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1. Introduction

The Specht modules S* are cornerstones of the representation theory of symmetric groups %,.. In char-
acteristic zero, they form a complete set of simple modules ([10, Theorem 3]). In arbitrary characteristic p,
the simple modules occur as top quotients S* /S A SM of Specht modules, in case A is a p-regular partition
of 7 ([10, Theorem 2]); for p-singular partitions X, S*/S* n S* is zero. In the more general case of cellular
algebras, introduced by Graham and Lehrer [4] in 1996, the cell modules ©(\) adopt the role of Specht
modules S or their duals S).

Another cornerstone in the representation theory of symmetric groups are the permutation modules
M?* = k¥, ® k. By James’ Submodule Theorem ([10, Theorem 1]), M* has a unique direct summand

kS
Y, called Young module, containing S* as a submodule. Since Young modules are self-dual (cf. [3, 2.2.1
(b)]), Y can also be characterised as the only direct summand of M?* with quotient Sy. Young modules
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for different partitions are non-isomorphic ([12, Theorem 3.1 (iii)]). All direct summands of M* are Young
modules Y#, with < X\ and Y appears exactly once ([12, Theorem 3.1 (i)]).

Cellularly stratified algebras, introduced by Hartmann, Henke, Kénig and Paget ([5]) in 2010, are cellu-
lar algebras with additional structure. The aim of this article is to generalise the well-known results about
permutation modules for symmetric groups to cellularly stratified algebras containing group algebras of
symmetric groups, or their Hecke algebras, as subalgebras. We will need to make some further structural
assumptions (see Section 20) for the results to hold. Young modules for cellularly stratified algebras have
already been used in [5]. They were defined abstractly via iterated universal extensions. While this defini-
tion is useful for theoretical considerations, the construction of iterated universal extensions might be hard
in examples. Extending the construction of Young modules for Brauer algebras of Hartmann and Paget
([8]), we present an explicit construction of Young modules (Theorem 1), which coincides, under additional
assumptions stated in Section 20, with the abstract definition in [5] (Corollary 23). These assumptions are
satisfied by Brauer algebras and partition algebras, thus we completely recover the results from [8] in a
more general setting. This provides new proofs for some results of [5], e.g. a method of finding all indecom-
posable (relative) projective modules ([5, Proposition 12.3]) and Schur-Weyl duality ([5, Theorem 13.1]).
The fact that two Young modules with different indices are non-isomorphic follows from the construction
(Corollary 19).

The structural main result of this article is the decomposition of permutation modules M (I, \) into Young
modules Y (m, ) (Theorem 4). In order to decompose permutation modules for symmetric groups, James
used Schur algebras via Schur-Weyl duality and PIMs. There is a Schur-Weyl duality between cellularly
stratified algebras and certain quasi-hereditary algebras, which can be regarded as Schur algebras associated
to the cellularly stratified algebras, by [5, Theorem 13.1].

Our homological main result is to show that the Young modules Y (I, \) admit filtrations by cell modules
(Theorem 2) and are relative projective in the category F(©) of modules admitting cell filtrations (Theo-
rem 3). These statements hold provided the cellularly stratified algebra satisfies the additional assumptions
stated in Section 20. This generalises a result from Hemmer and Nakano [7, Proposition 4.1.1] for Hecke
algebras and enables us to prove the analogue of James’ theorem on the decomposition of permutation
modules.

This article was inspired by the results of Hartmann and Paget [8] for Brauer algebras. We apply the
theory developed here to Brauer algebras (Section 5.1) and recover their results (Theorem 5), thus providing
new proofs.

Further applications to partition algebras (Section 5.2) show that, provided the characteristic of the field
is large enough, we can construct permutation modules for partition algebras with the desired properties
(Theorem 6). In order to have the homological Hemmer-Nakano-type results, we need filtrations of restric-
tions of cell modules to symmetric groups ([20, Theorem 1]) and filtrations of restrictions of permutation
modules to symmetric groups. In Proposition 29 we show that the restriction of a permutation module to
a group algebra of a symmetric group is isomorphic to a direct sum of permutation modules over this sym-
metric group. In the appendix, there is an example (B) and a GAP algorithm (C) to compute the occurring
permutation modules.

The approach fails for BMW algebras, the third main example for cellularly stratified algebras in [5],
since the appearing Hecke algebras are not subalgebras of BMW algebras. However, this is satisfied for
g-Brauer algebras, another deformation of Brauer algebras, and there is hope that the theory applies in this
case.

2. Preliminaries

In this article, we study a large class of abstract algebras. These are cellularly stratified algebras with
certain extra conditions. The definition and some preliminary structural properties of cellularly stratified
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algebras can be found in Subsection 2.2, the additional assumptions are, in full detail, stated in Section 4.
Throughout this article, our main examples will be partition algebras Py (r,d) with § # 0, which we discuss
in Subsections 2.1 and 2.3. Important steps in our arguments will be illustrated by small partition algebras.

2.1. Partition algebras

Partition algebras were independently defined by Jones [13] and Martin [16] to describe the Potts model
in statistical mechanics. They are diagram algebras containing, as subalgebras, group algebras of symmetric
groups and Brauer algebras. For further details on partition algebras, we advise the reader to see, for
example, [23] or [9].

Definition 1. Let k& be an algebraically closed field of arbitrary characteristic. Let r € N and § € k. The
partition algebra Py(r,d) is the algebra with basis given by all set partitions of {1,...,7,1’,....7"'}. To each
set partition, we associate an equivalence class of diagrams consisting of two rows of r dots each. Two
dots a and b are connected via a path a — ... — b if and only if they belong to the same part of the set
partition. Two diagrams are equivalent, if they correspond to the same set partition. Multiplication is given
by concatenation of diagrams. Parts which are not connected to either top or bottom row (called inner
circles) are replaced by a factor ¢ € k.

Example (Equivalence of diagrams). The set partition {{1,2'},{2,1’,3'},{3,4'},{4}} corresponds to the
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]

diagram X< . with path 2-1"-3" as well as to the diagram  \_ ~_ . with path
[ ] [ ] ] [ ]

L] [ ] L] L]
-~

2-3"-1’, and the diagrams are equivalent to each other.

-~

We choose to write all diagrams such that the paths are ordered decreasingly with respect to the order
r>r—-1>..>1>1>2">..>7 like in the first diagram of the above example.

[ ] [ ] [ ] [ ]
Example (Concatenation of diagrams). Consider the diagrams z = A and
[ ] e — O [ ]
[ ] e — o ]
y= / in Py (4,9). Their product is
] e — o — o

= ...
=1L = T
D=,

Note that multiplication of diagrams can decrease the number of propagating parts, i.e. parts connecting
top and bottom row, but never increase the number of propagating parts.

2.2. Cellularly stratified algebras

Let k be an algebraically closed field, r a natural number and A an associative k-algebra. We denote the
symmetric group on r letters by X,; its Iwahori-Hecke algebra is denoted by Hj, 4(2,), for some unit g € k.

h-1

Let h be the smallest integer such that Y. ¢* = 0. If ¢ = 1, then h = chark. If ¢ is a primitive nthroot of
i=0

unity, then h =n.



4 I. Paul / Journal of Pure and Applied Algebra 224 (2020) 106412

Definition 2 (/5], Definition 2.1). An algebra A is called cellularly stratified if the following holds.

(1) For each [ =0,...,7 there is a cellular algebra B; and a vector space V; such that A = @ By o, VeV,

as a vector space, respecting within each layer the multiplication of A, i.e. A is an 1terated inflation of
the cellular algebras B; along the vector spaces V) as defined in [14].

(2) For all I =0,...,r there are elements u;, v; € V; N {0} such that e; := 15, ® u; ® v; is an idempotent and
erey =e; =epe; for all I’ > 1.

The tuple (B, Vo, ..., B, V) is called stratification data of A.
It follows from the first part of the definition that A is cellular with a chain of two-sided ideals
0=Ji1cJygcJic...cJ.=A

such that J;/J;_1 = B; ®; V; ®; V; as a non-unital algebra ([14, Proposition 3.1 and § 3.2]) which we call the
lth layer of A, and J; = Ae;A ([5, Lemma 2.2]). The product of = € J; N J;-1 and y € Jy \ Jy_; lies in Jy,
where ¢ = min{l,1’'} by [14, § 3.2]. The iterated inflation structure tells us that multiplication within a layer
B; ® V; ® V} is given by

(bezxey)(b ez’ ®y') = (bp(y,2" )b/ ® x®y") + lower terms

where lower terms refers to elements from layers with smaller index and ¢ is a bilinear form with ¢(u;, v;) =
1= (v, ;) coming from the inflation data, cf [14, § 3.2] and [5, § 2.1].

There is an involution j on A, which is compatible with the involutions i,, of the input algebras B,,, via
jbezr®y)=i,(b) ®y®x for be B, and x,y € V,, cf. [5, § 2.1].

A reader who is not familiar with cellularly stratified algebras might find it helpful to check the example
of cellular stratification of partition algebras in Subsection 2.3 before reading the rest of this subsection.

We will make excessive use of the following lemma, whose proof will be sketched here for completeness.

Lemma 3 ([5], Lemma 2.3). If A is cellularly stratified, then
Bl ~ elAel/elJl_lel

with 15, mapped to e;.
Proof. As an algebra, e;Ae;/e;J;_1e; is isomorphic to (e; + Ji—1)(J;/Ji-1)(e; + Ji—1). Using the fact that
Ji/Ji-1 = B;® V,®, V; and the multiplication in A, we get that the elements of (e;+J;_1)(Ji/Jj—1) (€1 + Ji-1)
are of the form

(v, 2)bp(y, ) ® uy ® vy + Jp—q
with b € By and z,y € V;. Choosing x = u; and y = v;, we obtain any element in B; ® (u;) ® (v;) + Ji—1. Thus,
the map B; — (e; + Ji—1)(Ji/Ji—1)(e; + Ji—1) given by b+ b® u; ® v; + Ji_1 is bijective. Multiplication in A
shows that this map is a homomorphism. 0O

Throughout this article, we assume that the input algebras B; are isomorphic to subalgebras of e; Ae;.

Corollary 4. The input algebra B; is isomorphic to a subalgebra of e;Ae; if and only if the multiplication
map
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my (B @r Vier Vi) x (B ®, Vi®r Vi) —ede
(beozoy b er ®y') ~(bp(y, 2 )b’ ® x ® y') + lower terms

restricted to (B ® (u;) ® (v1)) x (B; ® (u;) ® (v1)) has no lower terms in its image. In this case,
bel =b= elb
for allbe By.

Proof. By Lemma 3, we have an isomorphism B; ~ e;Ae;/e;J;-1e; sending 1 to e; + e;J;_1e; which factors
through e; Ae;:

Bl —>61A61 ﬁelAel/elJl—lel

1 g €] =€ +€lJl—1€l

In particular, the map f : B; — e;Ae; is injective. It is an embedding of algebras if and only if f(b)f(b') =
f(bY') for all b,b’ € By, i.e. if and only if

(b®ul ®vl)(b'®ul ®’Ul) = bb’®ul ® vy

without any lower terms.
If B; is isomorphic to a subalgebra of e;Aej, then b € B; can be regarded as an element b® u; ® vy € A,
hence

be;= (b u@u)(1®@u ®v) =bp(v,u) @u @v =b®u v = (v, u)b®u ®v; =¢b. O

Remark. If B; is isomorphic to a subalgebra of e;Ae;, then 15, is mapped to e;, the identity in e;Ae;, so the
composition

Bl hd elAeg —>> elAel/elJl_lel
is an isomorphism.

Proposition 5. Let A be cellularly stratified such that By is isomorphic to a subalgebra of e;Ae; for somel <r.
If B, € By11 for alln <1, and e; is fized by the involution j of A, then the algebra e;Ae; is cellularly stratified.
The stratification data is (B, Vol, ..., By, Vzl), where V! €V, is a subspace such that e, € B, ®, V.!®, V!, ie.
Uy, Uy, € Vé.

T
Proof. Let A= & B, ®; V,, ®; V,, as a vector space. Then
n=0

eiAe; = (D By, &1 Vi, ®% Vi ey
n=0

!
el(P B ®k Vi ®1 Vi)e

n=0
-1
c B o (P B, & Vi Vi)

n=0

where the inclusion holds up to the isomorphism B; ~ B; ®j (u)i ® {(v1)r. Assumption 3.4 in [14] shows
that
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(bexey)(lp ®u Q) € B, ®x®V,, @ lowerlayers
and

(I, ew ) (bexr®y)c B, ®V, @y lower layers

for all b e B,,, x,y € V,,. In particular, right multiplication with e; fixes the first V,, and left multiplication
with e; fixes the second V,,. Let V,ﬁ’l be the smallest subspace of V,, such that
1

D) (1, @u®v)(b®xr®y) e B, ® VI ®@y® lowerlayers

and let V12 be the smallest subspace of Vj, such that

(1) (b@z®y)(lp, ®u V)€ B, ®x® V5.2 ® lowerlayers

forall be B,,, z,y € V,. Then

(1eueu)(bexrey)(leu ®v) IE

)( b ew @y)(l®u ®v)

(I)

with wq € Vé’l, b e B,
b ® w; ® we

with wy € VH2, 0" € B,
modulo lower layers. Then j((1®w®v)(b@x®y)(1@u®v;)) = j(b" @ w1 ®ws) =iy (d") ® wy ® wy modulo
lower layers. On the other hand,

j(ewev)berey)(lewevy))=jlewuev)jbere®y)i(lewev)

=(lowov)(i,(b)oyex)(l®u ®v)
=b® 2z, ® 29 + lower terms

with z; € Vl Land 29 € Vl 2 It follows that Vl 1
It follows that e;Ae;

Vl2

Vl

@ Bl ® Vl I Vl for some Bl ¢ B,, and Vl c V,. Using B ¢ B
get be; = ¢;b for b € By, by Corollary 4. For any b € B,

el(b®uy, ®vp)e€e(B,®V, ®V,)e =

n € By, we

we have b ® u, ® v, = be,, = bejene; = etbee; =
Bl ®;, V! ®, V! Hence B!, = B,. O

Remark. The assumption that j(e;) = e; is necessary to show yht

V12 However, if j(e;) # e;, there might
be an isomorphism between V' and V.2 making e;Ae; a cellularly stratified algebra, e.g. for the Brauer
algebra A = Bj(5,0), we have

] [ ] [ ] [ ] [ ]
ez = | -~ =1®top(es) ®bottom(esz)
[ ] [ ] [ ]

For n = 1, the vector spaces V1! and V"2 have basis partial diagrams with two arcs, such that each v € V!

contains the arc in top(ez) and each v € V"? contains the arc in bottom(eg) Thus the two vector spaces
have trivial intersection. However, there is an isomorphism V-2

Vbl e 0(35).
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Proposition 6. Let A be cellularly stratified such that Bj is isomorphic to a subalgebra of e;Ae; for some
0 <l <r. Furthermore, assume that B,, € Byy1 for all 0 <n <l and e; is fized by the involution j of A. Then
eiAe; has the following (By, By)-bimodule decomposition:

etle; ~ B ® e Ji_1€.

l
Proof. By Proposition 5, e;Ae; is cellularly stratified and e;Ae; = @ B, Q V,f ®k V,f as vector space. On
n=0

the other hand, the top layer of e;Ae; is isomorphic to B; by Lemma 3. Hence we have a vector space
decomposition e;Ae; ~ B @ e;J;_1€;. The composition of algebra homomorphisms

elAe; » eAefeidisier~ B eAe

€] = e+ elJllel g 1 €l
respects the (Bj, B;)-bimodule structure in every step,

elAel —>> Bl > elAel

belb' =bb' ® u; vy — bt - b ® U ®u = belb'

so By is a direct summand of e¢;Ae; as (B, B;)-bimodule and the claim follows. O
2.8. Cellular stratification of partition algebras

Proposition 7 (/5], Proposition 2.6). If § # 0, the partition algebra is cellularly stratified with stratification
data

(kv Vb? k? V17 kZQ, ‘/'27 ceey kZ’r‘a Vr)
The idempotents are given by

ol e . e— " . . o — . — e

1
g' y  En = | for n >1.
.1/ e — ., — & — .T' .1/ e [ ) [ )

€g =

In order to define the vector spaces V; from the stratification data, we need further notation and defini-
tions.

A diagram consisting of only one row with r dots and arbitrary connections is called partial diagram.
We have to distinguish certain parts from others; we say they are labelled and write the dots as empty
circles o instead of dots e. When we complete a partial diagram to a full diagram with two rows of dots,
the labelled parts become propagating, i.e. they are connected to the other row. We count the parts from
left to right, according to the leftmost dot of each part. We define V,, to be the vector space with basis
all partial diagrams with exactly n labelled parts (and possibly further unlabelled parts). For example,

e 0 T e— o—o e is a basis element of V5, with 7 = 7; the labelled singleton o is the first
labelled part, the part o — o is the second. Writing the idempotents e; in the form 15, ® u; ® v;, we get

Uy =v;= o o o —0—..—o0

the partial diagram with [ -1 labelled singletons followed by one labelled part of size -1+ 1. The two-sided
ideal J; = Ae; A is generated, as a vector space, by the diagrams with at most [ propagating parts.
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We write top(d) to denote the top row of a diagram d € Py(r,0) and bottom(d) for its bottom row.
The permutation induced by the propagating parts is denoted by II(d). It is well-defined by the convention
to connect labelled top and bottom row parts via their respective leftmost dots. Thus a diagram d (with
exactly [ propagating parts) is uniquely determined by the tensor product

I1(d) ® top(d) ® bottom(d) € kX; ®; V; ®; V}
as predicted by the vector space decomposition A = é BeVeV.
1=0

Lemma 8. For each 0 <1 <r, there is an algebra isomorphism Py (1,6) — e; Py (r,0)e;.

Proof. This isomorphism is given by attaching r — [ dots to the right of both top and bottom row of a
diagram in P;(l,d) and connecting the new dots to the rightmost dots of top and bottom row respectively
of the original diagram. This map sends each diagram in Py (l,d) (i.e. each basis element) to a diagram (i.e.
a basis element) in e; Py (r,d)e; and each diagram in e; Py (7, d)e; is of this form. Both algebras use the same
multiplication. O

The partition algebra Py(r,d) contains the Brauer algebra By (r,d) and the group algebra kX, of the
symmetric group Y, as subalgebras. The Brauer algebra is the subalgebra with basis given by all diagrams
where each dot is connected to exactly one other dot. We call such a connection (horizontal) arc if it connects
two dots within the same row. A permutation o € X, corresponds to the diagram connecting the ith dot of
the top row to the o(i)th dot of the bottom row.

Corollary 9. Each symmetric group algebra kX with 0 <1 < r is isomorphic to a subalgebra of Py(l,0) =~
elPk(r, 5)61.

2.4. Functors

Let A be cellularly stratified with stratification data (By, Vb, ..., By, V;.) where the B; are isomorphic to
group algebras of symmetric groups or their Iwahori-Hecke algebras, such that for each [ € {0, ...,7} we have
an embedding B; — e¢;Ae; of algebras. This is satisfied for Brauer algebras and partition algebras, but not
for BMW-algebras, the third main example of cellularly stratified algebras in [5]. However, it is satisfied for
another deformation of Brauer algebras: the ¢g-Brauer algebras defined by Wenzl in [22].

Furthermore, we assume that for each layer [, the idempotent e; is fixed by the involution j of A. We
choose as cell modules for the cellular algebras B; the dual Specht modules S)y.

Lemma 10. Let A be cellularly stratified.

(1) Any B;-module has also an e;Ae;-module structure.
(2) Assume additionally, that By is isomorphic to a subalgebra of e;jAe;. Then any e;Ae;-module has a
Bi-module structure.

Proof. (1) By Lemma 3, B; is isomorphic to a quotient algebra e;Ae;/e;J;_1e; of e;Ae;. The action of e; Ae;
on M is defined via this quotient map.
(2) The action of e; Ae; restricts to an action of B; in this case. O

We need two types of induction and two types of restriction functors, which we define as follows. We
attach small examples of these functors in the appendix.
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Definition 11. Let A be cellularly stratified such that for each 0 <1 < r the input algebra By is isomorphic
to a subalgebra of e¢; Ae;. We define the functors

ind; : B —mod - A — mod Ind; : B —mod - A — mod
MwAe, @ M Mw— Ae; @ M
e Aey B
res; : A—mod — B; — mod Res;: A-mod - B; — mod
NHel(A/Jl_l)Qj)N Nl—>elA<§>N:elN

where J; denotes the two-sided ideal Ae;A and e;(A/J;—1) is a short notation for e;A/e; ;1.

For each Bj-module X, we have X ~ B; ® X ~ B, ® X, where e;Ae; acts on both X and B; via
By

ejAeg
the quotient map e;Ae; - e€,(A/J;-1)e; ~ B;. Thus, the layer induction ind; corresponds to the functor
G;:=Ae; ® B, ® -, defined in [5]. Hence, we can apply [5, Lemma 3.4] to get an isomorphism
ejAeg e Aey

ind; X ~ (A/Jl_l)el ® X

erae]

of A-modules. We will make extensive use of the isomorphisms

ind; X ~ G X ~ (A/Jl,l)el ® X« (A/Jl,l)el ® X
ey Aey B
without special mention.
Let N € A-mod. We call the subquotient (J,/Jn-1) ® N of N the nth layer of N. Since indiM =~
A

(AlJi-1)er ® M~ (J/Ji-1)® Aep ® M = (J/J;-1) ® indiM, ind; M lives in the Ith layer of A. We call
e Acy A e Aey A

ind; the layer induction functor.

The induction functor Ind; sends a Bj-module M to an A-module with a usually non-zero action of J;_1,
i.e. Ind;M lives in all layers n with n <.

While res; removes the lower layers (with n <) of the A-module N, Res; keeps all layers of the module.

Proposition 12 (/5], Propositions 4.1-4.3; Corollary 7.4; Propositions 8.1 and 8.2). The functor ind; has
the following properties.

(1) It is exact.

(2) The set {ind;Sy|l =0, ...,7;Sx cell module of By} is a complete set of cell modules for A.
(3) Homp, (X,Y) ~ Homa (ind; X,ind;Y") for all X,Y € B; —mod.

(4) Exty(M,N) = Extly,;, (M,N) for alli>0 and M, N € A/.J, - mod.

(5) Extfgl (X,Y) =~ Exti‘(inle, ind;Y') for all >0 and X,Y € B; —mod.

Ifl <m then

(6) Homy (ind; X,ind,,Y) =0 for all X € B; —mod,Y € B,, - mod.
(7) Ext’y(ind; X,ind,,Y) =0 for alli>1 and X € B —mod,Y € By, - mod.

The induction Ind; is not exact in general and does not send cell modules to cell modules. However,
we will give sufficient conditions for I'nd; to send cell filtered modules to cell filtered modules in Section 3.
Theorem 3 will tell us that, under additional conditions, Ind; sends relative projective modules to relative
projective modules, cf. Definition 15.
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The following properties of the functors are straightforward calculations. The layer restriction res; is
right-exact, but in general not exact. It is left adjoint to Homp, (e;(A/J;-1),-) and left inverse to both
ind; and Ind;. The restriction Res; is exact, since e;A is projective as right A-module. It is left adjoint
to Homp, (e;A,—) and right adjoint to Ind;, i.e. we have a triple (Ind;, Res;, Homp, (e;A,-)) of adjoint
functors. Furthermore, Res; is left inverse to ind;, but in general not to Ind;; the layers added by Ind; are
not removed by Res;.

For example, if A is the Brauer algebra B¢(3,9) with § # 0 and [ = 3, and X is the trivial CX3-module
C, then egJyes = J; = Ae; A, which consists of all linear combinations of Brauer diagrams with exactly one
horizontal arc per row. The left CX3-module ReszInd3C contains Ae; A ® C which has a basis

Cxg

where the brackets denote residue classes containing all three bottom row configurations. In particular,

Ae;A ® C is non-zero and not isomorphic to X.
Cxg

Proposition 13. If X is a cell module of A, then res; X is a cell module of B; or zero.

Proof. Let X be a cell module of A. By Proposition 12, part (2), we have X ~ ind, S, for some 1 <n <r,
where S, is a dual Specht module in B,, —mod. So res; X ~ res;ind,S, ~ e;(A/Ji-1)® (A/Jn-1)en & S, =~
A enAen

el(AlJn)en ® S,, where m = max{l-1,n-1}.If n <[, then e, € J,, = Ji-1 and if n > [, then ¢; € Jy,;, =Jn1.
enAen

So, in both cases we have res;X = 0. For n = [, we have res;ind;S, ~ e;(A/Ji-1) ® (A/Ji-1)er ® S, ~
A e Ae;
el(AlJi—1)e; ® S, ~ S,. Thus, the layer restriction of a cell module from the same layer is a cell module,
B

while cell modules from other layers vanish under restriction. O
2.5. Further definitions and notation

Let A := {(I, )0 <l <r, A+ 1"}, where I’ is the index of the symmetric group related to B; and A + I’
means that \ is a partition of I’. We define an order < on A, by setting

(n,v) < (I,\) = n>1and if n =1 then v < X in the dominance order.
Let (I,A\) € A, and let M* be the corresponding permutation module in B; — mod.
Definition 14. We call the A-module M (I, \) := Ind;M* permutation module for A.

Let © :={O(l,\) :=ind;Sx | (I, ) € A} denote the set of cell modules. The category of A-modules with
a cell filtration, i.e. modules M admitting a chain of submodules M = M,, > M,,_y > ... > My > My =0
such that the subquotients M,,/M,,-1 are isomorphic to cell modules, is denoted by F(©). The category
of B;-modules admitting a filtration by dual Specht modules is denoted by F;(S).

Definition 15 (/5], Definition 11.2). Let M, M’ € F(©). We say that M is relative projective in F(O), if
Ext!y(M,N) =0 for all N € F(©).

A relative projective module M € F(0©) is the relative projective cover of M', if M is minimal with respect
to the property that there is an epimorphism f: M - M’ with ker f € F(O©).
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3. Young modules

In this section, we define Young modules as direct summands of permutation modules, following the
definitions given for Brauer algebras by Hartmann and Paget, [8]. This allows us to extend the results of
James for group algebras of symmetric groups to cellularly stratified algebras whose input algebras are
isomorphic to group algebras of symmetric groups or their Hecke algebras.

Theorem 1. Fix I <r and let A be a cellularly stratified algebra with input algebras By, isomorphic to group
algebras of symmetric groups or their Hecke algebras such that B,, € B,y1 for all 0 <n <[ and each B,
embeds into e, Ae,, as subalgebra. Assume further that e; is fixed by the involution j of A which is compatible
with the involutions of the B,. Then Ind;M> has a unique direct summand with quotient isomorphic to
mdlY)‘.

Proof. Tt is well-known that the B;-permutation module M* decomposes into a direct sum of indecompos-
able Young modules Y* with multiplicities a,, where ay = 1 and a, # 0 implies 1 > X ([12, Theorem 3.1}).

Therefore, we have I'nd; M Ao @ (Ind,Y*)% . Decompose I nd; Y further into a direct sum of indecom-
(Lp)eAr

S
posables (Ind;Y*)e;, given by primitive idempotents ¢; € End 4 (Ind;Y*) such that ¥ €; = L Bnds(IndY>)-
i=1

Claim 1. Ind; Y has a direct summand with quotient isomorphic to ind;Y*.

Let 7; : Ind;Y> - (Ind;Y*)e; be the canonical projection onto (Ind;Y*)e; and v; : (Ind;Y *)e; = Ind)Y?
the canonical inclusion of (Ind;Y*)e;. The functor Res; is exact, so applying it to the composition ¢; o m;
gives maps

A el AQ; e A®u; A
Resj(tiom): eA®A®Y" — = ¢ AQY;, — = ¢ A® Ae; @ Y .
A B A A

By

By Proposition 6, we have a decomposition e;Ae; ~ B; @ ¢;J;-1¢; of (B, By)-bimodules. Thus the homomor-
phism Res;(1; om;) is given by a matrix, where the top left entry is an endomorphism f; € Endpg, (Y*). This
gives a commutative diagram

5 Lg .
Ae; @ Y (Ae; @ YN Ay @ YA in A-mod
By By By
Res; Res;
N Res;(tiom;) N i
eAde; ®Y eAe®Y in B; — mod
By By

14 13

V& ® (elJl_lel ® Y)‘) V& ® (eng_leg ® Y’\) in B; —mod
B By

where the isomorphisms from second to third row come from the decomposition e;Ae; ~ B; @ e;J;_1€;, see
Proposition 6.
Let y e YA, Then m;(e; ® y) = €;(e; ® y) € Ae; ® Y. Since ¢; is an A-homomorphism, we have
By

t ¢
cile;®y) =ei(ef ®y) =eei(e;®y) = a(d aje®z;) =) eaje ®;
j=1 J=1
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for some t e N, a; € A and z; € YA If ejaje; € Jy N Ji—1 then ejaje; corresponds to an element b; € B; via the
isomorphism

elAel N elJl,lel — elAel/elJl,lel—> Bl

ejae; — ejae; + e Ji_1e; ~b

where the last map is the isomorphism from Lemma 3. In particular, e;aje; ® x = €;b; ® © = ¢; ® b;x in this
case. It follows that

mi(er®y) =€(e;®y) =€ ® x + lower terms

for some z € Y. By lower terms we mean terms in ¢;J;_1€; ® Y. It follows that
B

Resi(ei(e;®y)) = e; ® x + lower terms.

On the other hand, ¢; ® y € Res;(Ind;Y?) is sent to (y,0) under the isomorphism in Proposition 6, so

fi M

Res;(e;(e;®y)) is the preimage of (gZ h%) (g) = fi(y)+9i(y) = fi(y) + lower terms under the isomorphism

in Proposition 6, i.e.
Resi(e;(e;®y)) = e ® fi(y) + lowerterms.
This shows that

mi(er®y) = e ® fi(y) + lowerterms.

S
The identity on Ind; Y is ¥, (¢; 0 m;), so
i=1

a®y=y t(mi(a®y)) = (a® fi(y)) + lowerterms
i=1 i=1

for any y € Y. Since there are no lower terms on the left hand side, they vanish on the right hand side and
we have

e ®y = i(el ® fi(y)=e® (ifi(y))'

Hence there is a £ € ¥y such that £ Y f;(y) =y, so ¥ (£fi) is the identity on Y.
i=1 i=1

Y is finite dimensional and indecomposable, so Endp, (Y?) is local. Therefore, at least one of the
summands & f; must be invertible. We now assume without loss of generality that £ fi is invertible, thus f;
is invertible.

Let

o: Ind)Y* — ind)Y

ey r—>(el+Jl_1el)®y
and ¢’ := p o1y o its restriction to (Ind;Y*)e;. Then

Oer®y)=ple;® fi(y) + lowerterms) = (e; + Ji_1e;) ® f1(y).
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Surjectivity of f; implies that the A-homomorphism ¢’ is surjective, so ind; Y is a quotient of (Ind;Y*)e;.
Claim 2. (Ind;Y*)e; is the only summand of Ind;Y* with quotient isomorphic to ind; Y.

Suppose there is another summand (Ind;Y*)ey of Ind;Y* such that there is an epimorphism ¢ :
Ind)Y* - ind, Y with

P((IndiY)e) = indy Y
and ¥((Ind;Y)e;) = 0 for all j # 2.

By tensor-hom adjunction, 1 is an element in

HomA(IndlY/\,indlY)‘)zHomBL(Y’\HomA(Ael,Ael ® YA))

clAe[
~Homp, (Y, e;de; ® Y?)~Endg, (Y?),
ejAey
S0 1 is given by
Y(e®y) = (e +Ji-ier) ® g(y)

for some g € Endp, (Y?). Let y € Y, y # 0. The surjectivity of ¢ provides the existence of a preimage
t

v=Y(ae;®y;) € (IndiY)es of (e + Ji_1€)) ® y € ind) Y with a; € A and y; € Y for all i € {1,...,t} and
i=1

some ¢ € N. Since ¢;Ae; decomposes into B; @ e;J;-1¢; as (By, B;)-bimodule by Proposition 6, we can write
any element ejae; € e;Ae; as b+ e;je; with b e By and j € J;_1. Thus

t t
e = el(z a6 ®Y;) = Z eja;e; ®y; = e ® w+ lower terms
i i=1

for some w € Y. Application of ¢ yields
P(ew) =Y(e; @ w+ lowerterms) = (e + Ji—1e1) ® g(w).
On the other hand,
Y(ew) =ep(v) =e((e;+ J—1e)) ®y) = (e; + Ji_1€;) ® v,
so g(w) = 0 would imply y = 0, which we excluded. Hence w # 0. But e;v € (Ind;Y*)ey and
o' (e) = o' (e; ® w + lowerterms) = (e; + Jy_1e;) ® fi(w) £0

since w # 0 and f; is a unit, in particular injective. So ¢’((Ind;Y*)es) # 0, which contradicts the definition
of ¢'.

Claim 3. There is no summand of Ind;Y* with quotient ind;Y* for u # \.

Assume there is a direct summand Y* of M with x > X such that ind;Y? is a quotient of Ind;Y*.
An arbitrary homomorphism ® : Ind;Y* — ind;Y? is given by ®(e; ® y) = (e; + Ji_1€;) ® ¢(y) for some
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¢ € Homp, (Y*,Y?) by the adjunction Hom4(Ind;Y*,indY ) ~ Homp, (Y*,Y?). ® is surjective only if ¢
is surjective.’

The rest of the proof can be copied from [8] in case B; = kX;;. We give here a similar proof for Iwahori-
Hecke algebras H := Hy, (X)), inspired by the one for group algebras of symmetric groups, using notation
from [1].

Suppose there is an epimorphism ¢ : Y# - Y, which we extend to an epimorphism ¢ : M* — Y such
that ¢ is zero on all summands other than Y*| i.e. ¢ is the projection from M* onto the direct summand
Y*#, followed by the map ¢. Recall (e.g. from [1]) that  is generated by elements T5, m € ¥;, and M* = Hz,,,

where z,, = 22: T, . For y\ = ZZ: (-¢)"“)T,,, where [ is the length function on symmetric group elements
weX, weXys

and X' is the conjugate of the partition A\, we have that yxTrz, # 0 implies A = X" > u by [1, Lemma 4.1].
So for pu > A, we have yyx M* = 0. Then 0 = $(0) = @(yx MH*) = yy@(MH*) =y Y. But yy Y contains the
generator yx T, xx = z) of S?, in particular yx Y # 0.

This concludes the proof of Theorem 1. O

Definition 16. We denote the unique summand of Ind;Y* with quotient ind;Y* constructed above by Y (I, \),
in analogy to [8], and call it Young module for A with respect to (I, A) € A,.

Example. Let A = P;(2,0) with § # 0 and chark # 2,3. Let A = (1,1) = (1?). Then v = ksgn is the
sign-module for kX9 and

[ )
Inde(lz):Acaksgn:k( ®l, .~ 1, | ®1l,ea®1).
[ ]

ko

L )® 1l and €3 : e ®1 5 | ® 1 give the following

The idempotents €1 : e2 ® 1 +— |eg - 5 |
[ ) [ ) [ ) ]

decomposition into indecomposables:

(I’I’LdQY(12))61 =k ((62 - =

| =
e — o
[ ] [ ]
S—
®
—
—_——

[ ) [ ) ] [ ] e — o
(IndsY W))e, :k.< ‘ ®l, ~ ®1, | ®1>:J1 ® ksgn
kSo

The summand (Inde(12))eQ lies in the kernel of any map

IndyY ) S indy YO = ALJ) ® kygn
2355

so the only candidate for Y (2,(1%)) is (IndQY(lz))El. Since ker(m) = J1 ® ksgn, the second column of
kSo

the matrix in the commutative diagram in Claim 1 is zero. For the generator es ® 1 we have m(ex ®
\
[ ] [ ]

] L]
1) = (62 —% ) ® 1 and Ress(ez ® 1) corresponds to (1,0) under the vertical isomorphism in the

L]
commutative diagram. This shows that the matrix is (; 8) with ¢g(1) = —% \ ® 1. The epimorphism
[ ] [ ]

o' IndsY ) - Y(2,(1%)) - indyY 1) is given by

! Assume there is w € Y such that ¢(y) # w for all y € Y*. Let Y (aie; ® y;) be an arbitrary element of Ind;Y" and suppose
that ®(X(aie; ®yi)) = X(ae; ® ¢(y;)) = e ® w. Then for each ¢ we have a;e; = e;b; for some b; € B; and thus Y (a;e; ® p(yi))e; =
T(er®bip(yi)) = ®p(Tbiyi)) =1 ®w = o(Tbiyi) =wk.
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‘P’(€2®1):§0((€2—%. ) )@1)
1. ]
:((62—5. .)+J1)®1

:(€2+J1)®1.

There cannot be any surjective A-homomorphism IndsY (?) — inde(lz) since any such ¢ would send
the generator e2 ® 1 to a scalar s € k and

V((12)ez@1) = (12)Y(e2®1) = (12)s = s,
but on the other hand,
(12)e2®1=€3(12)®1=€2®1
holds in Indy Y@ so 1((12)ez ® 1) = s. Thus Hom a4 (IndaY @ ind,Y 1)) = 0.

We now collect conditions for a Young module Y (m,u) to appear as a summand of M(I,\). They
generalise the conditions from [8, Lemmas 17 and 18] for A = By(r,d). The fact that these are the only
direct summands of permutation modules is our main result (Theorem 4) and will be proven using results
from the next Section.

Lemma 17. If (I, \), (m, n) € A, with I <m, then Y (m, u) does not appear as a summand of M (I, \).
Proof. Ind; is left adjoint to Res;, so

HomA(IndlM’\,inde”) ~Homp, (M)‘, Resyind,, Y*")
~Homp, (M, e/(A}Jm-1)em ©® YH).

emAem

For Il <m, e; € J—1, so Respind,, Y* = 0. Thus, there cannot be a non-zero map
Ind;M* - Y (m, p)
since it would extend to a non-zero map Ind; M A Sind,,Y*. O

Lemma 18. If (I,)\), (I,k) € A,., then Y (I,\) occurs as a direct summand of M(1,x) if and only if Y is a
direct summand of M". This can only occur if A > k.

Proof. If Y is a direct summand of M*, then Y (I, \), as a direct summand of Ind;Y?, is a direct summand
of IndiM" = M(l, k).

If Y(I,)) is a direct summand of M (I,x) and M" = @(Y*)*, then Y (I, ) is a summand of Ind;Y* for
some fi.

It follows from Theorem 1, Claim 3, that p =\, so Y is a direct summand of M*. O

Corollary 19. If (I, \) # (I,&), then Y(I,\) 2 Y (I, k).

Proof. Let (I,\) # (I,x). Then Y* ¢ Y* see for example [15, Section 7.6], so Ind;Y* ¢ Ind;Y" since
otherwise res;Ind;Y* ~ Y* would be isomorphic to res;Ind;Y" ~ Y*. Assume that Y (I,\) = Y(I,x). Then
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Y (l,k) is a direct summand of M(I,\) and by Lemma 18, Y* is a direct summand of M?*. So Ind;Y" is a
summand of M (I, \) and has a summand Y (I, k) with quotient ind;Y". But Y (I, k) is isomorphic to Y (I, \)
with quotient ind;Y*, so Ind;Y" has a direct summand with quotient isomorphic to ind;Y* and x # X. This
contradicts Claim 3 from Theorem 1. O

4. Properties

Each Young module Y (I,)) is a direct summand of the permutation module M(I,\) = Ind;M* by
definition. In this section, we show that the indecomposable direct summands of permutation modules are
exactly the Young modules, as in the symmetric group case, provided A satisfies the additional assumptions
defined below. The results extend the results on Brauer algebras stated in [8] to our setup.

We give conditions under which the permutation modules for our cellularly stratified algebra A admit a
cell filtration in Subsection 4.1. In Subsection 4.2, we show that permutation modules are relative projective
in the subcategory F(O) of cell filtered A-modules, provided a further condition is satisfied. Then the
Young module Y (I, \) is the relative projective cover of the cell module O(l, A) := ind; Sy (Theorem 3). As
a corollary of this, we recover a result about Schur-Weyl duality from [5] in Subsection 4.3. Finally, we
can prove Theorem 4, the decomposition of the permutation module M (I, ) into a direct sum of Young
modules Y'(I,\), in Subsection 4.4.

A crucial point in the study of a category F(A) of A-filtered A-modules is that it is closed under direct
summands if the set A with ordered index set (I, <) forms a standard system,” i.e. for all [,m e I

¢ A crucial point in the study of] End 4 (A(l)) is a division ring.
o Hom4(A(), A(m)) # 0 implies [ > m.
o Ext} (A1), A(m)) # 0 implies [ > m.

The statement follows from [21, Theorem 2].

Lemma 20. Let A be cellularly stratified with stratification data (Bo, Vo, ..., By, V;.) where the By are isomor-
phic to group algebras of symmetric groups or their Twahori-Hecke algebras. Let chark = p € Zso~{2,3} if the
input algebras are group algebras of symmetric groups and let h > 4 if the input algebras B; are isomorphic
to Hecke algebras Hy, o(X;). Then the cell modules © of A form a standard system with respect to the order
< defined in Subsection 2.5.

Proof. Dual Specht modules for symmetric groups form a standard system by [7, Proposition 4.2.1] and
[11, Corollary 13.17]. Dual Specht modules for Iwahori-Hecke algebras of symmetric groups form a standard
system by [7, Proposition 4.2.1] and [17, Exercise 4.11]. The statement follows from [5, Theorem 10.2 (a)]. O

Assumptions. We give names to the following assumptions that we make on A in order to prove the desired
properties for permutation modules and Young modules. Furthermore, we often assume that chark € Zsg \
{2,3} (or h >4, in case the B; are Iwahori-Hecke algebras) to be able to use Lemma 20.

Let A be cellularly stratified with stratification data (By, Vb, ..., By, V;.) where the B; are isomorphic to
group algebras of symmetric groups or their Iwahori-Hecke algebras, such that for each [ € {0, ...,7} we have
an embedding B; — e;Ae; of algebras. Let n,l with 1 <n <1 <r be arbitrary.

(1) Jner =~ Jpo1e1 @ (Jn/Jn-1)er as right B-modules.
(I1) (Jn/Jn-1)er~ (AlJpn-1)en ® en(A/Jn-1)e; as right B;-modules.
A

enAen

2 cf. [2, Section 3] or [5, Definition 10.1].
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(IIT) Layer-removing restriction to B,, — mod of a permutation module from layer [ is dual Specht filtered:

respInd,M> € Fn(S)

(IV) Classical restriction to B; —mod of a cell module from layer n is dual Specht filtered:
Resyind, S, € Fi(S)

Remark. Assumption (IV) implies that for any X e F,(S), Resjind, X € Fi(S): The functor ind, is exact
and sends dual Specht modules to cell modules, so ind, X has a cell filtration. Res; is exact, so Res;ind, X
has a filtration by modules of the form Res;ind,, S, € F;(S). The statement follows since F;(.S) is extension-
closed.

Lemma 21. Instead of (IT), we can assume

(1) (Jp/Jn-1)er = By, ®k Vi, ®, Vi as vector spaces.

Proof. By Proposition 5, the algebra e;Ae; is cellularly stratified with idempotents e,, = 1p, ® u,, ® v, €
B, ®, V! ®y Vic B, ® V, ® V,. Then e,(A/J._1)e; = en(e1Aerfe;Jn_1e) is free of rank dim V! over B,
dim v}
by [5, Proposition 3.5] and ind, (e, (A/Jn-1)e1) = (A)Jn-1)en ® en(AlJn1)er = @ (AlJn-1)en as left
By, =1

A-modules. Hence, dim(ind, (e,(A/J,-1)e;)) = dim((A/Jn-1)en) - dim V! = dim B,, - dim V;, - dim V!, since
(A/Jn-1)en is free of rank dimV,, over B,,.
The multiplication map

(A/Jn—l)en 1;8 en(A/Jn—l)el - (Jn/Jn—l)el
(a+ Jp-1)en ®en(b+ Ju1)e; — (aenb+ Jpo1)e

is an epimorphism of (A, B;)-bimodules and dim(ind,(e,(A4/Jn-1)e;)) = dimV}! - dimV,, - dim B, =
dim((Jpn/Jn-1)er) by (II'), so (II) is satisfied. O

4.1. Cell filtrations

Theorem 2. Let A be cellularly stratified, such that the input algebras Bj are isomorphic to group algebras
of symmetric groups or their Hecke algebras and By, € Bpi1 for all 0 < n <. Assume that the idempotent
e; 1s fixed by the involution j of A which is compatible with the involutions of the B, and that A satisfies
(I),(IT) and (III). Then the permutation module M(l,\) has a filtration by cell modules.

If, in addition, chark € Zsg ~ {2,3} or h > 4, then the direct summands of Ind;M> have cell filtrations.

Proof. A=J,>J,_12...0J12Jy=0is a filtration of A (with quotients isomorphic to B, ® V,, ®x V;,), so
we have short exact sequences

0—Jp1 = Jn— Jn/Jn—l -0

of (A, A)-bimodules for 1 <n <r. Application of the exact restriction functor — ® Ae; gives exact sequences
A

00— Jn_lel - Jnel g (Jn/Jn—l)el -0
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of (A, e;Ae;)-bimodules for n < I, which are split exact as sequences of right B;-modules by assumption (T).
Hence, we get exact sequences

0> Joo161® M > Jpeg ® M > (Jo/Jno1)e; ® M -0
By By By
of left A-modules, which give rise to a filtration
A A A
Aeg @ M > Jj1eg@ M* > ..o Jieg® M* >0
B, B, B,

of M(I,)\) = Ind;M* with quotients M"™(I,\) := (Jn/Jn_1)e; ® M?, the nth layer of M(I,)\). Assumption
By
(II) gives

M™(1,N) = indy, (en (A Jno1)er) @ M
~ indy (en(A)Jp-1)e; ® M)
o indn(resnlndlMA).

By assumption (I11), res,Ind;M* € F,(S). The functor ind,, is exact and sends dual Specht modules to
cell modules by Proposition 12, so M™(1,\) € F(0O) for all 1 <n <1, in particular M (I,\) = M'(I,\) € F(O).

If chark is different from 2 and 3, then the cell modules of A form a standard system by Lemma 20. In
this case, F(0) is closed under direct summands by [21, Theorem 2], so all direct summands of Ind;M?*,
in particular the Young modules Y (I, \), admit cell filtrations. O

4.2. Relative projectivity

An important property of the permutation modules M* € B; — mod is their relative projectivity in the
category F;(5), as shown by Hemmer and Nakano in [7, Proposition 4.1.1], in case h > 4. This property
is translated to the permutation modules M(I,\) of A, in case the conditions (I) to (IV) are satisfied.
Furthermore, the Young modules are relative projective covers of the cell modules.

Theorem 3. Let A be cellularly stratified, such that the input algebras By are isomorphic to group algebras of
symmetric groups or their Hecke algebras and B, € By11 for all 0 <n <l. Assume that the idempotent e; is
fized by the involution j of A which is compatible with the involutions of the B, and that A satisfies (I) to
(IV). Then the permutation module Ind; M is relative projective in F(©). If, in addition, chark € Zso~{2,3}
(or h >4), then all direct summands of Ind;M> are relative projective in F(©). Furthermore, Y (I, \) is the
relative projective cover of O(l, \) in the category F(O) of cell filtered modules.

Proof. By Theorem 2, M (I, A) and all its direct summands (provided chark # 2,3 or h > 4) are in F(O) if A
satisfies conditions (I) to (IIT). We have to show that Ext’ (M (I,)),X) =0 for all X € F(X). Let X € F(©)
and let

(*):O—>X—>Y—>IndlM)‘—>O

be a short exact sequence in Ext (M (1,\), X).
Apply the exact functor Res; on (*) to get a short exact sequence

(**): 0-eX —>eY —eAeg ®M>\ -0
By
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in B; — mod. Now we apply the left exact functor Homp, (M?*,-) to get a long exact sequence

0 — HomBl(M/\,elX) — HomBl(M/\7elY) — HomBl(MA,elAel ® M)
By

[

Extp, (M, e,X)

It follows from assumption (IV) and the exactness of Res; that ;X € F;(S) for X € F(0). Since M* is
relative projective in F;(S), we get Ext}gl (M*,e;X) =0, in particular we get a short exact sequence

0 - Homp, (M?*,e,X) — Homp, (M*,¢;Y) - Homp, (M?*,e;Ae; ® M) - 0
By
which is isomorphic to the short exact sequence

(¢): 0 — Hom (Ind;M*, X) - Homa(Ind;M>,Y) 5 End s (Ind;M™) - 0

since Res; is right adjoint to Ind;.
Consider

(e

(*): 0 X Y IndiM*» —= 0

~
N
EEEN
I’/LdlMA

then f exists (such that the diagram commutes) by surjectivity of the map f in (¢). This shows that (x)
splits and so Ext! (M (I,A), X) = 0. In particular, M(l,\) is relative projective in F(0).

Now let Z be a direct summand of M (I, \) with 7 : Ind;M* - Z the projection onto Z and ¢ : Z — Ind; M*
the inclusion of Z into M (I, \). With the same strategy as above, applied to the short exact sequence

(*): 0> X>Y >Z-0,

we see that the map Hom (Ind;M*,Y) - Hom(Ind;M*, Z) is surjective, which provides the existence of
amap f:Ind;M* - Y such that 7 = gf:

0 X Y A 0

v

~

N T 2
Ef\\T\[

IndlM”\

But 7 = idz, so g ft = idz and fu is right inverse to g. Therefore, the sequence () splits and Ext’,(Z, X) = 0,
so all direct summands of Ind;M* are relative projective in F(©).
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In order to prove that Y'(I,)\) is the relative projective cover of ©(I,\), we have to show that there is an
epimorphism

T:Y(1,A) > O(1,\)

with ker(¥) € F(O) and that Y'(I,\) is minimal with respect to this property. Once we have established
an epimorphism whose kernel is in F(0), the minimality condition is immediately satisfied since Y (I, A) is
indecomposable, and then Y (I, \) is a relative projective cover of O(1, \).

The Bj-module Y has a dual Specht filtration with top quotient Sy, so the kernel of the map Y* - Sy
lies in F;(S). The functor ind; is exact and sends dual Specht modules to cell modules, so the kernel of the
epimorphism

Y ind) Y > ind; Sy = (1, \)

has a cell filtration.
Recall from the proof of Theorem 1 that there is an epimorphism

¢:Y(I,A) S Ind)Y 5 ind Y

Consider the commutative diagram

ker ¢

V=g
0—>ker¥ — = Y(I,\) —=> O(L,A) —= 0

¢

0 ker ¢ ind YA L o(,\) —=10

with kerv, Y (I, \), ind;Y> and ©(1, \) in F(O). The composition

ker @ > Y(I,\) S indiy* % 0@, ))

is zero, so the universal property of the kernel of ¢ provides a unique morphism ker ¥ — ker v, with kernel
K, making the diagram
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ker ¢

0—>ker¥ — = Y(I,A) —= O(,\) —=0

¢

0 ——= kery) — ind;Y* ——= O(l,\) ——= 0

0 0

commutative. The map K — ker ¢ is given by the universal property of the kernel of ¢ and is an isomorphism
by the snake lemma. The snake lemma also asserts surjectivity of the map ker ¥ — ker 1.
Thus, we have a short exact sequence

0—>ker¢ - ker U — keryp - 0

with kervy € F(O). If we can show that ker ¢ = ker pr € F(©), then ker ¥ € F(O) since F(O) is extension-
closed.
Consider the commutative diagram

0 —— kerpr —— Y (I, \) A ind)Y» —= 0

|

0 —— kerp —— Ind; Y ¢ indY» ——= 0

We have t(ker p) € ker p, so ¢ restricts to ker i — ker ¢.
Now, we consider the commutative diagram

00— kergr —= Y(I,\) —— ind;y?* —= 0

d

0—>kerg — = Ind)Y> — = ind)Y» — = 0

where T is the projection from Ind;Y* onto its summand Y (I, \). We see that 7(ker o) € ker ¢, so 7 restricts
to ker ¢ — ker ¢t.

00— kergr —= Y(I,\) —— ind;y* —= 0

Al

0 —— kerp —— Ind)Y» ——= ind)Y* ——= 0

In particular, ker ¢t is a direct summand of ker ¢ = J;_1e; ® Y. By the proof of Theorem 2, the module
By

Ji_1e; ® M has a cell filtration. By the assumption on the characteristic of the field, cell filtrations restrict
By
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to direct summands, so ker ¢ and ker ¢ lie in F(©). Since F(O©) is extension-closed, we get ker ¥ € F(0O)
and so Y (I, \) is a relative projective cover of ©(l,\). O

Corollary 22 ([5], Corollary 12.4). If By is a group algebra of a symmetric group Xy for some I € N,
chark = p € Zso ~ {2,3}, and A satisfies (1) to (IV), then Y (I,\) is projective if and only if X is p-restricted.

4.8. Schur-Weyl duality

In [5], the Young modules Y,,,.(I, A) of a cellularly stratified algebra A are defined as the relative projective
covers of the cell modules ©(1, \), in the case where the cell modules of the input algebras B; form standard
systems. Since we assumed B; to be isomorphic to kX or Hy, q(21) for some I" € N and chark € Zyo\ {2,3},
respectively h > 4, we are in this situation (Lemma 20). Therefore, we have the following corollary of
Theorem 3.

Corollary 23. The Young modules Y,,(I,)), defined abstractly in [5], coincide with the explicitly defined
Young modules Y (I, \) of this article.

In particular, we are in the situation of Theorem 13.1 from [5]:

Corollary 24. Let A be cellularly stratified, such that the input algebras B; are isomorphic to group algebras
of symmetric groups or their Hecke algebras and By, € By41 for all 0 <n <r. Assume that the idempotents e;
are fived by the involution j of A and that the assumptions(l) to (IV) are satisfied. Let chark € Zso ~ {2,3}
(or h >4). Then the following holds.

(1) Each M € F(©) has well-defined filtration multiplicities.
(2) The category Fa(O) of cell filtered A-modules is equivalent, as exact category, to the category
Fenda(v)(Q) of standard filtered modules over the quasi-hereditary algebra Enda(Y'), where

Y= & YU "
(I, \)eA,
dim L(I,\)  if there is a simple module L(l,\)

otherwise.
(3) There is a Schur-Weyl duality between A and End4(Y'). In particular, we have A = Endgnq ,(v)(Y).

and nix=

Remark. The multiplicities n; » of the Young modules Y'(I,\) in ¥ are chosen to be minimal such that all
Young modules appear at least once and such that the projective Young modules appear as often as they
appear in A, i.e. such that thereisa De A—mod with Y = A& D.

4.4. Decomposition of permutation modules

Using the results of the previous subsections, we are finally able to prove that permutation modules for
A decompose into a direct sum of Young modules, just like permutation modules for B; decompose into
direct sums of Young modules.

Theorem 4. Let A be cellularly stratified, such that the input algebras B; are isomorphic to group algebras
of symmetric groups or their Hecke algebras and By, € Bpi1 for all 0 <n <. Assume that the idempotent e;
is fixed by the involution j of A which is compatible with the involutions of the B, and that A satisfies the
assumptions (I) to (IV). Let chark € Zso ~ {2,3} (or h>4). Let (I,\) € A,.. Then there is a decomposition
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IndiM*= @ Y (m,p)
(m,p)=(1,N)

with non-negative integers am, . Moreover, a; y = 1.

Proof. By Lemma 20, the set © forms a standard system. Corollary 24 says that there is a quasi-hereditary
algebra C' = End4(Y") such that the categories Fa(0) of cell filtered A-modules and Fo(A) of standard
filtered C-modules are equivalent, which was first established in [2]. To prove this equivalence, Dlab and
Ringel show that there is a one-to-one correspondence between the modules in the standard system {©}
and the indecomposable relative projective modules in F(©). By Theorem 3, the Young modules Y (I, \) are
indecomposable relative projective. The one-to-one correspondence shows that these are all indecomposable
relative projective A-modules, since for each (I,\) € A, there is exactly one Young module and exactly one
cell module, and these are all cell modules, cf. Proposition 12 part (2), Theorem 1 and Corollary 19. The
algebra C' is quasi-hereditary, so the relative projective C-modules are exactly the projective C-modules, cf.
[21, Corollary 2], and they correspond under the equivalence to the relative projective A-modules. Hence,
the projective C-modules are indexed by A,.

The permutation module M (I, ) is relative projective in F(©), so its image under the equivalence

F(O©)==F(A) is a projective C-module P. Let P = @ P(n,v)** be a decomposition of P into
(n,v)eA,

indecomposable modules. Sending P(n,v) back to F(O) through the equivalence, its image must be an

indecomposable relative projective module Y (m,p). Thus, M([,\) = & Y (m,p)*+ for some non-
(m,p)eAr
negative integers a, . a; x = 1 by definition of Y'({,\). Lemmas 17 and 18 show that we only have to sum

over those Young modules Y (m, p) with (m,p) = (I,A\). ©
5. Applications

There are three main examples of cellularly stratified algebras in [5]: Brauer algebras, partition algebras
and Birman-Murakami-Wenzl algebras (BMW algebras), a deformation of Brauer algebras. The results for
Brauer algebras first appeared in [8]. With the theory from this article, we can recover their results, using
less combinatorics specific to Brauer algebras but the more structural properties of cellularly stratified
algebras, which have been introduced after the work of Hartmann and Paget on Brauer algebras appeared.
We recover the results for Brauer algebras in Subsection 5.1, thus providing new proofs. In Subsection 5.2,
we show that the results hold for partition algebras under certain additional assumptions. The theory fails
for BMW algebras, since we need the cellular algebras B; = Hy q(Xr) to be subalgebras. However, the
g-Brauer algebras, defined by Wenzl in [22], are another deformation of Brauer algebras which fit into this
setting. They are cellularly stratified as shown by Nguyen in his PhD thesis [18] and contain Hecke algebras
as subalgebras. We do not prove that the g-Brauer algebras satisfy the assumptions in this article.

5.1. Recovering results for Brauer algebras

Let A= By(r,d) € Pi(r,6) be the Brauer algebra on r dots with ¢ € k. If r is even, let 6 # 0. Then by [5,
Proposition 2.4], A is cellularly stratified with stratification data

(k2t7‘/15a k2t+27‘/t+27 ceey kET—Qa ‘/7“—27kZT7 ‘/7")7

1 if r is odd, and V; is the vector space with basis consisting

%l horizontal arcs. The idempotents e; are defined as e¢; = 6’"1_

where t = 0 if r is even and t

of partial diagrams with exactly

l\D|
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1 i [ ] [ ] e [ ] :
- — for § #0. For 6 =0 (and r odd), we use
[ ] [ ] [ ] - [ ] e [ ] - [ ]
1 l T
[ ] [ ] [ ] e o . e o
€= \
. . e o e o ]

In case § = 0 we do not have j(e;) = ¢;, where j is the involution flipping a diagram over a horizontal
axis running between the rows of dots, but we explained in the remark below Proposition 5 how we can still
apply the proposition in this case.

We want to recover the results from [8], so we have to show that the Young modules defined here coincide
with those defined in [8] as indecomposable submodules of Ind;Y* with quotient V <§> Y*. The module

structure on V; ® X is defined as follows. Let b € Bi(r,d) be a basis element and let v ® x € V; ® X. Then
k k

b(v@x) = (bv) @ (b,v)x

where b is the partial diagram obtained by writing b on top of v, identifying bottom(b) with v and following
the new connections in top(b), multiplying by ¢ for each closed loop. If the result is not in V;, set bv = 0.
The permutation 7(b,v) is given by the permutation of the free dots of v in bv.

[ ] [ ) [ ] [ ]
Example. Let b = W € Br(4,0) and v = e . e e ¢ V5. Then
[ ] [ ) ] [ )
] [ ) ] [ ]
by = §Fclosed loopstop ° ° e o |- 5 e e e e and 7T(b,’U) _ (1’2)
1 Il 1
[ ] ) o [ ]

Proposition 25. For any X € kX; — mod, there is an isomorphism ind; X ~V; ® X of By(r,d)-modules.
k

Proof. Let X € kY; — mod and consider the map
@ : Vo X— (A/Jl_g)el ® X
ks
vexr +— (d’+Ji2) @1,

where dV is the diagram in J;e;\ J;_se; with top(d¥) = v and non-crossing propagating lines.” Let (ae;+J;_2)®
x € (AlJ—2)e; ® X, with ae;+J;_5 corresponding to b@w®wv; under the isomorphism J;/J;_o ~ k3@ Vi ®1 V],
(358

ie. aej+Ji—a = d”b+Jj_2. Then p(webx) = (d* +Ji—2)®bx = (d”b+J;_2)®x = (ae;+J;-2)®x, S0 @ is surjective.
By [5, Proposition 3.5], dim((A/J;—2)e; ® X) = dim(kE?imVl ® X) =dimV;-dim X = dim(V;®; X). Hence, ¢
kS, 3N

is bijective. To see that ¢ is an isomorphism, we have to check that it is A-linear. Let a € A and v®x € V@) X.
Then

pla(vez)) =plav@m(a,v)x)
=(d" + J—3) ® 7(a,v)x

= (dr(a,v) +J2)®x
and

3 Since d” is in Jye;, its bottom row is fixed: I free dots followed by % horizontal arcs sitting side by side.
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ap(v®x) =a((d’+J_2) ® x)
= (ad’ + Jy_2) ® .

If ad’ € J;_5 then ap(v® z) = (ad” + Ji—2) ® x = 0. On the other hand, ad’ € J;_5 implies that av has more
than %l horizontal arcs, so p(a(v®x)) = (av ® m(a,v)x) = p(0) = 0. If ad” has I propagating lines, then
a € Jy \ Ji_y for some m > 1 and m — [ of the free dots® of top(a) are bound by horizontal arcs in ad”
since the product lies in J;. The remaining [ free dots of top(a) are end points of propagating lines in ad”.
Therefore, the permutation of the propagating lines of ad’ is 7(a, v). This shows ap(v®x) = (ad’+Jj_2)®x =

(d*m(a,v) + Ji2) ®@x = p(a(v®x)) and ¢ is A-linear. O
Corollary 26. The cell, Young and permutation modules defined here coincide with those defined in [8].

It remains to verify that A = By(r,d), with § # 0 if r is even, satisfies the assumptions (I) to (IV). Let
0<n<i<r.

The right action of k¥; — mod on J,e; permutes the dots of the bottom row, but it never changes the
amount of horizontal arcs, so assumption (I) is satisfied. Assumption (II) holds by [6, Lemma 4.3]. By [6,
Lemma 4.2], e, (Jn/Jn—2)e; ~ k HEE kX, where H := k(Cs2 Eszn). We get the following isomorphisms of

k>2,,-modules

respIndiM> = e, (Jo/Jn2)er ® M~k ® k¥ @ M =~k ® kY ® k.
[N HxkEp kS HxkEp (25N
The last module is equal to a direct sum of kY,-permutation modules M by [6, Lemma 4.5]. Therefore,
res,Ind;M> € F,,(S) and assumption (I11) is satisfied. The restriction of a cell module ind,, S, to k¥; —mod,
with I > n, is dual Specht filtered by [19, Proposition 8], thus A satisfies assumption (IV). This gives a new
proof for the following theorem.

Theorem 5 (/8]). Let chark # 2,3. The Brauer algebra By(r,0), with 6 # 0 if r is even, has permutation
modules M (I, \), which are a direct sum of indecomposable Young modules. The Young modules are the
relative projective covers of the cell modules ind;Sy. Fvery module admitting a cell filtration has well-defined
filtration multiplicities.

5.2. New results for partition algebras

Now, let A = Py (r,d) be the partition algebra on r dots with § € &\ {0}. Then A is cellularly stratified
by [5, Proposition 2.6]. The cellularly stratified structure was described in Section 2.3. We use the following
embedding of kX, into Px(r,0). Let d(7) € P(I,) be the diagram describing the permutation 7 € ¥y, i.e. the
dot 7 in the top row is connected to the dot () in the bottom row, and these are all the connections. Then
d(m) becomes an element of Py (r,d) by attaching dots [+ 1, ..., to the right of the top row and connecting
all these new dots to the Ith dot of the top row. Do the same for the bottom row. This embedding agrees
with the isomorphism Py (l,d) ~ ¢;Px(r,d)e; from Lemma 8. In particular, for each 0 <1 < r, the input
algebra kX, of the cellularly stratified structure is a subalgebra of e;Ae; (see Corollary 9).

Example. Let 7 = (1432) € ¥4 and let » = 7. Then d(7) = m is clearly an element of

[ ] [ ]
P.(4.6). Th ding element in Py(7,6) i
% (4,0) e corresponding element in Py (7,d) is .W

4 In this case, a free dot is a dot which does not belong to a horizontal arc.
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Furthermore, j(e;) = ¢; for each I, where j is the involution flipping a diagram upside-down, so we can
apply Proposition 5. It remains to show that A satisfies conditions (I) to (IV). Fix some [ between 0 and r
and remember that J; denotes the two-sided ideal Ae; A, generated, as a vector space, by diagrams with at
most | propagating parts. Set J_; := 0. There is a bijective map J,, \ J—1 = J,,/Jn-1 sending a diagram with
exactly n propagating parts to its residue class. Hence, we can ignore the residue classes in many cases.

The right action of k¥; on a partition diagram d € Ae; permutes the bottom row of d, but it never
changes the size of a part of d. In particular, the number of propagating lines remains invariant under
the k¥j-action,” so Jne; = (Jn/Jn-1)e; ® Jn_1€; is a decomposition of k¥;-modules, so assumption (I) is

./.\.7. e — o [ ]
satisfied. For example, if 7 = (1432) € kX4 and d = >/ € (J3 \ Ja)ey, then
[ ] [ ] e — o — 0 — 0 — o
./.\.7. e — o L]
dm X / € (J3 \ J2)ey. Note that 7d € Joey.
° o — o o— o — 90— o

For 0 < n <, the basis diagrams of (J,,/J,-1)e; have exactly n propagating parts and the last r—{+1 dots
of the bottom row belong to the same part. Hence, we have an isomorphism of vector spaces (J,/Jn-1)e; ~
kX, ®k Vi ©r VL, where V,, is the vector space of partial diagrams with exactly n labelled parts and V! is
the subspace of V,, where the last 7 — [ + 1 dots belong to the same part. For example, the diagram d above
corresponds to the tensor product (13) ® top(d) ® bottom(d). This shows assumption (II) is satisfied and
thus, by Lemma 21, assumption (II) is satisfied as well.

Assumption (IV) holds by [20, Theorem 1] in case chark > |5 |. The condition on the characteristic is
sufficient, but potentially too strong, as explained in [20].

We now prove that assumption (III) is satisfied, i.e. we show that the left k¥,-module res, IndM?* ~
en(AlJn-1)e k% M admits a filtration by dual Specht modules for n < I.

)

Fix 0 < n <l <r. When dealing with the size of a part in a partial diagram, we will from now on count
the last » — [+ 1 dots as one. Let v, w € V,f. We say that v is equivalent to w, v ~ w, if and only if there is a
7 € ¥y such that vm = w, where v is defined as follows. Write the diagram 7 below v and identify top()
with v. Then vr is the bottom row of this diagram, where a part is labelled if and only if it contains at
least one labelled dot. In diagrams, this means that v and w are equivalent if and only if for each size, the
number of labelled parts and the number of unlabelled parts of v and w coincide. Remember that the last
r—[1+1 dots count as one.

Example. Let r = 5. The partial diagramv= o e —e o — o €V} isequivalent to

o e — o o—o
vw:bottom( m ): o — o o o—o

where m = (1432) € 34. Both v and vm have two labelled singletons and one unlabelled part of size two.

For v € V!, we define d, to be the diagram in Py(r,d) with top(d,) = top(e,), bottom(d,) = v and
II(dy) = 1xx,, . Let b e e,(A/Jn-1)e; be a diagram with bottom(b) ~ v. By definition, there is a 7 € ¥; such
that bottom(b) = vr. Then b = II(b)II(d,7) " d,T.

[ ] e —0 — 0o — o
Example (continued). d, = | ™~
[ ] e — o e — o

5 Note that this statement is usually wrong for d € A \ Ae;, since two different labelled parts of bottom(d) containing dots > I
will be identified by right multiplication with 7 = e;me;.



I. Paul / Journal of Pure and Applied Algebra 224 (2020) 106412 27

Forb= ~__ we have bottom(b) = v(34) and
NO)(dyr) 'dor = (12) 1~ = I T Ty

Let U, be the (kX,, kX;)-bimodule generated by d,.

Lemma 27 (/20, Lemma 1]). The (k¥,,k%;)-bimodule e, (A]J,-1)e; decomposes into @ U,.
veVl/.

Example (continued). As symmetric group bimodule, es(A/J;)ey is spanned by the diagrams with bottom
rows equivalent to one of

V1= o o e —e —eo U= O o—o e — o

V3 = © ©—0—0—0, Vg = 0 —0 O —0 —o

Left multiplication of d, with ¥, affects only the propagating lines, while right multiplication of d, with
34 affects both propagating lines and the bottom row. However, the sizes of the parts remain invariant, so

4
the sum is direct and we have e3(A/J1)es = @ U,,. The partial diagram v we studied before is equivalent
i=1

to vy, so dy, € Uy,

Fix a partial diagram v € Vé and set d := d,. Let «a; be the number of labelled parts of size i and [3;
the number of unlabelled parts of size i of v, where again the last r — [ + 1 dots count as one dot. Set
a = (a1,az,...) and B := (1, P2,...) be the corresponding compositions. Then Y (c; - i) + ¥(5; <) = | and

K3 1
Y a; =n. Without loss of generality, assume that the parts of v are ordered as follows. The labelled parts are

i
on the left hand side, the unlabelled parts on the right hand side. The parts are then ordered increasingly
from left to right.

Example (continued). The partial diagrams v; are all ordered in this way. We have a(v1) = (2), a(v2) = (1,1),
a(vs) = (1,0,1), a(vs) = (0,2) and (v1) = (0,1), B(v2) = (1), B(vs) = f(va) = ()

Let Sl-j c {1,...,1} be the set of dots of v belonging to the jth labelled part of size i and let 7? c{l,...,1} be
the set of dots of v belonging to the jth unlabelled part of size i. Then [T, := I ((Zgs1%x...xXga:)x8y,)
i>1,a;#0 ¢ ¢
is the stabilizer subgroup of ¥; which stabilizes exactly the labelled parts of v. Similarly, the stabilizer
subgroup of ¥; which stabilizes the unlabelled parts of v is [Tz == II ((E71 x ... x 84;) x Xg,). In
i21,3;#0 * i
particular, [ stabilizes d, while [], permutes the propagating lines of d. Note that [T, ~ [l (X;2%4,)

i>1,a3#0
and [Tg~ Il (¥;:Xs,), where 2 denotes the wreath product. Define a right-action of [T, x Iz on kX,
>1,3;+#0

via - ¢ := nlI(d¢) for n € ¥, and ¢ € [T, xI1g, i.e. [1, x[1s acts on k¥, via the canonical epimorphism

p: H (Eizzai)x H (EizEm)—»Ea.

i>1,0;%0 121,5;#0

Then we can define the tensor product £¥,, ® k.
kTla xkTlg

Example (continued). For v; we have [], = (X1} x Egy) x X = X1 23 ~ ¥y and []5 = X343 ¥ 31 = X and
the canonical projection p: 3 x Xg - Yo (projection onto the first factor).
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For vy we have [T, = (3(1,2y x¥(3,43) @ X2 = X923 and []5 = (1) and the canonical projection p: X323y —
Y5 (factoring out the base group of the wreath product).

Lemma 28 (/20, Lemma 2]). There is an isomorphism of (kX,,kX;)-bimodules k¥, © kX — U,

kIla xkIlg
given by n® T — ndr.

We want to understand the summands kY, ® kY ® k of res,Ind,M* = en(AlJn-1)e; ® kX @ k
35N kS

kTlq xkTI KTy
for a partition A of . Fix double coset representatives frl, wory g of (I x [15)\E:1/2x. To each m;, we attach a
composition v* as follows. Set [],: := ([T, x I1s) nm a7yt Then ¢ €[], x [15 isin [],: if and only if there is
a ¥ € ¥y such that ¢m; = m;99. Since 7; ¥ m; ¢ is isomorphic to Xy, it is a Young subgroup of ¥, and [], x I1s
is a direct product of wreath products of symmetric groups. Thus the intersection ([, x [15) n7% st lisa
subgroup of a product of wreath products. The image of [],: under the canonical epimorphism p is a Young
subgroup of 3J,,, which we denote by X, .

Example (continued). For v = v, and A = (22) = (2,2), we get the coset representatives 7 = 1 and 9 = (2, 3).
Then [T, = 3y, X1 = (1) and [],2 = ((13)(24)), X,z = .

A bigger example for II,:, ¥, and a GAP-algorithm to compute them can be found in Appendix B
and C.

q
Proposition 29. The left kX, -module kY, ® kX, ® k is isomorphic to the direct sum @ (kX, ® k)
k(Mo xTg) k3 =1 kX 4

of various permutation modules. In particular, it admits a filtration by dual kX, -Specht modules.

v

Proof. We define a map

q
0 kX, ® kY © k—PkE, ® k)
i=1 kZ,i

k(Ta xT1g) k3

v

as follows. Let n € X,, and 7 € ¥; with 7 = (m;¥) for some ¢ € [[, x[1s and ¥ € ¥y. Set pn®T®1) =
(0, ...,0,7II(d¢) ® 1,0, ...,0) = (pI(d¢) ® 1) with non-zero entry only in the ith summand. Extend this
kX, -linearly to get a kX,-homomorphism.

We have to show that this map is well-defined, that is we have to show that whenever two elements n®7T®1

q
and ' ® 7' ® 1 are equivalent in k¥X,, ® kY; ® k, then their images are equivalent in @ (k¥, ® k).
k(Ma xTg) kX i=1 kX 4

Let n@7®1 =n"0®7"®1 with n,7" € £, and 7,7 € ¥; and let 7 = {m;9 and 7" = {'m;¥’. Since
n®T®1=70"®7" ®1, we have i = j and nlI(d¢) = n'II(d¢"). It follows that p(n®T®1) = (N (M ®1) =
(nII(d¢) ® 1)@ = (n'TI(d¢") © 1) = (7’ ® 7/ ® 1), s0 ¢ is well-defined.

The inverse is given by

q
O Pk, ® k) —kS, © kY ®k
i-1 kT

k(Mo xTg) kX
q . q
with (X (n;®1)D) = Y mi@m @1 for n; € Sy
i=1 =1

(Yop)(n®¢m®l)=yp((nl(d¢) ® 1)) =nll(d)) @™ ®1l=ne(rd el

and

(po)((ne 1)) =p(nemel)=(nel)®
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for n e ¥, €1, xI1g and J € .
It remains to show that ¢ is well-defined. Let 0,7’ € X,, such that n® 1 and 1’ ® 1 are equivalent in
k¥, ® k for some i. Then there is a £ € ¥,: such that o’ = n¢. It follows that ((n’ @ 1)) =p' @1, 1=
kX

neEeme®l=nNe ém- ® 1 for some ée 1, with H(dé) = ¢{. By definition of X,: as the image of the canonical
projection [],: - X,,, we have é € mEmri‘l. So there is a ¥ € X such that ém = m;¥. Therefore we have
Y((el)N=nemiel=nemn;®l=1((ne®1)?) and ¢ = ¢! is well-defined. O

Example (continued). U,, ® k~k¥Xs ® k¥4 ® k~kYs ® k@kYy ® k~ kXy@k as left kXz-modules.

kS 52y k(S9:25) kS 52y 255 kSo

In detail, these isomorphisms, evaluated at basis diagrams, look as follows.

L] e — o0 — o — o
! N ®lrlelel=1em®l ~(1®1,0) ~ (1,0)
e — o e — o — o
[ ] e — e — o — o
Ve ®l=(12)91e®l=(12)em®1 ~ ((12)®1,0)+~ ((12),0)
e — o e — o — o
] e — o0 — o0 — o
\ N ®1~10(23)®l=19m®e1 ~(0,1®1)+~ (0,1)
[ ] [ ] [ ] o — o

All diagrams in U,,, which are not displayed here are equivalent to the diagram in the right row in U,, ® k.
5N

It is left for the reader to check that they are all sent to (0,1) via the isomorphism.

Corollary 30. Layer restriction of a permutation module is isomorphic to a direct sum of permutation mod-
ules. In particular, layer restriction of a permutation module has a dual Specht filtration.

Proof. For n > 1, we have res,Ind;M> = 0, so the statement is true. For n < [, we can apply Lemmas 27, 28
and Proposition 29 to get a decomposition

q(v)
respIndM*~ @ @S, © k)eF.(S). O
veVl/. i=1 k2 i (v)

This shows that assumption (IIT) is satisfied and we can conclude the following theorem.

Theorem 6. Let r € N and let k be an algebraically closed field with chark = 0 or at least max{5,[§]}.
Then the partition algebra Py(r,8), with 6 0, has permutation modules M (I, \), which are a direct sum of
indecomposable Young modules. The Young modules are relative projective covers of the cell modules ind;S) .
Every module admitting a cell filtration has well-defined filtration multiplicities.
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Appendix A. Example for the functors defined in §2.4

We want to illustrate the functors ind;,res;, Ind; and Res; on small examples. Let A be the partition
algebra Py(3,d) for some algebraically closed field k of characteristic # 2 and let By = k¥s.

First, let us understand the structures Aes, J; = Ae1 A, A/Jy, (A/J1)es and es Aes. The set e Aey is an
idempotent subalgebra of A and a (kXsa, k3s)-bimodule. As a vector space, ea Aes has basis

The set Aes is an (A, ezAey)-bimodule, generated by diagrams with arbitrary top row and bottom row
e o — ¢ (with arbitrary labelling), and dimy Aes = 32. The set J; = Aej A is an (A4, A)-bimodule gen-
erated by all diagrams with at most one propagating part, and dimy J; = 125. The quotient A/J; is the
(A, A)-bimodule generated by residue classes of diagrams with at least two propagating lines, modulo Jp,
and dimy A/J; = 78. Multiplication with ey (from the right) restricts the number of propagating lines to
be at most two (and thus exactly two) and fixes the bottom row to be o o — o . Thus the diagrams in
(A/Jy)es are uniquely determined by their top rows (with exactly two labelled parts) and whether or not
the propagating lines cross. The action of kX5 on a diagram is given by the embedding

[ ] [ ]
1= 1 ,(12)» X
[ ] [ ]

Thus the right action of (12) on (A/.J;)es changes whether or not the propagating lines cross.

Let S(1,1) be the Specht module in k¥ — mod generated by the polytabloid s := , l.e. S(q,1) is the

N =
I —=1N

sign-module for k3s. Then
indQS(Ll) o~ (A/J1)62 k%) S(l,l)
¢

is generated by tensor products d ® s where s is the generator of S(; 1y and d is a diagram in (A/J;)es with
non-crossing propagating lines.® In particular,

ind25(171) = V23
as a vector space, and dimyg ind2S(; 1) = 2. On the other hand, we have

Inng(Ll) = A€2 k‘? S(l,l)
022

generated by tensor products d ® s with d € Aey with non-crossing propagating lines. In particular, d might
have less than two propagating lines. As a vector space, we have

Inng(Ll) ~ ’L'ndQS(Ll) 2} (J1€2 ® S(l,l))'

If d € Joeg c Jiep then d = d(12),s0 d®@s=d(12)®s =d®-s = —(d®s). Therefore, Joez ® S(1,1) = 0. The set
kSo
(J1\ Jo)eg is 20-dimensional, and Jiea ® S(1,1) identifies each basis diagram with the negative of another
kSg
[ ] [ ] ] [ ] [ ] [ ]

one, e.g. | ®s=— "\ ® s, so dimy, Jies ’S S(1,1) = 10 which implies dimy Ind2S(,1,) = 12.
o

5 If d and d’ differ only by the crossing of propagating lines, then d’ ® s =d(12) ® s=d® -s = —(d ® s).
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Now, let N be the projective left A-module Ae;. Then
resoN = es(A[Jy) §> Aey =es(AlJ—1) %J Jier =ea(AlJ1) §> Aey =0,
while
ResoN = ex A §> Aeq = egAe;

is generated by diagrams with at most one propagating part, top row o e —e or e o —o and
bottom row e — e — e or o — o — o . In particular, Resa N # 0.

Appendix B. Example for Proposition 29, calculated by hand

Example. et v= 0o o o o—o o—o e—e €V Thesummand U, of e5(A/Js)eg ® Fkis

k2(7y2)
isomorphic to

(k%5 ® E)Y¥eo(kYs © k’e(kYs o k’e(kYs © k).
o

k2(3,2) k2 (3,12) kE (22 1) L CREN

This can be verified as follows. We have [T, xIg = X3 x (X2 x ¥2) x ¥ and the set of double coset
representatives is

{id, (78),(68)(79),(586)(79),(387654),(38654)(79),(2864)(3975)}.

The only transpositions in 3 = ¥(7 5y leaving vr invariant are those with both end points belonging to
the same part ;. In the partial diagram vr, mark these dots as = if they were labelled. The only products
of two disjoint transpositions (ab)(cd) leaving vm invariant are those where a and ¢ (or a and d) belong to
the same part A; and b and d (or b and ¢, respectively) belong to the same part A;. Note that here, A; = A; is
possible.” Mark these dots as ¢ if they were labelled. Put vertical lines at the end of each part );. Translate
this back to v = v~ . We can read off IT, = [T, N7 7! from the given information by the labelling of
dots: *s of the same size become symmetric groups, ¢s become wreath products, if both end points a, b lie
in the same part \; in vm and the group generated by (ab)(cd) otherwise.” We do this for each double coset
representative in Table 1.

Appendix C. GAP code to compute summands of restriction of permutation modules for partition
algebras

For a given summand U, of e,(A/J,-1)e;, the following GAP code calculates which Young subgroups
>, appear in the decomposition of k¥, ® k¥X; ® k~U, ® k, given in Proposition 29.

k(T ><l-[ﬁ) 5% kX )

As input, we need G=3;, H=[], x [1g and K= ¥, as well as the list imgs of images of the generators of H
under the canonical epimorphism [], x [Tz - 2., sending ¢ to II(d(). We state the code for the example
in Appendix B.

7 In this case, the transpositions (ab) and (cd) belong to the first group of dots (* or *) as well.
8 It does not make a difference for 3, which of the two cases we have, since the projection onto 3,, is the same.
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Table 1
Diagrammatic deduction of Young subgroups X, .

T . Hy EV
v
1 * %k kO -0 o0 -0| e—e B3 x (Z2252) = 1, (3,2)
* % 0k 0 -0 O -0| e—e
* * * * = % o /W o L]
(78) — E(3,2,12) 2(3,12)
* % % % - % O0-0| e—e
* * * * = % e — o * = X
(68)(79) | (3,22) ¥(3,12)
* %k ok %k — % ok —%| e — e
— |
* * % o _o e-—e| o o
(586)(79) 3 x((46)(57)) 2(3,2)
* %k 0 -0 o0 -0| e-—e
|/\
* * o - 90 o - O L o L]
(387654) B2,1) x (B2182) (2,1,2)
* % 0 0-0 o0-0| e—e
— |
. * * * — % o e — o o= o
(38654)(79) | S(2,1,2,12) (2,19
* % 0 % -% o0-o0f| e-—e
(2864)(3975) o o-o oo e-e] x (1,2 x (T2 52) a2
+ o *x % 0-0 O-0| e—e

INPUT: S2:=SymmetricGroup(2); S3:=SymmetricGroup(3);

S5:=SymmetricGroup(5); S7:=SymmetricGroup(7); # abbreviations
G:= SymmetricGroup(14); H:=DirectProduct(S3,WreathProduct(S2,S2),82);
K:=DirectProduct (S87,82); # G=%, H=T],xIlg, K =2%,.

gens :=Generators0fGroup (H) ;

# to each generator gens[i], set
) # imgs[i]:=the image of gens[i]
imgs:=01(1,2,3),(1,2),0,0,(4,5,01; # under the canonical epimorphism

#Haxnﬁ_»25'

hom:=GroupHomomorphismByImages (H,S5,gens, imgs) ;

iso=function(G,H,K)

local L, r, R, Pinu, Snu;

L:=[]; R:=List(DoubleCosets(G,H,K) ,Representative);
for r in R do
Pinu:=Intersection(H,ConjugateSubgroup(K,r"-1));
Snu:=Image (hom,Pinu) ;

Add(L,Snu) ;

od;

return L;

end;

OUTPUT: list L of all appearing Young subgroups ¥,: =Snu of ¥5 =S5.
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