be an additive
category. We say that X is a d-abelian category if it satisfies the following
(i) X is idempotent complete;
(ii) Every morphism in X has a d-kernel and a d-cokernel;
(iii) Any complex

Xd+1fdi>"'—>X1f—1>Xo

where f; is an epimorphism and X, fd—“) e f—2> X is a d-kernel of f must be

d-exact;
(iv) Any complex
Xd+l M'“—)Xl f—1>X0
where f;,1 is a monomorphism and X, ﬁ> = X f—1> X is a d-cokernel of f;,q
must be d-exact.

Proposition 7.5. Let X be an additive category. Then X is d-abelian if and only if it is
idempotent complete, has d-kernels and cokernels, and satisfies|(A1), [(A1)®, [(A2), [(A2)P
(A3}, [AT}" and [@-Figid),
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Proof. The ”if” direction follows from Theorem and the fact that any d-cluster tilting
subcategory is d-abelian by [2Il Theorem 3.16]. Conversely, assume X is a d-abelian
category. Since X has d-kernels and d-cokernels, axioms |(A1)} [(A1)°P| hold automatically.

Also by Definition and the fact that X’ has d-kernels it follows that and

hold, and dually by Definition and the fact that X’ has d-cokernels it follows
that [[A2)PP holds. We show that X satisfies [[A3)] Let f°: X° — X' be a morphism, and

let f1: X' — X2 be a weak cokernel of f°. Then by [21, Proposition 3.13] there exists
objects Y} and Y in X and morphisms g : Y{' — X! and ¢7: Y2 — Y! and pJ: X° — V!
such that

(i) g1 is a weak kernel of f1, g7 is a weak kernel of gi;
(ii) g1 opf = f%;
(iii) The map [p) ¢i] : X° ® Y — Y{' is an epimorphism.
This shows that X satisfies axiom |(A3’)| which by Remark[5.5|is equivalent to|(A3)l Axiom
(A3)PP is proved dually. d

8. PRECLUSTER TILTING SUBCATEGORIES

Let X be an additive category satisfying [(A1), [(A1)°P, [(A2)} [(A2)°Pl [(A3), [(A3)PP and
(d-Rigid). The goal in this section is to find additional axioms on X so that it gives an
axiomatization of d-precluster tilting subcategories as introduced in [I8]. In order to do
this, we need to reformulate the definition of precluster tilting subcategories so that it
makes sense for any abelian category.

In the following we fix a commutative artinian ring R, an Artin R-algebra A, and we let
mod A be the category of finitely generated (right) A-modules. We denote by modA and
modA the quotients of mod A by the ideals of morphisms factoring through a projective or
injective object, respectively, and Q: modA — modA and Q~: modA — modA the syzygy
and cosyzygy functor, respectively. The objects in mod A and their image in modA and
modA will be denoted by the same letter. For a subcategory X of mod A, we let X and X'
denote the smallest subcategories of modA and modA which are closed under isomorphisms
and contain all X € X.

To define d-precluster tilting subcategories, we consider the d-Auslander-Reiten transla-
tions defined by

72:=7100Q% ! modA — modA and 7, =7 0 Q ¥V modA — modA

where 7: modA — modA denotes the classical Auslander-Reiten translation with quasi-
inverse 77 : modA — modA.

Definition 8.1 (Definition 3.2 in [18]). Let & be an additive subcategory of mod A. As-
sume X is closed under direct summands. We say that X is a d-precluster tilting
subcategory if it satisfies the following:

(i) X is a generating cogenerating subcategory of mod A;
(i) 74(X) € X and 7, (X) € X for all X € X
(iii) Exty (X, X')=0forall X, X' € X and 0 <i < d;
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(iv) X is a functorially finite subcategory of mod A.

The appearance of 7; and 7, makes precluster tilting subcategories difficult to axioma-
tize. Luckily, criterion [(ii)|in Definition [8.1]can be reformulated in homological terms. Our
first goal is to do this. For d > 1 such a reformulation is already known, as the following
result shows. For simplicity we set

iy .= {M € mod A | Exti (M, X)=0forall 0 <i<dand X € X}
and .
Xtd .= {M € mod A | Exti(X,M)=0forall 0 <i<dand X € X}.

Lemma 8.2 (Proposition 3.8 part b) in [I8]). Let d > 1 be an integer. Assume X is an
additive subcategory of mod A closed under direct summands and satisfymg
in Definition [8.1. Then the following are equivalent:

(1) X is d-precluster tilting;
(ii) Lex = Xt

We also need the following lemma which gives a simpler criterion for when +¢X = X+d,

Lemma 8.3. Let d > 1 be a positive integer, and assume X s an additive subcategory
of mod A closed under direct summands and satisfying . m, n Deﬁmtwn
Assume furthermore that X+ C 12X and +¢X C X*2. Then t4X = X

Proof. We prove by induction on 2 < i < d that X4 C L X. For i = 2 this follows by
assumption. Assume the claim holds for 2 < i < d, and we want to show that it holds for
i+ 1. Let M € X4 choose a right X-approximation f: X — M, and let M’ = Ker f.
Applying Hom (X', —) with X’ € X to the exact sequence

(8.4) 0>Mo>xL M=o

gives a long exact sequence

0 — Homy (X', M') — Homy (X', X) L= Homy (X', M) — Exth (X, M)
— Ext} (X', X) = -+ = Ext) (X', M) — Ext) (X', M) — Ext) (X', X) — - -
Since f is a right X-approximation, it follows that the map
Homa (X', X) £ Hom, (X', M)

is an epimorphism. Also, since Ext?\(X '"X) = 0 for 0 < j < d by Definition
and Ext/ (X', M) = 0 for 0 < j < d by assumption, it follows that Ext} (X', M') = 0 for
0 < j <d Hence M' € X+¢ and therefore M’ € +iX by induction hypothesis. Now
applying Homy (—, X’) to and considering the long exact sequence we get

Ext) (M, X") = Exty '(M', X") =0
since Ext} (X, X’) = 0 = Ext,*(X,X’). This shows that M € *#+1.X. Therefore, by

induction we get that X+¢ C +¢X. The inclusion +¢X C X4 is proved dually. Combining
the inclusions, we get that *¢X = X4, which proves the claim. O
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Note that Lemma[8.2] only holds when d > 1, so we still need a homological reformulation
of Definition when d = 1. This is done by the following result.

Theorem 8.5. Let d be a positive integer, and assume X is an additive subcategory of

mod A closed under direct summands and satisfying and in Definition .

The following are equivalent:

(i) X is a d-precluster tilting subcategory;
(ii) For any exact sequence in mod A

0— M I8 x, I By x By B g

with X; € X for 1 < i <d, the following hold:

(a) If the induced map X; — im f; is a right X-approzimation for all 1 < i < d,
then fqi1: M — Xy is a left X-approximation;

(b) If the induced map im f; — X;_1 is a left X-approximation for all2 < i < d+1,
then fi1: X1 — M is a right X-approximation.

Proof. We prove the cases d > 1 and d = 1 separately. First assume d > 1 and that X is
a d-precluster tilting subcategory. Let

0 ML x, da By, By g

be an exact sequences such that X; € X and X; — im f; is a right X-approximation for
all 1 <i <d. Applying Hom, (X, —) with X € X to the exact sequence

0—imfiy1— X, —imf; =0
and using that Extﬂ(X, X;) =0 for 1 <j <d, we get that
Ext} (X,im fi;1) =0 and Ext) (X, im fiy) = Ext) (X, im f;)
for 1 <i<dand 2 < j <d. Hence, we have that
Ext) (X,im fy) = Ext} (X, im fy_1) 2 - 2 Exth (X, im fy_;41) = 0

for 0 < j < d. This shows that im f; € X4, so im f; € *2X by Lemma , and therefore
fag1: M — X, is a left X-approximation. This together with the dual argument shows

the implication — for d > 1.
Conversely, assume d > 1 and that & satisfies part of the theorem. Let M’ € X+,
and choose a right X-approximation X; — M’ and an exact sequence

0= M — X 258 X, 22 0 By x Iy o

Since Ext (X, M) = 0 and Ext} (X, X’) =0 for 0 <i < d and X, X’ € X, it follows that
the sequence

Homy (X, Xy1) 257 - 227 Homy (X, X;) 25 Homy (X, M) — 0

is exact for X € X. Hence the canonical map X; — im f; is a right X-approximation
for 1 < ¢ < d— 1. Therefore, by assumption we get that the map Ker f; — X, is a
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left X-approximation, where f; is the composite X; — M’ — X, ;. Hence, applying
Homy (—, X) with X € X to the exact sequence

0—=Kerfs—Xg— M —0

we get that Exty (M’, X) = 0so M’ € 12X. Since M’ € X'+ was arbitrary, this shows that
X+da C 22X, The inclusion +¢X C X2 is proved dually, and the fact that X is d-precluster
tilting follows from Lemma [8.2] and Lemma [8.3]

Now we assume d = 1 and X is a 1-precluster tilting subcategory. Let

0->ML X4 M -0
be an exact sequence with f a left X-approximation. Then since 7(X’) € X for all X' € X,
all morphisms M — 7(X’) will factor through f. Hence by [3, Chapter IV, Corollary 4.4]
all morphisms X' — M’ with X’ € X will factor through g. Therefore g is a right
X-approximation. Together with the dual argument this shows that 1-precluster tilting
implies condition in the theorem.

Finally, assume d = 1 and that condition holds for X. Assume furthermore that
there exists an indecomposable module X € X for which Y = 7(X) ¢ X. By abuse of
notation we let 7(X) denote the indecomposable module in mod A corresponding Y in
modA. Consider the commutative diagram with exact rows

0 — 7(X) > B > X > 0
| e e
0 — 7(X) > X! > M > 0

where the top row is an almost split sequence, and where 7(X) — X' is a left X-
approximation with cokernel M. Since 7(X) ¢ X, the morphism 7(X) — X' is not a
split monomorphism, and therefore it factors through 7(X) — E. Hence we obtain verti-
cal maps £ — X’ and X — M making the diagram commute. By assumption we have that
X' — M is a right X-approximation, and hence X — M factors through X’ — M. Since
the rightmost square is a pushout square, it follows that £ — X is a split epimorphism.
Therefore the sequence 0 — 7(X) — E — X — 0 must be split, which is a contradiction.
This shows that 7(X) € X. The implication X € X = 77 (X) € X is proved dually. 0

Motivated by this, we define d-precluster tilting subcategories for arbitrary abelian cat-
egories. By Theorem [8.5]it coincides with the classical definition for A = mod A.

Definition 8.6. Let X be an additive subcategory of an abelian category A. Assume X
is closed under direct summands. We say that X is a d-precluster tilting subcategory
if it satisfies the following:

(i) X is a generating cogenerating subcategory of A;

(ii) For any exact sequence in .4

(/RN AT NS AN\ ENS e AN RN

with X; € X for 1 < i < d, the following hold:
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(a) If the induced map X; — im f; is a right X-approximation for all 1 <7 < d,
then fyi1: A" — X, is a left X-approximation;
(b) If the induced map im f; — X;_; is a left X-approximation for all 2 < ¢ < d+1,
then f;: X7 — A is a right X-approximation.
(iif) Ext’ (X, X") =0for all X, X’ € X and 0 < i < d;
(iv) X is a functorially finite subcategory of A.

We now introduce the necessary axiom to capture Definition [8.6][(ii)]
(A4.d) Consider a sequence

DEELND FELNNELN GRS LS LS o

with f;11 a weak kernel of f; for all 0 <7 < d. Then f;.; is a weak cokernel.

Theorem 8.7. Let X be a generating cogenerating functorially finite subcategory of an
abelian category A satisfying Ext’y (X, X') =0 for all X, X" € X and 0 < i < d. Then X
satisfies |(A4.d) and [(A4.d P if and only if it is d-precluster tilting.

Proof. This follows immediately from the fact that a map X Iy X7 is a wealk kernel or
weak cokernel if and only if the projection X — im f is a right X-approximation or the

inclusion im f — X’ is a left X-approximation, respectively. O
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