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1. Introduction

Ever since its origin, algebraic K-theory has proved to be exceedingly hard to compute, which is why
results relating the K-theory groups of different categories are of vital importance in the field. Notably,
a major tool in this direction consists of finding homotopy fibration sequences

KX)— K(Y)— K(Z)

relating the K-theory spaces of categories X', and Z because, since the nth K-theory group K, (X) is
defined as the nth homotopy group of the K-theory space K(X'), such homotopy fibration sequences induce
a long exact sequence

= K1 (2) 5 Kp(X) = K (V) = Kn(2) = K1 (X) — .

ending in Ko(X) = Ko(Y) = Ko(Z) — 0.

Among these results, one of the most useful is Quillen’s Localization Theorem, relating the K-theory of
two abelian categories A C B, and that of their quotient B/A.

More precisely, let B be an abelian category, and A C B a Serre subcategory; that is, an abelian subcat-
egory closed under extensions, subobjects and quotients. In this situation, it is possible to define a quotient
abelian category B/A, together with an exact quotient functor loc: B — B/ A, see [14, Thm. 2.1], or also [6,
Ch. IIT 1,2]. This quotient functor satisfies a universal property: given an exact functor F: B — C between
abelian categories such that F(A) = 0 for every A € A, there exists a unique exact functor F’': B/A — C
with F' = F’loc.

Then, the algebraic K-theory of the categories A, B and B/ A are related in the following way:

Theorem 1. [10, Thm. 5] Let A be a Serre subcategory of a small abelian category B. Then
K(A) = K(B) =% K(B/A)
is a homotopy fibration sequence.

Although immensely useful, this result suffers from an evident limitation: it only applies to abelian
categories, while many of the categories of interest to K-theory are not abelian, but exact (for example, the
K-theory of a ring is defined as K(R) = K(R—proj), where R—proj denotes the exact category of finitely
generated projective R-modules).

Various authors have followed this line of thought and successfully generalized Quillen’s Localization The-
orem for abelian categories to exact categories by requiring additional conditions on the Serre subcategory
A. Their results can be stated as follows.

Theorem 2. [12], [}] Let B be an exact category, and A C B a Serre subcategory; that is, a full subcategory

closed under extension, subobjects and quotients. If in addition A is left or right s-filtering [12], or localizes
B [}], then there exists an exact quotient category B/ A and an ezact functor loc: B — B/ A such that

K(A) = K(B) 5 K(B/A)

18 a homotopy fibration sequence. Furthermore, the functor B LN B/A is universal among exact functors
B — C that vanish on A, where C is exact.
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These exact versions of the Localization Theorem certainly widen the range of applications, but may
still be quite restrictive. For example, given a well-behaved ring R, one would like to be able to apply
the Localization Theorem to the categories R—proj C R—mod and obtain a long exact sequence relating
K(R) = K(R—proj) and G(R) = K(R—mod). However, recalling that every finitely generated R-module is
a quotient of a (finitely generated) free R-module, we see that R—proj is never a Serre subcategory unless
R is such that every finitely generated R-module is projective,' in which case the long exact sequence is no
longer necessary.

Our goal is then to prove an exact version of the Localization Theorem that allows for a different type
of subcategory, other than Serre subcategories. Since this property is vital when proving that the quotient
category B/ A is exact for each of the three versions of exact localization mentioned above, we take a different
approach: instead of looking for an exact quotient category 55/.A whose morphisms encode the vanishing of
A on K-theory, we construct a Waldhausen category structure on B whose weak equivalences encode the
vanishing of A on K-theory. Our main result is the following (see Theorem 6.1 and Theorem 6.3).

Theorem 3. Let B be an exact category closed under kernels of epimorphisms and with enough injective
objects, and let A C B be a full subcategory with the 2-out-of-8 property for short exact sequences and
containing all injective objects. Then there exists a Waldhausen category structure on B with the admissible
monomorphisms as the cofibrations, denoted (B,w4), such that

K(A) — K(B) - K(B,wx)

is a homotopy fibration sequence. Furthermore, the functor B 1ds, (B,w4) is universal among exact functors
F: B — C such that 0 — FA is a weak equivalence for each A € A, where C is a Waldhausen category
satisfying the extension and saturation axioms.

As examples, we show our Localization Theorem can be applied to the inclusion R—proj C R—mod when
R is a quasi-Frobenius ring (such as Z/nZ,k[G] for k a field and G a finite group, or any finite dimensional
Hopf algebra) in Example 8.6, and when R is an Artin-Gorenstein ring in Example 8.7.

We note that this result is not an extension of Quillen’s Localization Theorem, but instead an alternate
tool for producing homotopy fibration sequences, as any categories A and B satisfying the hypotheses of
both Localization Theorems will necessarily satisfy A = B; we refer the reader to Remark 6.2 for details.

It is well known that some computational tools are typically lost in the passage from exact categories
to Waldhausen categories; for example, Quillen’s Resolution Theorem, instrumental in the proof of the
Fundamental Theorem of algebraic K-theory, does not translate to Waldhausen categories. However, the
algebraic nature of our Waldhausen category (B,w,4) allows us to recover a version of the Resolution
Theorem for exact categories with weak equivalences obtained through our machinery; this is Theorem 7.2.

In order to construct this Waldhausen category structure on B3, we rely on the algebraic notion of cotorsion
pairs. These are pairs (P,Z) of classes of objects in B which are orthogonal to each other with respect to
the Ext} functor, see Definition 2.6.

The relation between cotorsion pairs and model categories was first introduced in [1] and further explored
in [7]. Essentially, Hovey shows that compatible pairs of cotorsion pairs on an abelian category A are in
bijective correspondence with the abelian model category structures that can be defined on A.

A study of the proof immediately reveals that each of the two cotorsion pairs involved is related to one
of the factorization systems present in the model category; thus, both are truly necessary to determine a
model category structure.

! This will happen precisely when R is a product of matrices over division rings.



4 M. Sarazola / Journal of Pure and Applied Algebra 224 (2020) 106399

Inspired by Hovey’s result, we take a step back from our goal of an exact Localization Theorem to study
the relation between cotorsion pairs and Waldhausen categories in its full generality. In doing so, we are able
to show that just one cotorsion pair (the one corresponding to the cofibrant objects in Hovey’s result) is
enough to determine a Waldhausen category structure on the full subcategory of cofibrant objects. Namely,
we prove the following (see Theorem 4.1; compare with [8, Thm. 2.5]).

Theorem 4. Let £ be an exact category, and Z, C two full subcategories of € such that Z N C is closed
under extensions and cokernels of admissible monomorphisms in C, and C is part of a complete hereditary
cotorsion pair (C,C1). Assume also that C+ C Z.

Then C admits a Waldhausen category structure (C,wg), with the C-admissible monomorphisms as the
cofibrations, and with the weak equivalences as the morphisms that factor as a C-admissible monomorphism
with cokernel in C N Z followed by a C-admissible epimorphism with kernel in C*.

Our result recovers familiar Waldhausen structures, such as the structure on bounded chain complexes
with quasi-isomorphisms for weak equivalences, but also creates new examples that cannot be produced by
restricting to the category of cofibrant objects of a model category obtained from Hovey’s machinery, since
not every cotorsion pair can be promoted to a pair of compatible cotorsion pairs.

Notation. We clarify some notational conventions that we use in this paper. Coproducts will be denoted by +,
and pushouts by A +p C; similarly for products, pushouts, and x. Given morphisms f: A — B,g: C — B
and h: D — E, we abuse notation and use + to denote both the map f + g: A + C — B given by
(a,c) — f(a) 4+ g(c), and the map f+h: A+ D — B+ FE given by (a,d) — (f(a), h(d)).

Cofibrations will be denoted by <, admissible epimorphisms by —, and weak equivalences by —. Exact
categories will be denoted by their underlying category without mention to the specified class of exact
sequences. If C is an exact category, we use C and (C, isos) interchangeably to refer to the usual Waldhausen
structure in C. We use (C,wz) for the Waldhausen structure with weak equivalences determined through
our result, where we omit mention to the (usual) class of cofibrations.

Given an exact category C, we use C* (resp. +C) for its left (resp. right) orthogonal complement with
respect to the Ext! functor (see Definition 2.6). Cotorsion pairs will be denoted by (P,Z) when dealt with
in abstract, and by (C,C*) in our main results, to emphasize it being determined by C.

2. Preliminaries

This section includes the definitions required to make our paper self-contained. None of the definitions
are original, and the reader familiar with exact categories, Waldhausen categories, and cotorsion pairs, can
safely omit this preliminary material.

2.1. Ezact and Waldhausen categories

Exact categories are of the utmost importance to K-theory. In fact, this was the setting originally used by
Quillen in [10] to develop the notions of higher algebraic K-theory and extend the known results of classical
K-theory (K, for n = 0,1,2). While Quillen gives an intrinsic definition of exact categories, we choose to
work with an equivalent definition that makes use of an ambient abelian category. The curious reader can
find a proof of the equivalence of both definitions in Remark 2.8, Lemma 10.20, and Theorem A.1(i) of [3].

Definition 2.1. An exact category is a pair (C, F) where C is an additive category and E is a family of
sequences in C of the form

0-ALBEBCcoo0
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such that there exists an embedding of C as a full subcategory of an abelian category A, with the following
properties:

(E1) E is the class of all sequences in C which are exact in A,
(E2) C is closed under extensions; that is, given an exact sequence in A as above, if A,C € C then B is
isomorphic to an object in C.

Morphisms appearing as the first map in a sequence in E (like ¢ above) are called admissible monomor-
phisms, and those appearing as the second map (like p) are admissible epimorphisms. We typically drop the
class of exact sequences from the notation, and refer to the exact category (C, E) as C.

Definition 2.2. A subcategory Z of an exact category C is closed under cokernels of admissible monomor-
phisms if for every exact sequence in C

0—-A—-B—-C—=0

such that A, B € Z, we have C € Z. It is closed under kernels of admissible epimorphisms if, whenever
B,C € Z, we have A € Z. We say Z has 2-out-of-3 for exact sequences if whenever two of the objects
A, B, C in an exact sequence as above are in Z, the third one is as well.

A more general setting for algebraic K-theory was introduced by Waldhausen [15] under the name of
“categories with cofibrations and weak equivalences”; in the modern literature these are called Waldhausen
categories.

Definition 2.3. A Waldhausen category consists of a category C with a zero object, together with two sub-
categories coC and weC, whose maps are respectively called cofibrations and weak equivalences, satisfying
the following axioms:

(C1) all isomorphisms in C are cofibrations,
(C2) for every object A in C, the map 0 — A is a cofibration,
(C3) if A — B is a cofibration, then for any map A — C, the pushout

|

+4C

Q+—

—
—— B

exists in C and the map C — B + 4 C'is a cofibration,
(W1) all isomorphisms in C are weak equivalences,
(W2) the “Gluing Lemma”: given a commutative diagram

C+—A——B
R AT
C'¢+— A —— B

where the horizontal arrows on the right are cofibrations and all vertical maps are weak equivalences,
the induced map

B—FAC—)B/—FA/O/
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is also a weak equivalence.
The correct notion of functor between Waldhausen categories is that of an exact functor.

Definition 2.4. A functor between Waldhausen categories F' : C — D is exact if it preserves the 0 object,
cofibrations, weak equivalences, and the pushout diagrams of axiom (C3).

Remark 2.5. Exact categories form a notable example of Waldhausen categories. Given an exact category C,
we can consider it as a Waldhausen category by letting cofibrations be the admissible monomorphisms,
and weak equivalences be the isomorphisms. From this perspective, Quillen’s K-theory space of the exact
category C agrees with Waldhausen’s K-theory space of the Waldhausen category C.

2.2. Cotorsion pairs

Just like in abelian categories, one can use the structure present in an exact category C to construct
the functor Exté, which is precisely the restriction to C of the functor Ext! defined in any ambient abelian
category A. For any two objects A, B € C, Exté (A, B) is the abelian group of equivalence classes of extensions
of A by B in C; that is, classes of sequences in C of the form

0—-B—>C—A—0. (5)

As in the usual case, one can observe that Exté (A, B) = 0 precisely when every sequence in C as in (5) is
isomorphic to the canonical split exact sequence

0—+-B—A+B— A—0;

that is, when every sequence as in (5) splits.

In the presence of an Ext functor, we can define cotorsion pairs. These were introduced in the late 70’s
by Salce under the name of “cotorsion theories” [11], and became more widely known in the 90’s when
Bican, El Bashir, and Enochs used them to prove the flat cover conjecture: namely, that for any ring R, all
R-modules admit a flat cover [2]. The definition is as follows.

Definition 2.6. A cotorsion pair in an exact category C is a pair (P,Z) consisting of two classes of objects
of C that are the orthogonal complement of each other with respect to the Exté functor. More explicitly, if
we let

PL = {A € C such that Ext}(P, A) =0 for every P € P}
and

17 .= {A € C such that Ext{(A,I) =0 for every I € T},
then it must be that P+ =7 and +Z = P.

Remark 2.7. It is not hard to observe that both the left and right classes participating in a cotorsion pair
must be closed under extensions. This implies that any class of objects participating in a cotorsion pair
in C is an exact category, when considered as a full subcategory of C. Henceforth, we make no distinction
between P and ObP whenever P C C is a full exact subcategory whose class of objects participates in a
cotorsion pair.
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Note that cotorsion pairs provide a generalization of injective and projective objects in an exact category;
indeed, an object P is projective in C precisely when the functor Home (P, —) is exact, which is equivalent
to requiring that Ext(lj (P,A) = 0 for every A € C. Thus, if proj denotes the full subcategory of projective
objects in C, we see that (proj,C) is a cotorsion pair. Similarly, if inj denotes the full subcategory of injective
objects, then (C,inj) is a cotorsion pair.

Borrowing motivation from the case of injectives and projectives, it is of interest to know when a cotorsion
pair provides resolutions for any given object.

Definition 2.8. Let (P,Z) be a cotorsion pair in an exact category C. We say that the cotorsion pair is
complete if any object A in C can be resolved as

0A—=I—-P—=0
for some [ € Z, P € P, and as

0=-I'—-P A0
for some I' € Z, P’ € P.

As an example, we can see that the cotorsion pair (C,inj) is complete precisely if C has enough injectives.
Definition 2.9. A complete cotorsion pair (P,Z) is hereditary if the category P is closed under kernels of
admissible epimorphisms in C, or equivalently, if Z is closed under cokernels of admissible monomorphisms
in C.

For further details on cotorsion pairs, we refer the reader to [5].

3. Results from Hovey

In this section we define the classes of maps we will use throughout the paper, and we recall a collection of
results from [7] that will be essential when proving our main theorem. Since Hovey deals with two compatible
cotorsion pairs, each of the results below are a subset of the cited statements in his article; however, one can
check that the proofs for these claims only make use of the amount of structure present in our hypotheses.?

For the entirety of this section, let £ be an exact category, and C, Z be two full subcategories of &
satisfying the conditions of Theorem 4. The cotorsion pair (C,C*) can be used to define the following

distinguished classes of morphisms:

e a morphism in C is a cofibration (<) if it is an admissible monomorphism with cokernel in C,

« a morphism in & is an acyclic fibration (%) if it is an admissible epimorphism with kernel in C*+.
With the addition of the category Z, we can also define the following:

o a morphism in C is an acyclic cofibration (<) if it is an admissible monomorphism with cokernel in
CNZ,

2 The reader might note another discrepancy between our hypotheses and Hovey’s: he requires the cotorsion pairs to be functo-
rially complete. A careful study of his constructions reveals that this extra condition is used to obtain functorial factorizations of
maps, which we do not require.
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 a morphism in C is a weak equivalence (=) if it factors as the composition of an acyclic cofibration
followed by an acyclic fibration.

The first three results we recall involve only the complete cotorsion pair (C,C), and the classes of maps
determined from it.

Lemma 3.1. [7, Lemma 5.3] Let i: A — B and j: B — C be two cofibrations. Then, the composition
ji: A — C is also a cofibration. Similarly, the composition of two acyclic fibrations is again an acyclic
fibration.

As we mentioned before, in Hovey’s proof each cotorsion pair is related to one of the weak factorization
systems present in a model category. In our setting, we retain one of the pairs, and thus we still have one
factorization system. In particular, this implies the following two results.

Proposition 3.2. [7, Prop. 4.2] A map is an admissible monomorphism with cokernel in C if and only if it
has the left lifting property with respect to all acyclic fibrations.

Proposition 3.3. [7, Prop. 5.4] Every map f: A — B between objects of C can be factored as f = pi, where
1 18 a cofibration and p an acyclic fibration.

Remark 3.4. Let f: A — B be a map between objects of C, and A % ¢ 2 B a factorization of f as above.
Then the short exact sequence

0 —— kerp c 5B 0,

together with the fact that C is hereditary, imply that ker p € C. Therefore, when factoring morphisms in C,
we can always assume that p is an acyclic fibration which is furthermore an admissible epimorphism in C.

Finally, the last three results involve the structure determined by the cotorsion pair, together with the
category Z. Note that we only require Z N C to be closed under extensions and cokernels of admissible
monomorphisms, while Hovey asks these properties of Z (denoted by W in his paper), and, in addition,
that Z also be closed under retracts and kernels of admissible epimorphisms. Because of these missing
properties, some of Hovey’s results will no longer hold in our general setting; notably, we won’t have 2-out-
of-3 for the class of weak equivalences. However, the following still hold.

Lemma 3.5. [7, Lemma 5.8] A map is an acyclic cofibration if and only if it is a cofibration and a weak
equivalence. Similarly, an £-admissible epimorphism between objects of C with kernel in Z is a weak equiv-
alence.

Proposition 3.6. [7, Prop. 5.6] Weak equivalences are closed under composition.

Proposition 3.7. [7, Lemmas 5.9, 5.10] Let f and g be two composable maps in C such that g and gf are
weak equivalences. Then f is also a weak equivalence, in the following cases:

e g and gf are acyclic fibrations, or
e g is an acyclic fibration and gf is an acyclic cofibration.
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4. Waldhausen categories from cotorsion pairs

We now proceed to prove one of our main results, which we state once again, and whose proof consists
of the entirety of this section. It explains how to produce a Waldhausen category structure from a cotorsion
pair and a chosen subcategory Z which will form the class of acyclic objects.

Theorem 4.1. Let £ be an exact category, and Z, C two full subcategories of € such that Z N C is closed
under extensions and cokernels of admissible monomorphisms in C, and C is part of a complete hereditary
cotorsion pair (C,C1). Assume also that C+ C Z.

Then C admits a Waldhausen category structure (C,wz), with the C-admissible monomorphisms as the
cofibrations, and with the weak equivalences as the morphisms that factor as a C-admissible monomorphism
with cokernel in CN Z followed by a C-admissible epimorphism with kernel in C*.

Before checking the axioms, we must pay attention to a few things. First, note that C contains the zero
object of £, since EXt};(O, A) = 0 for any object A € £. Also note that our cofibrations and weak equivalences
form subcategories, which is ensured by Lemma 3.1 and Proposition 3.6.

We now verify that the axioms of a Waldhausen category are satisfied. As we will see, most of them
follow directly from the definitions, and the difficulty arises from the Gluing Lemma.

Lemma 4.2 (C1). Isomorphisms are cofibrations.

Proof. If f is an isomorphism, then it is an admissible monomorphism with coker f =0€ C. O
Lemma 4.3 (C2). 0 — A is a cofibration for every A € C.

Proof. Let A € C; the morphism 0 — A is an admissible monomorphism, and its cokernel is A € C. O
Lemma 4.4 (C3). Cofibrations are closed under cobase change.

Proof. Let i: A < B be a cofibration and f: A — C any map in C. We know the pushout

A—"' B

/] |

C —— B+4+4C

exists in £. Moreover, the map C' — B+ 4 C will be an admissible monomorphism, since these are preserved
by pushouts, and furthermore,

coker(C' — B +4 C) = cokeri € C.
Lastly, the short exact sequence
00— C— B+4C — cokeri — 0
implies that B +4 C is an object of C, since C is closed under extensions. O
In fact, one can similarly see that the dual result also holds.

Lemma 4.5. Let p: A — B be an acyclic fibration between objects in C+, and f: C — B be any map with
C € C*. Then the pullback A x5 C is in C*+, and A xp C — C is an acyclic fibration.
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Lemma 4.6 (W1). Isomorphisms are weak equivalences.
Proof. An isomorphism f: A — B factors trivially as f =1pf. O
We now show two special instances of the Gluing Lemma (W2).

Proposition 4.7. Consider a commutative diagram in C

C#A%B

L

C/%A/%BI
J K2

such that the induced map i: coker a — coker 8 is a cofibration. Then the map on pushouts ¢: B+, C —
B’ +4, C" is an acyclic cofibration.

Proof. Consider the following commutative diagram with exact rows in C

coker v

[ S

coker i ¢
o T
Lot \

AI B/ +A’ C/ B

\ LV ~__
~
B’ coker v
\ /

coker 7/

Applying the Snake Lemma to the front face, we get the following exact sequence in an ambient abelian
category A

0 — ker 3 — cokera KN coker 8 — coker f — 0. (6)

By assumption, the map 7 is a cofibration; in particular, it is a monomorphism, and therefore ker 3 = 0.
Now, applying the Snake Lemma to the back face yields the exact sequence in A

0 — ker¢ — kerqAS — cokery — coker ¢ — cokerqg — 0. (7)

Since QAS = B , we get that kerq@ = 0 and thus ker ¢ = 0, proving ¢ is a monomorphism. It remains to show
that coker¢ € CN Z.

First, note from (6) that coker? = cokerﬁ; then, since : is a cofibration, we have cokerﬁ € C. Also,
sequence (6) actually reduces to
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0 — coker &« — coker f — cokerB — 0,

and because a and (3 are acyclic cofibrations, we know that coker o, coker 8 € Z N C; using the fact that
Z NC is closed under cokernels of admissible monomorphisms in C, we conclude that coker g € Z.
Finally, we can reduce sequence (7) to

0 — cokery — coker ¢ — coker(ﬁ — 0

from which we see that coker ¢ is an extension of coker q?)(: coker ﬁ) by coker v, both of which belong to
C N Z; therefore coker ¢ € C N Z, concluding our proof. 0O

We can also show the corresponding result when the vertical maps are acyclic fibrations. Although the
idea of the proof is similar in spirit, we include it in order to demonstrate the need for the cotorsion pair
(C,C*) to be hereditary.

Proposition 4.8. Given a commutative diagram in C

C«?l At ,p

Lo

C/ <;/ A/ %} BI
7 i
the map on pushouts ¢: B+4 C — B’ +4 C' is a weak equivalence.

Proof. Consider the commutative diagram from the proof of Proposition 4.7, where the vertical maps are
now acyclic fibrations. Applying the Snake Lemma to the front face yields the exact sequence

0 — kera — kerf — kerB — 0

Note that this is an exact sequence in C, since C is closed under kernels of £-admissible epimorphisms. Also,
ker o, ker B € C+ C Z because a and f3 are acyclic fibrations, and thus kerﬁ € Z due to the fact that ZNC
is closed under cokernels of admissible monomorphisms in C.

Now, the Snake Lemma for the back face yields the exact sequence in A

0 — kery — ker¢ — ker¢3 — 0 — coker¢p — cokerd3 — 0.

Looking at its right part, we see that coker ¢ = coker (Z); however, cokerq@ = coker 8 and f3 is an admissible
epimorphism (since £ is); hence ¢ is also an epimorphism.

Finally, looking at the left part of the sequence we see that ker ¢ is an extension of ker q§(= ker B) by
ker v, both of which belong to Z NC, so ker ¢ € Z, proving that ¢ is an admissible epimorphism in &£, and
moreover, a weak equivalence due to Proposition 3.5. 0O

These two propositions, along with Theorem 9.1 in the appendix, allow us to prove the Gluing Lemma.

Theorem 4.9 (W2, Gluing Lemma). Given a commutative diagram in C

C#A%B

S

C/%A/%)B/
J K3
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the induced map B +4 C — B’ + 4. C' is a weak equivalence.

Proof. The maps «, 8 and -y are weak equivalences, so by definition they can be expressed as the composition
of an acyclic cofibration followed by an acyclic fibration, as shown in the diagram below left.

C+?l— A" B C+l-A—5B
~ |7 ~|aj ~|B1 ~ 171 ~ a1 ~1|B1
c a B C«l 4,8 ®)
~ 72 ~ | Nlﬁg ~ |72 ~|az Niﬁ2
C/ <;, AI (—,> Bl C, (7/ A/ ‘—l> B,
J i J ?

Using the fact that cofibrations have the left lifting property with respect to acyclic fibrations (Proposi-
tion 3.2), the liftings in the two squares below allow us to complete the middle horizontal row of our diagram

above right.

E

A2 B AT
al\[ { l al\[ j//’/7~l72
p A
1 Qg J a2

A priori, there is no reason for the map 7 to be a cofibration. However, if we factor i = pl where [ is a
cofibration and p an acyclic fibration, we can once again use the lifting property in the squares

i’

A log B Z e B
j 5 /“Nlp lj 52 7
B~ B BB
B1 B2p
to obtain the diagram
A c—> B——RB
N\[Oél l& N\[Bl
At B 24B
l 2 "’lﬁz
BI

Since pd; = (1, where p is an acyclic fibration and §8; an acyclic cofibration, we see that J; must be a

monomorphism. Furthermore, we can apply the Snake Lemma to the diagram

0 0 B——B——0
i 01 \[[31
0 —— kerp B4 B 0

and obtain the short exact sequence in £

0 —— kerp —— coker 1 — coker f1 —— 0.
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Here kerp € Ct N C (since p is a C-admissible epimorphism; see Remark 3.4), and coker 8; € C; thus
coker d; € C proving 47 is a cofibration. Moreover, it is an acyclic cofibration, by Proposition 3.7.

Also, since 05 = f[ap, with p and (s acyclic fibrations, d5 is an acyclic fibration by Proposition 3.1.
Furthermore, [ is a cofibration, and we have §28; = B25;. This means we can safely assume the map %
obtained in (8) is a cofibration.

We now wish to find a way to obtain the stronger hypotheses of Proposition 4.7; the key idea is to
work with v;, a;, and B; as a single map in the category Span(€). We refer the reader to Appendix 9 for a
definition of the category of spans, and its relation to our treatment of cotorsion pairs.

Given that (C,C1) is a complete cotorsion pair in €, Theorem 9.1 ensures that (Csp, CSLP) is a complete
cotorsion pair in Span(&). Then, by Proposition 3.3, the maps of spans (y1, a1, 81) and (72, ag, f2) in the
rightmost diagram of figure (8) factor as a cofibration followed by an acyclic fibration in Span(€); that is,
they factor as

C+«l A" 3B Ced A1 .B
7! o} Lfﬁi b; ja; jg;
" L Al < B! o " A < i B (9)
S LT S LI S B I
C+l 44—, B o Ry TR Ny T

where the induced maps coker af — coker 3} are cofibrations, and ker a? — ker 4?2 are acyclic fibrations, for
i=1,2°

Moreover, we have that a?a} = ay, where o2 is an acyclic fibration and a; an acyclic cofibration; thus,
by Proposition 3.7, a1 is an acyclic cofibration (and similarly for 4 and 31). On the other hand, a3ad = as,
where a2 and ay are acyclic fibrations; thus a4 is an acyclic cofibration (and similarly for v4 and 33).

Now we can apply Proposition 4.7 to the top half of both diagrams in figure (9) to get that the maps
B+4C — B"+ 41 C" and B+5C — B"' + 4m C" are acyclic cofibrations. We can also apply Proposition 4.8
to the bottom half of both diagrams to get that B” +4» C” — B 4+ C and B" +m C" — B' 4+ 4, C" are
weak equivalences. Since the composition of these four pushout maps is clearly the map B+,C — B'+ 4. C’,
we see that this last map is a composition of weak equivalences, and thus a weak equivalence itself. O

It should be pointed out that many of the difficulties when proving the Gluing Lemma arise from the fact
that our class of weak equivalences need not be saturated; that is, they need not satisfy 2-out-of-3. Indeed,
if they were saturated, then one could find a proof of the Gluing Lemma, for example, in [9, Thm. 2.27].
However, we wished to investigate the broadest possible relation between cotorsion pairs and K-theory, and
saturation will not hold under our general assumptions on the subcategory Z. As we will see later on in
Proposition 5.6, the lack of this property would be solved by requiring that Z N C have 2-out-of-3 for exact
sequences in C.

5. Properties satisfied by (C,wz)

Waldhausen categories obtained from cotorsion pairs enjoy many desired properties, which we now study.
Throughout this section we continue to use the notation and hypotheses of Theorem 4.1.

As suggested by the notation, the category Z used to define the weak equivalences consists of the acyclic
objects in our Waldhausen category.

3 Note that the middle rows automatically have cofibrations as their right maps, as every time we factor a map between objects
of Pgp, the middle object in the factorization also belongs to Psp.
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Lemma 5.1. For any object A of C, the map 0 — A is a weak equivalence if and only if A € Z.

Proof. If A € Z, then the map 0 — A is an admissible monomorphism with cokernel A € C N Z; thus it is
an acyclic cofibration, and in particular, a weak equivalence.
If the map 0: 0 — A is a weak equivalence, we factor it as

0=0542% 4
where i is an acyclic cofibration and p an acyclic fibration. Then A = cokeri € ZNC, and the exact sequence
0 kerp—oA5H A0

has its two leftmost terms in Z N C; hence A € Z, since Z N C is closed under cokernels of admissible
monomorphisms in C. O

Lemma 5.2 (Left and right properness). Weak equivalences are stable under pushout with a cofibration, and
under pullback with an admissible epimorphism.

Proof. Let i : A — B be a cofibration and a : A = A’ a weak equivalence, which factors as a = p,ia
for some acyclic fibration p, and acyclic cofibration i,. Taking successive pushouts, we can consider the

diagram
0 A : B cokeri —— 0
~ig by ‘
0 A A+4B —— cokeri —— 0
~|p b ‘

0 —— A" —— A +5 (A+4 B) — cokeri — 0

Applying the Snake Lemma to the top diagram, we see that cokeri, = coker by, and thus b; is also an
acyclic cofibration. Similarly, the Snake Lemma on the bottom diagram yields ker p, = ker bo, and so bs is
an acyclic fibration. Therefore, the composition

B &) A/—l—x(Z—I—AB)’:A/—f—AB

must be a weak equivalence.
The statement for admissible epimorphisms proceeds by duality. O

Definition 5.3. Following [15], we say a Waldhausen category satisfies the extension aziom if any map
between exact sequences

0 A B c 0
~|e I ~|e
0 A B’ c’ 0

where a and ¢ are weak equivalences is such that b is also a weak equivalence.

Proposition 5.4 (Extension). Any Waldhausen category obtained through a cotorsion pair satisfies the ex-
tension azxiom.
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Proof. Consider a map of exact sequences (a,b, c) as above. By [3, Prop. 3.1], this map can be factored as

0 A B C 0
b b
0 A’ P C 0
b
0 A’ B’ c’ 0

where the top left and bottom right squares are bicartesian. Then, Lemma 5.2 ensures b, and by are weak
equivalences, and thus b = bab; is, too. O

Definition 5.5. A Waldhausen category satisfies the saturation axiom if, given composable maps f, g, when-
ever two of f, g and gf are weak equivalences, so is the third.

Proposition 5.6 (Saturation). A Waldhausen category obtained through a cotorsion pair satisfies the satura-
tion aziom if and only if Z N C has 2-out-of-3 for exact sequences in C.

Remark 5.7. Note that we always assume the subcategory ZNC is closed under extensions and cokernels of
admissible monomorphisms in C. Therefore, ZNC has 2-out-of-3 for short exact sequences when, in addition
to the hypotheses required in our theorem, Z N C is closed under kernels of admissible epimorphisms in C.

Proof. Assume Z N C has 2-out-of-3 for exact sequences in C, and let f, g be composable maps in C. Then,
whenever ¢gf and g are weak equivalences, f is one as well, since the proof in [7, Lemma 5.11] applies
verbatim.

If instead ¢gf and f are weak equivalences, we cannot apply Hovey’s proof to conclude that f is a weak
equivalence, since it makes use of a factorization system no longer present in our setting; thus, we appeal
to a different argument.

We first show a special case: let j and k be composable cofibrations, and suppose j and kj are acyclic
cofibrations; we will show k is one as well. Consider the following diagram

00— A=——=A 0 0
bl
0 Bt cokerk —— 0

This yields the exact sequence in C
0 — coker j — coker kj — cokerk — 0

whose two leftmost terms are in Z; thus, coker k € Z and so k is a weak equivalence.

For the general case, let gf and f be weak equivalences, and factor g = pi, with p an acyclic fibration
and 7 a cofibration. Then gf = pif with ¢gf and p weak equivalences, so by the above instance of saturation,
we get that ¢f is a weak equivalence. Since f is a weak equivalence, it admits a factorization f = qj as an
acyclic cofibration followed by an acyclic fibration. Now factor i¢ = 7k as a cofibration followed by an acyclic
fibration. We have that if = iqj = rkj is a weak equivalence, and so is r, thus using the above instance of
saturation once again, we see that kj is a weak equivalence. But now j and kj are acyclic cofibrations, with
k a cofibration as well, and so k must be an acyclic cofibration. Therefore iqg = rk is a weak equivalence.
The diagram
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0 —— kerg A ; B 0
oA
0 —— kerr D =% C 0

T

yields the exact sequence in an ambient abelian category A
0 — coker k — coker k — cokeri — 0

Since C is closed under kernels of admissible epimorphisms, this is actually an exact sequence in C. To
show 7 is a weak equivalence, it suffices to prove that cokerk € Z, because we already have coker k € Z.
Indeed, in the exact sequence in C

0 — kergq L kerr — coker k — 0,

the two leftmost terms belong to Z, since ¢ and r are acyclic fibrations. This shows that coker k € Z and
thus that ¢ is an acyclic cofibration, which in turn implies g is a weak equivalence.
For the converse, suppose the Waldhausen category we obtain is saturated, and let

05ALBSC=0

be an exact sequence in C with B,C € Z. Then i is an acyclic cofibration, and 0 — B is a weak equivalence
by Lemma 5.1. We thus have

~

0 —— B

N A
A
and saturation implies 0 — A is a weak equivalence as well; then A € Z by Lemma 5.1. O

6. The Localization Theorem

This section is devoted to the proof of our second main result: an exact version of Quillen’s Localization
Theorem, as advertised in the introduction. To make things clearer, we separate the proof of the fibration
sequence from that of the universal property.

Theorem 6.1. Let B be an exact category closed under kernels of epimorphisms and with enough injective
objects, and A C B a full subcategory having 2-out-of-3 for short exact sequences and containing all injective
objects. Then there exists a Waldhausen category (B, w ) with admissible monomorphisms as cofibrations,
such that

K(A) = K(B) - K(B,w4)
is a homotopy fibration sequence.
Proof. Apply Theorem 4.1 to the exact category & = B, by considering the subcategories C = B and
Z = A. Note that B is always part of a cotorsion pair (B, B+) with respect to the functor Ext}g; in this

case, B+ = inj, the subcategory of injective objects in B. Since B has enough injective objects, the cotorsion
pair (B,inj) is complete; furthermore, it is hereditary because B is assumed to be closed under kernels of
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epimorphisms. By assumption, inj C A, and A has 2-out-of-3 for exact sequences, so, in particular, it is
closed under extensions and cokernels of admissible monomorphisms.

Let (B,w.4) denote the Waldhausen category obtained through Theorem 4.1; by construction this has
admissible monomorphisms as cofibrations. Also, Lemma 5.1 shows that B¥A = A, where B*4 is the
standard notation for the full subcategory of B consisting of those objects A € BB such that 0 — A is a weak
equivalence in (B, w.4).

Since (B,w4) is such that every map factors as a cofibration followed by a weak equivalence by Propo-
sition 3.3 and Lemma 3.5, and it satisfies the extension (Proposition 5.4) and saturation (Proposition 5.6)
axioms, we can apply Schlichting’s cylinder-free version of Waldhausen’s fibration theorem [13, Thm. A.3]
to the inclusion (B,isos) C (B,w.) to get the desired homotopy fibration sequence

K(A) = K(B) = K(B,w4) O

Remark 6.2. Note that our Localization Theorem above is not an extension of Quillen’s Localization The-
orem, but rather an alternate way of obtaining homotopy fibration sequences from inclusions A C B.

Indeed, suppose A and B are in the hypotheses of both Localization Theorems, and let X € B be any
object. Since B has enough injectives, there exists an embedding X < [ into an injective object. Then
I € A, since it contains all injective objects. However, A is a Serre subcategory, and therefore closed under
subobjects; thus X € A and we see that A = B.

Theorem 6.3. The functor B s, (B,w,) is universal among exact functors F: B — C such that 0 — FA is
a weak equivalence for each A € A, where C is a Waldhausen category satisfying the extension and saturation
azrioms.

Proof. Let C be a Waldhausen category satisfying the extension and saturation axioms, and F': B — C an
exact functor. In order to prove the result, it suffices to show that the functor F: (B,w4) — C is exact.
Since B and (B, w4) have the same underlying category and the same cofibrations, we need only show that
F takes weak equivalences in (B, w4) to weak equivalences in C. Recalling that weak equivalences in (B, w4)
factor as an acyclic cofibration followed by an acyclic fibration, we show that F takes these two classes of
morphisms to weak equivalences in C.

Let i: A <= B be an acyclic cofibration in (B,wy4). Since F' is exact, it preserves exact sequences, and
we can consider the following diagram in C

0—— FA——FA 0 0
|
0 FA ‘s FB coker Fi —— 0

However, cokeri € A since i is an acyclic cofibration. By assumption, this implies that 0 — F'cokeri is a
weak equivalence; but F cokeri = coker F'i and thus Fi is a weak equivalence by the extension axiom on C.
Now, let p: A =% B be an acyclic fibration, and consider the diagram

0 — Fkerp FA . FB 0
| [
0 0 FB——FB —— 0

We have ker p € A, so by assumption 0 — F ker p is a weak equivalence. Thus, the saturation axiom applied
to the maps
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0
N

Fkerp —— 0

tells us the map Fkerp — 0 is a weak equivalence; the extension axiom then implies that Fp is a weak
equivalence. O

7. The Resolution Theorem

In this section, we show that Quillen’s Resolution Theorem, valid for exact categories with isomorphisms
as weak equivalences, also has a natural formulation in our setting of more general weak equivalences.
Let C be an exact category. Recall that a resolution of an object A is a sequence of maps in C

o By B, B By A
such that for each n > 0, the map d,, factors as

dn
B, ——— By

o T
Zn,
where B_1 = A, pg = do,i9 = 14, and

i’!L n
0= Zpy1t —5 B, 2% Z, >0

is an exact sequence in C. Given a subcategory P C C, we say the above is a P-resolution if B, € P for
each n > 0.
We begin by stating Quillen’s original theorem.

Theorem 7.1. Let P be a full exact subcategory of an exact category C, such that P is closed under extensions
and kernels of admissible epimorphisms in C. If every object A € C admits a finite P-resolution

0—-P,—--—=P—>F—>A-0,
then K(P) ~ K(C).
This result can be adapted to our setting as follows.
Theorem 7.2. Let £ be an exact category, and C, Z two full subcategories of £ such that C is closed under
kernels of admissible epimorphisms and is part of a complete cotorsion pair (C,C*), with C+ C Z, and such
that Z N C has 2-out-of-3 for short exact sequences in C.
Let P be a full subcategory of C such that P is closed under extensions and kernels of admissible epimor-

phisms in C. In addition, assume that the cotorsion pair (P, P+) (defined with respect to Ext}g) is complete,
and that P+ C Z. If every object A € C admits a finite P-resolution

0—=P, = —>P—>PFP—-A-=0,

then K(P,wznp) ~ K(C,wz).
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Before proceeding with the proof of this result, note that the full subcategory Z NP has 2-out-of-3 for
exact sequences in P, since these are also exact in C, where Z has the 2-out-of-3 property. This fact, together
with the additional assumptions that P is closed under kernels of admissible epimorphisms, that the pair
(P, P+) is complete and that P+ C Z (and thus, since P+ C P by definition, we have P+ C ZNP) allow us
to apply Theorem 4.1 to define the aforementioned Waldhausen category structure on the exact category P.

Finally, one can verify that the inclusion i: P < C is an exact functor, although curiously it does not
exhibit P as a Waldhausen subcategory of C.

Proof. Let (C,wz) denote the Waldhausen category structure on C with weak equivalences given by The-
orem 4.1, and (C,isos) denote the usual Waldhausen category structure on C with weak equivalences given
by isomorphisms.

By Proposition 5.1, we know that Z N C is precisely the full subcategory of objects A in C such that the
map 0 — A is a weak equivalence; thus, Z NC = C*2, where the latter is the commonly used notation for
this class.

Since both (C,wz) and (P,wznp) are such that every map factors as a cofibration followed by a weak
equivalence by Proposition 3.3 and Lemma 3.5, and they satisfy the extension (Proposition 5.4) and satu-
ration (Proposition 5.6) axioms, we can apply Schlichting’s cylinder-free version of Waldhausen’s fibration
theorem [13, Thm. A.3] to get the following diagram, whose horizontal rows are homotopy fibrations

K(Zn7P,isos) — K(P,isos) —— K(P,wznp)

J+ lﬂ‘ L

K(ZnC,isos) —— K(C,isos) — K(C,wz)

The functor j is a homotopy equivalence, as given by Quillen’s Resolution Theorem. Then, if we consider
the K-theory spectra, it suffices to show that k induces a homotopy equivalence as well, since in the stable
case the homotopy fibration sequences are also homotopy cofibration sequences, and thus the two cofibers
would be uniquely determined up to homotopy. To achieve this, we show that (Z NP, isos) and (ZNC,isos)
also satisfy the hypotheses of the Resolution Theorem; that is, we must check that every object in ZNC
admits a finite resolution by objects in Z NP.

Let A be an object in Z N C; then, as an object in C, it admits a finite P-resolution

0—-P,— - —>P—PFP—>A—0
That means there exist exact sequences in C

0—-P,—~P,_1—»Cp_1—0

0— Cn—l — Pn—2 - Cn—2 —0

O—)CQ‘—>P1—»01—>O
0—-CL—Py—»A—0

Since (P, P+) is complete, there exists an exact sequence
0= P, —Z,—>C =0

with Z,, € P+ and C’ € P. Recall that P+ C P, since this cotorsion pair is defined with respect to the
functor Ext%;, and that also, by assumption, we have P+ C Z; thus, Z, € Z NP. Consider the diagram
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0 P'n, Pn—l Cn—l O
0—— 2, —— 7, +p, P,_1 Crn_1 0
Rename @ = Z,, +p, P,_1; we can similarly find a resolution
0—>Qf—>Zn,1—»C”—>O
with Z,_, € P+ C ZNP and C” € P. Then, we construct the diagram
0 Zn Q Cho1 ———— 0
0 Zn anl anl +Q Cnfl — 0

by first taking the pushout square on the right; since @ — Z,_1 is a monomorphism, this is also a pullback
square, and thus we get the pictured identity map between the kernels of the two horizontal admissible
epimorphisms.

Rename D,,_; = Z,,_1 +¢ Cp—1; given that ZNC has 2-out-of-3 for exact sequences, we have D,,_; € Z.
Now consider the diagram

0——C,. 1 ————P,9g—-—3Cpho——0

[ [ |

00— Dn—l — Dn—l +Cn,1 Pn—2 — Cn—Q — 0
Rename @ _2 := Dy_1 +¢,_, Pn—2. Since pushouts preserve cokernels, we see that

coker(Pp,_o < Qpn_2) ~ coker(Cp_1 — D, _1)
~ coker(Q — Z,_1)
~C"e?P
and thus, using the fact that P is closed under extensions and that P,_o,C"” € P, we get that Q,,_2 € P.

We can now use the completeness of the cotorsion pair (P, P+) again, to get an admissible monomorphism
Qun_2 — Zy,_o for some Z, o € ZNP. Then, we construct the diagram

0—— Dn—l Qn—2 Cn—2 —0
H | !
0 —— Dn—l Zn—2 Zn—2 +Qn,2 Cn—2 — 0

where the square on the right is cocartesian. Naming D, _s == Z,,_2 +¢,,_, Cn—2 and using the fact that
Z N C has 2-out-of-3 for exact sequences, we see that D,,_, € Z.
Repeating this process, we obtain exact sequences in Z

02, Zp_1—»>Dp_1—0

0— Dn,1 — Zn,Q —» Dn,Q —0
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0—-Dy—2y Dy —0

where Z; € Z NP for every i.
For the final step, consider the diagram

0 Cy Py A 0

l [

0 —— Dy —— Dy+¢, Ph —» A ——0

If we let Zy = D1 +¢, Py, we can use the same reasonings as above to see that Zy € Z NP, and hence
obtain our finite Z N P-resolution in Z

0—+Z,— - —>2Z1—2)—+A—0. O
8. Examples

Example 8.1 (Chain complezes). We can use this presentation to recover the usual Waldhausen structure
on bounded chain complexes over an exact category with enough injectives.

Let D be an exact category, which is a full subcategory of some abelian category A. Then Ch®(D) is a
Waldhausen category by letting cofibrations be the chain maps that are degreewise admissible monomor-
phisms in D, and weak equivalences be the quasi-isomorphisms (as seen in the ambient abelian category
ChP(A)Y); see [17, 11, 9.2].

To obtain this from a cotorsion pair, we let £ = C = Ch®(D). The subcategory Z should be that of acyclic
objects; in this case, we wish these to be precisely the exact chain complexes. Now, if we denote by inj the
class of injective objects in Ch®(D), we have that (Ch®(D),inj) is a cotorsion pair, which will be complete
as long as D has enough injectives. Note that all injective objects in Ch®(D) must be exact, and that Z is
closed under extensions and cokernels of admissible monomorphisms.

Using Theorem 4.1 we get a Waldhausen category structure on Ch®(D), where cofibrations are admissible
monomorphisms and weak equivalences are maps that factor as an acyclic cofibration followed by an acyclic
fibration. It remains to show that these coincide with the quasi-isomorphisms. To see that this is so, recall
the following well-known result, which is Exercise 1.3.5 in [16].

Lemma 8.2. Let f: A — B be a map in Ch®(D). If ker f and coker f are both exact as elements in ChP(A),
then f is a quasi-isomorphism.

Now, suppose f is a map that factors as f = pi, for some acyclic cofibration ¢ and acyclic fibration p. Then
1 and p are maps having exact kernel and cokernel, so by Lemma 8.2 they are both quasi-isomorphisms;
hence, so is f. Conversely, let f: A — B be a quasi-isomorphism. Due to Proposition 3.3, we can factor f as
A <% C 2 B where i is a cofibration and p an acyclic fibration. Using Lemma 8.2 once more, we see that p
is a quasi-isomorphism; then, since quasi-isomorphisms have 2-out-of-3, ¢ must also be a quasi-isomorphism.
Since i is a monomorphism, its cokernel must be exact and thus ¢ is an acyclic cofibration.

Example 8.3 (Chain complexes with degreewise-split cofibrations). For any exact category D, the category

of chain complexes Ch?(D) admits a different Waldhausen category structure, with quasi-isomorphisms as
weak equivalences but with cofibrations the degreewise split admissible monomorphisms.

4 With some work, this definition can be made independent of the ambient abelian category.
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Even if D does not have enough injectives, we can obtain this structure from a cotorsion pair as well, by
considering £ = C = Ch®(D) as an exact category whose class of exact sequences is given by degreewise split
exact sequences; denote this by Ch% (D). In this case, one can show that (Chf, (D), contr) is a cotorsion
pair, where contr denotes the subcategory of contractible complexes (i.e., of complexes X such that 1x is
null-homotopic).

Furthermore, this cotorsion pair is complete, since for every complex X, its cone C'(X) is contractible
and X — C(X) is degreewise split. Letting Z be the class of exact complexes, we see that contr C Z if D
is assumed to be idempotent complete [3, Prop. 10.9], and the same reasoning as in the previous example
shows that the weak equivalences we obtain through Theorem 4.1 are precisely the quasi-isomorphisms.

Remark 8.4. A fundamental fact is that any exact category D can be considered a Waldhausen category,
where the cofibrations are the admissible monomorphisms and the weak equivalences are the isomorphisms.

This example cannot be built from a cotorsion pair. To do so, we would need to set C = D, and Z to be
the full subcategory of objects isomorphic to 0. However, it is seldom the case that all D-injective objects
are isomorphic to zero; thus, in general D+ ¢ Z regardless of the ambient exact category €.

This is somewhat disappointing but not entirely insurmountable: even though it is not possible to define
the Waldhausen category D through a cotorsion pair, the Gillet-Waldhausen theorem [17, V, Thm. 2.2]
shows that, whenever D is closed under kernels of epimorphisms, K (D) ~ K(Ch®(D)). Hence, if D is closed
under kernels of epimorphisms and has enough injectives, the K-theory spectrum of D is always equivalent
to that of Ch®(D), which can be defined from a cotorsion pair, as shown in Example 8.1.

If D does not have enough injectives or is not closed under kernels of epimorphisms, this can still be
done, by recalling that

K(D) ~ K(D) ~ K(Ch®(D)) ~ K(Ch, (D)),

where K(Chb (D)) is obtained through a cotorsion pair as in Example 8.3. Here D denotes the full exact
subcategory of the idempotent completion of D consisting of the objects A such that [A] € Ky(D). The first
equivalence is given by [17, IV, Ex. 8.13], the second one is due to the Gillet-Waldhausen theorem since D
is always closed under kernels of epimorphisms (see [17, IV, Ex. 8.13]), and the third equivalence is given
by [17, V, Ex. 2.3].

Example 8.5. It is possible to use Hovey’s result [8, Thm. 2.5] to obtain a model category, and later restrict to
a Waldhausen category on its small cofibrant objects; however, not every Waldhausen category determined
from a cotorsion pair comes from an abelian model category in this manner.

First of all, note that we do not need the subcategory Z to have 2-out-of-3 in order to construct a
Waldhausen category, while this will always be the case for the class of acyclic objects in a model category;
thus, this gives a simple way to recognize examples that do not come from restricting the structure present
in a model category. However, it is also possible to construct examples where Z has 2-out-of-3 and the
Waldhausen category cannot be promoted to a model category via Hovey’s result.

To see this, let A4 be an abelian category with enough injectives, and consider the Waldhausen category
obtained from the cotorsion pair (A4, inj), where acyclic objects are those of finite injective dimension. For
this to come from an abelian model category, there should exist a category of fibrant objects F such that
inj = F N Z and that (Z,F) is a complete cotorsion pair. But the left class in any cotorsion pair must
contain the class of projective objects, and therefore whenever A has a projective object of infinite injective
dimension, (Z,F) cannot be a cotorsion pair regardless of the category F.

For a concrete instance of this, let k be a field and consider the k-algebra A,, = kQ,,/I,,, where @, is the
quiver
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e e e e U B )
and I,, = (a3, a1ap, az01, . .., apa,—1). For any n > 1, the projective (and simple) left A-module
P,:0 0 0 s 0 k

has infinite injective dimension.

Example 8.6. Let R be a quasi-Frobenius ring, that is, a ring such that the classes of projective and injective
R-modules agree, and denote by R—mod the category of finitely generated right R-modules. We can consider
the cotorsion pair (R—mod, R—inj) = (R—mod, R—proj), where R—inj = R—proj is the full subcategory of
finitely generated injective-projective R-modules.

Every R-module in a quasi-Frobenius ring can be embedded in a free R-module; thus, in particular, every
finitely generated R-module can be embedded in a finitely generated projective R-module. This shows the
cotorsion pair (R—mod, R—proj) is complete. It is hereditary since quasi-Frobenius rings are Noetherian.

Also, the class Z = R—proj = R—inj has 2-out-of-3 for exact sequences, since both classes are always
closed under extensions, the category of projective modules over any ring is always closed under kernels
of admissible epimorphisms, and the category of injective modules is closed under cokernels of admissible
monomorphisms.

This implies we can apply Theorem 4.1 to get a Waldhausen structure on R—mod with admissible
monomorphisms as cofibrations, and weak equivalences the maps that factor as an (admissible) monomor-
phism with projective cokernel followed by an (admissible) epimorphism with projective kernel. Furthermore,
Theorem 6.1 yields a homotopy fibration sequence

K(R) — K(R—mod) — K(R—mod, wx_pro;)

where the rightmost term considers the Waldhausen category structure described above, and the other
two terms compute Quillen’s K-theory of the exact categories with isomorphisms. Thus, in a way,
K (R—mod, wr—proj) measures the difference between K (R) and G(R).

Examples of quasi-Frobenius rings are Z/nZ,k[G] for k a field and G a finite group, and any finite
dimensional Hopf algebra.

Example 8.7. Let R be an Artin algebra that is also a Gorenstein ring (this is, R has finite injective dimension
as a left and right module over itself). The full subcategory CM C R—mod of maximal Cohen-Macaulay
modules consists of those M € R—mod such that there exists an exact sequence

0 1
0-M—-P° L pt Ly p2y
with each P"* € R—proj and ker d" € +R—proj, i.e., Ext}%_mod (kerd™, P) = 0 for every P € R—proj. When R
is commutative, this is the usual class of maximal Cohen-Macaulay modules, given by the finitely generated

R-modules M such that depth(M) = dim(M).
Denote by R—proj<® the class of finitely generated R-modules of finite projective dimension. Then

(CMv R_proj<oc)

is a complete hereditary cotorsion pair with respect to Exth .4, and if we restrict to Extgy we get the
complete hereditary cotorsion pair
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(CM, R—proj<> N CM) = (CM, R—proj)
in CM [1, VI, §3].
Note that in this case, the subcategory R—proj has 2-out-of-3 for exact sequences; thus, letting B = CM
and A = R—proj, Theorem 6.1 yields a homotopy fibration sequence

K(R) = K(CM) = K(CM, wgr_pro;)

Moreover, it is also known that for this class of rings, every finitely generated R-module admits a finite
resolution by maximal Cohen-Macaulay modules [1, VI, §2]; thus Quillen’s Resolution Theorem gives

K(CM) ~ K(R—mod).
We conclude that, for this class of rings, K(CM, wr_prj) measures the difference between K (R) and G(R).
9. Appendix: Cotorsion pairs in the category of spans

The aim of this technical appendix is to show that complete cotorsion pairs in an exact category C induce
complete cotorsion pairs in the category Span(C) of spans in C. More specifically, we will prove the following
result.

Theorem 9.1. Let (P,Z) be a complete cotorsion pair in an exact category C. If we define two classes of
objects in Span(C) by

Psp ={C + A 4B A,B,C € P andi is a cofibration}
and
Isp = {C & A— B:AB,CeT andp is an acyclic fibration} |

then (Psp, Isp) s a complete cotorsion pair in Span(C).

Recall that, for any category D, the category of spans over D is defined as the category of functors

Span(D) :=[e < e — o, D].

Thus Span(D) has as objects all diagrams in D of shape e + e — e, and natural transformations between
them as morphisms.

If A is an abelian category, then Span(A) is also abelian (as is any category of functors from a small
category into A), and thus if C C A is an exact category embedded in A, we see that Span(C) is an exact
category embedded in Span(A).

We prove Theorem 9.1 in two stages. For ease of notation, we denote the bifunctor EXtépan(C) simply by
Ext!.

Theorem 9.2. If (P,I) is a cotorsion pair in C, then (Psp,Zsp) as defined above is a cotorsion pair in
Span(C).

Proof. Fix spans
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and
Iile & 14 L Ip e Ty,

we show that Ext'(P,I) = 0. Recall that elements in Ext'(P,I) correspond to isomorphism classes of

extensions of P by I in Span(C); thus, proving Ext* (P, I) = 0 is equivalent to showing that every extension

of P by I in Span(C) is split, and therefore isomorphic to the trivial extension 0 - I — P+ 1 — P — 0.
Consider an extension of P by I in Span(C) as displayed below

0 Is 25 B2 py 0
[ e
0 Ig —225 A -2 P, 0 (10)
!
0 Ie 25025 P 0

Since Exté(Pc, Ic) = 0, we know the bottom sequence splits, and thus there exists a map s: C' — I¢ such
that sy = 1;..° Consider the commutative square

Ia Ia
of

sg

We know ¢’ is an acyclic fibration, and «s is an admissible monomorphism with cokernel in P, so by
Proposition 3.2 there exists a lift in the square above, which we denote by t: A — [ 4.

We immediately see that ¢ defines a splitting of the short exact sequence in the middle. Moreover, if we
consider the bottom half of our diagram (10) as a short exact sequence in the category of arrows Ar(C), the
condition ¢'t = sg” implies that (¢, s) defines a splitting of this sequence in Ar(C). Therefore, there exist
maps t': P4 — A and s': Po — C such that (¥, s’) also defines a splitting of that sequence in Ar(C).

Finally, considering the diagram

pAf4t>B

g e
Pgp Pgp

and its lift ¢”: Pg — B, we see that t” yields a splitting of the top exact sequence in such a way that
(t",t',t) is a map in Span(C), as desired.

Now, let X : C & A I, B be an element in Span(C) such that Ext'(X,I) = 0 for every I € Ts,. We
must show that X € Pgp; that is, that A, B,C € P and f is a cofibration.

To show that A € P, it suffices to prove that Exté (A,J) =0 for any J € Z. Let

0—=J3D33 A0

be an extension of A by J in C. We can fit it into the following commutative diagram with exact rows

5 In fact, each of the horizontal sequences splits in C, for this same reason. However, there is no guarantee that the given splittings
will assemble into a map in Span(C); that is, we don’t know the resulting diagram will commute.
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0——0——B=—7—B——10
1 I T

0 J 0
b b

00— 00— C=—=C——>0

where the column on the left is an element of Zgp; then, by assumption, this exact sequence in Span(C)
splits, and in particular, the middle sequence splits in C. Hence every extension of A by J is split, for any
J € T; this shows that A € P. Similarly, one shows that B and C belong to P.

It remains to prove that f is a cofibration. By Proposition 3.2, it is enough to show that f has the right
lifting property with respect to all acyclic fibrations. As a first step towards this, we restrict ourselves to a
smaller class of commutative squares and show that any diagram

A/
Nlp
B

B

~
«—

Sy

admits a lift.
To see this, note that we can fit the data of the above square into the following short exact sequence in

Span(C)

0 —— kerp A L% B 0
P T

0 0 A=——A——0
[k

0 0 C=—C——0

But p is an acyclic fibration, so ker p € 7 and hence the left column is an element of Zg,; thus, by assumption,
this sequence splits. In particular, there exists a map s: B — A’ such that ps = 1 and o = sf, providing
the desired lift.

If instead we start with a general square

A—=— A
b
B —5 B’
we construct the pullback displayed below left,
BXBIA/l}A/ AL}BXB/AI
S T
B—— B B——8~B

B

and then consider the square shown above right, where ¢ is the map induced by the universal property of
the pullback. Note that mp is an acyclic fibration, since pullbacks preserve admissible epimorphisms and
kernels of surjections. Then, if we let s: B — B x g+ A’ denote a lift for the square above right, we see that
w4+ s defines a lift for our original square.
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Dually, one shows that Pslp =Tgp. O
Theorem 9.3. If the cotorsion pair (P,Z) is complete, then so is the cotorsion pair (Psp,Zsp).
Proof. Let X : C' <~ A L5 B be an element in Span(C). We show there exists a resolution in Span(C)

0 1 P X 0

for some I € Zg, and P € Pgp,.

Since (P,T) is complete, we can construct resolutions as pictured below left

0 IA a2 PA a1 A 0 00— PC
g l 91/,/7‘ Nl’h
0 [C 72 PC 71 ¢ 0 PA W} ¢

for some Pa,Pc € P and I4,Ic € Z. Since 7 is an acyclic fibration and P4 € P, we get a lift in the
diagram above right, which induces a map on resolutions

0 Iy =25 Py 25 A 0
J{gz J{gl J{g (1 1)
0 IC Y2 PC Y1 O 0

Note, however, that there is no way to ensure that gs is an acyclic fibration. In order to fix this, we modify
the given resolutions as follows.

Appealing to the completeness of (P,Z) once more, we get a resolution

form some I7, € Z, Pr, € P. Note that in this case we also have Pj, € Z, since 7 is closed under extensions.
Now replace the top half of our original resolution (11) by

as+1ly

0 — s I+ P 2 poap, % 4
l92+h lg1+“/2h Lq (12)
0 Io Po C 0

V2 71

This is a commutative diagram with exact rows, and since P;, € P NZ, we have Py + P;, € P and

I4+ Pj., € Z. Furthermore, the map g, + h is an admissible epimorphism (because h is), whose kernel is
the pullback

IA XIo P]C e Pfc

| b

which belongs to Z by Lemma 4.5. Thus, g» + h is an acyclic fibration.
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By the same reasoning, there exists a resolution of B and a commutative diagram

Ip Pp B
Tf2 Tfl Tf

OHIA—FP[CWPA—FPICWA%O

B2 B1

Again, in order for this to be a part of the resolution we seek, we must modify it to compensate for the fact
that f; is likely not a cofibration.

Using Theorem 3.3, we can factor f; as Ps + Py, N Pp % Pg . Then Py € P, and we consider the
diagram of exact rows

0 —— ker(f1p) Pp

RN

0*>IA+PIcmPA+PIc mA*M)

where i is a cofibration, and ker(8;p) € Z since both 8; and p are acyclic fibrations and these are closed
under composition (Lemma 3.1).

Pasting diagrams (12) and (13) together yields the desired resolution. Finally, dualizing the argument,
one obtains a resolution

0 X I P’ 0
for some I' € Ig,, P’ € Pgp. O

Theorem 9.1 shows that if (P, Z) is a complete cotorsion pair, then so is (Psp, Zgp ), and thus Lemma 3.1,
Proposition 3.2 and Proposition 3.3 also apply.
In this case, the classes of maps in Span(C) that we get from (Psp,Zsp) are as follows:

o Cofibrations: maps (i, 7, k) between objects of Pg,, as below

C+—A——B

P

C'+— A —— B
such that i, j, k are admissible monomorphisms in C, and

coker(i, j, k) = cokeri < coker j — coker k € Pgp,.

In other words, maps (4, j, k) such that ¢, j, k, and the induced map coker j — coker k are cofibrations
in P.
o Acyclic fibrations: maps (o, p, q) between objects of Span(C) as below

B
P lq
B

f—

T

Q Q
B

|

<
<

—

such that o, p, ¢ are admissible epimorphisms in C, and
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ker(o,p, q¢) = ker o < kerp — ker ¢ € Tg,,.
More concretely, maps (o, p, q) such that o, p, ¢, and ker p — ker o are acyclic fibrations in C.
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