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1. Introduction

Let V be a holomorphic vector field defined on a projective algebraic variety X. The zero subscheme Z
is the subspace of X defined by the ideal generated by VOx and we denote it by XV.

The existence of a holomorphic vector field with zeroes on a smooth projective variety imposes restrictions
on the topology of the manifold. For examples, the Hodge numbers h?9(X) = 0 if |[p — ¢| > dim Z (see [5]).
For a smooth complex projective variety X admitting a C*-action, Bialynicki-Birula’ structure theorem
describes the relation between the structure of X and that of the fixed points set ([3]).

According to Lieberman ([37]), the existence of a holomorphic vector field V' on a complex algebraic
projective variety X with nonempty zeroes is equivalent to the existence of the action a 1-parameter group
G, which is isomorphic to a product of C*’s and at most one C’s. This encourages us to study the structure
of projective varieties admitting a C*-action or a C-action.

In this paper, we consider the case that X is a singular projective variety admitting a C-action (resp.
C*-action). In this case, the relation between the structure of X and that of the fixed point set is subtle. A
general result of Bialynicki-Birula says that X and the fixed point set are C-equivalent (resp. C*-equivalent).
In [27], we got the Chow group of zero cycles and Lawson homology group of 1-cycles for X admitting a
C-action.

When X is singular and admitting a C*-action, the Bialynicki-Birula type structure theorem also holds
for singular homology groups if the action is “good” in sense of [4]. In general, it does not hold for a singular
X admitting a C*-action without additional conditions. For a singular variety X admitting the certain C*-
action with isolated fixed points, Carrell asked if the odd Betti numbers of X vanish, etc. In section 3, we
ask parallel questions to those of Carrell and give answers to all of them. We give negative answers to some
of these questions. We compute the Chow groups of 0-cycles for singular varieties admitting a C*-action
with isolated fixed points. As a contrast to projective varieties admitting a C-action, the parallel result for
Lawson homology group of 1-cycles does not hold any more (see Example 3.29).

In section 4, we briefly review and summarize some known algebraic and topological invariants for Chow
varieties C), q(P™) parameterizing effective p-cycles of degree d in the complex projective space P". We give
a counterexample to the problem of Shafarevich on the rationality of the irreducible components of Chow
varieties, based on the work of Eisenbud, Harris, Mumford, etc.

As applications of section 2 and 3, we compute the Chow group of zero cycles and Lawson homology
groups of 1-cycles for Chow varieties.

2. Invariants under the additive group action

Let X be a possible singular complex projective algebraic variety which admits an additive group action.
Our main purpose is to compare certain algebraic and topological invariants (such as the Chow group of
zero cycles, Lawson homology, the singular homology, etc.) of X to those of the fixed point set XC. If X
is a smooth projective variety, then most of its topological invariants are studied and computed in details.
However, some of algebro-geometric invariants are still hard to identify. Some of those invariants have been
investigated even if X is singular. In this section, we will identify some of these invariants including the
Chow groups of zero cycles, Lawson homology for 1-cycles, the singular homology with integer coefficients,
etc.

2.1. A-equivalence
Let A be a fixed complex quasi-projective algebraic variety. Recall that an algebraic scheme X is simply

A-equivalent to an algebraic variety X, if X; is isomorphic to a closed subvariety X% of X and there
exists an isomorphism f : X5 — X} — Y x A, where Y is an algebraic variety. The smallest equivalence
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relation containing the relation of simple A-equivalences is called the A-equivalence and we denote it by
~ (see [2]). A result of Bialynicki-Birula says that X~X® if X is a quasi-projective variety admitting
a C-action. A similar statement holds for X admitting a C*-action. From this, Bialynicki-Birula showed
that HY(X,Z) = H(X®,Z) and H'(X,Z) = H'(XC,Z) in the case that X admits a C-action, where
x(X) = x(X©") in the case that X admits a C-action (see [2]). Along this route, more additive invariants
have been calculated for varieties admits a C or C*-action (see [28]).

2.2. Chow groups and Lawson homology

Let X be any complex projective variety or scheme of dimension n and let Z,(X) be the group of algebraic
p-cycles on X. Let Chy,(X) be the Chow group of p-cycles on X, i.e.

Ch,(X) = Z,(X)/{rational equivalence}.

Set Chy(X)g = Chy(X) ® Q, Chy(X) = P> Chy(X). For more details on the Chow theory, the reader
is referred to Fulton ([21]).

Proposition 2.1. [27] Let X be a (possible singular) connected complex projective variety. If X admits a
C-action with isolated fized points, then Chy(X) = Z.

Remark 2.2. More generally, by using the same method, we can show that if X admits a C-action with a
fixed points set XC, then Chy(X) = Cho(X©).

The Lawson homology L,H;,(X) of p-cycles for a projective variety is defined by
L Hp(X) := mp_0p(Z,(X)) for k>2p>0,

where Z,(X) is provided with a natural topology (cf. [18], [34]).
In [19], Friedlander and Mazur showed that there are natural transformations, called Friedlander-Mazur
cycle class maps

q)p,k: : Lka(X) — Hk(X,Z) (23)

for all £k > 2p > 0.
Set

Lka(X)hom = ker{q)p,k : Lka(X) — Hk(X)},
Lka(X)@ = Lka(X)(g)Q

Denoted by ®,, ;. @ the map @, , ®Q : L, H(X)go — Hi(X, Q). The Griffiths group of dimension p-cycles
is defined to be

Griff, (X) := Zp(X)hom/ Zp(X)atg-
Set
Griff,(X)q := Griff ,(X) ® Q;
It was proved by Friedlander [18] that, for any smooth projective variety X,

LpH?p(X) = Zp(X)/Zp(X)alg-
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Therefore
Lp,Hop(X)hom = Griff,,(X).
Proposition 2.4. [27] Under the same assumption as Proposition 2.1, we have
LiH(X) 2 Hy(X,Z)
for all k > 2. In particular, Griff;(X) = 0.

Remark 2.5. The isomorphism LoH(X) = Hy(X,Z) holds for any integer k > 0, which is the special case
of the Dold-Thom Theorem.

Remark 2.6. The assumption of “connectedness” in Proposition 2.4 is not necessary. By the same reason,
we can remove the connectedness in Proposition 2.1, while the conclusion “Cho(X) = Z” would be replaced
by “Cho(X) = Ho(X,Z)".

2.8. The virtual Betti and Hodge numbers
Recall that the virtual Hodge polynomial H : Varc — Zlu,v] is defined by the following properties:

(1) Hx(u,v):=3, (~1)PT¢dim H(X, Q% )uPv? if X is nonsingular and projective (or complete).
(2) Hx(u,v) = Hy(u,v) + Hy (u,v) if Y is a closed algebraic subset of X and U = X — Y.
(3) If X =Y x Z, then Hx(u,v) = Hy (u,v) - Hz(u,v).

The existence and uniqueness of such a polynomial follow from Deligne’s Mixed Hodge theory (see
[12,13]). The coefficient of uPv? of Hx (u,v) is called the virtual Hodge (p,q)-number of X and we denote
it by h?7(X). Note that from the definition, h?7(X) coincides with the usual Hodge number (p, ¢)-number
hP4(X) if X is a smooth projective variety. The sum %(X) := D itk hP4(X) is called the k-th virtual
Betti number of X. The virtual Poincaré polynomial of X is defined to be

2dime X
Px(t):= Y BMX),
k=0
which coincides to the usual Poincaré polynomial defined through the corresponding usual Betti numbers.

3. Results related to the multiplicative group action

In this section we will give all kinds of relations between a complex variety (not necessarily smooth,
irreducible) and the fixed point set of a multiplicative group action or an additive group action.

Let X be a smooth complex projective variety which admits a C*-action with fixed point set X©". Denote
by Fi,--- , F, the connected components. It was shown by Bialynicki-Birula that there is a homology basis
formula ([3]):

Hi(X,Z) = @ Hyon, (F}. 2), (3.1)
j=1

where ); is the fiber dimension of the bundle in P; : Xj'-Ir — F; and X]‘-" ={r e X :limy_,ot-x € F;}. This
result has been generalized to compact Kéhler manifolds without change by Carrell-Sommese [8] and Fujiki
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independently. In fact, when X is a compact Kéhler manifold, the Hodge structure on X is completely
determined by that on the fixed point set in an obvious way.

Furthermore, there are similar basis formulas for Chow groups (see [10] for X~ finite and [40] for the
general case) and Lawson homology (see [39] for X~ finite and [33] for the general case), as applications
of Bialynicki-Birula’ structure theorem ([3]).

However, if X is a singular projective algebraic variety, Equation (3.1) would be failed in general. Under
some additional conditions, Equation (3.1) may still hold. For example, if the C*-action on X is “good” in
the sense of Carrell and Goresky, Equation (3.1) has been shown to hold (cf. [4]).

There are several questions related to the structure of X and X . J. Carrell asked the question how
does the mixed Hodge structure on X relate to the mixed Hodge structure on the fixed point set in the case
of good action.

Question 3.2. ([6, p.21]) In the case of a good action, how does the mixed Hodge structure on X relate to
the mixed Hodge structure on XC"?

We will give an explicit relation on the mixed Hodge structure between X and X€", especially the relation
of their virtual Hodge numbers (see Proposition 3.10).

When X is a possibly singular complex projective variety with a C*-action, where a “variety” means a
reduced, not necessary irreducible scheme, Carrell and Goresky showed that there still exists an integral
homology basis formula under the assumption that the C*-action is “good” ([4]).

Carrell asked the following question.

Question 3.3. ([6, p.22]) If an irreducible complex projective variety X admits not necessarily good C*-action
with isolated fixed points, do the odd homology groups of X vanish?

The following example gives a negative answer to his question.

Example 3.4. Let C be a cubic plane curve with a node singular point p, e.g. (zy? = 23 + 222) C P2. The
normalization ¢ : C' — C of C is isomorphic to P1. Let C* x P! — P! be the holomorphic C*-action given
by (¢, [x : y]) — [tx : y]. The fixed point set of this action contains two points, [1 : 0] and [0 : 1]. We can
always assume o([1,0]) = o([0 : 1]) = po by composing a suitable automorphism of P!, where pg = [0: 0 : 1]
is the singular point of C. The holomorphic C*-action on P! descends to a holomorphic C*-action on C
whose fixed point set is the single point p. More explicitly, such a map o can be given by the formula:
o: Pt C,[s:t]— [st(s+1):st(s—1t):(s+1)3].
However, the fundamental group of C is isomorphic to Z, so H1(C,Z) =2 Z and $1(C) =1#0.

In each dimension n > 1, there exists a projective variety X satisfying the assumption in Question 3.3
such that 31(X) # 0. To see this, note that P"~! admits a C*-action with isolated fixed points for each
integer n > 1. Hence X := C' x P"~! admits an induced C*-action from each component with isolated fixed
points. Therefore, we get 81(X) = 51(C) by the Kiinneth formula and the later is nonzero from Example 3.4.

In Example 3.4, X admits a C*-action but the odd homology group H;(X,Z) is nonzero. However, the
odd virtual Betti numbers and the virtual Hodge numbers ﬁp*q(X ) are zero, where p # ¢. To see this, we can
write C'= C* Upg and so He(u,v) = (uv — 1) + 1 = uv. Hence h10(C) = h%1(C) = 0 and 5'(C) = 0.

In certain sense, the virtual Betti numbers are more suitable to reveal the topology of a singular variety.
A natural question would be the following modified version of Carrell’s Question in virtual Betti numbers.

Question 3.5 (Modified version of Carrell). If an irreducible complex projective variety X admits not nec-
essarily good C*-action with isolated fixed points, do the odd virtual Betti numbers of X vanish?
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If X is irreducible and dim X = 1, the answer to the question is positive. In this case, X = C*UY and
Y is a set of finite points. Then Hx (u,v) = (uv — 1) + k = uwv + k — 1 and the odd virtual Betti numbers
of X are zero, where k is the number of points of Y.

If X is smooth projective, then the answer to the question is positive ([3]). Moreover, if the C*-action on
X is “good” in the sense of Carrell and Goresky, the answer is also positive (see Corollary 3.16 for a weaker
condition such that the answer is positive).

The following example of a projective variety admits a not “good” C*-action, but the answer to Ques-
tion 3.5 is positive.

Example 3.6. Let X := SPd(]P’”) be the d-th symmetric product of the complex projective space P™. The
standard (C*)"-action on P induces a (C*)"-action on SP(P™) with isolated fixed points. It follows from
Cheah [9] that the k-th virtual Betti number of SP*(P™) is the coefficient of tz* in the power series of
Hj:O(l — tx?)~1, Hence f1(SP*(P™)) = 0 for and all d and all odd k.

Under a weaker condition than Carrell and Goresky’s “good” condition, the answer to Question 3.5 is
positive (see Corollary 3.16).

However, in general, the answer to Question 3.5 is negative. There is an irreducible projective algebraic
surface S admitting C*-action with isolated zeroes such that the first virtual betti number 3;(S) # 0. Such
a surface was constructed by Lieberman ([38, p.111]) as a nonrational surface admitting a holomorphic
vector field with isolated zeroes. A suitable modification fulfills our purpose. The following example gives a
negative answer to Question 3.5.

Example 3.7. Let Y = P! x C, where C is a smooth projective curve with genus g(C) > 1. Let us consider
the C*-action ¢ : C* x Y — Y given by (¢, ([u: v],2)) = ([u: tv], z), where [u : v] denotes the homogeneous
coordinates for P! and z denotes the coordinate for the curve C. The fixed points of the action ¢ are
Cy:=[1:0]x Cand Cy := [0 : 1] x C. Each of these curves has self-intersection zero. Let o : S — Y be
obtained from Y by blowing up one point p; on each C; (i =1 2) and let ¢ : C x S — S be the equivariant
lifting action. The fixed points of ¢ are the proper transforms C; of C; and two other isolated points. Since
the self-intersection number of C; on S is —1. One can blow down & : S — S the C; to obtain a projective
surface S, which admits the induced C*-action. Moreover S are four isolated points. In explicitly, we have
the following relations

— 7 .5 (3.8)

Now we can compute the virtual Betti numbers from the construction. Since S — C~'1 — C~'2 =S5 5(5’1) —
5(Cy) and S — By — B9 2 Y — p; — pa, where B} = Ey & P! we have by using the additive property of the
virtual Poincaré polynomial

5(8) = P, (8) = P, (8) + Py (1) + Py (1)

= (t) Po(t) +2

Py (t) + 2Pps(t) — 2 — 2Pc(t) + 2

= PIPIXC( )+2PP1( ) 7272PC(15)+2

= Ppi(t)Po(t) + 2Pp: (t) — 2 — 2Pc (t) + 2

= (P +1)(2+29(O)t+ 1)+ 282+ 1) — 2(t* + 29(C)t + 1)
= t* +29(C)t3 + 2t — 2g(C)t + 1.
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Since g(C) > 1, B1(S) = —29(C) # 0.

Remark 3.9. We can also construct examples of projective varieties in any dimension greater than or equals
to 2 such that the answer to Question 3.5 is negative. Since P™ admits a C*-action with isolated fixed
points, so S x P™ admits a C*-action with isolated points, where S is the projective surface constructed in
Example 3.7. By using the product property of the virtual Poincaré polynomial, it is easy to compute that
B1(S x P™) = —2¢(C).

Now we shall show that the answer to Question 3.5 is positive under certain not “good” condition. For a
singular variety X with a C*-action, one can always find an analytic Whitney stratification whose strata are
C*-invariant. Recall that the C*-action on X is singularity preserving as t — 0 if there exists an equivariant
Whiteny stratification of X such that for every stratum A, and for every x € A, the limit x¢g = lim; ot - x
is also in A (cf. [4]). In this case, X = U;:1 X;r, and X;r — Fj is a topologically locally trivial affine space
bundle (cf. [4, Lemma 1]). Denote m; be the dimension of the fiber of the bundle X;r — Fj.

Then we have the following relation on virtual Hodge polynomials between X and the fixed point set.

Proposition 3.10. Suppose X admits a Whitney stratification which is singularity preserving ast — 0. Then

.
Hx (u,v) = Z Hp, (u,v)u™ v™,
j=1

where F; and m; are given as before.

Proof. Suppose X has a Whitney stratification that is singularity preserving as ¢t — 0 and let F}; denote a
fixed point component. For a stratum A, the map F; N A, p}l(Fj NA):={zeX:lim,o(t-z) € F; NA}
is Zariski locally trivial affine space bundle (cf. [3], [7]). Since F; = Uaes(F; N A), where S is the set of all
strata of X in the given Whitney stratification. Hence the total space of the topological locally trivial affine
space bundle X;‘ — F}; can be written the disjoint union of subvarieties pj_l(Fj NA).

Therefore, we have

Hx(u,v) = Z;=1 IT[X].+ (u, v)
- Z;:l 2 aes Hpgl(ijA)(Uv v)
= 22:1 > aes Hrna(u,v) - Hems (u,v)
= Z;n:l HFj (U7 U) . HC"”J' (u’ q})
= > i1 Hr (w,0)(wo)™. O

Remark 3.11. Proposition 3.10 does not have to hold if the singularity preserving property fails. For example,
X is the cone in P! over a smooth projective variety V C P™ = (2,41 = 0) with vertex PO =[0:---: 0: 1],
the C*-action on X induced by the action (¢,[20 : -+ : 2y : 2nt1]) = [tzo -+t tzy ¢ 2pt1] on P?TL The
fixed point set is V and P°, and the action is not singularity preserving as ¢ — 0. In this case we observe
that Hx (u,v) # Hy (u,v) + hpo(u, v)u™v™. However, if the action is given as (¢,[z0 : <+ : 2n : 2Znt1]) — [20

i Zp ¢ tzpg1] on PPt is singularity preserving as t — 0. So Hx (u,v) = Hy (u,v)uv + Hpo(u,v) =
Hy (u,v)uv + 1.

From the proof of the above theorem, we see that if X can be decomposed as the disjoint union of locally
closed subvarieties (not necessarily irreducible) W; for j = 1,--- ,r, where W; is a locally trivial affine space
bundle over F; with fiber C™ in Zariski topology, then Hx (u,v) = 22:1 Hp, (u,v)u™iv™s.
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From Proposition 3.10, we see that the mixed Hodge structure of X is partially determined by the mixed
Hodge structures of the fixed point set. One also obtains from Proposition 3.10 that the virtual Hodge
numbers of X are nonnegative if all F; are smooth projective varieties.

Corollary 3.12. Suppose X admits a Whitney stratification which is singularity preserving as t — 0. Then
hPI(X) =0, V|p—gq|>dimXC".

In particular, if X© contains only isolated points, then ﬁp*q(X) =0 for allp # q.

One obtains the relations between virtual Betti numbers of X and those of the fixed point set immediately
from Proposition 3.10.

Corollary 3.13. Suppose X admits a Whitney stratification which is singularity preserving as t — 0. Then
Px(t) =Y Pr,(t)t*™. (3.14)
j=1

If the C*-action on a projective variety X is “good” in the sense of Carrell and Goresky (cf. [4]), then the
usual Poincaré polynomial Py (t) of X can be expressed in terms of that of the fixed point set as follows:

Px(t) = i Pr, (t)t*™. (3.15)

Furthermore, if F; are smooth projective varieties, then Py (t) = Px(t) since Pp, (t) = P, (t) for each Fj
and Equation (3.14)-(3.15). In other words, the virtual Betti numbers and the usual Betti numbers coincide
for such projective varieties. This gives us the following corollary.

Since the answer to Question 3.5 is negative in general, the following corollary gives a sufficient condition
for the C*-action such that the odd virtual Betti numbers vanish. This condition is much weaker than
Carrell and Goresky’s “good” condition.

Corollary 3.16. Under the assumption in Question 3.5 and suppose X admits a Whitney stratification which
is singularity preserving as t — 0. Then

Bok_1(X) =0, Vk>dimXxC.
In particular, if X€ contains only isolated points, then Bk(X) =0 for all odd k.

For a C*-action on algebraic varieties, there is a relation between virtual Hodge numbers between X and
XC (see [29)), i.e.,

dooiX)= Y PUXE), Vi, (3.17)

pP—q=t pP—q=t

If we set beyen(X) 1= 2, b2i(X) and bpqa(X) := 3, bai—1(X), then we get from equation (3.17)

. (3.18)
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In particular, X admits a C*-action with isolated zeroes, then Eodd(X) =0, i.e., the sum of all odd virtual
Betti numbers is zero.

Note that the Euler characteristic x(X) of X is equal to beyen (X) — boga(X) and Equation (3.18) implies
the fixed point formula for the Euler characteristic: y(X) = x(X€").

When X admits C-action with isolated fixed point, it was shown that Ch(X) = Z (see Proposition 2.1).
Inspired by this result, it is natural to ask if Chy(X) = Z holds for a C*-action. Amazingly, such a statement
still holds.

Proposition 3.19. If X is a connected projective variety admitting a C*-action with isolated fixed points,
then we have Chy(X) = Z.

Proof. Since X admits a C*-action with isolated fixed points, there exists a C*-invariant Zariski open set
U C X such that U 2 U’ x C* (see [2]). Such U and U’ can be assumed to be non-singular if necessary.
Set Z = X — U. By the localization sequence of higher chow groups and homotopy invariance, we get
Cho(U’' xC*,1) = Cho(U"). From the Poicaré duality, homotopy invariance of cohomology and the Kiinneth
formula for the Borel-Moore homology, we obtain that HPM (U’ x C*) = H?>"~1(U’ x C*) = H?"~1(U’ x
SY =~ HBM(U' x SY) = HPM(U’). Note that the cycle class map Cho(U’) — HFEM(U',Z) is always
surjective. Hence the higher cycle class map ¢o(U, 1) : Cho(U, 1) — HBM (U, Z) is surjective.

By applying the localization sequence to (X, Z) and using the natural transform for the higher chow
group to the singular homology group, we get

k]

HlB]V[(UaZ) - HO(sz) - HO(sz) - H(‘;BM(U’Z) — 0.

0 (3.20)

By induction hypothesis, we have the isomorphism Chg(Z) = Ho(Z,Z). Note that Cho(U) 2 Cho(U’ x
C*) = 0 since a point moves in a C* direction to infinite, which is not on U. Therefore Cho(U) =
HBM(U,Z). Now we get the isomorphism Chy(X) = Hy(X,Z) by the Five Lemma. Hence Cho(X) = Z
since X is connected. This completes the proof of the proposition. 0O

Remark 3.21. In fact, from the proof of Proposition 3.19, we have shown the following result: If X is a
connected projective variety admitting a C*-action with a nonempty fixed point set X", then the inclusion
i: X© — X induces a surjective Cho(X®") — Cho(X).

Remark 3.22. If X is smooth projective variety admitting a C*-action with isolated fixed points, then X
admits a cellular decomposition (see [3]) and Ch,(X) = Hq,(X,Z) for all p > 0. However, in the case that
X is singular, Ch,(X) = Hs,(X,Z) can be wrong for p > 0 by the following example.

Example 3.23. Let S be the surface construction in Example 3.7, Chi(S) 2 H>(S,Z). Moreover,
Chl(S’)hom # 0. Recall that the relations among § S and Y were given in diagram (3.8). By using

: S = S and the localization sequence for Chow group of 1-cycles, we get the difference between
Chl(S) and Chy(S5) is at most rank 2 (generated by the cycle classes of C; and C’g) since the sequence
Ch1(01 U 52) — Chl(S) — Chl(S) — 0 is exact and Ch1(01 @] CQ) Z D Z. So Chl(S)hom = Chl(s)hom'
On the other hand, Ch(S) 22 Ch,(Y) @ Z? = (Cho(C) & Z) @ Z2. Hence Ch (S)hom = Cho(C) = J(C) # 0,
where J(C) is the Jacobi of C of genus g(C) > 1.

By applying to a possible singular projective variety carrying a holomorphic vector field with isolated
zeroes, we have the following result.
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Corollary 3.24. Let X be a (possible singular) complex projective algebraic variety which admits a holomor-

~

phic vector field V whose zero set Z is isolated and nonempty. Then we have Chy(X) = Z.

Proof. Recall that a holomorphic vector field generates a G-action on X, where G = (C*)*xC or G = (C*)*.
Write G = G; x C* and X; := X©". From Remark 3.21, the inclusion X; — X induces a surjection
Cho(X1) — Cho(X). If G = (C*)*, we get the surjection Chy (V) — Chg(X) by induction. If G = (C*)* x C,
we get the surjection Chg (V1) — Cho(X) by induction, where V4 := X(©9" Note that V; admits a C-action
whose fixed point is V. By Proposition 2.1, we have Chg(V) = Chg(V7). Therefore, the inclusion V' — X
induces a surjection Cho(V) — Cho(X). By assumption, V is a set of finite points. Hence Cho(X) is of
finite rank and so Cho(X) — Ho(X,Z) = Z is injective. Clearly, Ch(X) # 0 and we get Cho(X) =2 Z. O

Applying to Lawson homology, we get the structure for 1-cycles.

Lemma 3.25. For any projective variety X and any integer k > 2r > 0 and n # 0, we have the following
formula

Ly Hy(X x C*) 2 Ly Hy_o(X) ® L, Hy_1(X). (3.26)

Proof. First, we note that the pair (X x C, X x {0}), we have the long exact sequence of Lawson homology:

AL H(X) S L H (X xC) S L H (X xC) S LH 1 (X) > ... (3.27)
where i : X = X x {0} = X x C is the inclusion, Res is the restriction map and 9 is the boundary map.
The long exact sequence of Lawson homology for the pair (X x P1, X x {0}) is
AL HWX) 'S LHy(X xPYES Lo (X xC) S L H 1 (X) > ...
where iy : X = X x {0} = X x P! is the inclusion.
Then, from the C!-homotopy invariance of Lawson homology, we get igx = Goox : LpHp(X) — L, Hy(X x

P1), where ip : X = X x{0} — X xP! is the inclusion. From the definition of i and iy, we have i, = Resoigs,
where Res : L, Hy(X x P') — L,.Hy(X x C) is the restriction map. Hence we obtain

iy = Resoigy = Resoigoy = 0.

Therefore, Equation (3.27) is broken into short exact sequences

0—L, Hy(X x C) 83 L H (X x C*) & L. H,_1(X) — 0.

This sequence splits since the map Z,.(X x C*) = Z.(X x C)/Z,.(X x{0}) = Z,_1(X) = Z.(X x C) given

by ¢ — ¢N (X x {0}) gives a section of the projection Z.(X x C) = Z.(X x C)/Z.(X x {0}). So we get
Equation (3.26). This completes the proof of the lemma. O

Now we study the structure of Lawson homology under a C*-action. When X admits C-action with
isolated fixed points, it was shown that L1 Hy(X) = Hi(X,Z) (see Proposition 2.4). Inspired by this result,
it is natural to ask the following question.

Question 3.28. Let X be a complex projective variety admitting a C*-action with isolated fixed point. Does
L1H(X) 2 Hi(X,Z) hold for k > 27
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The positive answer to this question would be an analogue of Proposition 2.4. Contrary to the analogue
between Proposition 2.1 and 3.19, it is surprising to a certain degree that the answer to Question 3.28 is
negative in the sense that for each k& > 2, we can find X (depending on k) satisfying conditions in the
question such that L1 Hp(X) 2 Hy(X,Z).

Example 3.29. Let S be the variety given in Example 3.7, then S x S admits a C*-action with isolated fixed
points induced by the C*-action on S. We have

LlHQ(S X S) = HQ(S X S,Z),
and
L1H3(S X S) ';\é Hg(S X S,Z)

Proof. The C*-action ¢ : C* x S — S, (t,x) — ¢(t,z) induces a C*-action (¢, (x,y)) — (tx,ty) on S x S.
The fixed point set (S x §)¢" € SC" x SC is finite since SC is

By the construction of S, we have Hy(S,Z) = 0. By the Kiinneth formula, Ho(S x S,Z) = H5(S,Z) &
H,(S,Z). Note Hy(S,7) = 73 is generated by the homological classes of algebraic cycles 6(oc~1 (P! x ¢p),
(o~ (p;)), where ¢ is a point of C different from p; for i = 1,2. Hence Hz(S x S,Z) is generated by
algebraic cycles and so the cycle class map L1 Ho(S x S) — Ha(S x S,Z) is surjective.

From the construction in Example 3.7, o : S =Y = C x P! is the blow up of two point p1 € C1,pg € Cs.
Set U :=Y —C1 —Cy = S — o HCy) — 07 1(Cy), where 07(C;) = C; U E; and E; = P. One gets
U= (C xC*. Since 5 : S — S is the blow down and each C; collapses to a point, S — O'(El) G(Es) = U.
Since only C; collapses under &, 6(E;) = E; = PL. Set Z := S x S — U x U and E; := 5(E;), then
Z is the union ((E1 U Ey) x S)U (S x (Ey U Eg)) Set Z := 5 xS —U x U and then Z is the union
(c7H(C1) Uo™H(C)) x §) U (5 x (c71(Cy) Uo™1(Cy))). From the long localization exact sequence of
Lawson homology for (5 7 ) and (S, Z), we have the following commutative diagram

.. —— LiH3(U) — L1Hy(Z) — L1Hy(S x §) — L1 H,(U)

T e

.. —— L1H3(U) — L1Hy(Z) — L1 Hy(S x §) — Ly Hy(U)

By the homotopy invariance and localization sequences of Lawson homology, one gets LiHy(Z) =
Hy(Z,Z) and L Hk(Z) H,(Z,Z) for k > 2. From the construction, the collapse Z — Z induces a
surjective map Ho(Z,7Z) — Ho(Z,7).

From U = C x C* and Lemma 3.25, we get isomorphisms

LlHQ(UXU) LlHQ(CXCX(C* X(C*)
L()Ho(c x C' x (C*)
HBM(C x C x C*,7)
0.

1R R

Therefore, (0 x o). is a surjective map. Note that Sx 8 is nonsingular and projective, a direct computation
by the localization sequence and the blowup formula for Lawson homology (see [29]) yields Ly Hy (S X S) pom =
0. Hence L1 H2(S X S)hom = 0 and L1 Ho(S x S) — Ho(S x S,Z) is injective.

We need to identify L; H3(U x U) and HPM(U x U,Z) so that one can compare the relation between
L1H3(S x S) and H3(S x S,Z).
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By Lemma 3.25, we get

L1H3(U xU) 2 L1H5(C x C x C* x C¥)
~ LoH(Cx C xC*)@ L1Hy(C x C x C*)
= L()H()(C X C) @L()Ho(c X C)
=2ZZ.

Similarly, we get

HBM(U x U,Z) = HBM(C x C x C* x C*, Z)
HEM(C x C x C*,Z)® HPM(C x C x C*,Z)
HPM(C x C)o HPM(C x C) @ HEM(C x C)
Z&Z S H (CxCO).

1 1R 1R

Hence the cycle class map
@y 3(U x U) : LiH3(U x U) — HPM(U x U, Z)

is not surjective if g(C') > 0, as we chose. In particular, ®; 35(U) is not an isomorphism.
For simplicity in diagram X := S x S, U := U x U. From the following commutative diagram

L1Hy(Z) — LiH3(X) —— Ly H3(U) L1Hy(Z) — LiHy(X)

SO T

H3(Z,Z) — H3(X,Z) — HPM(U,Z) — Hy(Z,Z) — Hs(X,Z)

IR

and the Five lemma, we obtain that ®; 3(U) is an isomorphism if ®;35(X) : L1Hs(X) — H3(X,Z) is.
Therefore, ®;,3(X) is not an isomorphism. 0O

Remark 3.30. From Lemma 3.25 and Example 3.29, for each k > 3, one can construct projective varieties
X admitting C*-action with isolated fixed points such that L1 Hy(X) 2 H(X,Z). Such a X can be chosen
as X := S x § x CF3, where C is the curve in Example 3.4. For k = 2, a direct calculation shows that
L1Hy(C x C) 22 Hy(C x C,Z). The detail is left to the interested reader.

4. Applications to Chow varieties

In this section, we shall first very briefly review some known facts about Chow varieties, especially in
algebraic and topological aspects and then give some new results. Unless otherwise specified, Chow varieties
defined over the complex numbers.

One of our purpose is to understand the algebraic and topological structure on the complex Chow variety
Cp,a(P¢) (or simply Cp, q(P™) if there is no confusion) parameterizing effective p-cycles of degree d in the
complex projective space P™.

In degree 1 case, Cp1(P") is exactly the Grassmannian of (p + 1)-planes in C"*!, which is a space of
fundamental importance in geometry and topology. In dimension 0 case, Cy 4(P") is the d-th symmetric
product of P™, a “correct” object to realize homology when d tends to infinity. It is needless to explain here
the importance of Chow varieties in the algebraic cycle theory. Until recent years, it is surprising that not
many topological and algebraic invariants were known about C,, 4(P") for d > 1.
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4.1. The origin of Chow variety

Let X C P™ be a complex projective variety and let C, 4(X) C Cp, 4(P™) be the subset containing
those cycles ¢ = > a;V; € Cp q(P™) whose support supp(c) = UV; lies in X, where V; is an irreducible
projective variety of dimension dimV; = p, a; € Z™ and Y a; = d. It has been established by Chow and
Van der Waerden in 1937 that each C), 4(X) canonically carries the structure of a projective algebraic set
(see [11]). More intrinsically, the space of all effective p-cycles can be written as a countable disjoint union
[aets, (x,z) Cp.a(X), where cach Cp o (X) carries the structure of a projective algebraic set.

4.2. The dimension and number of irreducible components

In general, C,, 4(P™) is not irreducible. The simplest non-irreducible Chow variety is C; 2(P3), which has
two irreducible components. Moreover, the different irreducible components may have different dimension.
Examples of Chow varieties including those parametrizing curves of low degrees (less than or equals to 4)
in P3 can be found in [22].

The exact number of irreducible components for C, 4(P™) is not known in general, even for C; 4(P?).

d+ d\,"v
An upper bound of the number of irreducible components of C, 4(P™) was given by Np, g := (n + )

n
d+p—-1, ,d+p-1
P > + ( p 1 ) (see Kollar [41, Exer.3.28]). We should mention that Kollar’s book
p b=

contains an excellent exposition on families of cycles over arbitrary schemes. Of course, this upper bound is

)

where my g 1= d(

usually much higher than the actual number of irreducible components for C), 4(P™) in many known cases.
For example, there is exactly one component for Cy 4(P™) for any d and n. For d = 1 and arbitrary n,p > 0,
Cp1(P™) is the Grassmannian parametering (p + 1)-vector spaces in C"! which is irreducible. For d = 2
and arbitrary n, p > 0, there are at most two irreducible components for C, »(P™). By checking the possible
genus of an irreducible curve with a given degree in P3 (see [25, Ch. IV]), one can obtain that the irreducible
components of C; 4(P3) are 1,2,4,8,14,27,46 corresponding to d from 1 to 7. These numbers are really much
smaller than the corresponding numbers N, g ,.

The dimension of C), 4(P™) we mean the maximal number of the dimension of its irreducible components.
Eisenbud and Harris in 1992 showed that the dimension of the space of effective 1-cycles of degree d in P"
is

dim C 4(P") = max{2d(n — 1),3(n — 2) + d(d + 3)/2}

(see [14]).

The dimension of C), 4(P™) was computed by Azcue in 1992 in his Ph.D. thesis under the direct of Harris
(see [1]). The explicit formula for dim C), 4(P™) can be found in a paper by Lehmann in 2017 (see [36]), that
is,

d+p+1

dim Cp 4(P™) = max {d(p +1)(n—p), ( Pl

>1+(p+2)(np1)}.

4.3. Homotopy and homology groups

It is not hard to show that C, 4(P™) is connected as a topological space since every element c is path-
connected to d- L, where L is any fixed p-plane in P". By comparing connectedness of the morphism between
a variety and the fixed point set under the additive group action, Horrocks showed in 1969 that the algebraic
fundamental group of the Chow variety C), q(P™)k defined over an algebraically closed field K is trivial
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(see [26]). By using the similar method to complex varieties, A. Fujiki showed in 1995 that the topological
fundamental group of C), 4(P™) is trivial, i.e., Cp 4(P™) is simply connected (see [20]).

In a complete different way, Lawson in 1989 gave a very short proof of the simply connectedness of
Cp.a(P™) by using Sard theorem for families (see [34]). More important, in that paper, Lawson has estab-
lished the Lawson homology theory and showed the famous Complex Suspension Theorem. The author
has observed that the methods in proving the Complex Suspension Theorem can be used to compute the
higher homotopy group of Cp 4(P™). The author showed in 2010 that mo(Cp q(P™)) = Z for all d > 1 and
0 < p < n. This statement m3(Cp 4(P™)) = Z was conjectured by Lawson in 1995 in [35, p.141]. For p = n,
Cp.a(P™) is a single point and so ma(C), ¢(P™)) is trivial. More results can be found in [30] on the stability
of the homotopy group of Cp, 4(P™) when p or n increases.

For higher homotopy groups, a shghtly weaker version of Lawson’s open question is that whether there
is an isomorphism 7 (Cp ¢(P™)) = Hk+2p(IP’ ,Z) for k < 2d, where H (—,Z) denotes the reduced singular
homology with integer coefficients (see [34, p.256]). Lawson showed that there is a natural surjective map
from 71(Cp.a(P™)) to I?k+2p(]P’”7Z). The author showed in 2015 that the surjective map is actually an
isomorphism. Moreover, as its corollary, the homology group of C), 4(P™) has been computed up to 2d (see

[31]).
4.4. FEuler characteristic

By establishing a fixed point formula for compact complex spaces under a weakly analytic S'-action,
Lawson and Yau showed in 1987 that the Euler characteristic x(Cp q(P™)) of the complex Chow variety is
given by a beautiful formula

X(Cpa(®) = (P AT,

where v, , = (117).

In 2013, the author gave a direct and elementary proof of this formula (see [32]). One of the main
techniques is “pulling of normal cone” established by Fulton, which was used by Lawson in proving his
Complex Suspension Theorem (see [34]). The key observation was that one can write Cpy1,4(P"*!) as a
disjoint union of quasi-projective varieties

Cp+1 d P +1 H Cp+1 i X Tp+l d— 1(Pn+1>7

where T),41,4-;(P™™1) is homotopic to Cp 4—;(P™) by the technique “pulling of normal cone”. Hence one
obtains by the additive property of the Euler characteristic a recursive formula

d
X(Cp1.a(P™1) = X(CpaP™)) + D X(Cp1,i(P™) - X(Cp,a—i(P™))

i=1

and give the short proof of Lawson and Yau’s formula.

The techniques above are also able to use the compute the l-adic Euler-Poincaré characteristic of the
Chow varieties Cp 4(P™) i defined over an algebraically closed field K. As an analogue in the complex case,
Friedlander showed in 1991 that there is an algebraic homotopy from T},11,4—;(P" ™) to Cp 4—;(P™). One
got the generalization of Lawson-Yau’s formula directly to Chow varieties over an algebraically closed field
K:

X(Cp.a(P™") k1) = (”P*”Jd“d_l), where vy, , = (;_ﬂ),
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where x(Xk,!) denotes the [-adic Euler-Poincaré Characteristic of an algebraic variety X over K. The
Euler Characteristic for the space of right-quaternionic cycles was also given with an explicit formula (see
[32))-

It seems that there is no way to compute the Euler characteristic C, o(X) for X a generic projective
variety. However, for special varieties, such as toric varieties, Elizondo gave a beautiful formula for their
Euler characteristic in terms of the fans of the variety [16].

If one denotes the p-th Euler series of a toric variety X is defined by the following formal power series

p(X) = Z X(Cpa(X))a.

a€Ho,(X,Z)

A toric variety X is a projective variety containing the algebraic group T' = (C*)*™ as a Zariski open
subset such that the action of (C*)*™ on itself extends to an action on X. The action of 7' on X induces
action on Cp o(X).

Denote by Vi,...,Vx the p-dimensional invariant irreducible subvarieties of X. Let e[y, be the charac-
teristic function of the subset {[V;],i = 1,2,..., N} of the homology group Hs,(X,Z), where [V] denotes its
class in Hs,(X,Z). Elizondo showed in 1994 that there is a beautiful formula for E,(X):

5= 11 (=),

1 Sion N T em

Elizondo and Lima-Filho showed 1998 that the Euler-Chow series of the projectivization of the direct
sum of two algebraic vector bundles can be computed in terms of that of the projectivization of each of
the vector bundles and their fiber product (see [17]). More specifically, let E; and E5 be two algebraic
vector bundles over a projective variety X. Let P(FE;) (resp. P(E3)) be the projectivization of F; (resp.
E,). Then the Euler-Chow series E,(P(E; & E2)) can be computed in terms of that of P(E4), P(E2) and
P(E1) xx P(Es), where the last one is the fiber product of P(E;) and P(FE3) over X. This result can be
used to compute the Chow series of Grassmannian and certain flag varieties.

4.5. Virtual Betti and Hodge numbers

For integers n > p > 0 and d > 0, the author showed in 2013 that the virtual Hodge (r, s)-number of the
Chow variety C), 4(P™) satisfies the following equations:

> 7 (Cpa(P™) =0

r—s=t

for all 7 # 0,
> R (Cpa(P™) = X(Cp.alP™)),
r>0
hO0(Cpa(P™)) = 1,
h™(Cpa(P™)) =0,
and

for r > 0 (see [28]).
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This also implies that 5°(C,, 4(P™)) = 1 and 5'(C, 4(P™)) = 0. It is worth to remark that for a complex
singular projective variety X, BO(X ) = 1 is independent of the connectedness of X, while BI(X ) =0is
independent of the simply connectedness of X.

Due to the lack understanding of the structure of C), q(P™), we post the following wild conjecture on
their virtual Hodge numbers and virtual Betti numbers.

Conjecture 4.1. h"*(C,, 4(P™)) = 0 for all r # s. In particular, we conjecture that 5(C, 4(P")) = 0 for i
odd.

There are several examples supporting this conjecture. When p = 0, C,, 4(P") = SPd(IP’”)7 its virtual
Betti numbers and virtual Hodge numbers have been computed in [9] and all their odd virtual Betti and
virtual Hodge numbers vanish. When p =n — 1, Cp 4(P™) = Cp_q o(P™) = P("i")=1 and its virtual Betti
(resp. virtual Hodge numbers) are the same as its usual Betti numbers (resp. usual Hodge numbers), which
are zeroes. When d = 1, C,, 4(P") is the Grassmannian G(p+ 1, C"*1), then one has h™*(G(p+1,C"+1)) =
h™S(G(p + 1,C"*1)) = 0 for all r # s, where h™*(G(p + 1,C"T1)) denotes the Hodge (r,s)-number of

G(p+1,Cnth).

Example 4.2. For d = 2 and all p,n, one also has h™*(C,, o(P")) = 0 for r # s and f%~1(C,2(P™)) = 0 for
1> 0.

Proof. Note that Cj, o(P™) can be written as the union
Cp2(P™) =SP*(G(p+1,C"")) U Qpn,

where @), consists of effective irreducible p-cycles of degree 2 in P™ and @), ,, is a fiber bundle over the
Grassmannian G(p-+2,n+1) with fiber the space S of all smooth quadrics in PP*1. Note that S is isomorphic
to P("3%)-1 _ SP?(PP+1) (see [30]). Therefore,

P, . (t) = Psp2(api1,cn)) (1) + P, (1) N

= Brxcprrcm () + Poprant 'Pp(pérs)*l_spmppﬂ)

= Psp(gpr1,0n1))(t) + Pogprzns) - (ﬁp(pgs)_l(t) — Pgpe(prt1) (1))

This implies that the odd betti numbers of C) 2(IP™) are zeroes since those of Grassmannians and the sym-
metric product of Grassmannians are zeroes. Similar computations work for the virtual Hodge numbers. 0O

4.6. Ruledness and rationality of irreducible components

Since Cp 4(P™) admits a C-action with an isolated fixed point ([26]), each of its irreducible component
is preserved under the action. Hence each irreducible component of C), 4(P™) admits a C-action with an
isolated fixed point. From Lieberman’s result ([37, Th.1]), we obtain that each component of C, 4(P") is a
ruled variety.

In general, the rationality of irreducible components of C, q(P™) is an open problem, which can be found
in Shafarevich’s book (see [42]). As a remark, Shafarevich said “ Whether every irreducible component of
them is rational, in general, is ‘an apparently very difficult but very fundamental problem’”

Question 4.3 (Shafarevich). Is each irreducible component of Cj, q(P™) is rational for all 0 < p < n and
d>17
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Surely, Cp1(PP™) is rational for all 0 < p < n since C), 1(P™) is just the complex Grassmannian manfold
G(p + 1,C™*1), which is rational. When p = 1,n = 3, the irreducible components of C; 4(P?) have been
shown to be rational for d small ([42]). However, even if the proof of rationality for Cy 4(P™) is nontrivial
(see [22, Ch.4,Th2.8] and references cited there).

For d =2 and 0 < p < n, the explicit structure of each irreducible component has been studied in details
in [30]. From that, one obtains that each irreducible component is rational since the symmetric products of
complex Grassmannian manfolds are rational.

It is not hard to show that an irreducible component of the maximal dimension in C) 4(P™) is rational.
This follows from the fact that the symmetric product of a rational variety is rational and at least one
irreducible component of the maximal dimension either consists of all d-tuples p-dimensional linear spaces
in P™ or irreducible p-dimensional hypersurfaces degree d in PP*1 C P (see [36]).

However, the answer to Question 4.3 is negative, as explained in the following counterexample, which
should be known earlier but it cannot be found in the literature.

Example 4.4. Let M, (¢ > 2) be the moduli space of smooth complex algebraic curves of genus g. Now
we recall the construction of M, from the geometric invariant theory (cf. [23]). Let Hq4, be the Hilbert
scheme of curves of degree d and (arithmetic) genus ¢ in P". For any integer n > 3, a smooth curve
C can be embedded as a curve of degree 2(g — 1)n in PY by the complete linear series [nK¢|, where
N = (2n —1)(g — 1) — 1. Let us consider pairs (C,¢ : C — P¥), where C is a curve and ¢ : C — PV
is an n-canonical embedding. The family of all such pairs corresponds to a locally closed subset I of the
Hilbert scheme Hg 4 N of smooth curves of degree d and genus g in PV, where d = 2(g — 1)n. The projective
general linear group PGL(N + 1,C) acts on K with quotient is M,. The locally closed subset K is just a
Zariski open set of an irreducible component of C; 4(P?). Therefore, there exists an irreducible component
of C1,4(PY), denoted by I; 4(PY), and a dominant rational map I 4(P™) --» M, for each g > 2.

Note that it was shown in [15] and [24] that M, is a quasi-projective variety of the general type for g > 24.
This together with the dominant rational map I 4(PY) --» M, implies that I; 4(P") is not rational since
a variety dominated by an rational variety is a unirational variety. This completes the construction of the
example.

One can go further to construct counterexamples to Shafarevich’s question for cycles in arbitrary dimen-
sions.

Fix a hyperplane P* C P"*! and a point P =[0:---:0:1] € P"*! —P". Let V C P" be any closed
algebraic subset. The algebraic suspension of V' with vertex P (i.e., cone over P) is the set

YpV :=U{l |l is a projective line through P and intersects V'}.

Set
Tpi1a(PH) = {c = va € Cpi1,a(P™)| dim(V; N P") = p, ‘v’i}.

It has been shown in [34] that Tpi 1 4(P") C Cpiq,q(P™H) is a Zariski open set and there is a continuous
algebraic surjective map Tj,41,4(P™ 1) — Cp a(P™) (cf. [18] for the case over arbitrary algebraically closed
field). A continuous algebraic map is a rational map which can be extended to a continuous map in the
complex topology. Hence, for each irreducible component I, 4, of C, 4(P"), there exists an irreducible
component Jyi1,4n+1 of Tpi1,4(P™ 1) such that Jy41,4.n+1 — Ipan is a continuous algebraic surjective map.
In particular, it is a dominant rational map. Let J,11,4.,+1 be the closure of Jy41 an+1 in Cpy1a(P™TL).
Then we get a dominant rational map Jy+1.4n41 -=* Ip.an from Jpi1 gn1 — Ipan. Since Tpiq q(P™"H) C
Cpi1,4(P™H1) is a Zariski open set, Jpi1,4,n+1 is an irreducible component I, 41 gnt1 of Cpr1,4(P™ ). So
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if I, 4n --+ M, is a dominant rational map, then 7p+17d7n+1 --» M, is also a dominant rational map.
Therefore there is a dominant rational map is Ip41,4,n+1 --* My from the irreducible component I, 11,4 n+1
of Cpi1,dn+1 to the moduli space of curve of genus g. From the construction of Example 4.4, there exist
d,n such that I; 4, --+ M, is a dominant rational map for g > 2. Moreover, M, is of general type if g > 24
by results in [15] and [24]. Hence Ipt1.4.n+1 IS Dot a rational variety since it dominates a variety of general

type.
In summary, the above argument provides a proof to the following theorem by induction.

Theorem 4.5. For any p > 1, there exists an irreducible component I, 4, of Cp a(P™) such that I, 4., is not
rational if d,n large.

Remark 4.6. The I, 4, in Theorem 4.5 admits a C*-action with isolated fixed points but it is not rational.
4.7. Chow groups and Lawson homology

By using the results in sections above, we shall compute Chow groups of 0-cycles and Lawson homology
of 1-cycles for Chow varieties C), 4(P™).
We consider the action of C* on P™ given by setting

D ([20 .ot 2]) = [tozo : - & tuznl,

where t = (tg : ... : t,) € (C*)"*1 and [29 : ... : 2,] are homogeneous coordinates for P+

This action on P” induces an action of (C*)™ on Cp 4(P™). From the definition of the action (C*)™ on
P it is clear that any irreducible subvariety V' of dim V' = p is invariant under the action (C*)™ if and
only if V is spanned by (p + 1)-coordinate points in P™ and hence the fixed point set is finite.

Proposition 4.7. For all d > 0,0 < p < n, we have
Chy(Cpa(P™)) = Z.

Proof. Since C), 4(P™) admits a (C*)™-action with isolated fixed points, one obtains from the diagonal
embedding A = {(t%,...,t% )|t € C*} C (C*)" to get a C*-action on C), 4(P™) with isolated fixed points,
where a; € Z are different to each other. Now by Proposition 3.19, we get Chq(Cp, 4(P™)) = Z since Cp, q(P™)
is connected. An alternative method is to use the induction on the number of C*-action (a (C*)™-action is a
sequence of C*-actions) and Remark 3.21 to obtain that Chy(C, 4(P™))(€)") — Chg(C, 4(P™)) is surjective
and hence is of finite rank. Then one gets Cho(Cp a(P™)) = Ho(Cp a(P™),Z) = Z by the connectedness of
Cp,d(Pn). O

Proposition 4.8. For all d > 0,0 < p < n, we have
L1Hy(Cp,a(P™)) = Hi(Cpa(P"), Z)

for all k > 2. In particular, L1 Ho(Cp q(P™)) = Z. Equivalently, the homotopy groups of the space of 1-
cycles of the Chow variety Cp q(P™) coincide with the corresponding singular homology groups with integer
coefficients, i.e.,

Tr221(Cpa(P™)) = Hy(Cpa(B), Z)

for all k > 2.
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Proof. By [26], we know C), 4(P") admits an action of a solvable group G with a single fixed point, where
G =G, D>G—1 D DG DGy = {0} is a normal series with quotients G;/G;_1 isomorphic to the
additive group scheme C.

By Proposition 2.4, we can show that if X admits an action of a solvable group G with a single fixed pint,
then Ly Hy(X) = Hp(X,Z). In fact, we have the following inclusion X¢ = X% c XGr-1 C ...... X C
X ¢ XG0 = X. Since G,/G,_; = C and X®r is a single point, we get by Proposition 2.4 that
LiHp(XGr-1) = Hp(XG -1 Z) from the fact LiH(X%) = Hp(X%,Z). Since G;/G;_1 = C for all
1 > 1 and by induction and Proposition 2.4, we have

LiH(XG0) = Hi (X%, 7),

that iS, LlHk(X) &= Hk(X,Z)
By applying this to X = Cp 4(P™), we have L1Hy(Cpqa(P")) = Hi(Cpa(P™),Z) for all k > 2. This
completes the proof of the proposition. O

Similar to Conjecture 4.1, we post another wild conjecture on their Chow groups and Lawson homology
groups.

Conjecture 4.9. For d > 0 and 0 < p < n, one has
Chy(Cp.a(P™)) = Haq(Cpa(P™), Z)
for all ¢ > 0 and LyH(Cp,a(P™)) = H(Cp q(P™), Z) for all k > 2¢ > 0.

Remark 4.10. For p = 0, C, 4(P") = SPd(IP’"), one can show that these conjectures are true in rational coefhi-
cients. For 1 < p < n—2 and d large, we have no idea to show or disprove Chy(Cp 4(P™)) = Haq(Cp.a(P™),Z)
even for ¢ = 1.
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