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1. Introduction

In the last decade there has been an active study of various categories of modules over finitary simple
Lie algebras. Over the field of complex numbers C, up to isomorphism there are three such Lie algebras:
sl(00), sp(oo) and o(o0) [1]. In [18,4] categories of integrable modules have been studied. More recently, in
[14,2,19], analogs of the category O have been investigated.

In [22], V. Serganova has demonstrated that passing to the super setting is very useful. In particular, she
showed that the equivalence of the categories of tensor modules over o(co) and sp(oo), discovered in [23]
and [4], admits a natural explanation in terms of the category of tensor modules over the Lie superalgebra
osp(oo|oo). Moreover, this latter category turns out to be equivalent to both former categories.

Motivated by this, we decided to study the extension, to the Lie superalgebra setting, of the recent
classification of integrable bounded simple weight modules of sl(c0), sp(co) and 0(oo) obtained in [8]. The
Lie superalgebras we consider are listed in Table 1 below. Beyond the technical challenge of classifying
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integrable bounded simple weight modules over these Lie superalgebras, we have been interested in the
respective categories of integrable bounded weight modules. Over finitary Lie algebras, the category of
bounded weight modules is semisimple due to an extension of Hermann Weyl’s semisimplicity theorem
proved by the second author and V. Serganova in [18]. It is natural to ask whether semisimplicity holds
also in the superalgebra case. We show that the categories of integrable bounded weight modules are indeed
semisimple for all superalgebras g we consider, except for g isomorphic to sl(oo|1) or to q(co) where the
category is “almost” semisimple. This semisimplicity result shows how special integrable bounded weight
modules are.

The paper is organized as follows. In Section 2 we give some relevant basic definitions. In Section 3 we
discuss the classification of integrable bounded simple weight modules of the Lie algebra gl(co). Our main
classification result is presented in Section 5. The categories of integrable bounded weight modules for the
various Lie superalgebras g are discussed in Section 6. Finally, in the Appendix, we discuss the Ext’s in the
category of weight modules and provide a sufficient condition for splitting of extensions of locally simple
g-modules in a more general setting.

Notation. Set Z* := Z \ {0}. All vector spaces, algebras, and tensor products are defined over the field of
complex numbers C, unless otherwise stated. The superscript * always indicates dual vector space. For any
Lie superalgebra ¢ = &5 @ &1, set ¢ := [¢,¢], and denote by U(¢) the universal enveloping algebra of & If
T C U(¥) is a subset, then we let Cye)(T) := {x € U(¥) | [z,T] = 0} denote the centralizer of T" in U(¥).
The symbol @ (or ®) stands for semidirect sum of Lie superalgebras, the round side pointing toward the
ideal. By (-)gr we denote span over a ring R. If M = Mz & Mj is a Zs-graded vector space, then IIM is
the space with changed parity, i.e., (IIM); = My and (ILM); = Mj. The parity of a homogeneous vector
v € M will be denoted by |v| € Zs, and the dimension of M is denoted by dim M| dim Mj7. Unless otherwise
stated, by homomorphisms of Zs-graded vector spaces we mean linear transformations that preserve parity.
For a € Z~q, the a-th symmetric and exterior powers of a Zs-graded vector space M are given, respectively,
by

S'M:= P SMyeNM;, AM:= P NM;®S M,
i+j=a i+j=a

where S* and A’ denote the usual i-th symmetric and exterior powers of a vector space.

Acknowledgments. I.P. has been supported in part by DFG grant PE 980-7/1. L.C. was supported by
CAPES grant 88881.119190/2016-01. L.C. acknowledges the hospitality of Jacobs University. The authors
would like to thank Vera Serganova for helpful discussions and a referee for the thorough reading of our

paper.
2. Preliminaries

Throughout the paper we denote by g = h_rr}l g(n) one of the Lie superalgebras defined as the direct limit
of the following embeddings g(n) < g(n + 1):

(a) sl(oolm) : sl(njm) < sl(n + 1|m);

(b) sl(co|o0) : sl(n + 1|n) < sl(n + 2|n + 1);

(c) ospp(o0|2Kk) : 0sp(2n + 1]2k) — osp(2n + 3|2k);

(d) ospp(oo|oo) : 0sp(2n + 1|2n) — osp(2n + 3|2n + 2);
(e) ospg(m|oo) : osp(m|2n) — osp(m|2n + 2), for m odd;
(f) ospe(2]00) : 08p(2]2n) — 0sp(2[2n + 2);

(g) 0spp(c0|2k) : 0sp(2n|2k) — osp(2n + 2|2k);
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Table 1
Classical Lie superalgebras at infinity, their even part and their 0-th degree component.

g 95 90
sl(oo|m) gl(co) @ sl(m) gl(o0) @ sl(m)
sl(oco|oo) gl(c0) P sl(oco) gl(oc0) B sl(oc0)
0sp g (o0|2k) op(c0) @ sp(2k) op(co0) @ gl(k)
05p g (c0|o0) 05(00) @ sp(o0) 05(00) & gl(c0)
05p 5 (m|oo), m odd o(m) @ sp(o0) o(m) & gl(co)
05p ¢ (2]00) C & sp(o0) C @ sp(o0)
ospp (00]2k) op (o) @ sp(2k) op(oc) @ gl(k)
05p p (o0|o0) op(00) @ sp(c0) op(o0) @ gl(o0)
0sp p(mloo), m even, m # 2 o(m) @ sp(oo) o(m) @ gl(co)
sp(oo) sl(oc0) sl(oc0)
q(c0) gl(c0)

(h) ospp(co|oo) : 0sp(2n|2n) — 0sp(2n + 2|2n + 2);

(i) ospp(m|oo) : osp(m|2n) < osp(m|2n + 2), for m even, m # 2;

(j) sp(o0) : sp(n) < sp(n +1);

(k) q(c0) = a(n) = q(n+ 1),

see [16] for details. The first two embeddings are given respectively by

0 0|0
A|B A| B
0 C|D

where the matrices 0 are assumed to be of the appropriate size. The embeddings in (a)-(k) are respective
restrictions of the embeddings in (2.1). If g is given by (a) or (b), then g is of type A; if g is given by (c),
(d) or (e), then g is of type B; if g is given by (g), (h) or (i), then g is of type D. In all cases except (k),
g admits a Z-grading g = @,z 9; compatible with the Z,-grading, i.e. g5 = @D,; 9; and g1 = Do, 9i-
Table 1 shows explicitly the Lie algebras g5 and go. We refer to [6, Tables on Lie superalgebras, page 342]
for a description of g(n); and g(n)o.

We point out that the pairs (0spz(00|2k), 0spp(00|2k)) and (0sp g(00]00), 08pp(0co|oc)) are pairs of iso-
morphic Lie superalgebras. The reader will check this using the well known fact that the Lie algebras
op(00) = limo(2n + 1) and op(oc) := limo(2n) are isomorphic. However, in this paper we consider the
Lie superalgebras in a pair separately, as we equip them (see the next section) with non-conjugate Car-
tan subalgebras. This makes the Lie superalgebras in a pair “different” from the point of view of weight
modules.

2.1. Generalities on g-modules
We call a g-module M integrable if for every m € M, g € g one has
dim(m, gm, g*>m, .. )¢ < co.
Let h C g denote the splitting Cartan subalgebra of diagonal matrices in the Lie algebra gg [3]. In other

words, b is the direct limit of the diagonal Cartan subalgebras of the Lie algebras g(n); under the fixed
embeddings g(n); — g(n + 1)5. A g-module M is a weight module (with respect to b) if

M= M,

Aeh*
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where M? := {m € M | hm = A(h)m, ¥ h € h}. The support of M is the set Supp M := {\ € h* | M* #
0} C b*. The elements A\ € Supp M are the weights of M, and nonzero vectors in M?* are called weight
vectors of weight X. A weight module M is said to be bounded if there exists k € Z~q such that dim M* < k
for all A € Supp M.

Under the adjoint action of h on g we have the decomposition

g=0"o P,

a€A

where g° = b if g 2 q(00), and A := Suppg \ {0}. The elements of A are the roots of g, and A is the root
system of g. To describe A, we note first that g C gl(co|oo) = lim gl(n[n) and that matrices in gl(cofoo)
are indexed by Z* x Z*, where (0,0) is identified with the intersection of the two orthogonal lines that
separate the blocks of the matrices in gl(oo|oo). Let E; ; € gl(oo|oo) denote the elementary matrix with
entry 1 at position (i, j) and zeros elsewhere. For any i € Z* we let ¢; € b* be the linear functional defined
by €i(Ej,;) = 0;; for all j € Z*, and we set §; := e_;, for any ¢ € Z~. We should point out that the ¢;’s
could be indexed by an arbitrary countable set, not necessarily Z*. We fix Z* for convenience.
The root system of g is given as follows:

sl(oo|m) : A = {g; —¢j, 6, — 0, £(ei —0,) | 4,5 € Z>oN[0,m], 7,5 € Z>o};

sl(oofoo) : A ={e; —¢j, 6, — 05, £(ei = ;) | §,) € Z>0, 1,8 € Lxo};

ospp(o0|2k) : A = {*e; £¢;, £6, £ 05, £2¢;, £0,, £e; £0,, £e;|9,5 € Zo N[0, k], 8 € Zso};
05p 5 (00|00) = {xe; £¢;, £0, £ 05, £2¢;, +0,, &, £ 0y, £&; | 1,5 € Lo, 7,5 € Lo}

: A
ospp(m|oo) : A = {xe; £ ¢, £0, £ 5, £2¢;, £0,, te; £ 0,, e, | 4,5 € Zso, 7,8 € Zso N [—m,0]};

k) A={xe; £, £6, £ s, £2¢;, £&; £, | 1,5 € Lo, 7,5 € Lo N [—k,0]};

3

0spp

(
(
OSPC(Q‘OO) A= {:l:EZ + €y +2¢;, +&; £ 01 | i, ] € Z>0};
(
UEPD(OO‘OO) A= {:l:{:‘l :|:€j, +4, :|:55, +2¢;, +e; = Or ‘ i,] € Z>0, r,s e Z>0};
(

ospp(mloo) : A = {£e; £ &5, £6, £, £2¢;, *e; £6, | 1,J € ZsoN[0,m], 1,5 € Zso};
sp(o0) : A ={eg; —¢;, —e; —¢j, €, +¢€j, 26;) | 4,5 € Zso};
q(oo) : A={e; —€; | 1,j € Zso}.

If g 2 q(o0), then dimg* = 1|0 or dimg* = 0|1 for every o € A. In that case, given +a € A we
fix X1, € g7 \ {0} so that the nonzero coordinates of hy := [Xa, X_o] € b with respect to the basis
{E;; | i € Z*} of the subalgebra of diagonal matrices in gl(co|oo) are equal to 1 or —1. The root spaces
of q(c0) have dimension 1|1. In addition, here g° = b @ b7, and dim by = 0|co. Finally, for any g and any
n € Zsq, we define

h(n) :=bhNg(n), and A(n) :={a € A g* Cg(n)}.

Let n,m € Zxo U {oo}. Throughout the paper, the expression Y. \;6; + > " p1;6; will be identified with
the vector (A|p) := (..., Ao, A1lp1, pi2, . ..) € C® x C™; the vector (..., ¢, c|d,d,...) € C" xC™ with ¢,d € C
will be denoted by (¢(™]d(™)). Therefore, for g = gl(n|m) or g = osp(n|m) we can identify h(n)* with
C™ x C™. If g = sl(n|m) with n # m, then we also can think of (A|ju) € C™ x C™ as a weight of g: we
consider the image of (A|x) in h(n)* under the projection (A|u) — (A|u) + C (1] —10™) If g = sl(n) or
g = sp(n), then we can think of A € C™ as a weight of g by considering the image of A in h(n)*.
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In what follows, we normalize the marks of a weight of sl(n) in such a way that the last mark is zero.
Then we have a well-defined correspondence between weights and partitions.

2.2. Splitting Borel subalgebras

Splitting Borel subalgebras of g are determined by triangular decompositions of A, which in turn are
(see [5, Proposition 2]). Namely, a given ¢ € ((A)r)

* *

determined by (non-unique) elements of ((A)g)
determines the decomposition

A =A"UAT where A* = {a € A | ¢(a) = 0}.

The set At is called the set of positive roots associated to ¢. The splitting Borel subalgebra corresponding
to this decomposition is b := h D n, where

n= @ g°.

aeAt

We now present an explicit description of splitting Borel subalgebras in terms of linear orders on countable
sets. Recall that §; := e_; for every i € Z~. Suppose g = sl(co|oco). In this case, splitting Borel subalgebras
of g are parameterized by linear orders < on Z*. More precisely, the set of positive roots corresponding to
a linear order < is

A(%):{5i—(5j|—i-<—j, i,j€Z>o}U{Ei—€j ‘i%j, i,j€Z>0}
U{(si*é‘j‘*i<j, i,j€Z>0}.

If g = sl(oo|n) or q(c0), then Z* must be replaced respectively by ZZ, and ZZ,. For g = ospg(oc|oo)
splitting Borel subalgebras of g are parameterized by pairs (<, 0), where < is a linear order on Z* and o
is a map o : Z* — {£1}. The set of positive roots corresponding (<, o) is

A(=,0) = {0()6; — 0(j)8; | —i < —j, 1,5 € Zoo} U{o(0)di + 0(j)5; | i # j € Zo)
U{o(i)ei —a(j)ej [ i<, i,j € Zso} U{o(i)ei +0(j)e; [ i J € Zso}
U{o(i)di |1 € Zso} U{o(i)ei | i € Zao} U{o(i)2e; | 1 € Zo}

U{o(i)d; £o(j)e; |t € Z<o, J € Lo}

If g is of type ospp(oco|2k) or ospg(m|oc), then Z* gets replaced respectively by ZZ, and Z%_ . For
g = ospp(oojoo) the construction is analogous to that for ospp(cojoo), however in this case we need an
extra condition on o : Z* — {£1}: if < admits a maximal element iy € Z ¢ then o(ig) = 1. Hence A(<,0)
is given similarly to the previous case, but now there are no roots of the form o (i)e;, o(:)d;. If g is of type
0sp p(00]2k), 0sp p(m|oo) or 0sp(2]00), then Z* is replaced by Z%,, Z% _, or ZZ _,, respectively. We point
out that for 0sp(2|oc) we do not require the additional condition on the map o. Finally, for g = sp(cc) we
replace Z* by Z~q in the above discussion, and we define

A(=,0) = {o(i)ei — o(j)e; | < j, 6§ € Lo} Ulo(i)es +a(j)ej | i # j € Lo}
@] {2&' | i € Lo, O'(Z) = ].}

The splitting Borel subalgebra corresponding to A(<) (respectively, A(<,0)) is denoted by b(<) (re-
spectively, b(=<,0)), and n(<) (respectively, n(<, o)) denotes its locally nilpotent radical. Moreover, for every
n € Zwg, we set b(<,) := b(<) Ng(n) (respectively, b(<,,0) := b(<,0) Ng(n)).

Throughout the paper, we denote by < the standard order on Z.
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2.8. Highest weight modules

Let b = h ® n be a splitting Borel subalgebra of g, and M be a weight module. A weight vector
0# v e M is a b-singular vector if n-v = 0. If M is a cyclic g-module generated by a b-singular vector of
weight A, we say that M is a b-highest weight module, and X is the b-highest weight of M. Given an element
A € b*, we consider the Verma type module associated to A and b

My(A) == Ind} U* := U(g) ®up) U,

where U? is a simple b-module on which b acts via A and n acts trivially. If g 2 q(c0), we require U> to
have dimension 1[0. If g = g(cc), then the dimension of U* is 2[#2/2] where #\ denotes the number of
nonzero marks of A, and [a] denotes the greatest integer in the number a € Q. The g-module My (A) admits
a unique simple quotient which we denote by Ly (A). Accordingly, IILy(A) admits a b-highest weight space
of weight A whose dimension is dim U?| dim Ug.

The Lie superalgebra g admits a natural module V with support

(5e1) if g = sl(00]00), sl(oc|m)
{£0:,0,%e:}  if g = 0spp(00|00), 05p 5(m[00), 05p 5 (00, 2K)
{£01, £e;} if g = 0sp(2]00)

SuppV =
{£d;, e} if g = o0spp(00|00), 05pp(m[oc), 05p p (00|2k)
{ei} if g = q(o0)
{£e:} if g = sp(c0),

where the index 7 runs over the respective obvious subset of Z*. To determine V up to isomorphism for
g # q(00), sp(00), we require that the weight spaces with weights §; belong to V. For g = q(00), the support
determines V up to isomorphism, and for g = sp(oco) the weight spaces ¢; belong to V. Furthermore, when
g equals sl(oo|m) for m € Z>1 U{oo} or q(c0), then g admits a conatural module V. which is characterized
(up to isomorphism) by the requirement that Supp (V.), = —Supp V. for z € Z,.

Remark 2.1. Throughout the paper, for convenience, if g is a Lie algebra we write Ly ()), V, and V, instead
of Ly(XA), V, and V,, respectively. N

3. Integrable bounded modules of gl(oc)

In what follows let hy and hs denote the Cartan subalgebras consisting of diagonal matrices in gl(co) :=
lim gl(n) and sl(co) := limsl(n), respectively.

Let M be a weight sl(co0)-module such that M = U(sl(cc))-m for some m € M*, where A € Supp M C b,
For any ¢ € C we extend A to an element of by, which we denote also by A, by setting A(E1,1) := ¢. Now
we define the gl(oco)-module M (m,c) as follows: M(m,c) equals M as a vector space; the action of s[(c0)
on M(m,c) coincides with its action on M; the action of Ey; on m is via multiplication by ¢, and, for any
u € U(sl(00))? (U(sl(00))? being a weight space of U(sl(co)) with respect to the adjoint sl(co)-module
structure)

Eqqum = (8 + X)(E11)um = (B(E11) + c)um. (3.1)

It is easy to see that the gl(co)-module M (m, ¢) is well defined.
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Remark 3.1. Notice that any element v € Supp M C A+ ZA can be extended to an element of by via (3.1):
if v = A+ then v(Eq,1) = (¢+8)(E11). By aslight abuse of notation, we denote such an extension also by
v. Hence, M (m, c) is a weight gl(co)-module. Moreover, since for any v, € Supp M (m, ¢) the weight v — 1/
lies in the root lattice of gl(co) (and hence of sl(c0)), we have v # v/ if and only if (v — /)]y, # 0. This
shows that Supp M (m, c) is obtained by extending Supp M via (3.1), and any two hg-weights of M (m, c)
are equal if and only if their corresponding restrictions to hs; are equal. W

Let €(1) C £(2) C €(3) - - be a sequence of inclusions of Lie superalgebras, and let £ = |, ¢(n) = lim £(n).
A t-module M is locally simple if for each m € M \ {0} the €(n)-module U(&(n))m is simple for n > 0, and

M = Uy U(E(n))m.

Lemma 3.2. Suppose M is a locally simple weight gl(co)-module. Then, for any A € Supp M|s (o) and
m € (M|si(00))™ \ {0}, there is ¢ € C for which M = M|si(o0)(m, c).

Proof. Recall that gl(co) = lim gl(n). Set M, := U(gl(¢))m for £ > 1. Since M, is a simple gl(¢)-module for
£ > 0, there is ¢ € C such that the action of Ej; on M, is given by (3.1). As M = U£>>0 M, the result
follows. O

We recall from [8, Proposition 4.5] that any integrable bounded simple weight s[(co)-module is isomorphic
to a direct limit lim Ly(<,,)(A(n)), where, for every n, A(n) is a weight of the following types:

0=V —a,),
d) (s, g, 0PR))
e) (O(TL k) y Mk, - _Ml)
Here B = {b; < by < ...} C Z+¢ is a semi-infinite set (that is, |B| = |Z>0 \ B| = c0) satisfying b,11 €
{bn,bn + 1}, A = {a1 < az < ...} CZs is an infinite set, and = (ug > -+ > pyg) is a partition. These

locally simple s[(c0)- modules are denoted respectively by AB Vv, S¥V, SfffV*, SHV and SHV,.
Fix nonzero weight vectors:

(a) v, € S*V of weight pu := Zle wi€s € b,

(b) vy, E S“V of weight p* Zle —1ig; € b,

(c) ea € A V of weight 4 := >, 4 € b},

(d) va € ijV of weight A4 := Zizl(ai —a;—1)e; € b,
(e) v € STV of weight X% := Zz’Zl(ai*l —a;)e; € b

Now we are ready to state the main result of this section.

Theorem 3.3. An integrable simple weight gl(oco)-module M is bounded if and only if M is isomorphic to one
of the following modules: A3 V(ea,c), STV (va,c), STVi(v},c), S*V (vy,¢), or SV, (v};, ), where c € C
is a scalar.

Proof. Set U(gl(n))? := Cuy(gi(n))(hgi1(n)), and fix a weight A € Supp M. Since M is simple and bounded,
Lemma A.1 from the Appendix claims that the weight space M* is simple as a U(gl(n))°-module for n > 0.
Let m € M* and let M,, := U(gl(n))m. The simplicity of M* as a U(gl(n))°-module and the fact that M

is integrable imply the simplicity of M, as a gl(n)-module. Therefore, M = lim M, is locally simple.

n>0
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Hence, by Lemma 3.2 we have an isomorphism of gl(co)-modules M = M| () (m, c) for some ¢ € C, and
by Remark 3.1 we know that M|, is bounded as an sl(co)-module. Now the statement follows from (8,
Theorem 5.1]. O

Proposition 3.4. The following statements hold.

(a) The modules STV (va,c), SYVi(vh,c) are not highest weight modules with respect to any Borel subal-
gebra of gl(oc0).

(b) The module A? V(ea,c) is a b(=<)-highest weight module if and only if A < (Zso \ A). In this case, we
have AA% V(ea,c) = Ly(<y(€a) where ealy,, = D> ,ca€i and €4 is extended to by via (3.1).

(c) The module S*V (v, c) (respectively, S*V . (v}, c)) is a b(<)-highest weight module if and only if iy <
ce R =g forall j € Lo\ {i1,... ik} (respectively, iy = -+ =iy = j for all j € Zso \ {i1,...,ik}).
In this case, we have S*V (vy,c) = Ly<)(pn) (respectively, SFVi(v)i,c) = Ly<)(1*)) where ply,, =
> js0 Mji€i; (respectively, p*ly, = > ;0 —Hj€i;) and p (respectively, p*) is extended to by via (3.1).

Proof. Let b be an arbitrary splitting Borel subalgebra of gl(oc). The fact that a weight module M is
a b-highest weight gl(co)-module if and only if M is a b-highest weight sl(co)-module, along with [8,
Proposition 5.2], implies the statement. O

4. A general lemma

In this section g is one of the Lie superalgebras introduced in Section 2.

Lemma 4.1. Let ¢ be equal to go or g5. If M is an integrable simple weight g-module with finite-dimensional
weight spaces, then there is an isomorphism of Za-graded € := [¢, €]-modules

My %@M(i%

where each M (i) is an integrable simple weight €' -module with finite-dimensional weight spaces. Moreover,
each M (%) is also an integrable simple weight module with finite-dimensional weight spaces over €.

Proof. Let 1 be a weight of M, and consider the ¢-submodule N(p) := U(€)M* of M|e. Notice that the
(¢ N h)-weight spaces of N(u) coincide with its h-weight spaces. Indeed, the reason is basically the same as
in Remark 3.1: since A — )\’ is an element of the root lattice of ¥ for any two h-weights A\, X of N(u), we
have X # X if and only if (A — N)|pner # 0. Thus N (u)lone’ = N(u)” € M for any v € Supp N (i), which
implies that, as a ¢-module, N(u) has finite-dimensional weight spaces.

As M|y is obviously integrable as a #-module, so is N(u). Then we can use [18, Theorem 3.7] to
conclude that each N (), and hence also M|y = 3 g, a7 V(1) (by the general result [11, Chapter XVII,
Lemma 2.1]), can be written as a direct sum €, M (i), where each M (i) is an integrable simple weight €'-
module with finite-dimensional weight spaces. This proves the first statement. The second statement follows
from the fact that the (¢ Nh)-weight spaces of each M (i) are also h-weight spaces. O

5. Classification results
5.1. Type A

In this section

g = sl(oo|m) for m € Z>; U {oo}.
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Recall from Theorem 3.3 that any integrable bounded simple weight gl(co)-module is isomorphic to
M(m, c), for some integrable bounded simple weight sl(co)-module M, some fixed weight vector m € M,
and some scalar ¢ € C. Moreover, by Remark 3.1, we know that Supp M (m, c) is obtained by extending
Supp M via (3.1). In particular, if A = (A1, Ag,...) € C* is in Supp M then its extension through (3.1) to
an element of hy; will be of the form M= A4 ((d— \)>) € C, for some d € ¢ + Z.

Consider now the isomorphism of Lie algebras gl(co) & sl(m) — sl(cojm)o such that

Al O E_1_4 0
A B E h —eq = : )
(A,B) (04’*> ) 1,1 V> gy —eq ( 0 E1,1>

where A € sl(00) and B € sl(m). This isomorphism induces the following correspondence of weights:

h;[x f):[B (...,()\3—)\1)+C,(/\2—)\1)+C,C> X (Vl,VQ,...)
<~ (,()\3 —)\1)4—07 ()\2 —)\1)+C,C|0,V2 — Vi, Vl3 —V1,...) = ()\clV) € h*.

By Lemma 4.1, for an integrable bounded simple g-module M we have an isomorphism of gp-modules
M|Eo = @ M(Z)a

where each M (i) is an integrable bounded simple weight go-module. For the rest of this section we fix such
a decomposition of M]|g,.

Recall that m € Z>1 U {oo}. In order to consider both cases m < co and m = oo, simultaneously, we
define, for every n € Z>o, the elements

m ifme Z>y
Ty = =
n—1 ifm=oo.

In particular, we have
sl(oclm) 2 lim(a(n) = sl(nz,)).

Recall that (unless otherwise stated) by homomorphisms of Zs-graded vector spaces we mean linear
transformations that preserve parity.

The modules S¥V, S¥V,, A7V and A7 V.. By V,, we denote the natural g(n)-module, and by V} its dual.
For a,b € Z~( with b < a, it is easy to check that there are unique (up to scalar) embeddings of g(n — 1)-
modules S°V,,_1 < SV, A’V,_; — A®V,,, and respectively, I1S°V,_; — I1S*V,,, TIA*V,_;| —
ITA*V,,. If b < a and x,—1 < @, then we also have unique (up to scalar) embeddings of g(n — 1)-modules
SV, — I1S*V,, A’V,_; < TA*V,, and respectively, ILS*V,,_; < S*V,,, TIA’V,_; < A%V,,.
Similar statements hold for the g(n)-modules S*V7 and A*V}. Notice that the inequality =, 1 < x, holds
whenever m = cc.

Let A = (a3 < ag <---) be a sequence of positive integers, and A be a sequence of ordered pairs (ay,, by ),
where b, € {0,1} and b,, = b, 11 if a, = apy1. Then we define the g-modules

SXV :=lim % §V,,,  S¥V, := lim I 5V},
ARV :=1lm AV, AXV, = lm I AV},
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where II° is the identity functor. For m = oo this definition makes sense for any sequence A as above, but
for m < oo the g-modules ARV and A7V, are well defined only under the additional assumption that
an+1 € {an,a, + 1} and b, is constant for all n > m + 1.

The modules S*V and S#V,. Let p := (u1 > --- > pi) be a partition, and for every n > k consider
the weight A\(n) := (1, ..., ur, 0" =¥ [0()) € h(n)*. There are unique (up to scalar) embeddings of g(n)o-
modules Ly(< ), (A(1)) <= Ly(<,, 1), (A(n+1)) sending a b(<,)o-highest weight vector to a b(<,11)o-highest
weight vector. Thus Proposition 6.3 below implies that there are unique (up to scalar) embeddings of g(n)-
modules Ly« y(AMn)) = Ly(<,,,)(A(n + 1)) sending a b(<,)-highest weight vector to a b(<,41)-highest
weight vector. Similar statements hold for the g(n)-modules Ly (s y(A(n))*. Finally, we define the g-modules

SMV 2 lim Ly (), ¥V, = lim Lo (A(n)) "
For all n, let A(n) € h(n)* be a weight of the following form:

(21) (an, 00~ 0@n)),

() (a0 D]0fe),

(©a) (070", ).

(Q24) (O(n)|0(mn71)a —ap),

() (pa, -, 00D,

( ) (_,ula'"a_ukvo(nikno(zn)):

where A = (a; < ay < ...) will be clear from the context, and p := (3 > -+ > ug) is a partition. Notice

() S¥ —hml_[b"Sa" _hmH 'Li<,)(A(n)),

(25) STV, —hme Sa"V* thH ‘Lo>,)(A(n)),

(Q%) A‘X’V—hme"Ab "V, thl_[ "Ly(>,)(AMn)),

() ARV, —hme AV thH "Lp<,)(A(n)),

(Qf) SV = ll_rgl(S“V = Lb(<n)(/\( n))), HS”V = lim(IIS*V,, := Ly« ) (A(n))),
() S#V. = Im(S*VY = Ly (An)), TESHV. = i (TTSHV? := MLy, (A(n)).

Extensions. For n,m € Z~, we set
pnim) = (n,...,2,1| —1,-2,...,—m),

and, for any given weight A = (ay,...,a,|b1,...,bn) of sl(m|n), we define the left side (respectively, right
side) of X to be (ay,...,a,) (respectively, (by,...,bm)).

Let F be the set of all functions from Z to the set of symbols {<, >, X, o} such that f(z) = o for all but
finitely many z € Z. Define

#f= 7100 coren(f) == fTH(>), corer(f) = fTH(<),
and let the core of f be

core(f) := (corer(f),corer(f)).

If f € F, we define the weight diagram D,:(f) to be the graph of the function f, i.e. a number line
with the symbol f(z) drawn at each z € Z. Also, if #f = k, then we set x(f) := (ai,...,a;), where
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fY(x) ={ai,...,ax}, and a; > .-+ > ay. If a,b € Z satisfy f(a) = x, f(b) = o and b < a, we define
[ € F to be the map with same core as f, and such that

x(fy) = (a1,...,aj-1,b,a;41,...,a1),

where a = a; and a;_1 < b < aj;1. Let [;(b,a) denote the number of occurrences of the symbol x minus
the number of occurrences of the symbol o strictly between b and a in D, (f). We say that g is obtained
from f by a legal move of weight zero if g = f for some a,b € Z with [;(b,a) = 0.

Let P C Z™ x Z™ (respectively, PT™ C Z" x Z™) denote the set of integral (respectively, dominant
integral) weights of gl(m|n). Any (A1,...,Am|A], ..., A,) € P can be identified with the following p(m|n)-
shifted element

(a1 =AM +n,...,a, =Ny + 1y :=1 =X, ..., 0 :i=m —\).
Via this identification, PT corresponds to the set of elements A = (a1, ...,a,|b1,...,by) € P such that
ay> - > ay, b <--- <bpy.
For any f € F, write
corer,(fHUX(f)=(a1 > - >a,) and corer(f)Ux(f)= (b1 < - <bp),
and set
Afi=(ay,...,anlb1,...,by) € PT.

The map F' > f+— Ay € PT is a bijection between F and P, and its inverse is P* 3 A +— f\ € F.
Given f,g € F, we write

f—9 g9g—f

if g is obtained from f by a legal move of weight zero, or f is obtained from g by a legal move of weight zero,
respectively. Let Lg(,,|m)(v) denote a simple highest weight gl(n|m)-module of highest weight v with respect
to the Borel subalgebra of gl(n|m) given by upper triangular matrices. Let h(m|n) be the diagonal subalgebra
of gl(m|n). Then it follows from [12, Theorem B] that EXté[(n|m),f)(m|n)(Lg[(n|m)()\f)vLg[(n|m)()‘g)) # 0 if
and only if f — ¢ or ¢ — f, where the subscripts on Ext! indicate that we consider extensions in the
category of weight modules.

Remark 5.1. If n # m then we have a direct sum of ideals gl(n|m) = Cz @ sl(n|m), where the identity
matrix z = I, 4, is central in gl(n|m). Let M be a simple object in the category of weight modules over
gl(n|m). Since z lies in the center of gl(n|m), we have an isomorphism of gl(n|m)-modules M = C. X 5,
where S = M|si(n|m) is a simple weight s[(n|m)-module and C. is one-dimensional with z acting on C.. via
multiplication by ¢. Let C. X S and C4 X T be two simple weight gl(n|m)-modules. Then

EXt¢.ai(njm)(Ce B S, Cqg B T) = Exte, (Ce, Ca) ® Homgiyjm) (S, T)

) HOHl(CZ((CC, (Cd) ® EXt;[('Mm)(S? T),
where in this remark we skip the Cartan subalgebras in the subscripts. Thus, if we assume that S 2 T and

¢ = d, we obtain
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EXtC.qo1(nfm)(Ce B S, Cc B T) = Ext, S, T).

sl(n|m) (

Let Ly(<,)(A[\) be a simple highest weight sl(n|m)-module and consider c¢()) := > A; + > Aj. In what
follows we denote the gl(n|m)-module C.yy X Ly, y(A|X) by Lgi(A|A). Notice that for any other weight
(v|v') there exists d(\) € C such that C.y) B Ly<,)(v[)) = Lgi(v + d(A\) ™[/ — d(A)™). Then

Extaq(nm) (Lio(<,) (M), Lo,y (1) 2 Extygimy (Lat(AIN), Lt (v + d() ™[ = d(0)™)) ®

For the next result we need to write the g(n)-modules appearing in (£2])-(€2f) as b(<,)-highest weight
modules. The following isomorphisms of g(n)-modules can be obtained via odd reflections (see [22,
Lemma 10.2], or [17, Lemma 3]):

(a) SV =Ly(s,)(—an, 0"~ D]0@)) = Ly 1 (A(n)),
(b) A® "V = Ly(>,)(0™[0@ =D q,) 2 Ly (A(n)),
(€) S"V3 = Lo,y (—pas - -y =, 07 [0E)) 2 Ly oy (A(n),

where for n > k, the respective A(n) is as follows:

(Qg) (0m]oEn=an) 1)) if q, < z,, or (0D, —a, + z,|(—1)=")) otherwise,

(Q3) (1(an) o=an)|p@n)) if q,, < n, or (1]a, — n, 0@ =) otherwise,

(SN)(;) 00—y + 2y, —p F | — @) R i gy > 2, and gy < @, for some I, or
(0 |o@n=r) —j(m—pmisn) k() otherwise (in the latter case i is such that py = --- = gy
and p; > pir1). In fact, both types of weights can be described by partitions: in the former case,
to any pair of partitions v = (v| > --- > v ) and v = (v1 > --- > 1) we associate the weight
(0P, —yp,, ..., —1n| =V, ,...,—V}); in the latter case, to any partition v = (v; > -+ > 1) with
p < x, we assoc1ate the weight (00[0»=P) —p, ... —vy).

In the proof of the next result we use the symbol “x” for a mark of a weight whose explicit form does
not matter.

Lemma 5.2. Assume that x, > 1 in g(n) = sl(n|z,), and let P,Q be simple g(n)-modules occurring in
(Q))-(9f). Assume in addition that, if P or Q has type (L) or (Q) then the length of the respective

s}

partition p is much smaller than n. Then Extg(n) ) (P, Q) = 0.

Proof. Let A be the b(<,,)-highest weight of a module appearing in (£2})-(€2f), and set f := fx. We claim
that if @ < b satisfy f(a) = X, f(b) = o and ¢ € C, then for n > 0 the weight Asa + (c(™| — c(*n))
does not occur as a b(<,)-highest weight of a module in ())-(Q). Below we prove this claim for A of
the form (a,,0"=1[0@)) or (00— —qa,) for a, € Zsq, or (1, .., ur, 0¥ |0@)) for a partition
= (1 > -+ > ug). The other cases follow by dualization.

Performing an arbitrary legal move of weight zero on f yields a weight whose p(n|z,)-shifted form is
given by

Ao = (%%, 0 0[b e %, %),

where [b" — b > 1 and [c — b] > 1. Since we are assuming z, > 2, we conclude that Ao
is not equal the p(n|z,)-shifted form of the following weights: (b,,0"~1[0@=)) (00— —p,),
(00 ]o@n=bn) "1 n)) (=1 b 4 2, |(—1)@)), (1) 0=b)|0@n)) or (10D, — n,0@=1) for b, €
Lo, (v1,..., v, 00=Dj0@R)) (0 |o@n—r1) | _j(i—vie) 101 for a partition v = (v; > - > ).
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To prove that the weight A e is not equal the p(n|z,,)-shifted form of a weight 0D —ytx,,...,—11+
T | — 1@n=vien) k() for a partition v = (1 > --- > 1), we notice that if A equals (a,, 0"~ |0(@n))
(respectively, (p1, ..., g, 0*=*)0(*n))) the difference of the n-th and (n — 1)-th (respectively, the k-th and
(k + 1)-th) marks in the left side of A\ss is bigger than zero (here we are assuming that n > 0 so that
n—1> k). For A= (00|0@ =1 —q,) we take min{n, a,} > 0 so that z,, + a, > [, and: the difference of
the ,,-th and (z,, — 1)-th marks in the right side of A, is bigger than k (if @ = z,, + ay), or the difference
of the (z,, + a, —2)-th and (z,, + a, — 1)-th marks in the left side of Ase is bigger than 1 (if a < z,, + a,).
This proves the claim.

Let v be the b(<,,)-highest weight of a module occurring in (2))-(€2;). We have shown in all cases that
there exists a pair of marks of A\ys whose difference does not coincide with the difference of the respective
pair of marks of the p(n|z,)-shifted form of v. Since for any ¢ € C the difference of any pair of marks of
Afe + (™| — c(@n)) coincides with the difference of the respective pair of marks of A fe» we conclude (1): for
any ¢ € C the non-shifted form of Aa + (c™] — c(#n)) cannot occur as a b(<,,)-highest weight of a module
in (9))-(0%).

Assume now f is one of the b(<,)-highest weights appearing in (Q5), (Q3), () and set g = [y~ Similarly
to (1) we show (2): if g§ is obtained from g by a legal move of weight zero, then for any ¢ € C the non-shifted
form of A\ga + (c™)] — ¢(#n)) does not occur as a b(<,)-highest weight of a module in (Q})-(2}). Now we can
combine (1) and (2) above with [12] to obtain Ext;[(n‘%)@CZ(Lg[(u), Ly(A + (™| = c@))) = 0 for every
¢ € C and any weight v occurring as a b(<,,)-highest weight of a module in (£2})-(€2f). Finally, Remark 5.1
gives

Extaiafa,) () (Lo(<) () Lo,y (V) = Bxtgiaie, ) pmecsLat (), L + (e() ] = e) ) = 0,

and the statement follows. O
5.2. Main results

Recall the sl(o0)-modules A? V, STV, STVi, S*V and S*V, defined in Section 3. The support of each
of these modules equals the projection to b, of a respective subset of C>:

(i) Aa :={ep =) ;cpci | B~ A}, where B ~ A means that there exist disjoint finite subsets F'y C A
and F'g C B, such that |FA| = |FB‘ and A\FA = B\FB,

(i) Sa:={AA>0,3In:3" | X\ =an, A\ = (a; — a;—1) for i > n}, where a; € 4,
(iii) S%:={X| X <0,3n:> " N = —an, \; = (a;—1 — a;) for i > n}, where a; € A,
(iv) Sy = {0 0< A < ik,

(v) S ={M0< =N <}

Let m € Z>1 U {oo}. In this section M is assumed to be a simple integrable bounded sl(co|m)-module.
We use the symbol “o” for a weight whose explicit form does not matter.

Lemma 5.3. Any weight of M can be obtained as the projection of a vector (v|o), where v lies in one of the
subsets displayed in (1)-(v).

Proof. Any weight of M is a weight of some M (i), and hence, as discussed in the beginning of Section 5.1,
it can be obtained as the projection of some vector (v°[o) € C* x C™, where ¢ € C and v lies in one
of the subsets displayed in (i)-(v). Since the projection of (v¢|¢) to h* coincides with the projection of
(v° — () ¢ yioo)\ o +clm) — 1/§m)) = (v] o 4™ — yfm)), the statement follows. O
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Let v € M(i) € M be a nonzero weight vector with M (i)|q, isomorphic to S X T, where S (respectively,
T) is an integrable bounded simple weight s[(co)-module (respectively, sl(m)-module). If S is isomorphic to
AV, S¥V, S¥V,, SEV, or SHV,, then we say that v has type (i), (ii), (iii), (iv), or (v), respectively.

Lemma 5.4. Let v € M*1°) be a nonzero weight vector with type (x) € {(i)—(v)}. If w € M is a nonzero
weight vector, then w also has type ().

Proof. Since M is simple, it is enough to prove that the action of g; on v does not change the type of
v. Assume that v € M (i) = S K T, where S (respectively, T) is an integrable bounded simple weight
sl(00)-module (respectively, sl{(m)-module). Let w := X,v, where X, € go C g7. Take n > 0 so that the
root vectors X (s, _s,) commute with X, for all 4,7 > n. Let s denote the Lie subalgebra of g generated
by all such root vectors. Notice that s = sl(c0), and U(s)w = X,U(s)v. Thus we have an isomorphism
of s-modules U(s)w = U(s)v, and using the fact that S is isomorphic to one of the modules listed in the
beginning of this section, we easily check that the type of U(s)w coincides with the type of S. Precisely,
if § is isomorphic to SFV or SFV; for an infinite set A C Z~q, to A?V for a semi-infinite set A C Z~g,
or to S*V, SV, for a partition p = (u1 > --- > pg), then U(s)w is isomorphic respectively to SFV,
SEVi, AEV7 STV or S"V,, where B = {by < by < ---} C Z>, satisfies b; = ap4; for all i > n, and
n = (m >--->mn) is the partition determined by the weight p|pns € (h N s)*. Therefore, the assumption
that v and w have different types would contradict to the fact that both s = sl(co)-modules U(s)v and
U(s)w have the type of S. O

If v,w € M are nonzero weight vectors then Lemma 5.4 allows us to claim that v and w have the same
type according to (i)-(v). Moreover, it follows from Lemma 5.3 that if v has type () € {(i) — (v)} then its
weight can be represented by the vector (v,¢), with v lying in a set of type (). In what follows we often
use this fact.

Lemma 5.5. Let v € M©) be a nonzero weight vector, and consider the finite-dimensional g(n)-module
M, :==U(g(n))v. Let P be a simple subquotient of M,, and let (A7) € Supp P. Then the following statements
hold for n > 0:

(a) If v is of type (iv), then any b(<,)-singular weight (\|y) of P is of the form (u1, ..., j, 0% |0(@n))
for a partition p= (1 > --- > ur.), or (1M a, 0=V for some a € Zsq, or (005)]0(=n).

(b) Ifv is of type (v), then any b(>,)-singular weight (\|y) of P is of the form (—py, ..., —px, 0" ~F)|0(=n))
for a partition p = (1 > --- > pg), or (=10 —a, 0@~ for some a € Z>q, or (00>)]0n)),

(c) If v is of type (ii), then any b(<,)-singular weight (\|y) of P is of the form (a,0"=1|0)) for some
a € L, or (00)]0=n)),

(d) Ifwv is of type (iii), then any b(>,)-singular weight (A7) of P is of the form (—a, 0= D]0&)) for some
a € Lo, or (00)]0n)),

(e) If v is of type (i), then any b(<,)-singular weight (A|y) of P is of the form (1(®),0(»=®)|0(n))  or
(1™ a, 0= for some a € Zsq, or (005)[0(=n).

Moreover, in all above cases (A[y) = (00°)|0&)) implies g(n)P = 0.

Proof. Write (A|y) = (An,---, A1|71,--+,72,) and let w € P be a nonzero vector of weight (A|y). Since
M, is a finite-dimensional (and hence a semisimple) weight module of g(n)y we may assume that P is a
g(n)o-submodule of M,,, and therefore that w is a b(<,,)o-singular vector of M,,.

(a). Since (Al7y) is a b(<y)o-singular weight and w has the same type of v by Lemma 5.4, we must have
A= (1, .., pe, 00*=F) for some partition g = (3 > --- > pg) where k = 1,...,n. Assuming k < n, we
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will show that v = 0. For any 1 < ¢ < x,, we have X.,_5,w = 0 as otherwise X.,_5,w would be a vector
of weight (p1,. .., up, 0" %=1 —1|o) in contradiction to Lemma 5.4. Indeed, a weight vector with such a
weight cannot have the type of v. Thus X.,_s5,w = 0. Since w is a b(<,)-singular weight vector, we conclude
that he,_s,w = ypw = 0, which shows 7, = 0. Since ¢ was arbitrary, this proves that v = 0.

If £ = n for all n > 0, then we must have \; = 1 for all i = 1,...,n as otherwise, by [8, Theorem 5.1],
M would not be a bounded go-module. Thus (A|y) = (1(]y), and we claim that v = (a,0®~1) or
v = (—1(“_1), —a) for some a € Z>¢. Indeed, if v1 ¢ Z or 1 € Z<_5 then, as in the previous case, we get
a contradiction due to Lemma 5.4 since X, s, X, _5,w would be a nonzero vector of weight (1»~1), —1]o).
If v1 € Z>o then ; = 0 for all ¢ > 2 by the same reason. Finally, if 74 = —1 we can use again Lemma 5.4
to show that v; = —1 for all 2 <4 <z, — 1 and that 7,, = —a for some a € Z>(. The claim is proved.

Notice that there are isomorphisms of g(n)-modules

Lb(<n)(1(n)|av O(Inil)) = An+avn7
Lb(<n)(1(n)| - 1(wn—1)7 _a) = Lb(<n)(0(n)|0(w”_1)a —a+ 1) = Aa_lV:m

and, by Lemma 5.4, the latter module cannot occur as a g(n)-subfactor of M since vectors of A®~1V?
cannot have the type of v.

To prove that (A|y) = (0(>]0(==)) implies g(n)P = 0 in case (a), notice that (g(n)o @ g(n)1)w = 0 since
w is a b(<,)-singular vector of weight (0(°)|0(*»)). Furthermore, g(n)_jw # 0 contradicts Lemma 5.4.
Therefore g(n)w = 0 for any b(<,,)-singular vector of P, and consequently g(n)P = 0.

The remaining claims are proven in a similar way. O

Remark 5.6. For g = sl(n|1), we have a weaker version of Lemma 5.2: if P, @) are finite-dimensional simple
g(n)-modules whose respective b(<,,)-highest weights A, 1 are as in Lemma 5.5 (a) (respectively, (b)-(e)),
then EXté(n),h(n)(P7 Q) = 0. To prove this, we proceed as in Lemma 5.2: we show that f\ cannot be obtained
from f,, by a legal move of weight zero and vice-versa, and then we apply [12]. W

Corollary 5.7. Let v € M be a nonzero weight vector, and consider the finite-dimensional g(n)-module
M,, = U(g(n))v. If P,Q are simple subquotients of M,,, then Exté(nm(n)(P, Q) = 0. In particular, M,, is a

semisimple g(n)-module.

Proof. The highest weights allowed for P and @ are the ones occurring in Lemma 5.5 (a) (respectively,
(b)-(e)). The statement now follows from Lemma 5.2 for m > 1, and from Remark 5.6 for m=1. O

Lemma 5.8. If v € M) is a nonzero vector, then M, = U(g(n))v is a simple g(n)-module for all n > 0.
Proof. By Lemma A.1 from the Appendix, there exists N > 0 such that M) is a simple US-module.

A standard argument shows that M, is a simple g(n)-module for all n > N. Indeed, by Corollary 5.7, any
submodule K C M,, yields a split exact sequence of g(n)-modules

0—-K—+M,—-W—=0.
This sequence provides an exact sequence of U%-modules
0— KO M7(l>\\'v) S WA .

Since M,({\m is a simple U%-module, we have KA =0 or KA = M,({\m. If KA =0 then v € W and
M, = U(g(n))v = W, which implies K = 0. Similarly, if KA1 = M{*" we conclude that M, = K. ©
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Theorem 5.9. Let g = sl(oo|lm) for m € Z>1 U {oo} and let M be an integrable bounded simple weight
g-module. Then the following statements hold:

(a) M is locally simple.

(b) M is isomorphic to one of the following modules: S*V, S¥V ., IIS#V, IIS*V,, SYV, S¥V,, A}
or ARV,.

(c) Allisomorphisms between simple modules appearing in (b) are: SV = SEV, SV, = SHV,, ARV =
ARV and ARV, = ARV, if and only if there exists N > 0 such that (a;,b;) = (a},b}) for all i > N;
SV = S0V, =2 C and IS"V 2 TISPV, 2 TIC (0 stands for the empty partition,).

Proof. Let v € M7\ {0}. By Lemma 5.8 the g(n)-module M,, = U(g(n))v is simple for all n > 0. In
particular, M = J,, M,, and M is locally simple. This proves part (a). Part (b) follows from Lemma 5.5.
Finally, one direction of (c) is clear, the other follows from the observation that if a locally simple module
M is isomorphic to lim M, and to lim My, then M, & M;, forn>>0. O

Suppose that g = sl(oolm) with m < oo, and that M is isomorphic to S¥V. Notice that, for all
n>m+ 1, if M, = S5V, (respectively, M, = I15%V,) then M, 11 = S*+1V 1 (respectively, M, ;1 =
I1S*+1V 1 1). For the case where M is isomorphic to SPV,, ARV or ARV, the situation is analogous.
Thus Theorem 5.9 can be refined as follows:

Corollary 5.10. If M is an integrable bounded simple weight sl(co|m)-module (m < o), then M is isomorphic
to one of the following modules: S*V, SV, IISFV, IIS*V,, STV, SV, ARV, or ARV, where the
sequence (by,) is constant.

Proposition 5.11. The following statements hold:

(a) The modules S*V and ILS*V (respectively, S*V, and ILS*V, ) are b(<)-highest weight modules if
and only if there are i1,...,4, € Z<g Such that iy < -+ < i < Z<o \ {i1,...,9x} (respectively,
Zeo\{ity. . ip} <ip < - <11).

(b) If either {n € Zso | ant1 — an > 1} = o0 or |{b, = p}| = oo for all p € {1d,1II}, then the g-
modules AV and ARV, are not highest weight modules with respect to any Borel subalgebra of g.
If {n € Z>o | ant1 — an > 1} < 0o and |{b, = p}| < oo for some p € {1d,I1}, then the g-module
ARV (respectively, AX V., ) is a b(=<)-highest weight module if and only if A < (Zso\ A) (respectively,
(Zoo\ 4) < A).

(c) The modules SV, S¥V, are not highest weight modules with respect to any Borel subalgebra of g.

Proof. For an arbitrary splitting Borel subalgebra b C g, every b-highest weight vector v € M is a bg-
singular weight vector. Now the result follows from Proposition 3.4. 0O

5.3. The case of q(o0)

Let A € C*°. Recall that #\ denotes the number of nonzero marks of A, and [a] denotes the greatest
integer in the number a € Q.

Theorem 5.12. An integrable simple weight q(oco)-module M is bounded if and only if M = STV =
L[,(<)(Zf:1 vigi) or M = STV, = L[,(>)(Zf:1 —vi&i), for some partition v = (y1 > v2 > -+ > Vi)
Moreover, STV Z 1157V and STV, Z IIS7V, if and only if k is odd.
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Proof. Notice that STV (respectively, S7V,) is bounded as it is a submodule of the bounded module
®!_, 5%V (respectively, ®*_, $7V..). This proves one direction of the statement. For the other direction,
note that the dimension formula for the weight spaces of M from Section 2.3 shows that the number of
nonzero marks of the weights of M is bounded by some [ > 0. This implies that for any 4, M (i) = S*V or
M (i) = S*V, for appropriate y;. Fix ¢y and assume that M (io) = S#°V. Let v, be a b(<)o-highest weight
vector of M (ig). Pick a b(<;)-singular vector wy in U(b(<;))v,, = U(b(<1)1)vy,. Then b(<;)wg = 0, and
g%i%wy = 0 for all ¢ > 0 and j > I, which implies that wq is a b(<)-highest weight vector of M. Since M is
simple, this shows the existence of isomorphism M = Ly (i) for some partition y; > 42 > --- >
given by the weight of wg. The strict inequality 7; > 7;41 follows from the fact that 7; = 7;41 implies that the
simple q(2)-module Ly (<,)(vi, vi+1) generated by wy is infinite dimensional [15], and hence non-integrable.
The case where M (i) = S#oV, is considered in a similar way.

The statement that SV = IIS7V and SV, = ISV, if and only if &k is odd follows from [15,
Proposition 4]. O

5.4. The remaining cases

Let g equal osp(00]oc), 05p(00|2K), 05p 5 (m|c), 0spe(2100), 08P (00]00), 05p p (00[2K), 08 (m]oo),
or sp(o0). In this section, 7 denotes the map from the set of indices that label the standard basis of the
Cartan subalgebra of g to the one-element set {1}.

Up to isomorphism, there are just two non-isomorphic spinor o(2n)-modules, S;7 and S, and there
is a unique spinor o(2n + 1)-module S,. More precisely, consider S = Ly, ~(1/2,...,1/2), S, =
Lo<,,r(1/2,...,1/2,-1/2), and S, = Ly(<, r(1/2,...,1/2). Up to scalar, there are only two embed-
dings ¢ : S,—1 — S, and unique embeddings S | = S, ST |~ S,, S, = S and S, ; — S, . For
a given subset A C Z~q we define the 05 (00)-module S¥ to be the direct limit of 0(2n+1)-modules obtained
from the sequence of embeddings {¢, : S,—1 < S,} such that ¢, = ¢} if n € A and ¢, = ¢;; otherwise.
In a similar way we define the op(0o)-module S§ to be the direct limit of o(2n)-modules obtained from
the sequence of embeddings {y, : M,,_1 < M,} such that M; = SZ-+ if i € Aand M; =S, otherwise. It
follows from [8, Proposition 5.3 and Theorem 5.5] that any integrable bounded simple weight 0(co0)-module
is isomorphic to 8§, S, or to the natural o(cc)-module V5.

Let wy € C* be defined by setting (wa)r = % if ke Aand (wa)p = —% otherwise. For A, A’ C Z+
we write A’ ~g A if A and A’ differ by finitely many elements, and we write A’ ~p A if A and A’
differ by an even number of elements. By [8, § 5.2], we have SuppS¥ = {war € CZ>0 | A’ ~p A} and
SuppS% = {war € CZ>0 | A" ~py A},

Finally, it also follows from [8, Proposition 5.7] that any nontrivial integrable bounded simple weight
sp(oo)-module is isomorphic to the natural sp(co)-module V.

In Theorem 5.14 below we will make use of the following remarks several times.

Remark 5.13.

(a) Assume g equals o0spg(00]oo), 0spg(c0|2k), ospp(m|oo), 0spo(2|c0), ospp(oco|oo), 6spp(oo]2k),
0sp p(m|oo), or sp(co). Notice that in all cases g5 = s1 @ s2, where s7 is isomorphic to o(cc0) or sg
is isomorphic to sp(00). In particular, for any constituent M (i) of M, we have an isomorphism of (non-
graded) gg-modules M (i) = S(i) X T (i), where S(i) is isomorphic to an s;-module of the form S¥, S,
Vo or C if 81 = 0(00), and T'(¢) is isomorphic to an ss-module of the form Vi, or C if s5 = sp(00).
Since M is a simple g-module, any two weights of M must differ from each other only by finitely many
marks. This shows that once S(i) is isomorphic to V, or C, then we are not allowed to have any S(j)
isomorphic to S¥ or 8. Similarly, if S(i) is isomorphic to S¥ or ST, then we are not allowed to have
any S(j) isomorphic to V, or C. Also observe that if S(i) = C (respectively, T'(¢) = C) for all 4, then
g1 M = 0. Since § C [g7, 97], we obtain hM = 0, which implies M = C.
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(b) (Support arguments) Let L be a weight g-module, & € A be a root of g, and v € L* be a nonzero
weight vector. In what follows, by writing that support arguments imply that X,v = 0, we mean that
the vector a + A € h* cannot lie in Supp L.

(c) Let M be a b-highest weight g-module with nonzero b-highest weight vector v. We define

M if [v| =0
|M] := _ .
M if jv| =1.

We are now ready to state the main result of this section.

Theorem 5.14. Let g equal 0spp(00]|o0), 0spp(00|2k), 0spg(m|oco), ospp(co|oo), 0spp(0o|2k), ospp(m]oo),
05p-(2]|00) or sp(o0). A nontrivial integrable simple weight g-module M is bounded if and only if M =V
or M Z1IV. In particular, M is locally simple.

Proof. Throughout this proof < denotes the linear order
-1<1<-2<2=<---

on Z*, and A will be a subset of Z~q. The general idea is to base the proof on Lemma 4.1, and we consider
several cases in order to deal more effectively with the technical details. Since M is nontrivial, Remark 5.13
implies that in each case below we can assume that there is at least one S(¢) or T'(¢) that is not isomorphic
to the trivial module C.

Case g = 0sp (00]00), 0sp p(00|00). Recall that g5 = 0(00) @ sp(co), where 0(o0) = op(c0) or o(co) =
0p(00), respectively. Assume first that, for some ¢, there is an isomorphism of (non-graded) gg-modules
M(i) 2V, K N for a simple bounded integrable weight sp(co)-module N. By [8, Proposition 5.7] we have
either N = V;, or N = C. Suppose N = V;,,. Then M (i) = Ly (< ), (01 +€1). Moreover, support arguments

imply that a b(<,7)p-highest weight vector v is also a b(=<,7)-highest weight vector (see Remark 5.13).
In particular, Xs,4+-,v = 0. But support arguments show also that X_5,_.,v = 0, and hence we get a
contradiction:

0= hsyte,v = —0.
Thus N = C, and consequently
|M| = Lg(<,)(61) = V.

Assume now there is an isomorphism of gg-modules M (i) = S¥ X N. We claim that this is not possible.
Indeed, we know that N = C or N = V,,. Suppose N = Vj,, and define o : Z* — {1} by setting
o(j) = 1for j € Zso, 0(j) = 1 for j € —A, and o(j) = —1 otherwise. In particular, we have M (i) =
Ly(<,0)(wa +€1), and a b(<, 0)o-highest weight vector v of M (i) is also a b(<,o)-highest weight vector of
M. Then X_5,_.,v =0 for any j ¢ —A. On the other hand, support arguments (see Remark 5.13) show
that X5, 1c,v =0, and hence we get a contradiction:

0=h_s,—c,v=—v.

Case g = 0sp(m|oo), 0spp(m|oc). We have g5 = o(m) @ sp(c0). Assume there is an isomorphism of gg-
modules M (i) = Ly(<,, )(A)XV;, for some weight A € h(m)*. We claim that A = 0. Indeed, our assumption
implies that M (i) is a b(=<, 7)o-highest weight module. Moreover, if v € M (i) is a b(<, 7)o-highest weight
vector, then support arguments (see Remark 5.13) show that X5, .,v =0and X 5, .,v = 0 for all j. Thus
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0= hs;1e,v = Ajv,

which implies A; = 0, and hence A = 0.
Next we claim that w := Xs, ., v # 0. Indeed, support arguments imply that X., 5,,,v=0for 1 <j <

m—1, Xs,_c,v=0for2<j<m,and Xc

i+
i—e;10 =0 for j > m. Thus w = 0 yields

[M] = Ly(<r)(e1) = L. (e1) = lim Lyc<, 7 (€1)-

But, by [10, Proposition 2.3], the modules Ly« -)(£1) are not finite dimensional, and since they are simple,
this is a contradiction. Thus w # 0.

Now we notice that X5, ., w = 0, and again using support arguments we conclude that X., 5, ,,w =0
for1<j<m-—1, Xs;,—e,w=0 for 2 < j < m, and Xej—e;pw=0 for j > m. In particular, n(<,7)w = 0,
and since the weight of w is §; we have an isomorphism |M| = Ly ;)(d1) =V as desired.

Case g = 0sp(00|2k), 05p 5 (00|2k). Recall that gz = o(o0) @ sp(2k) where 0(oc0) = op(00) or o(c0) =
0p(00), respectively. Assume first that there exists an isomorphism of gg-modules M (i) =2 V, K N for some

simple finite-dimensional weight sp(oo)-module N. We will show that, also in this case, | M| is isomorphic
to V. Indeed, we have M (i) = Ly(< 7),(01 + > Asei) for some partition A = (A\; > --- > Ax), and support
arguments imply that a b(<, 7)o-highest weight vector v of M (i) is also a b(=<,7)-highest weight vector of
M. Then Xs,4.,v =0, and again using support arguments we obtain X_5,_.,v = 0. Hence

0= Nsyte,v = =N,

which implies A = 0. Consequently, |M| = Ly< -(01) = V.

Assume now there is an isomorphism of gg-modules M (i) = S¥ X N for some simple finite-dimensional
weight sp(co)-module N. We claim that this cannot happen. Recall the map o and the weight w4 from case
1 above. Then we have an isomorphism of gg-modules M (i) = Ly(< o), (wa + D Aig;) for some partition A.
Support arguments imply that a b(<, o)g-highest weight vector v of M(i) is also a b(=<, o)-highest weight
vector of M. Hence

| M| = lim Ly(<, ) (v(n) + D Nica),

where v(n) is a half-integer weight for every n. In particular, Ly« - (¥(n) +>_ Aig;) is a g(n)-submodule of
| M| for any n larger than the length of the partition A. But a necessary condition for Ly« ) (v(n)+_ Aig;)
to be finite dimensional is A\;, > n (see [10, Proposition 2.3]). Since A is a finite partition and n — oo, this
yields a contradiction as desired.

Case g = 0sp5(2|00). Recall that gg = C @ sp(co). Suppose that for some 4 there is an isomorphism of

[a=3

gg-modules M (i) = C.5, B V,,, where C.s, is a 1-dimensional C-module of weight ¢d;. In other words, we
have M (i) = Ly(< ), (cd1 + €1). Let v be a b(<, T)o-highest weight vector of M (7). Then X5, ., v = 0 or
X5,—c,v=w # 0. In the former case, v is a b(<, 7)-highest weight vector of M, and M = Ly - (cd1 +€1).
In the latter case, w a b(<, 7)-highest weight vector of M, and |M| = Ly« -y((c+1)d1).

Let’s prove that an isomorphism |M| = Ly« -(cdy + €1) is contradictory. Our argument relies on some
material reviewed in Section 6.2 below. Consider the Kac module K(cd; + 1) and notice that there is a
canonical surjective homomorphism K(cd; + €1) — Ly(< 7)(cd1 + €1) which is an isomorphism whenever
Ly(<,r)(co1 + 1) is typical. Since K(cd; + €1) is not a bounded g-module (in fact, this module does not
have finite-dimensional weight spaces), we obtain that Ly -(cd1 +€1) has to be atypical. This means that
ce{-1,1,2,...}. Then X_s,.,v # 0, since otherwise

0= hs_e,v = —cu,
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which is a contradiction. Thus (c[1,1,0...) is a weight of Ly« ;)(cd1 + €1), and support arguments imply
that Ly« - (cd1 +€1) is not bounded.

Next we consider the case where |M| = Ly« ;)(cd1). Again, since the nontrivial g-module Ly« -)(cd1)
must be atypical, we have ¢ € Z>;. We claim that ¢ = 1. Indeed, if ¢ € Z>5 then w = X_;5_.,v # 0, since
hsye,v =cv # 0. If Xsyo,w # 0, then (2| —1,1,0,...) is a weight of Ly -)(cd1), and support arguments
show that Lg(< ;y(cd1) is not bounded. If X5 .,w = 0, then X_s_.,w # 0 (since hsy,w = w # 0) and
(0] =1,-1,0,...) is a weight of Ly r)(cd1). Again, if this is so, support arguments imply that Ly - (cd1)
is not bounded. Therefore, ¢ =1 and [M| = Ly« (61) = V.

Case g = sp(00). Recall that g5 = sl(co). Suppose first that, for some 4, there is an isomorphism of gg-
modules M (i) = SHV for a partition p = (u1 > -+ > pg). Let vg € S*V be a b(<)j-highest weight vector
of M (i), and let u € U(g;) be a longest monomial of the form --- X, _ X% X', _ XxI' with ¢; € {0,1}

€2tez“t2e e+ 2
such that uvy # 0. Such a monomial exists since the vectors of the form wwvg lie in §l(co)-submodules of

M isomorphic (up to parity) to S¥V for certain partitions v, where the length of v grows along with the
length of the monomial. Thus, the non-existence of a monomial u of maximal length with uvg = 0 would
imply that M is not bounded. Notice that uvg is a b(<)-highest weight vector of M, and hence we have an
isomorphism of g-modules |M| = Lb(<)(2§=1 vi€;) for some v € C* such that 1 > v2 > ... > 7.

We claim that v; = 0 for all j > 2. Indeed, let j > 0 such that v; = 0. Then, since v is b(<)-highest
weight, we have X, ., v = 0. On the other hand, support arguments show that X_., . v = 0. Thus

0= h52+5j'U = Y20,

which implies v; = 0 for all j > 2. If j = 1, then similarly we have X., ;.,v = 0. But now X_., _.,v =0 if
and only if 7, # 1. In other words, we have an isomorphism |M| = Ly<)(e1) = V.

If M (i) & S*V,, then we prove in a similar way an isomorphism |M| = Lb(>)(751) =V.

Next we assume that there is an isomorphism of gg-modules M (i) = AEV for some i. Let < be a
linear order on Z~ satisfying the following conditions: A < (Z~¢ \ A), and for any i,j € A (respectively,
i,j € Zso\ A) we have [{p € A | i <p < j} < oo (respectively, |{p € Zso\ A | i < p < j}| < o0).
Therefore we can write Zso = {jn, < jno < ==+ < Jn, < Jjn,}, where A = {j,, < jn, < ---} and
Zso\A={"<jn, <Jjn,} - Let 7: Z~o — {1}, and let v € A?V be a b(=, 7)p-highest weight vector. In

particular, the weight of vises =) . 4 €;. Since Xoe,, isa b(=, 7)o-highest weight vector of g, we must

jEA
have w = Xg,;-ml v = 0, as otherwise w would be a b(=<, 7)o-singular vector of M of weight 3e;, + EA\{in, }1
which is a contradiction, as sl(co) does not admit any simple bounded highest weight module with such a
weight. Similarly, we must also have X_., ., v =0.
1 2

Take now n >> 0 so that jn,,jn, € [1,n]. Using that X, v =0, and that sl(co) does not admit a simple
bounded integrable highest weight module with highest weight 2e;, +2¢;,  +¢€a\(j,, j,,}» We obtain that
Xej.n1 tejn, V= 0. Continuing this way, one shows that

Xoe,v = Xej,4e;,,,v =0, for every j,t € [1,n].

On the other hand, for j,, jm+1 € [1,n] such that j,, € A and j,,+1 ¢ A, we can use support arguments to
obtain that X_., e v = 0. Since j,4+1 ¢ A, this yields
the following contradiction

v = 0. Thus we have proved that X4,

+5Jm+1)

0=~

€im “E€im+1 v=-v.

In conclusion, the isomorphism of gg-modules M (i) = A?V is contradictory.

Finally, assume that, for some ¢, we have an isomorphism of gg-modules M (i) = SPV for an infinite
set A={a; <ag <---} CZsg. For n > 0, let w, € M(i) denote the equivalence class a b(<,,)o-highest
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weight vector of a g(n)g-submodule of M (i) isomorphic to Ly(<,),(ane1). Consider W = U(g(n))w, and
let w € W be a b(<,,)-singular weight vector of W. In particular, w is a b(<,,)o-singular weight vector, and
hence, it must have weight of the form b,e; for some b, > a,. Thus X, +.,w = 0, and support arguments
imply X_., _.,w = 0. But this yields a contradiction

0=he_c,w = bpw.
A similar argument shows that an isomorphism of gg-modules M (i) = STV, is also contradictory. O
6. The category Bt
Let B™ denote the full subcategory of g-mod whose objects are integrable bounded weight g-modules.
6.1. The case g % sl(oo|1)

Theorem 6.1. Let g equal sl(co|m) with m € {Z~1,00}, 0spp(00|00), 0spp(00|2k), 0sp (m|oo), 0sp(2]00),
0sp p(00]|00), 0spp(00|2k), aspp(m|oc), or sp(co). Then the category B™ is semisimple.

Proof. Let g = sl(oo|m) withm € {Z~1, 00} and let M and N be two simple objects in B™¢. By Theorem 5.9,
M = lim M, and N = li_II}Nn are locally simple. Since M and N are isomorphic to modules appearing in
(©)-(94), Lemma 5.2 implies that Exté(n),b(n)(Mn,Nn) = 0 for n > 0. Now the claim follows from
Corollary A.3.

If g 2 sl(co|m), the result follows from Theorem 5.14 and Corollary A.3 by noting that all Exts between
the modules V,,, IIV,,, C or IIC vanish for all n. O

Theorem 6.2. If g = q(00) and M and N are two non-isomorphic objects of B™, then Ext;h(M, N)=0
and

0 if M 2 IIM
Extl , (M, M) = i
’ C if M = TIM

Proof. Recall from Theorem 5.12 that any integrable bounded simple weight g-module is isomorphic to

k k k

k
Loy (Y vies) = lim Ly (O vigi) or Loy (Y —viei) 2 limLes, ) (O —viei)
i=1 i=1 i=1 i=1

for some partition v = (73 > 72 > - -+ > 9%). Let vy and vy be the respective highest weight vectors of M
and N. Then the q(n)-modules U(q(n))vas and U(q(n))vn for n > 0 have different central characters. This
follows from A. Sergeev’s description [21] of the center of U(q(n)). Corollary A.3 in the Appendix implies
now Exty (M, N) = 0.

Our statement about Exté’ p (M, M) follows directly from [9]. There the authors consider the case of q(n)
but present an argument that extensions over q(n) extend to q(n + 1), i.e., in fact prove that

0if M 21IM

Ext! (M, M) =
(M M) {(C if M = TIM
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6.2. Kac modules and the case g = sl(oo|1)

We start by recalling the definition of Kac module. Assume g equals sl(oo|m) for m € Z>1 U {0}, or
0spc(2[00). Put gy := P, 8 and gz = @220 gi, where g; is defined in Section 2. Let L be a simple
weight go-module. Set g~ L = 0. The Kac module (cf. [10]) is the induced g-module

K(L):=U(g) RPU(gy) L.

The Kac module K, (L,) for g(n) is defined similarly. When L = Ly(.) (A), the module K (L) is usually
denoted by K(X). The module K(L) is indecomposable and admits a unique maximal proper submodule
N(L), yielding the short exact sequence

0— N(L) L K(L) 25 L(L) =0

where L(L) := K(L)/N(L). Similarly, K, (L,) has a unique maximal proper submodule N, (L,), and

Ly (L) := Kn(Ln)/Nu(Ln).-

Proposition 6.3. Let ¢ nt1 : Ly — Lpy1 be an embedding of g(n)o-modules, and consider the embedding
of g(n)-modules op pnt1 @ Kyn(Ly) = Kpp1(Lnt1) mapping u @ v 0 4 & ¢y pt1(v) for all u € U(g(n)),
v € Ly,. Then o nt1(Np(Ln)) € Nys1(Lnt1) and o nt1 induces an embedding of g(n)-modules 1y pt1 :
Lo(Lyn) = Lpt1(Lnt)-

Proof. Set N,, = N,(L,). We claim that U(g(n + 1))¢n n+1(Ny) is a proper submodule of Ky 41(Lpt1)-
Indeed, N,, € U(g(n)_1)" ®L,, where U(g(n)_1)" denotes the augmentation ideal of U(g(n)_1), and hence
it is clear that g(n+1)_1pp n+1(NVn) C U(g(n+1)_1)" ® Ly, +1. Now we show that g(n+1)41¢n nt1(Ny) C
U(g(n+1)_1)" ® Ly,41. For this it is enough to prove that Xo¢n nt1(N,) C U(g(n+1)-1)" @ Ly,41, where
X, is a simple root vector of g(n + 1) \ g(n). Since X, commutes with g(n)_; we obtain X, nt1(N,) C
XoU(g(n)-1)T®bn.n+1(Ln) CU(g(n)-1)T@XaLnt1 € U(g(n)—1)"@Ly41. Therefore, the map vy, 5,41 (v+
Ny) = ¢nnt1(v) + Npyq defines the desired embedding. O

Corollary 6.4. Let L :=lim L,, be a locally simple weight go-module. Then N(L) = lim Ny, (Ly,), and L(L) =
lim L, (L) where the latter limit is taken over the sequence of embeddings {L,(Lyn) — Lpi1(Lnt1)}
provided by Proposition 6.3. Moreover, L(L)% = lii>nLn(Ln)9(”)1 =

Proof. Proposition 6.3 implies that the following diagram of g(n)-modules is commutative
0 ——— Npo(Ln) LN Kn(L,) —2— L,(L,) — 0

©On,nt1 \[41071,71"’1 \[wn,n+1

fn n
0—— Nn+1(Ln+1) i) Kn+1(Ln+1) & Ln+1(Ln+1) — 0.

Since, for every n, the g(n)-module N,,(L,,) is the unique maximal proper submodule of K,,(L,,), we conclude
that N(L) = lim N,,(L,) and L(L) & lim , L, (L,). The claim that L(L)® = lim Ly, (L) 2 L follows
from the fact that Ln(Ln)f’(”)1 =L, 0O

Observe that for g = sl(cojm) with m € Z>o U {oo} or g = 0sp(2]|c0), the Kac module K (L) is not
bounded for any choice of L since A(g_1) := @y, A¥(g_1) is not bounded as a go-module (in fact, K (L)
does not have finite-dimensional weight spaces).
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Assume that M = lim Ly (<) (A(n)) is a locally simple integrable g-module for a given chain of embeddings
of g(n)-modules Ly y(A(n)) < Ly(<,,,)(A(n+1)). We call the module M typical if there exists N € Zq
for which (A(n) 4+ pn, 8) # 0 for every 8 € A(n); and n > N, and atypical otherwise. Suppose in addition
that L = lim Ly(<,),(A(n)) and the embeddings Ly(<,)(A(n)) < Lg<, ) (A(n + 1)) are defined as in
Proposition 6.3. Then if M = lim Ly(<,,)(A(n)) is typical, there is an isomorphism of g-modules M = K(L).
This follows from the well known fact that K, (A(n)) is simple whenever (A(n)+ py, 8) # 0 for all 3 € A(n);.

A weight p(n) € h(n)* is singly atypical if (u(n), 8) = 0 for a unique pair of mutually opposite odd roots
18 € A(n);. It is known that if g(n) equals sl(m|1) or osp(2[2n) and A(n) dominant integral, then the
g(n)-module Ly )(A(n)) is atypical if and only if the weight A(n) + p, is singly atypical with respect to
an odd root a,. In the latter case the module K, (A(n)) has length 2 and its maximal proper submodule
is isomorphic to ITP" Ly (<, y(A(7)a, ), Where the weight A(n),,, is obtained by subtracting from A(n) a sum
of positive odd roots which are uniquely determined by A(n) (see [24, § 6 and 7] for details). Moreover, if
B1+ -+ B, is this sum of odd roots then p,, = k,,. We also notice that A(n)a, can be obtained from A(n)
by a legal move of weight zero (see [12, Corollary 6.4] where there is a typo in the statement: it should be
A(f) > A(g))- Since for sl(m|1) and osp(2|2n) there is at most one such legal move, there is no ambiguity
in defining A(n),,, in this way.

Corollary 6.5. Suppose g equals sl(co|1) or ospo(2[00). Let L = lim Ly(<,,),(A(n)) be any locally simple
integrable weight go-module. Then either N(L) = 0 and L(L) = K(L), or N(L) = ImIIP"Ly(<,)(A(n)a)-
In particular, the g-module K (L) is either simple or has length 2.

Proof. The statement follows from the above discussion and Corollary 6.4. 0O

Let C be the category of weight modules with finite-dimensional weight spaces over g or g(n). For any
M € C we can consider the restricted dual g-module M, € C which is defined in (A.1). The functor M — M,
defines a contravariant auto-equivalence of C. Next, let w be the automorphism of g defined by taking the
direct limit of the automorphisms defined in [13, § 5.2], and let MV denote the g-module M, with action
twisted by w (see [12, pg. 20]). The functor M — MV is also a contravariant auto-equivalence of C, now
with the additional property that SV = S for all simple modules S € C.

We will show that, up to applying II, the following example provides all nontrivial extensions between
simple objects of B for g = sl(c0|1).

Example 6.6. Let g = sl(co[1) and C = lim Ly(<,), (0(™1]0) be the trivial one-dimensional gy = gl(c0)-
module. For every n, the weight p,, € h(n)* is singly atypical with respect to the odd root a = §; — ¢, and
(0010)y = —a = (0»~1), —~1]1). Then

N(C) 2 lim I,y (077, =1[1) = lim ML <, (177, 0(0) 2 lim TA™ 'V,

and in the category of bounded weight modules over sl(co|1) we have the following non-split short exact
sequence

0—-AFV - K(C)—C -0,

where A is the sequence of ordered pairs (a, = n — 1,b, = 1) for all n € Z~;. Application of (-). on this
short exact sequence yields the non-split short exact sequence

0—-C—K(C),—=AFV,—0,

where AV, = lim ITA" 'V 2 lim Ly (00[1 — n).
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Set A(n) := (0|1 —n), u(n) := (=1™|1) and v(n) := (=1(»~1, —2|2) (here we choose representatives
of the weights defining A%V, C and A%V, respectively, so that the action of the center of gl(n|1) on the
modules Lgi(A(n)), Lgi(1(n)) and Lg(v(n)) coincides, see Remark 5.1). Then we have a sequence of legal
moves of weight zero:

Inm) = fum) = fom)-

Moreover, we can check that if v(n) is a weight such that f,,y — fim) or fum) — fym), then
h_r}an(<n)(’y(n)) is not an object in B™. Thus the sequence Iam)y = fum)y — fun) is maximal with
the property that all objects lim L. )(A(n)), lim L(<,,)(u(n)) and lim L,y (v(n)) are in Bt m

In the following proposition we assume that g = sl(oo[l). Let L = limLy<,),(A(n), L' =
@Lb(<n)o(y(n)) be locally simple integrable weight go-modules and p,q € {0,1}. Assume also that
M :=TPL(L) and N :=II?L(L’) have finite-dimensional weight spaces.

Proposition 6.7. If M = IIPL(L) and N = TI9L(L’), then dim Ext; , (M, N) < 1. Moreover, dim Ext; , (M,
N) =1 precisely when, for sufficient large n, all A\(n) + p,, are singly atypical with respect to an odd root o,
and p(n) = A(n)a,,, or vice-versa. In the latter case, if E is a nontrivial extension of M by N, then either
E=TPK(L) and N 2TPN(L), or E = (WK (L)Y and M = TI9N(L').

Proof. Let 0 4 N - E — M — 0 be a non-split short exact sequence. Since the category of integrable
weight go-modules with finite-dimensional weight spaces is semisimple (see Lemma 4.1), we can regard
M9 = [ and N9 = [/ as simple go-submodules of E. As FE is a nontrivial extension, we obtain E = U(g)L,
and we have two possibilities: (1) g1L =0 or (2) g1 L # 0.

(1): There exists a surjective map of g-modules II?P K (L) — E. Since Corollary 6.5 implies that IIPK (L)
has length 2 precisely when for sufficiently large n the weights A(n) + p,, are singly atypical with respect to
odd roots a, (possibly depending on n), we conclude that E = IIPK (L) and pu(n) = A(n)q,, -

(2): Consider the non-split exact sequence 0 — M — EY — N — 0. Then EV = U(g)L’ and support
arguments imply that g;L’ = 0. Indeed, first notice that Supp F = Supp M U Supp N and set A(gy) :=
{8 € A|gsC g+}. Now, for any fixed A € Supp L, X' € Supp L’ we have SuppM C X — Z>oA(g+) and
Supp N € N —Z>¢A(g4). Since g1 L # 0 by assumption, we have g1 LNN # 0. Thus A € X' —Z>¢A(g4+ ), and
hence Supp E C X — Z>oA(g+). Therefore g1 L’ = 0, and as in (1) we obtain an isomorphism of g-modules
EY 2 YK (L), from which we conclude that F = (IIYK (L)Y and A(n) = pu(n)a, for all sufficient large
n. O

Recall that two simple modules M, N € B™ are in the same block if and only if M = N, or there are
simple modules M = Ly, Ly, ..., Ly = N of B such that Ext};m (Li,Lit1) #0foralli=1,... k—1. The
block of M € B™ will be denoted by [M]. A block [M] is trivial if [M] = {M}. The next result describes
the blocks of simple modules in B,

Corollary 6.8. Up to application of I1, the only nontrivial block of simple modules in B™ is [C] = [AX V] =
[ARV.] = {C, ATV, A%XV.}, where A is the sequence of ordered pairs (a, =n—1,b, = 1) for alln € Z,.

Proof. Corollary 5.10 implies that it is enough to compute the blocks [C], [S*V], [S¥V] and [AFV].
The other cases will follow by application of (), and possibly II. The g-modules C, S*V, S¥V and
ARV can be obtained as respective direct limits lim, Lip(<,,), (A(n)) where the weights A(n) of the three
latter modules are as in (£2), (£24) or (£25), respectively. Now, we can check: (1) for sufficiently large
n, all weights A(n) + p, are atypical with respect to @ = d; — ¢, and in particular A(n), = A(n) — a;
(2) if lim,, Ly(<,)o(A(n)) 2 C,AXV, where A is as in the statement, then for any ¢ € C the weights
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A1) + (™| = ¢) do not occur as b(<,,)-highest weights of modules in (©)-(€2}), nor do they define the
trivial module C; (3) if lim, Lp(<,), (A(n)) 2 C,A}V, where A is as in the statement and if p(n) is a
sequence of weights such that f,,) — fi(n), then for any ¢ € C the weights u(n) + (™| - ¢) do not
occur as b(<,,)-highest weights of modules in (€2))-(€). Finally, (1)-(3) and Proposition 6.7 imply that up
to application of II the only nontrivial extensions of simple objects in B™* are given in Example 6.6. The
statement follows. O

Appendix A

For every n € Zsg, let g(n) be a finite-dimensional Lie superalgebra and let h(n) C g(n); be a fixed
toral subalgebra of g(n)g, that is, each nonzero element of h(n) acts semisimply on g(n) under the adjoint
representation. It is well known that h(n) is an abelian subalgebra of g(n) and that h(n) acts semisimply on
g(n) under the adjoint representation. An h(n)-weight g(n)-module is by definition a g(n)-module on which
h(n) acts semisimply.

An embedding of Lie superalgebras ¢ : g(n) — g(n+1) is an h(n)-weight embedding if ¢(h(n)) C h(n+1)
and ¢ maps every h(n)-weight space of g(n) into one h(n + 1)-weight space of g(n + 1). In this section,
we assume that g is a Lie superalgebra isomorphic to the direct limit of a chain of weight embeddings
g(n) — g(n+1). Although we are mainly interested in the Lie superalgebras listed in Section 2, the class of
Lie superalgebras we consider here is much more general, for instance g(n) may be a simple finite-dimensional
Lie superalgebra of Cartan type.

Define

UY := Cy(g)(h), UL :=U"NU(g(n)) forevery n € Zs,o.
The following Lemma is a version of [8, Lemma 4.2].

Lemma A.l1. If M is a finite-dimensional simple U°-module, then there exists K > 0 such that M is a
simple UY -module for every n > K.

Proof. The U°-module structure on M provides a sequence of maps ¢, : UY — End M such that im ¢,, C
im ¢y, for k > n. Since dim M < oo, there exists K € N with im ¢,, = im ¢y, for every n > K. The simplicity
of M as an U%-module implies, via the Jacobson Density Theorem, that im(¢ : U° — End M) = End M.
Since U° = Un>1 UY, we have im ¢ = U,>1 im ¢, = im ¢x. Therefore im ¢ = End M, and the statement

is proved. O

Let L= e L* be an h-weight g-module with finite-dimensional h-weight spaces L*. Define

L.:= @@ cr (A1)

HED*

Then for any a € Supp g, = € g%, and A € Supp L, we have x(L*)* C (LA ®)*. Therefore L, is an h-weight
g-submodule of L*.

In what follows we consider the extension groups Ext;’h(M ,N) in the category of h-weight g-modules
(see for instance [7] and also [13]).

The following proposition is due to V. Serganova.

Proposition A.2. Assume that M and L are h-weight g-modules and that L has finite-dimensional weight
spaces. Then Exty (M, L) = (Hi(g,h; M @ L.))* for any i € Zxo.
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Proof. Since dim L* < oo for every weight u, we have

Homy (M, L) = Homj, (@ M P L“)
A u
—H (MM @ L) = (Q}MA ) = (M&L)"",

where Homy, stands for parity preserving homomorphisms of h-modules. The statement now follows from
to the fact that Exty (M, L) := H'(g, bh; Homc (M, L)) can be computed through the cochain complex

C* := Homy (A (g/h) ® M, L) = ((A'(g/h) ® M @ L,)")" = C7,
C; being the chain complex computing the relative homology H;(g,h; M ® L,). O

Corollary A.3. Let M = lim My, and L = lim L,, be h-weight g-modules, and assume that L has finite-
dimensional h-weight spaces. If EXt;(n),h(n)<M’l’L7 L,) =0 for all n>> 0 then Ext;’h(M, L)=0.

Proof. This follows directly from Proposition A.2:

Extg o (M, L) = (Hi(g,h; M @ L))"
= (lim H;(g(n), b(n); My ® Ly))"
= lim(H;(g(n), b(n); My ® L7,)")
= lim Ext} .y gy (Mn, Ln) =0. O

The following result reproves [18, Theorem 3.7].

Corollary A.4. Let g equal a direct limit of finite-dimensional semisimple Lie algebras. If M = lim My, and
L= li_rI>1Ln, where M,, and L,, are finite-dimensional h(n)-weight g(n)-modules and L has finite-dimensional
h-weight spaces, then Exté’h(M, L)=0.

Remark A.5.If g = osp(1]|oo), then Corollary A.4 also holds, since the category of finite-dimensional
0sp(1]2n)-modules is semisimple for all n € Z~o. N

Remark A.6. We would like to point out also that Corollary A.3 does not hold without the assumption of
finite-dimensionality of weight spaces. For instance,

Ext%rs[(oc> (C,sl(c0)) #0

where Ty is the category of sl(co)-modules studied in [18,4,20]. W
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